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Abstract

This paper is devoted to a study of dimensional entropy, especially entropy on
the fibres of factor maps. We show that dimensional entropy and topological
entropy of sets are not usually equal, while dimensional entropy over fibres
always corresponds to entropy of the factor. Then we provide an estimate of
the dimensional entropy of the image of a set under a factor map. Finally we
solve a few questions stated recently by Dai and Jiang on distance entropy
(which is a modification of dimensional entropy).

Mathematics Subject Classification: 37B40

1. Introduction

One of the main aims of the qualitative theory of dynamical systems is a description of the
complexity of dynamics. A tool commonly used for this purpose is the so-called entropy theory,
which is an important ingredient of topological dynamics, ergodic theory and many other fields
related to modern theory of dynamical systems (e.g. see the survey paper by Katok [17], the
book by Pesin [23] or forthcoming book by Downarowicz [10]).

In his fundamental paper of 1958, Kolmogorov introduced the measure-theoretic entropy
in ergodic theory [18], and next in 1965 Adler, Konheim and McAndrew introduced the
concept of topological entropy in the context of compact Hausdorff space equipped with a
continuous self-map [1]. A classical result, connecting these two quantities is the variational
principle [8, 12, 13,21] which, generally speaking, says that for every continuous map on
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a compact metric space, the topological entropy equals the supremum of measure-theoretic
entropies, where the supremum is taken over all invariant Borel probability measures for the
considered system. Meanwhile, in [4] using separated and spanning sets, Bowen obtained
another definition of entropy depending on the metric (called the metric entropy in that paper)
and proved that in the context of compact metric space it coincides with the topological entropy
of [1]. He also established a theorem which can be used to estimate entropy of factors in terms
of entropy of fibres of the factor map [4, theorem 17]. Two years later, in 1973, motivated by the
definition of the Hausdorff dimension, Bowen introduced the so-called dimensional entropy
of a subset [5]. Even the single problem of relations between entropy and the Hausdorff
dimension has received lots of attention in research papers (e.g. see [2,22]) and while big
progress has been made, still many questions remain open (e.g. see monograph [23] by Pesin).

The definition we will be particularly interested in for this paper is dimensional entropy,
denoted h® throughout (as we said before, introduced in [5]). The main reason is that
dimensional entropy seems to be a more sensitive tool when calculating entropy capacity of
subsets. For example, dimensional entropy of countable set is always zero, while topological
entropy of such a set can be equal to the entropy of the whole system. In fact, it was proved
in [26] that for each system there exists a countable closed subset with its topological entropy
equal to that of the whole system.

In this paper we will mainly focus on dimensional entropy of subsets and their
transformations by factor maps. It is well known that for continuous transformations on
compact metric spaces, dimensional entropy of the whole space coincides with topological
entropy of the system [5], while, as shown in section 3, it is not the case when we consider that
of subsets. Strictly speaking, it may happen that dimensional entropy is strictly smaller than
topological entropy for quite a large family of sets of the system (e.g. a dense subset of the
hyperspace). For this reason, it seems rather hard in general to deduce information about the
value of dimensional entropy when the value of topological entropy of this subset is known.
Therefore, one of our main aims is to obtain estimates similar to [4, theorem 17], that is, we
could estimate dimensional entropy of factors in terms of dimensional entropy of fibres of the
factor map. Generally speaking, if we replace h, (i.e. topological entropy) by h® then still
inequality from [4, theorem 17] is valid, that is

h2(S, (K)) < hB(T, K) < h®(S, 7 (K)) + hiop(T |70). (1.1

We emphasize once again the fact that while these formulae look similar, values of 1% and o
can be different, and so we also need quite a different approach to prove this new inequality. In
the process of proving the above result, we also find that the supremum of dimensional entropy
of fibres is the same as that of topological entropy of fibres.

The paper is organized as follows. In the next section we recall definitions of most of the
concepts used in the latter parts of the paper. In section 3 we show that in general there is
no relation between topological and dimensional entropy of subsets. Sections 4 and 5 aim to
prove the theorem estimating dimensional entropy of factors in terms of dimensional entropy
of fibres of the factor map.

While we are mostly interested in the context of (compact) metric spaces, similar to [5], we
present our results using the weakest possible assumptions (e.g. consider also non-metrizable
topological spaces). Most of our arguments, especially these leading to (1.1), are purely
topological, i.e. we do not use properties of invariant measures and other tools from ergodic
theory. Later, i.e. when (1.1) is established, we show how some tools from ergodic theory can
be used to strengthen (1.1). This is done in section 6.

We finish the paper with the appendix, where we answer some questions on so-called dis-
tance entropy (an extension of dimensional entropy to non-compact setting) introduced in [7].


https://www.researchgate.net/publication/228923536_Distance_entropy_of_dynamical_systems_on_noncompact-phase_spaces?el=1_x_8&enrichId=rgreq-143d00ec-386e-4e99-b170-c27a337c170c&enrichSource=Y292ZXJQYWdlOzIzMDkyMjEwMjtBUzoxMDI0MDE5NjUwMzU1MjNAMTQwMTQyNTkzOTIzNw==
https://www.researchgate.net/publication/225317763_Sets_of_nontypical_points_have_full_topological_entropy_and_full_Hausdorff_dimension._Isr_J_Math?el=1_x_8&enrichId=rgreq-143d00ec-386e-4e99-b170-c27a337c170c&enrichSource=Y292ZXJQYWdlOzIzMDkyMjEwMjtBUzoxMDI0MDE5NjUwMzU1MjNAMTQwMTQyNTkzOTIzNw==
https://www.researchgate.net/publication/37694974_Dimension_Theory_in_Dynamical_Systems_Contemporary_Views_and_Applications?el=1_x_8&enrichId=rgreq-143d00ec-386e-4e99-b170-c27a337c170c&enrichSource=Y292ZXJQYWdlOzIzMDkyMjEwMjtBUzoxMDI0MDE5NjUwMzU1MjNAMTQwMTQyNTkzOTIzNw==

Dimensional entropy over sets and fibres 2327

2. Preliminaries

We denote by N, Ny, Z and R the set of all positive integers, non-negative integers, integers
and real numbers, respectively.

By a dynamical system, denoted by (X, T'), we mean a topological space X equipped with
acontinuous self-map 7 : X — X. If additionally T is a homeomorphism, we say that (X, T')
is an invertible dynamical system. Given dynamical systems (X, T') and (Y, S), we say that
(X, T)— (Y,S)isafactor map between (X, T) and (Y, S) if # : X — Y is a continuous
surjection and w o T = S o 7. In the above situation, we say that (Y, S) is a factor of (X, T),
or that (X, T) is an extension of (Y, S).

Let (X, T) be a dynamical system, K € X and let # be a family of subsets of X. We
write K < # if there is W € # such that K € W. If the condition K < % does not hold,
we denote this fact by writing K £ #. If %, ¥ are two families of subsets of X, we say that
V' is finer than %, denoted by ¥ < %,if V. < % foreach V € . We also simply write U
to denote the sum | J, ., V C X and denote mesh #* = supy, .4 diam V.

By a cover of X we mean a finite family of Borel subsets with union X and a partition
of X is any cover of X consisting of disjoint sets. If all elements of a cover % are open sets
we say that % is an open cover. Denote by Cx, €% and Px, respectively, the set of covers,
open covers and partitions of X. We emphasize here the fact that according to the introduced
definition, cover always means a finite cover. While it is not that important on compact spaces
(there is always a finite subcover), in a non-compact setting it becomes a necessity as otherwise
the definition of topological entropy would have no sense in this setting.

Given two covers %, ¥ € Cx we define the cover % v ¥ € Cx by

wNY=UNV:Ue% VeV}

Note thatif %, ¥ € C then % v ¥ € C4 and the same is true for partitions.
Foreach % € Cx andn € Ny we denote T (%) = {T~"(U) : U € %}. Similarly, for
any m, n € Ny with m < n we denote

U =T ™ U)NT " N Wy - T "(U).

m

2.1. Topological entropy

Given a dynamical system (X, T), K € X and % € Cx we denote by N (%, K) the minimal
cardinality among all sub-families ¥* C % covering K, thatis U¥" O K. For technical reasons
we always put N(%, #) = 1. Using the above notation, we define

: 1 n—1
ha (T, K) =limsup —log N(%, ", K).
n—+oo N
Note that if %, 7 € Cx and % < ¥ then hoy (T, K) > hy (T, K). The topological entropy
of K and topological entropy of (X, T) are defined, respectively, by

htop(Ta K) = sup ho (T, K) and htop(T) = htop(Ta X).
U eC

Proposition 2.1. Let (X, T) be a dynamical system, % € Cx and K, K, K C X. Then

(2.1.1) ho(T,¥) =0 and so hyp (T, 9) = 0.

(2.1.2) hoy(T, K) = hay(T, T(K)) and 50 hiop(T, K) = hop(T, T(K)).
(2.1.3) hay(T, K1) < hoy (T, K1 U K3) and 50 hiop(T, K1) < hiop(T, K1 U K>).
(2.1.4) hoy (T, K) € [0, log(#%)], here #7 denotes the cardinality of % .
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Proof. The proof of (2.1.1) and (2.1.3) is straighforward. For the proof of (2.1.2) it is enough
to observe that

s n+l n+l
kcJNO 17w :>T(K)CUT ﬂT 1) cUﬂT ivith,
i=1 j=0 i=1 j=0
s n+l
T(K)cUﬂT—J(Vf):H(cUﬂT—J(Vf b,
i=1j=0 i=1 j=1

which immediately leads to the following inequality, finishing the proof:
1
@N(%"“ K) < N, T(K)) < N, K).
Finally, N(%O"_l, K) < #%)" and so hoy (T, K) < log(#%). O

2.2. Dimensional entropy

Next we present another approach to entropy, introduced by Bowen in the spirit of the Hausdorff
dimension [5].

Given a dynamical system (X, 7') and a non-empty set K € X, €(K) denotes the set of
all countable families of subsets of X such that if ¥ € €(K) then U¥ 2 K. Given % € Cy,
&> 0and E C X define

nro(E) = sup{] eNy: T (E) < % foreach 0 < i < j}.

Note that ny 4 (E) € [0, +00] and nr 4 (E) = 0 exactly when E £ 7. For any fixed ¢ > 0
let €°(K) denote these ¥ € €(K) so that ny 4 (E) > % forany E € 7.
For each A € R and any ¥ € €(K) we define (applying the rule 0° = 0)

m(T, U,V ,\) = Z (e—'lrﬂzz(E)))"
Eey
and next

mry(K, A, &)= inf m(T,%,V,\).
¥ ee:(K)

For completeness, we also define my 4, (4, A, €) by putting my 9,(J, 1, &) = +oo if A < 0,
mr g @, h,e)=1if L =0and my 4 (@, A, e) =0if L > 0.

Observe that mr 9, (K, A, €) is decreasing as the function of ¢ so the following formulae
are well defined

1
mT,OZ/(Kv )") = Sli)rg+mT,02/(K7 )"7 8) = nl_i)ToomT,OZ/ (K’ )"7 ;) .

It follows immediately that if A > n then my 4 (K, X) < mr (K, n). It is also not hard to
verify that mr 9, (K, A) € (0, +00) for at most one A.

Lemma 2.2. Let K # @ and M(T, %, K, n) denote the collection of all countable families
T={(A;,n;) i €I} withU{A; :i € I} D K and such that for eachi € I, n < n; € Nand
A; € %0"’71. Then, for each A > 0,

mra(K,2) = lim inf {Ze—”f AAnn):iell e (T, %, K,n)} . @2.1)
n—+00

iel
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Proof. First, note that if ny 4 (E) > k then we can find A € 42/0"*1 so that E C A (and
obviously nr 4 (E) = nr,9,(A) 2 k). In particular if ny 9, (E) = oo then for any fixed A > 0
there is k € Ny such that e** is small enough. Since 7 is at most countable, this shows that
for any §, e > 0 and any ¥ € €°(K) we can find # € €°(K) such that each element of %" is
an element from U@O Uy andV < W ,m(T, %, W, ) <m(T,%,V,)\) +4. This proves
that

1
mr.a (K A, —> = inf {Ze—”f (A, n)ielye M(T, %, K, n)}
n

iel

for any n € N and so the result follows. (]

Now that we have all of the ingredients introduced, we can define the dimensional entropy
of K relative to % as

hE8 (T, K) = inf(A € R: mz 4 (K, 1) =0}
= sup{r € R:mp 4 (K, L) = +00}.

We also define the dimensional entropy of K by

hB(T, K) = sup hZ.(T, K).
UeC

If%, vV e Cf satisfy % < ”//thenhgl(T, K) > hf;,(T, K). Thusif {%,},2, is asequence
in €4 with lim,_, o, mesh(%,) = 0 and (X, T') is a dynamical system acting on a compact

metric space, then

: B __ 1B
lim_hY, (T, K) = h*(T, K)

because in this setting the Lebesgue number exists for any ¥ € €.

The following facts are well known or elementary (e.g. see [5, propositions 1 and 2]
and [15, proposition 2.3 and lemma 3.1]). While results in [15] are stated for X being a
compact metric space, nothing more than the assumption that X is a compact topological
space is used in the proofs.

Proposition 2.3. Let (X, T) be a dynamical system on a compact topological space, let
Ki,Kp,---CX, K QX,@/EGX,“I/G G%,m e Nandi € N. Then

(2.3.1) hy (T, X) = hB(T, X) and 50 hop(T) = hB(T, X).
(2.3.2) hB (T, %) = 0 and so h®(T, ) = 0.

(2.3.3) W5, (T, U,en Kn) = sup,en h, (T, K,) andso h® (T,U,cy Kn) = sup,eyh®
(T, K,).

(2.3.4) hB_, ,, (T™ K) = hB (", T'(K)) and so h® (T, K) > h® (T, T'(K).

(2.3.5) hly, . (T", K) = mhl} (T, K) and so h*(T"", K) = mh® (T, K).

(2.3.6) h (T, K) < lim inf Llog Ny~ K) < ha (T, K).

Corollary 2.4. If (X, T) is a dynamical system on a compact topological space, K C X and
U € Cx then h5 (T, K) < log#%).
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2.3. Measure-theoretic entropy

Let X be a compact metric space and let (X, T) be a dynamical system. .# (X) denote the
set of all Borel probability measures on X. By .# (X, T) we denote the set of all T -invariant
measures i € #(X), i.e. (A) = w(T~'(A)) for any Borel set A. It is known that both
M (X) and .# (X, T) are convex, compact metric spaces when endowed with the weak*-
topology. We denote by By the set of all Borel subsets of X. For any given partition o« € Py,
any measure i € . (X) and any sub-o-algebra ¢ C By, we define the function

H,(@|%) = Z/ —E, (14]%) (x) log B, (14]%) (x) du (x),
Aeca X

where E,, denotes the conditional p-expectation. It is well known that H,, («|%’) increases
with respect to « (i.e. its sub-partitions) and decreases with respect to % (i.e. is smaller for
larger sub-o-algebras). For any % € Cx we define

H(%|€¢) = ae?lxn’i% H,(«|?).
Similar to H, («|%¢), H,(%|%€) increases with respect to %/ and decreases with respect to €.
When u € #(X,T) and T~'(¥) C € with respect to sets of p-measure zero, then it is
known (and not hard to check) that a, = H, (%, 1€ is a non-negative and sub-additive
sequence (i.e. a4, < @, +a,,) for any given % € Cx. Then the following limit always exists:

1 1
h(T, %|€) = lim —H,(%)~"|€) = inf —H,(%]~"%).
W(T.216) = lim ~H,(26) = inf —H, (% ~"1%)
The relative measure-theoretical p-entropy of (X, T) relevant to € is defined by
hy(T|€) = sup h, (T, %|C).
wUePx

Since X is a compact metric space, for every % € C% there is § > 0 such that ¥ < %
provided that ¥ € Cy is a cover with mesh(?") < §. In particular, if we fix any sequence
{%,}32, € €% with lim,,_, o mesh(%,) = O then 4, (T|€) = lim,—.o0 h, (T, %|6).

In the special case of ¢ = {{, X} we simply write H, (%), h,(T, %) and h,(T) instead
of H(«\|€), h,(T,%|€) and h, (T |¥).

Ifn:(X,T) — (¥,S) is a factor map between dynamical systems on compact metric
spaces then we define the relative measure-theoretical w-entropy of (X, T) with respect to

by the formula
h(T|) = hy (T~ (By)).
Similarly, we put h, (T, Z|7) = h, (T, %|n "' (By)).

Note that when ¢ = {#, X} then simply E, (14]%) = n(A) and so for any o € Py
we have

Hy(a) = =) 1(A) log(iu(A)).

Aca

Given partitions «, 8 € Py and a sub-o-algebra € C By, define

H,(a|p) = H,(a vV B) — H,(B),
Hy(a|€ Vv B) = H,(aV B|E) — H,(B|F).

Observe that

_ n(A)
Hy@py==Y > M(A)l()g(_u(B))’

Bep AcavB,ACB
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which shows that our definition is the same as the one introduced in [24] (and so also, the one
used in [5]). We can also interpret € Vv 8 as € Vv B* where 8* is the o-algebra generated by
B (and € Vv 2 is the smallest o -algebra containing union of o -algebras €, &). Then it gives
another way to interpret the above formulae. It can also be verified that H, («|8*) = H, («|B).

Let us summarize here a few basic properties of measure-theoretic entropy (see [14]
and [25, theorem 4.12]).

Lemma 2.5. Let X be a compact metric space andlet (X, T) be an invertible dynamical system,
we HX,T), %,V e Px and let € be a sub-o-algebra of Bx such that T~ (€) C € with
respect to sets of p-measure zero. Then

(2.5.1) hy(T, U N V) < hy(T, %) + hy (T, V),
(2.5.2) if % <V then hy (T, %) > h (T, V),

(2.5.3) hy(T, %) < hy (T, V) + H (%)),

(2.5.4) h(T|€) = supy ey h, (T W),

(2.5.5) h, (T, %|€) < h (T, V|€) + H (XY v E),
(2.5.6) H(U|C N V) = Hy (W|C v V).

3. Topological versus dimensional entropy of subsets

Let us assume for a moment that X is a compact metric space. In view of proposition 2.3
the reader may wonder what are the relations between topological and dimensional entropy
when we evaluate it for a subset K C X instead of X. While it is hard to provide a full
characterization the following fact highlights possible problems that can arise. It also gives a
very good motivation for further study of relations between values of A, and % over subsets.
If the class of subsets where these two quantities coincide could be characterized, it would be
possible to use A and h? interchangeably. Unfortunately, it is not clear in general, when
these two quantities coincide. Before we start, let us recall [26, remark 5.13(4)].

Remark 3.1. Let (X, T') be a dynamical system on compact metric space. If hyp(T) > 0
then for every closed set K there exists a countable closed subset K’ C K such that
htop(Tv K/) = hlop(T’ K).

Let 2% denote the hyperspace of non-empty closed subsets of a compact metric space
(X, d). Endow 2% with the Hausdorff metric H; induced from X by d. It is well known that
2% is also a compact metric space.

Corollary 3.2. If (X, T) is a minimal dynamical system on compact metric space with
hwop(T) > O then there exists a dense set') C 2% so that if A € Y then 0 = hB(T, A) <
htop(Tv A) = htop(T)'

Proof. Fix any non-empty open sets Uy, - - -, U, C X. Since T is minimal, it is easy to verify
that for every i there is a closed set K; C U; such that h, (T, K;) = hp(T). Then there
are also countable closed subsets K] C K; with hyp (T, K]) = hiop(T, K;). If we denote
A = |J; K] then A is a countable closed set, A C |J, U;, ANU; # @ for every i and
additionally A (T, A) = hop(T'). But A is countable, so we also have hB(T, A) = 0. Denote
by Y the set of all possible subsets A that can be constructed as above starting from any finite
sequence of open subsets of X. It is easy to verify that Y is dense in 2% (the easiest way to see
it is by so-called Vietoris topology [16]), and so the proof is completed. U

For systems with finite entropy the situation is even more complex. Let us recall first an
important fact about intermediate values of entropy over subsets (see [15]).
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Theorem 3.3. Let X be a compact metric space and let (X, T) be an invertible dynamical
system with finite entropy. Then for each 0 < h < hyop(T) there exists a non-empty compact
subset K, of X such that WB(T,Ky) =h = hiop(T, Kp).

Corollary 3.4. Let X be a compact metric space and let (X, T) be an invertible minimal
dynamical system with finite entropy. Then for any 0 < a < B < hop(T) there is a dense
subset Hg c 2% such that

W8(T,K) =« and hop(T, K) = B
for every K € YE.

Proof. Let K, be a set with hW3(T,K,) = a = hiop(T, K) (using theorem 3.3). If we
fix any nonempty open set U then there is N € Ny such that UlN:O T!(U) = X and so by
proposition 2.3 there is i > 0 such that h®(T, T/(U) N K,) = a.

Note that for any x € X we have h5(T, {x}) = 0 and so by theorem 4.1 (which will be
proved later) we find that 28(T, K) = h8(T, T~/ (K)). Then K, = T~/(T'(U) N K,) =
UNT (K,) C U has dimensional entropy h?(T, K/,) = a. Obviously, still hp (T, KJ,) = o
since it was the case for K, and (X, T') is minimal.

If we fix any nonempty open set Uy, ..., U, then repeating arguments from corollary 3.2
we can find a countable closed set K/; c U, Ui such that 0 = hB(T, K/’S), hop(T, K/’S) =p
and K‘g N U; # @ for all i. We can also assume that K/, C U;.

Denote K = K, U K and observe that K is a closed set such that K N U; # # for all i
and K C i, U;. Additionally h*(T, K) = max{h®(T, K},), h®(T, K},)} = o and similarly
hiop(T, K) = B. This shows that the set Hg is dense in 2%. O

Remark 3.5. There is a large class of systems that fulfil assumptions of corollary 3.4. It
includes some extensions of odometers [9] or Chacén flow [3].

4. Relative topological entropy

The main aim of this paper is to prove the following theorem:

Theorem 4.1. Let 7 : (X, T) — (Y, S) be a factor map between dynamical systems and
K C X. Ifboth X, Y are compact and additionally Y is a Hausdorff space then
hP(S, w(K)) < h*(T, K) < h*(S, w(K)) +sup h® (T, =" (). 1)

yeY

We believe that in general in (4.1) one cannot replace SUpycy hB(T, 77 '(y)) by
SUPyer (k) hB(T,'(y)), whereas, up to now we fail to prove or disprove it even in the
setting of factor map of dynamical systems on compact metric spaces.

Intuitively, the reader may hope that (4.1) is true, since there is a well-known theorem by
Bowen [4, theorem 17] which states (in the setting of compact metric spaces) that

hiop(T, X) < huop(S, ¥) +Sup (T, 7" (). 4.2)
yeY
Later this inequality was generalized to the following formula working forany K € X (see[15,
theorem 7.3]):

hiop(S, T(K)) < hiop(T, K) < hiop(S, 7(K)) + sup hop(T, 7~ (). (4.3)
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We once again highlight the fact that it is not obvious that A, can be replaced by h® in the
above formula (even when X is a compact metric space), since as we already demonstrated
in section 3 for a given dynamical system on a compact metric space X values of functions
hiop(T, -) and hB(T, ) can differ on a dense subset of the hyperspace 2.

Before we go any further, let us recall some definitions which follow more modern
terminology than that of [4], that is, let us express the above formulae in terms of relative
entropy.

Letm : (X, T) — (Y, S) be a factor map between dynamical systems and % € C$. Note
that

an = suplog N7~ .=~ ()
yeY

is a sub-additive sequence and so the following limit always exists:
1
hop(T, Z|7) = lim —suplog N(Z)~", 7~ (). (4.4)
n—+00 1 yey
We call the above defined quantity A, (T, Z|m) € [0, 00) the topological entropy of %

relative to m. The relative topological entropy of m is defined by

htop(T|7T) = Ssup htop(Tv U\|r).
UeCs

It is known that for any dynamical system on compact metric space (see [11, theorem 3])
the following condition holds (it is true in a little wider context; we will show it later for
completeness)

hiop(T|7) = sup hiop(T, 7~ ().
yeY

In this section, we are going to prove the following theorem.

Theorem 4.2. Let w : (X, T) — (Y, S) be a factor map between dynamical systems on
compact spaces X, Y and K C X. If additionally Y is a Hausdorf{f space then

hP(S, (K)) < h*(T, K) < hP(S, m(K)) + hiop(T |7).
However, before we can complete this task, we need some auxiliary lemmas.

Lemma 4.3. Letnw : (X, T) — (Y, S) be afactor map between dynamical systems on compact
spaces, let K C X and % € C5. Then hg/(S, 7(K)) < hf,,(%)(T, K).

Proof. Let . € Rand ¥ € €(K), i.e. ¥ is a countable family of non-empty subsets of X
with U¥ D K. We denote ¥ = m~' (%) and observe that n7 (E) = ngs.4,(n(E)) for each
E €. Thenm(T, €,V ,A) = m(S,%,n(¥), L), where 7 (¥) = {n(E) : E € ¥}. Fix
any 8§ > 0 and let ¢ > 0 be so that if ¥ € ¢*(K) then 7 (%) € € (n(K)). Then we have the
following:
mre(K, A, &)= inf m(T,€¢,7,A)= inf m(S, %, m(V),A)
Vet (K) Vet (K)
> inf  m(S,%,V,r) =msq@(K),L,S).

Vet (1(K))
This immediately gives mr (K,A) > mg o (w(K), L), which implies hﬁ;l(S,n(K)) <
h(Bg(T, K) and so the proof is finished. O
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Lemmad4.4. Letw : (X, T) — (Y, S) be afactor map between dynamical systems on compact
spaces X,Y and K C X. If additionally Y is a Hausdorff space then for every % € C% the
following condition is satisfied:

hiy (T, K) < hP(S, (K)) +suplog N(% .~ ().

yeY

Proof. Note that each continuous map from a compact space to a Hausdorff space must be a
closed map (e.g. see [19]). Fixany y € Y andlet U = UU; where the sum is taken over all sets
U; € % such that U; N w~'(y) # @. Note that there is an open neighbourhood y € V such
that 7 =1 (V) C U as otherwise we can find a sequence y, € Y such that y € {y, : n € N}
and 77'(y,) \ U # 0. Then if we denote W = {x,, : n € N} forsome x,, € 7' (y,) \ U then
W NU = @ while (W) is closed, in particular y € m(W). Such a situation is impossible
by the definition of U. Thus using compactness of ¥ we can find points y;, ..., y, € Y their
open neighbourhoods ¥ = {Vi, ..., V,} € €} (i.e. y; € V;) so that for any fixed subcover
U < U with #% = N(%, 7~ (y;)) we have 7~ (V;) € U%,.
Now we aim to prove the conclusion by showing that (when K # ()
h/(T, K) < h%(S, m(K)) +a, wherea = suplog N(%., 7~ (y)).  (4.5)

yeyY

Fixany A > 0,& > O and put p = [%] + 1. By (2.1), it is enough to show that

mra (K. A+a,e) <inf 1> e™ :{(Aj.n;):jele M(S. V. n(K).p)y. (4.6)
jes
Fix any {(A;,n;) : j € J} € M(S, 7, n(K), p). If j € J then by the definition
Aj e ”I/On’_l and so there are 5(j,0),---,s(j,n; — 1) € {1, - - -, n} such that

nj—1

Aj = m Sik(vx(j,k))-
k=0

For each j € J we define
nj—1
%,’ = m T_k(Uk) : Uk € OZZS(_N{),O < k < nj— 1
k=0

and consider the following family of subsets of X:
€ = U%, ={E : E € ¢ forsome j € J}.
jeJ
Each set ¢ is finite, so ¢ is at most countable. Additionally, observe that
7 ST Vi) = (8 o)™ (Vi) = (0 TH ™ (Vi)
=T @ Vi) C T MW 0)

which in turn implies that ¢’ € €(K), because

n;—1
UU% > UU ﬂ T ' (Vo)
jer jel k=0
) n‘1<UAj) > ' (m(K)) 2 K.
jeJ

Simply by the definition, if £ € %; for some j € J, thennr 4 (E) > n; > p.
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Additionally, note that

max #% = max N(Z,n ' (y)) <sup N(%,n "' (y)),
1<i<n 1<i<n yeY

which immediately leads to the following inequalities:

m(T, %, €, +a) < Z e_”f(““)#‘fj

jel
nj
< —nj(A+a) #%
j
< Ze—nj()&u)(ea)nj — Ze—njk.
jeJ jeJ
Since {(A;,n;) : j € J} was arbitrary, we obtain (4.6), which ends the proof. O

Proof of theorem 4.2. By lemma 4.3 we obtain 23 (S, 7 (K)) < h®(T, K).
For the proof of the second inequality, fix any n € N and observe that by the application
of lemma 4.4 to %0”*1 andmw : (X, T") — (Y, S") we obtain

1 B n 1 B/ gon 1 n—1 —1
—ha]/,,,l(T ,K) < =h*(S8", m(K))+ —suplog N(%y ", m~ ().
n “% n n yey

This by proposition 2.3 gives

1
hE (T, K) < hB(S,m(K)) + —suplog N (%), 7~ ().

n yey

The proof is finished by letting n — +o0. ]

5. Relative dimensional entropy

As we mentioned earlier, we always have hB(T,K) < hiwp(T, K) and sometimes this
inequality is strict. In particular, we have sup,y 2% (T, 7' (y)) < hiop(T'|7); however, it
is not immediately clear if these two quantities are equal. If it is the case, then we can express
the statement of theorem 4.2 using only 4% obtaining a condition analogous to that mentioned
earlier [15]. This is the main aim of this section.

Strictly speaking we are going to prove the following result, and then combined with
theorem 4.2 from it we obtain directly theorem 4.1.

Theorem 5.1. Let w : (X, T) — (Y, S) be a factor map between dynamical systems acting
on compact topological spaces and let U € C%. If Y is a Hausdorff space then

hiop(T, %) = supha (T, 7w~ " () = suph, (T, 7" (y)).

yey yey
Before proving theorem 5.1, we need the following.

Lemma 5.2. Let v : (X, T) — (Y, S) be a factor map between dynamical systems acting on
compact topological spaces and let U € C%. If' Y is a Hausdorff space then

hop(T, % |7) < suphl, (T, " ().

yey
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Proof. It is sufficient to show that when A > 0 is such that mT,ag/(n_l (y), ») = 0 for every
y € Y then ho(T, Z|7) < A.

To see that indeed it is the case, fix any A > 0O such that each y € Y satisfies the condition
mr.a (™ (y). 1) = 0.

Now, if we fix any y € Y then, since mT,ag,(r[‘l (), A) = 0, by (2.1) there exists a family
{(E:(y), n(E;(»)NY2, € M(T, %, 7~ (y), 1) such that

[
Z e M(EO) 1.
i=l1

Note that for every i € N we have n(E;(y)) > 1 and E;(y) € 02/61(&(”)_1 (in particular,
E;(y) is an open subset of X).

Observe that by compactness of 7 ~!(y) there is N(y) € N such that a7l (y) CUE;(y) :
i = 1,---,N(y)}. Using the assumption that ¥ is a Hausdorff space, we can repeat
arguments from the proof of lemma 4.4 obtaining an open neighbourhood U (y) > y such
that U{E;(y) :i =1,---, N} 2 7' (U ().

By compactness of Y there are points zy, - -+, z, € Y with {U(z;) : j =1,---, p} € CF.
For every y € Y fix anumber ¢(y) € {1, ---, p} such that y € U(z4(y)). Then
N(Zfb(v))

U EiGeo) 277 (W) 2771 ().
i=1

Our aim is to find an estimate of N(%O"_l, 77 1(y)) for every y € Y.

To do so, we need some more notation. Fix any y € Y, t € N and a sequence
(ji,-+-, j;) €N and next, forg = 1,2,---,t+ 1 put a(l) = 0 and a(q) = a(g — 1) +
n(Ej,_ (zg(sea-n(y))) when g > 1. Obviously a(q) depends on the choice of y as well as on
the choice of corresponding tuple.

If 1 < j, < N(zg(sawy)) for every g € {1, ---, t} then we say that the tuple (ji, ---, ji)
is admissible (for y). For an admissible tuple we define

t
COy,ji-j)=n""(N ﬂ T~ DE; (zg(su0y))-
q=1
Observe that if (ji, - - -, j,) is admissible then
COysjrseesdo) < 2y (5.1)
For each n € N and y denote by I,,(y) the collection of all tuples (ji, - - -, j;) such that
(J1, -+, J;) is admissible and a(t) < n < a(t + 1).
We claim that the following inclusion holds
ULC, jio o J) t Greoos ) € LY 271 (). (5.2)
For the proof of the claim fix any x € 7~ '(y). Then there exists j; € {1, ---, N(zg(»)}
with x € Ej (z4(y)). Obviously x € C(y, ji). Next, if x € C(y, ji,---, j;) for some
admissible tuple (ji, ---, j;). Observe that there exists ji41 € {1, -, N(zgsewsn(y))} such

that T*“*D(x) € Ej,, (zp(sat+n(y)), because
Tu(t+l)(x) c Ta(l‘+l)(n,—l(y)) C n—l(sa(t+l)(y))

N(Z¢(§(1(I+l)(y'))
< U EGseron.
i=1
Note that (jy, - -, Jji, ji+1) 1s still an admissible tuple. By the above inductive procedure we
can define an admissible tuple of arbitrary length. But since # is fixed, after finitely many steps
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we will obtain a(¢ + 1) > n. This means that eventually we find that (i, ---, j;) € I,(y) and

by the method of construction also x € C(y, ji, -- -, j;). This ends the proof of the claim.
Let us continue with the proof of the theorem. Note that for any admissible tuple

(1, -+, j) wehavea(t) = a(t+1) —n(Ej, (zg(se(yy)) and a(t) < n < a(t +1), which gives

n—alt)=n—a(it+1)+ I’l(Ej/ (th)(s"(’)(y))))' 5.3)
Put
o = max{n(Ex(z;)) : 1 < j < p, 1 <k<N(@Eph

o0

B= max Y e MEG)

I<i<r =
and observe that | < o < +ooand 0 < B < 1. By (5.1), (5.2) and (5.3) we obtain

#1,(y)

Z Z eHn—a(®)

121 (i, jo) €l (y)

Z Z A 1=alrD4n(Ej, Gy gt )

121 (i, J) €l (y)

< eA(n+a) Z Z e—ka(Hl)

121 (ro jo) €l (y)

— etln+a) Z Z H e MU(Ejg Cysatg) ) (5.4)

121 (i€l (v) 1<g <t

N~ 7w ()

NN

Now observe that for any given t € N, if (ji, - -+, j;) is admissible then consider the set I"
consisting of all admissible tuples (ji, - - -, ji, ji+1), then all these tuples from I" generate the
same values of a(1), ---,a(t + 1), and so

E l_[ e M (B (Zy(sa@y))

(oo dedren) €T 1<g <+l

N (2 (sat+1) (yy)

< § e—)»ﬂ(Ei (2 (salt+1) (1)) 1_[ e**”(E,fq (24(sa@) (y)))
i=1 1<g<t
<B e My Gyse )|
N

which implies that

E l_[ e MUEj; @501 (1))

Gta-irjier) 18 admissible 1<g <+l
<B Z 1_[ e i (2450 (3))
(1. ji) 18 admissible 1<g<t
<o K ,BI Z C*A”(Ej] (Zg(sa(l) (y))))

(jp) 1s admissible

— g Z e ME; Gem)) L g+l (5.5)

(i) is admissible
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Combining (5.4) with (5.5) we finally obtain that

N(%Onfl, ! () < er(n+a) Z Z l_[ e—)\n(E,»q (@ 50(0) (39)))
121y, j) is admissible 1<q<t
< ek(n+a) ZIBI
t>1
— ek(n+a) :3 ] (5,6)
1-p

Note that 0 < B < 1 is a constant and the expression in (5.6) is independent of the
selection of y € Y, so directly from the definition we find that A, (T, %|7) < X, which
completes the proof. |

Proof of theorem 5.1. Combining proposition 2.3 and lemma 5.2 we have

E l n—1 -1 -1
supliminf —log N(%; ", 7~ () < suphy (T, 7w~ (y))
yey "2 N yey

1
< limsup —suplog N(% ", n =1 (y))

n—oo N yey
= htop(Ta %|7T)

< suph8 (T, 77 (y))
yeY

1
< supliminf —log N(%", 7~ ().
n

yeyY n—oo

The proof is finished. |

As a direct consequence of theorem 4.1, we also obtain the following theorem (note that
as shown in [26] while topological entropy of a countable set can be strictly positive, its
dimensional entropy h® is always zero).

Theorem 5.3. Let m : (X, T) — (Y, S) be a factor map between dynamical systems on
compact topological spaces. If Y is a Hausdorff space and each fibre 1 =" (y), y € Y is at most
countable then hyp, (T |) = 0 (and so 7 preserves topological entropy).

With the additional assumption that #m —I( y) < +ooandthat (X, T), (Y, S) are dynamical
systems on compact metric spaces, the above fact follows directly from the well-known Bowen
formula (see also (4.3)) proved first in [4] (see also [6, theorem 7.1]), estimating topological
entropy of factors (the proof strongly uses the fact that Lebesgue number is well defined).

We should emphasize here one important fact (which seems to be well known for many
years, but hardly found in the literature until [10]). In the case of a factor map between
dynamical systems on compact metric spaces, it is possible to prove even more than stated in
theorem 5.3. First, if (X, T') is pu-ergodic (not necessarily invertible) and 4, (T|) > 0 then
for almost every y the fibre 7 ! (y) is uncountable [ 10, theorem 4.1.15]. In particular, using the
variational principle concerning relative entropy [11, theorem 5] we find that at least one fibre
must be uncountable (it can also be deduced from some other results, e.g. [27, theorem 4.2]).
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6. More on entropies over fibres

Throughout this whole section all spaces will be compact metric spaces. We will use this
assumption without any further reference.
As a direct corollary of theorem 5.1, we have that in quite a general setting
sup b (T, 7= () = sup huop(T. 7~ (¥)).
yeY yeY

In the context of invertible dynamical systems on compact metric spaces we can say even more.
Namely, we could prove the following result.

Theorem 6.1. Letw : (X, T) — (Y, S) be afactor map between invertible dynamical systems
andv € M (Y, S). Then h3(T, 7 '(y)) = hiop(T, 77 1(y)) for v-a.e. y € Y.

In fact, it is just a direct corollary of the following theorem.

Theorem 6.2. Let 7 : (X, T) — (Y, S) be a factor map and let v € .# (Y, S). Then

sup h(T ) = f hiop(T, 7~ () dv(y) = / RE(T, 7' (y)) dv(y).
neM (X, T),mpu=v Y Y

Before proceeding, first we prove:

Theorem 6.3. Let v : (X, T) — (Y, S) be a factor map between dynamical systems and let
U € C%. Then the following functions are Borel measurable:

hE:Y 5y hE (T, 771 (y)) € [0, +00),
%Y 5y hB3(T, 77 (y)) € [0, +c].

Proof. First of all, by corollary 2.4 image of fzﬁj/ is indeed bounded. We will prove its Borel
measurability.

LetA > 0,n € N,y) € Y and § > 0 with mT,%(n’l(yo),)», %) < 6. There exists a
countable family ¥ e €/"(7~'(yy)) such that m(T, %, ¥,1) < 8. Butlet K C X and
n > 0 given any cover in # € €"(K) and any & > 0 we can replace its elements by open
sets in such a way that new family #” € €7(K) has the following properties: % < # and
\m(T, %, W, ) —m(T, %, W' 6 \)| < & Thus, without loss of generality we may assume
that " consists of open sets.

There is an open neighbourhood V 5 yg such that Uy D 7N (V), thus ¥ € ¢!/” (n’l(y))
for each y € V. In particular

1
mr.a (n—‘(y), A, —> <m(T, %, YV, <38.
n

This shows that {y € Y : mr,%(n’l(y), A, %) < 4} is an open subset of Y. Next note that if

mr,q/(n’l(y), A) > t then there is n such that mT,%(n’l(y), A, %) > t and vice-versa. Thus,
for each ¢t > 0 we have

oo

1
yeY :mrag@',n>0=J {y €Yt mra (), A =) > z}
n

n=1

and so the function y — mr 4 (7 ~'(y), A) is Borel measurable. Similarly,

1
{yeY: hgl(T,rfl(y)) >t} = U {y eY mry (nl(y),t+ n_1) > 0}

meN

B is a Borel measurable function.

for each ¢ > 0, which shows that fz%
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Fix any {Z,}hen € €% with lim,_, o mesh(%,) = 0. Then obviously iAlB(y) =
lim,— 400 ;’gz (y) and so given any y € ¥ and t € R we see that sz(y) > t if and only if

}Azf,/x (y) > t for some n. This shows that B is also Borel measurable. O
We also need the following result (see [15, theorem 4.1 and proposition 4.2]).

Theorem 6.4. Letm : (X, T) — (Y, S) be afactor map between invertible dynamical systems,
aePy,ue X, T)andv =mu € H#Y,S) with u = fy Wy dv(y) the disintegration of
W over v. Then there exists f € L'(v) such that fY fOdv(y) =h, (T, a|r) and if % € Cx
satisfies that each element of 7 has a non-empty intersection with at most M € N elements of
o, then hfl(T, Zy,) = f(y) —logM for v-a.e. y € Y and for any Borel subset Z, C X with
my(Zy) > 0.

Then we have

Theorem 6.5. Letw : (X, T) — (Y, S) be afactor map between invertible dynamical systems,
o € Px, 4 € C and p € A4 (X, T). Assume that each element of 7 has a non-empty
intersection with at most M € N elements of a. Then

ho(T, alt) < / 1B (T, 7~ (1) d (e )(y) + log M
Y

< / (T, 7~ (1)) d () (y) + log M.
Y

Proof. It is a direct corollary of theorems 6.3 and 6.4. Simply,
R (T, w1 (y) +log M > hi, (T, 7w~ (y)) +log M > f(y)

forv-a.e. y € Y (as uy(r~'y) = 1 forv-ae. y € Y)and both functionsﬁgl =h5 (T, 77'(")
and h8 = hB(T, 7 ~'(-)) are Borel measurable. O

Let us also recall three important lemmas proved first by Bowen (see [5]).

Lemma 6.6. Let X be a topological space and o € Px, p € N. Assume that at most p € N
elements of a can have a point in the intersection of their closures. Then there exists % € C%
such that each element of % has a non-empty intersection with at most p elements of a.

Proof. Let o be the partition from the assumptions and say « = {Ay,---, A,} for some
n € N. If n < p then any % € €% satisfies the conclusion. Hence, now assume that
n > p. Denote by S the set of all subsets {/; < --- < [,_,} € {I,---,n}. Additionally, if
{{i < --- < I,_p}issuchasubset then denote by U the set of all points which are not contained
in A_j, j=1U,--,l,—,. Now let 7 to be the family of all such U as above (i.e. defined by
different sequences /;). We claim that %/ has the required property. It suffices to prove that
the family % covers X. Butif x € X then by assumption there exists {/; < --- < l,_,} € §
such that x ¢ A_j foreach j =1y, ---,1,—,, which implies that x must be contained in some
element of the constructed %. This finishes our proof. (|

Lemma 6.7 ( [5, lemma 2]). Let (X, T) be a dynamical system, p € (X, T) and % € C%.
Then for every n > 0 there is o, € Px such that a, < %6171 and any x € X is in the closure
of at most n#%/ > 0 elements of .

Lemma 6.8 ([5, lemma 3]). Let (X, T) be a dynamical system and p € .# (X, T). Given
B € Px and ¢ > O there is % € C% such that H,(Bla) < ¢ for every a € Px such that
o <.
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Now we are to prove theorem 6.2.

Proof of theorem 6.2. First, let us recall that similar to hB in theorem 6.3, the function
Y >y hop(T, n’l(y)) € [0, +o0] is also Borel measurable (e.g. see [20, lemma 3.3]) so
both integrals above are well defined. The first equality was established in [20, theorem 2.1]
so we only need to prove the second one.

By proposition 2.3, h5 (T, 77'(y)) < ha(T,n7'(y)) for any y € Y and so
Sy (T, = (y) dv(y) = [, h®(T, 7' (y)) dv(y). Then it is sufficient to prove

/ WA ONdvy) > sup h(T]).
Y

neM (X, T),wu=v
Letiw € #(X,T), P € Px and & > 0 be fixed. By lemma 6.8 there exists % € €% such
thatif o € Py satisfies « < % then H, (B|o) < £/2. Now by lemma 6.7 for each n € N there
exists a,, € Py such that o, < ?/0”_1 and at most n#% elements of «,, can have a point in the
intersection of their closures. Moreover, by lemma 6.6 there exists %, € C% such that each
element of %, has a non-empty intersection with at most n#%/ elements of «;,.
Using basic facts collected in lemma 2.5 we obtain that for any #, ¥ € Py,
H, 25 ) < Hy (0 mo) + Hu O~ 197D
n—1
< H, (77 ) + Y H (T ONIT™ ()
i=0
= H, (% m) + nH, (W |V).
Then directly from the definition of measure-theoretic entropy we obtain estimate
hy(T, %) < hy (T, Wm) + H (XUW).

In our setting, the above fact together with theorem 6.5 gives

1 _
hu (T, Blr) = —hy (T", B} Y7)

1 1 _
< hu(T", o) + — Hy (B Yaty)

n
1 1
< - (/ hY, (T", 7w~ (y)) d(m ) (y) +log(n#%)> + ;Hu(ﬁgfllotn)
Y
n—1
1 B n —1 1 —i
<- < / BT 7 () A ) (y) +log(n#%>) + =S H (T Blay).
n\Jy s
Now, note that o, < @/67_1, T'a, < % foranyi =0,1,---,n— 1, thus
1 n—1 1 n—1
-y H (T 'Blay) =—-Y H,(BIT a, 2
n;} (T Blar) n; W(BIT o) < &/

and so for n large enough we finally obtain

h (T, Bl) <thB(T,JT”(y))d(JTM)(yHS-

But 8 and & were arbitrary, thus directly from the above inequality we obtain

h(T 1) < / B (T, 7 () AT ) ()
Y

which ends the proof. ]
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Letw : (X,T) — (Y,S) be a factor map between dynamical systems, % € C% and
v e . Z (Y, S). It can be proved that (see [28, section 4.4.2])

sup hu (T, %|m) =/hdz/(T,ﬂ_l(y))dV()’)- (6.1)
ne (X, T),wu=v Y

Then theorem 6.1 leads to the following natural question:

Question 6.9. Does the following condition hold for any % € C:

sup h (T, %\|7) = / h%(T, 7 (y)) dv(y)? (6.2)
Y

e (X, T),wpu=v

Note that if the above condition holds then we could obtain a local version of theorem 6.1:
h%(T, 77'(y) = hg (T, 77 (y)) for v-ae. y € Y.

Appendix

A.l. Distance entropy

Recently motivated by the definition of dimensional entropy Dai and Jiang introduced the
distance entropy of a subset in the setting of separable metric spaces [7].

Let (X, T) be a dynamical system on a separable metric space (X, d). For any E C X
denote

Ir(E) =sup{n € Ny : diam(T'(E)) < ¢ forevery 0 <i < n}.

Note that if I (E) = 0 then diam(E) > ¢ and if I . (E) = +00 then diam(T/(E)) < ¢ for
every i € Ny. Denote by €°(K) these 7 € €(K) so that I 9(E) > —loge forevery E € ¥
(recall the definition of €(K) introduced in previous subsection).

In a way similar to dimensional entropy, for each A € R, ¢ > 0 and any ¥ € €(K) we
define (again, applying the rule 0° = 0)

D(T,e, 7, 1) = Z (e—lr,s(m)k,
EeyV

and next

M (K,e) = inf D(T,e, ¥, 1).
YV eli(K)

Finally, we define A-measure (with respect to T ) by

M5(K) = gli)rg ML (K, &).

Note that for any s < ¢ we have M. (K, &) > ¢* 'O (K, &) and so there is at most one A
such that 93?’} (K) € (0, 00). Similar to dimensional entropy, we define

enty (T, K) = inf {A € R : M}(K) =0} .

It was proved in [7] that the value of enty does not change if we replace metric d by a uniformly
equivalent metric d’. In particular, if X is a compact metric space then enty depends only on
the topology (induced by d). It can also be proved that if X is a compact metric space then
enty (T, K) = h®(T, K) for every K C X (see [7, proposition 1]).
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A.2. Solutions of two questions on distance entropy
In [7, question 5.1] the authors asked the following question:

Question A.1. Letr (X, d) be a metric space. If T: X — X is a uniformly continuous and
pointwise periodic map, is hy(T) = 0?

We recall that a map is pointwise periodic if each x € X is a periodic point, that is,
T"x = x for some n € N. The motivation for this question was [7, propositions 8 and 9]
which can be summarized as follows.

Remark A.2. If X is a topological space and T is pointwise periodic then #5(T) = 0. If
additionally X is a separable metric space then also enty (7) = 0.

Even if we add the assumption that X is separable to the above question, the answer is
still negative as shown by the following example.

Example A.3. Consider any transitive dynamical system on compact metric spaces with
dense periodic points, let say, full shift on two symbols (X,0) (ie. X = {0,1}* and
o (x); = xi41) equipped with a metric p compatible with the Tikhonov topology. Let h, denote
the entropy calculated using (n, €)-separated sets (in metric p) as introduced by Bowen [4]
(since this definition is quite standard and we use it only in this example, we do not recall
this definition). It is well known that h,(c, X) = log2 and that h,(o, K) = h,(o, K) for
any subset K, in particular h,(c, X) = h,(o,Per(c)), here Per(o) denotes the set of all
periodic points of (X, o). But o(Per(c)) = Per(o) so Y = Per(o) with metric induced by
p together with transformation S = 0 |per(o) induces a dynamical system (Y, S) acting on
the separable metric space Y. Obviously S is uniformly continuous, pointwise periodic and
h,(S) = h,(o,Per(o)) > 0.

Now, let us turn to [7, question 2.1] which was left as another problem for further research.
The question (rewritten in suitable terminology) is as follows.

Question A.4. Let (Y, S) be a dynamical system acting on a compact metric space and let
(X, T) be a dynamical system acting on a separable metric space X. If (Y, S) is a factor of
(X, T) via a factor map 1 then does the following condition hold:

enty (T) < enty (S) +supenty (T, 7' ())?

yeyY

As shown by theorem 4.1 the answer to the above question is positive when considering
a factor map between dynamical systems on compact metric spaces. Whereas, in general the
answer is negative as shown below.

Example A.S. There exists a dynamical system (Y, S), where Y is a compact metric space, a
uniformly continuous map T: X — X acting on a separable metric space and a factor map
(X, T) — (Y, S), such that

enty (T) = log4 > log2 = enty (S) +supenty (T, 71 (y)). (A.1)
yeY

Proof. Let X = R2\ {0} andlet T : X 5 (x1,x) — (2x1,2x) € X. We also denote
Y = {(x1,x2) € R%:x?+x2 = 1},and put S: Y > (x1, x2) = (x1,x2) € Y. We endow both
X, Y with a metric induced by the Euclidean metric in R?.

We will now calculate the value of all terms appearing in (A.1). First note that
enty(S,Y) =hB(S,Y)=0.
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Now, if we consider the map T : R? > (x, x) +> (2x1,2x) € R? with a Euclidean
metric, then by [7, corollary 8 ] we find that enty; (7)) = 21log?2. Additionally, by [7, theorem
2.1.(2)] distance entropy is stable under countable sums, in particular

entH(T) = max {entH(T, {0}, entH(?, R?\ {0})}
= enty (T, R*\ {0}).

Butif E ¢ R?\ {0} then 7 .(E) = l7 .(E) and so enty (T) = entH(f) = log4.

Finally, it was demonstrated in [7, example 2.3] that if we endow Z = (0, co) with the
Euclidean metric and considerthemap F: Z 5 x +— 2x € Zthenenty (F) = log?2. Butforany
y € Y the fibre w ! () together with restriction of T to that fibre can be isometrically identified
with the dynamical system (Z, F). Using the fact that every uniformly continuous conjugacy
preserves distance entropy [7, theorem 2.3], we finally obtain that enty (T, 7! (y)) = log2
for every y € Y. This ends the proof. ]

The factor map 7 in example A.5 is not uniformly continuous (arbitrarily close to 0 we
can find points which project onto antipodal points on Y'), but even this additional assumption
does not make the situation better. It will be demonstrated by next example. While it is a
simple modification of example A.5, it is less transparent and so we decided to present both
of them.

Example A.6. There exists a dynamical system (Y, ) acting on a compact metric space, a
dynamical system (X, T), where T is a uniformly continuous map acting on a separable metric
space, and a uniformly continuous factor map 7: (X, T) — (¥, S), such that

enty(T) = log4 > log2 = enty(S) +supenty (T, 77 (y)). (A.2)
yeY

Proof. Let (Y, S) be the map constructed in example A.5. Denote X = {(x1,x2) € R? :
),c\]z + x3 > 1} and endow it with metric induced by the Euclidean metric on R*. We define
T:X — X, by the formula

2)C2 —

X1 X2
(x1,x2) = | 2% — ,
[2, .2 [2, .2
X7+ x3 X7 +x3

together with the natural projection 7: XY given by

X1 X2

24,2 2, ,2
\/xl + x5 \/xl + x5

We define amap 7 : X — X as follows

(x1, x2) >

X1 X2
(x1,x2) = | x1 — , X2 — ,
[ 2, 2 [, 2
x? +x3 x? +x3

where (X, T') was constructed in example A.5. Note that 7 is uniformly continuous and X is
uniformly continuous as well. Simple calculations show that noT = T on, sousing [7, theorem
2.3] we obtain that ent (T, X) > enty (T, X) = 2log2.

Finally, observe that for any y € Y we have (f, #71(y)) can be isometrically transformed
to the map (1,+00) > x +— 2x — 1 € (1,+o00) which in fact is isometric with (Z, F)
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from example A.5. This shows that enty (f, A71(y)) = enty(F) = log2 which ends the
proof. |
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