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Abstract

In this paper we have generalized the abc conjecture for integers and extended
Mason’s theorem to polynomials in C"* by use of Nevanlinna’s value distribution
theory. (© 2002 Wiley Periodicals, Inc.

1 Introduction

Mason [12, 13, 14] started a recent trend of studies by discovering a new rela-
tion among polynomials as follows: Let f(z) be a polynomial with coefficients in
an algebraically closed field « of characteristic 0, and let 77(1/f) denote the number
of distinct zeros of f.

THEOREM 1.1 (Mason’s Theorem) [11] Let a(z), b(z), and c(z) be relatively
prime polynomials in k, and not all constants, such that a + b = c. Then

max{deg(a), deg(b), deg(c)} < ﬁ(i) -1
abc

Let a be a nonzero integer. Define the radical of a to be the product of the

distinct prime factors of a:
(1
(2) =Tl

pla

There is a classical analogy between polynomials and integers. Although Osgood
[17] did notice a similarity between the two in the Nevanlinna defect relation and in
Roth’s theorem, Vojta gave a much deeper analysis of the situation and compared
the theory of heights in number theory with the second main theorem of Nevanlinna
theory. Under that analogy, n(1/f) of a polynomial f corresponds to logn(1/a)
of an integer a. Influenced by Mason’s theorem and considerations of Szpiro and
Frey, Masser and Oesterlé formulated the so-called abc conjecture for integers as
follows:
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CONJECTURE 1.2 Given ¢ > 0, there exists a number C (&) having the following
property: For any nonzero relatively prime integers a, b, and ¢ such thata+b = c,

1 1+¢
max{lal, [b], lc]} < C(s)ﬁ(—) ,
abc

This conjecture is a consequence of Vojta’s conjecture [23]. In this paper, we
first extend Mason’s theorem as follows:

THEOREM 1.3 Let fi, fo, ..., fu (n > 2) be linearly independent polynomials in
C™. Put fo= fi+ fo+---+ f. and assume that dim I < m — 2, where
I={zeC": foa) = filz) =+ = fu(z) =0}.
Then the inequalities
. 1
(1.1 max {deg(f)} < nw<—> -1,
0<j<n elfs kg;) Jr
1
(1.2) max {deg(fi)} <n <7> -1,
R i \ffi-f

hold, where | and w denote the index and the Wronskian degree of f1, f2, ..., fu,
respectively.

For the symbols and notation, please refer to Section 2. When m = 1 and
k = 2, our result reduces to Mason’s theorem. A non-Archimedean version of
Theorem 1.3 with a stronger hypothesis is given by Hu and Yang [9].

Let a be a nonzero integer. Then

(1.3) a==plph-- ph

holds for distinct primes py, p», ..., ps and positive integers iy, iy, .. ., i;. Define

1 o
nk<—) = l_[ pf)mn{lvsk} .
a
v=1

Then Theorem 1.3 can be translated into a problem in number theory.

CONIJECTURE 1.4 Leta; (j = 0,1, ...,n) be nonzero integers with n > 2 such
that the greatest common divisor of ay, ai, . .., a, is 1,
(1.4) at+a+---+a,=a,

and no proper subsum of the left-hand side of (1.4) is equal to 0. Then for ¢ > 0,
there exists a number C = C(n, &) such that

n 1 14¢
(1.5) max {laj} = C(lln<a_)) :

1

1 1+4¢
(1.6) max {|a;|} < Cnl<7)
0<j<n apaj - - - a,
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hold forw =n —1andl =n(n —1)/2.

If n = 2, this corresponds to the well-known abc conjecture. Some special
cases of Conjecture 1.4 are given in [8, 9, 10]. Moreover, as noted by Cherry [4],
Conjecture 1.4 might have some relation to the following conjecture due to Votja
[24] (or see [23]).

CONJECTURE 1.5 Let X be a smooth complete variety over a global field k of
characteristic 0, let D be a normal crossing divisor on X, let IKC denote the canon-
ical line sheaf on X, let A be a big line sheaf on X, let r € Z-, and let € > 0.
Then there exists a proper Zariski-closed subset Z ;Ct X such that

hic(P) +m(D, P) < di(P)+€eha(P)+ 0(1)

forall P € X (k) \ Z with [k(P) : k] <.

Furthermore, Vojta showed in [24] that the above conjecture can be used to
derive the following conjecture:

CONIJECTURE 1.6 Ifay, ay, ..., a, are nonzero integers such that ay +a, + - - - +
a, = ay and the greatest common divisor of ay, a, ..., a, is 1, then
1 1+€
max{laol, |ail, ..., la[} < Cﬁ(i)
apdi - - - Ay
forall ay, ay, ..., a, as above outside a proper Zariski-closed subset of the hyper-

plane x; + -+ + x, = x¢ in P".

2 Preliminaries

We will apply Nevanlinna theory to prove Theorem 1.3. Some notation and
terminology will be needed. Let Z, be the set of nonnegative integers. Let z =
(z1, 225 - - - » Zm) be the natural coordinate system of C™. For a multi-index v =
(i1, 02, ..., 0y) € Z", write

0 . . .
Wl=ir+i+-+in and 9, =-—, 09" =(9;)"(0,)" - (3,)".

0z,
Fix multi-indices v; € Z7 with |v;| > 0 ( = 1,2,...,n). Denote the Wronski
determinant of the meromorphic functions fy, fi, ..., f, in C" with respect to

these multi-indices by

fo i
Py 9
W(f()’flv""fn)=Wv1v2~-~v,,(f0’flv""fn)= :0 .1 .

’

avn fO 8V)1 f] e avn f}’l
and define

W(anf]a""ﬁl)
S ’ sy Jn =S\)]U2~~Vn ’ s oo Jn) = .
(for i fa) (fos fis oo fi) = —
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LEMMA 2.1 Let fy, fi, ..., fn be linearly independent meromorphic functions in
C™. Write f = (fo, fi»---» fu).- Thenfori = 1,2, ..., n, there are multi-indices
v € 27, 0 < |vi| < i, such that f, 9" f,0" f,..., 3" f are C-linearly indepen-
dent, and for each v € 7! satisfying |v| < maxi<;<, |vil,

feCf+ Y Ci"f;
[vi|<|v]

that is, 3" f lies in the C-span of f and the v;-order partial derivatives of [ of no
higher order. For such multi-indices, then

Whfo, hfi, ... hfa) = KW (fo, fis oo f)
holds for any nonzero meromorphic function h on C".

Under the conditions of Lemma 2.1, A. Vitter [22] proved earlier that there exist
multi-indices v; € Z% (1 < i < n) such that

Wvlvzmv,,(va fl» ) fn) 7_é 0’

and a complete proof of the lemma was then proved by H. Fujimoto [5]. For the
readers’ interests, we also refer to Ye [26] for a simpler and more direct proof of
the lemma. For the multi-indices v; € Z in Lemma 2.1, the integers

['=1vil + vz + -+ |val

and w = |v,| will be called the (Wronskian) index and the Wronskian degree of the
family { fo, fi, ..., fu}, respectively. Obviously, the numbers w and / satisfy the
following properties:

1 1
2.1) 15w5n515”("72+), w:n,zzw(ifmzl).
Let z = (z1, 22, - - - » Zm) be the natural coordinate system in C” and set

(@) = |zI* = Z IZ‘;IZ, v=dd’t, 0 =d°logt A (dd°logT)"",
j=1

where d¢ = %(5 — a) IfAC C™ and if r > 0, define
Alrl={xeA:t(x)<r¥, Ar)={xecA:t(x) =r2}.

Let u be a function on C™ such that dimS < m — 1, where S = supp u. Fix a
number ry > 0 and write

n,(t) = f2mm / pu™ldr, t>0,
NG

4 dt
N,l(r):f n”(Z)T’ r>ryg>0,

ro

if the integrals exist.
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Let f be a meromorphic function on C™, and let 1 be the a-valued multiplicity
of f forapointa € P!; see [21]. Then the valence function of f for a is defined by

1
N(I’, f _a> = NM?(F),

where here and from now on we denote ﬁ by f if a = oco. Also define the
truncated multiplicity u%, (k € Z,) by

Wiy = min{k, u%}.
1
= () Ne(r ) = Mg, 0,
and as usual denote

ﬁ(f’ )—m(’f) e =),

Then we have

1 . 1 N )
ni| oo, = lim ng|r, = lim ———.
f—a r—00 f—a r—00 logr

If there is no confusion, we will abbreviate

(7)== 7). A7) =7
N\ —— ) =ng| o0, — ), n =ni| oo, .
f—a f—a f—a f—a

For x > 0, we set

Write

xT =max{l,x}, logtx=1logx™

then the compensation function of f for a is defined by

1y L1
m(r’f—a>_ / TN

Cmir)

The Nevanlinna characteristic function of f is defined by

T(r,f)=N@ f)+m(, f),

which is increasing for . Then f is nonconstant if and only if 7(r, f) — 00 as
r — 00, and rational if and only if

lim L)
im < 00
r—oo logr
If f #£ 0, the Jensen formula
1
2.2) N(r,?)—N(r,f)= / log|flo — / log|flo

Cm(r) Cmiro)

holds; cf. Stoll [21]. A deeper result in value distribution theory (or Nevanlinna
theory) is the second main theorem:
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THEOREM 2.2 Let f be a nonconstant meromorphic function in C" and let ay, as,
..., aq be distinct values in the Riemannian sphere P!. Then

! 1
(q=2T(r f) < ;N(r, = a,-> — Neam(r, f)
2m—1
+log {(ﬁ) TR /) } Lo
r po—r

holds for any ro < r < p < R, where Ny (r, f) is the valence function of the
ramification divisor of f.

Theorem 2.2 was first obtained by R. Nevanlinna [16] for meromorphic func-
tions of one variable and extended to the case of holomorphic curves into a higher-
dimensional complex projective space P by H. Cartan [3]. W. Stoll [20, 21] unified
Nevanlinna and Cartan theory by proving the second main theorem for meromor-
phic mappings of several variables into P". The refined estimate of the error term
in the above theorem was proved by Z. Ye [26].

LEMMA 2.3 Suppose that f1(2), f2(z), ..., [n(z) are linearly independent mero-
morphic functions in C™ such that
2.3) i+ L+ + =1

Thenfor1 < j<n, R>p>r>ry

Ji

+N@#, W)—N(r, =) +llogi|— — 1+ 0,
W r

- 1
T(r, fj) NG, fj)+ Z {N(r, —) — N(r, fk)}
(2.4) k=1

where W =W, ..., (fi, f2, ..., fu) # Ois the Wronskian determinant,

nn-—1
n—l§l=|V1|+|V2|+"'+|Un—1|S¥,

and where
T(r)= lrgg}n{T(r, St

Lemma 2.3 is due to Nevanlinna [16] for the case of one variable. For the case
of several variables, see Hu and Yang [6, 7]. Here we used the refined estimates
of the error terms of the second main theorem obtained by Z. Ye [26]. Take ¢ > 0
and put

r _R—i—r r

"oy T 2 T 2eg T

2.5) R =
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By applying a well-known lemma of calculus due to Borel (cf. [26]), there is a
constant C > 1 such that

(2.6) I T(R)= T(r + <CT(r),

;
(log T(I’))”g)
where the symbol || at the front of an inequality means that the inequality holds as
r — oo except for a possible set of finite linear measure. On the other hand, for all
large r,

1 2(log T(r))'+e

p—r r

@7 P=ow,
r
Hence one obtains the estimate

2m—1
P T(R)
2.8) || logil— — <logT(r)+(1+¢)loglog T (r)—logr+0O(1).
r p—r

THEOREM 2.4 Let f1, fa, ..., [, be linearly independent entire functions in C™.
Put fo= fi+ fo+---+ f, and assume that dim I < m — 2, where

I={zeC": folz) = fi(z) =+ = fu(z) = 0}.
Then for j = 1,2,...,n, the inequalities

2m—1
P T(R)
( ) Z,ONw<rﬁ)‘N"“‘o~-fﬂ(”+’l°g{(r) = }+0“)

f 1 o\ T(R)
() <) e 2) ) o0

hold for ro < r < p < R, where | and w are, respectively, the index and the
Wronskian degree of the family {f1, f2, ..., fu}, (s 5 is the multiplicity of the
zero divisor Dy, 1) of (fo, fj), and

ror= s (7(n 7 )}

PROOF: Applying Theorem 2.3 to f1/fo, f2/fo,---» fu/fo,for 1 < j <n, we

obtain
(2 2 (7)) e

N(r L)+ IR L o
) e (7)) 00

where W = W(f\/fo, f2/fo, -, fu/fo) 1s the Wronskian of f\/fo, f2/fo, ...,
fn/fo. Note that

h fn>:W(f1,f2,---,fn)

W=W —
(fo fo T fo fo
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Abbreviate Wy = W( f1, fa, ..., fu). By Jensen’s formula, we obtain easily
1 1
() ) (e ) ()
Ji Jo Ji fo
1 1 1
N(ir,W)—N|r,— ) =nN —Nlr,— ),
w fo W,

and hence, for 1 < j < n, we obtain

)< Erle) ) 28
()] (2) 58] o

By simple observation, we find

2.9)

(2.10) er —N rﬁ =N, (r)
. ) ﬁ ) f} —_ M(f()v.G) .
Thus Theorem 2.4 follows from (2.9), (2.10), and the following estimates:
n n
0 0 0
2.11) Z“Afk — Rw, = Zl‘fk,w .
k=0 k=0
0 0 0
2.12) DouG =, = ud
k=0
To prove (2.11), it is sufficient to show that (2.11) holds for any zo € C” — I. Then
,u% (zo) =0forsomei € {0, 1, ..., n}. Note that

=W(f1’ f23 ""fi—ls fO’ .fl'—i-l’ e fn)
Hence expanding the determinant shows that fork #i,1 < j <n —1,
Moy 1 (20) = Wy (20) = K 1,1 (20) = B, (20) = Ky (20)

and, hence,

W, 20) = > {ud o) — 1, (20} ;
ki
that is,

Z 149 (20) — piy, (20) = Z 149 (20) — 1y, (20)
k#i

<Y uf G0 = Zufk w(20) -

k#i

Inequality (2.12) can be obtained similarly by comparing the zero multiplicity of
f()f1 fn andWl. O
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3 Proof of Theorem 1.3

Let P be a nonconstant polynomial in C”. We can easily prove the following
relation:

3.1) T(r, P) = deg(P)logr + O(1) .

If Q is another nonconstant polynomial in C™ such that P and Q are coprime, we
can also prove that

(3.2) T<r, g) = max{deg(P), deg(Q)}logr + O(1)

holds. An effective divisor D on C™ is said to be algebraic if D is the zero divisor
of a polynomial. For the multiplicity v of an effective divisor on C™, define

. . N,(r)
n,(c0) = lim n,(r) = lim .
r—00 r—00 ]ogr

The following fact is proven in Rutishauser [18] and Stoll [20].

PROPOSITION 3.1 An effective divisor D on C™ is algebraic if and only if the
counting function n, (r) of multiplicity v of D is bounded. Moreover, if n,(c0) =
n < oo, then D is the divisor of a polynomial of degree n.

PROOF OF THEOREM 1.3: Combining Theorem 2.4 with the estimates of the
error term in Section 2 implies

f/) . ( 1 >
T\r, — Nylr,—) =Ny, .
(3.3) | (r fo = ; r fi i i (1)

+ O(og" T(r)) —Illogr + O(1)
holds for j =1, 2, ..., n, where

T (r) = max {T(r, ﬁ)} = O(logr).
fo

I<j<n
We can choose polynomials fjo, fo;, and h; such that fjo and fy; are coprime, and
fi=nhifio, fo=hjfo;.
Note that Ko fj) = M?lf' Thus (3.3) and (3.2) imply

n 1 1
(3.4) max{deg( fjo), deg(fo,;)} < Z”w (oo, ﬁ) - ”(OO’ f) -1

k=0

By Proposition 3.1, we have

3.5 n<oo, i) = deg(h;) .
hj
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Hence by (3.4) and (3.5), we obtain

3.6) max{deg(f;), deg(fo)} < an(oo, %) -1, j=12,...,n.
k=0

Then (1.1) follows from (3.6), and (1.2) can be proven similarly. ]

4 Notes on Theorem 1.3

If m = 1 and n = 2, Theorem 1.3 yields a theorem of Mason; see [11, 13, 23].
For0 <i < j <mn, set

Sij - (gij,lvgij,Zv ~"v€ij,n—l) = (f()’ fl’ "'7ﬁ—17 ﬁ+17 ceey ‘fj—la ‘fj-‘rla ceey fn) )

0,851 0,82 .. 0480
) 0,611 0562 oo OnEin-1
=1 S : ’
Oz, ij1 0,852 - 95,8001
4.1) y = max max rank (Si’j (2)).

zeCm 0<i<j<n
If y =n — 1, then we can take w = 1 and / = n — 1 in Theorem 1.3. Generally,
we have
n—y—-Dn—-y+2)

4.2) l<w=<n—-y, n—1=<Il<y+ 2

For any positive integer k, @ € P!, and any meromorphic function f on C™,

note that
(7=2) =o(5=2)
ni <kn .
f—a f—a

Theorem 1.3 immediately yields the following fact:

COROLLARY 4.1 Let f1, fo, ..., fu, n = 2, be linearly independent polynomials
in C". Put fo = fi+ f»+ -+ fu and assume that dim I < m — 2, where
I={zeC": fo(z) = filz) =--- = fulz) =0}.
Then the following inequalities hold:
“ 1
4.3 max {deg(f)} <w nl—\)—-1,
(4.3) max {deg(f))) = g ( fk>
1
4.4 max {deg(f;)} < lﬁ(7> -1,
0sjzn foft- fu
where | and w denote the index and the Wronskian degree of fi1, fa, ..., fu, re-

spectively.
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For the case m = 1, the inequality (4.4) was obtained independently by J. F. Vo-
loch [25] and by W. D. Brownawell and D. Masser [2]. Earlier R. C. Mason [15]
derived this estimate with [ = %n(n — 1) replaced by I = 4"~!'. J. Browkin and
J. Brzezinski [1] conjectured that the sharp value of / in (4.4) is 2n — 3.

Now we remove the restriction on the linear independence of polynomials fi,

f2, ..., fn. In what follows, we will use the notation
4.5) fi=0 mod{f,-l,ﬁz,...,ﬁvi}
to denote that {iy, iz, ..., i5} C {0,1,...,n} — {i} are distinct, f;, fi,,..., fi.v,-

linearly independent, and
fl.:anfia, e€C—-{0} Q=<ac<s).
a=1
Define
L={zeC": fi(@) = fi,(2) = = f (z) = 0}.

COROLLARY 4.2 For a fixed integer n > 1, let f; (j = 0,1, ...,n) be nonzero
polynomials on C" such that fi + f>+---+ f, = fo. Assume also that not all the
fj are constants, and that the f; are pairwise relatively prime. Then

_ 1

where d is the dimension of the vector space spanned by the f; over C.

PROOF: The proof of Corollary 4.2 proceeds by induction on n. Forn = 1 itis
obviously true since if fy = f; and fy and f; are relatively prime, then they both
are constants. Assume the corollary is true for all cases n’ with 2 < n’ < n, and
consider the case of n 4+ 1 polynomials. By the assumptions in Corollary 4.2, at
least two of the f; are nonconstant. Note that if two of the f; are constants, then we
may either eliminate them if their sum is zero or replace them by their sum when
it is not zero. Then the inductive hypothesis could be applied to yield the desired
result. Thus we may assume that at most one of the f; is a constant. For each
i €{0,1,...,n},itis easy to show that

fi=0 mod{f, fi,,..., fi,}

for some iy, is, ..., 5. Obviously,d > s; > 2 and dim /; < m — 2 since the f; are
pairwise relatively prime. So by Corollary 4.1, we have
5
- 1
477 d i < w; n|l— | — li s
( ) Orfr}xaf)iz{ eg(f”‘)} o v Z()”(ﬁd)
o=

where iy = i, and /; and w; denote the index and the Wronskian degree of f;, fi,,
R fi.;l- , respectively. Note that

lfwifs,-—lfd—l, l,’ZS,‘—l.
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Therefore, we obtain

that is, foreachi € {0, 1, ..., n},

1
d ND<d-D|n 1).
oe(fi) = ¢ )<n(f0f1 fn) )

Hence Corollary 4.2 is proven. O

Let deg, ( fr) be the sum of the degrees of all distinct irreducible factors of fj.
Proposition 3.1 implies

(1
n(E) < deg, (fi)-
Thus the following theorem of Shapiro and Sparer follows from Corollary 4.2.

THEOREM 4.3 [19] For fixed integern > 2, let f;, j =0, 1, ..., n, be polynomials
on C" suchthat fi+ fo+-- -+ f, = fo. Assume also that the f; are not all constant,
and that the f; are relatively prime by pairs. Then

(48) max (deg( /) < (n - 1)(deg* (H fk) - 1) .
- k=0

5 Notes on Conjecture 1.4

For integers, it is natural to ask how to define the number y similar to (4.1).
Here we approach this question as follows. Express a nonzero integer a in the
form (1.3) and regard a as a polynomial of several variables p1, p», ..., ps so that
for a prime p, we can define

pe  [lhwa Pty P=pus 1 < <5,

6.1 dp,a =
d 0’ pg{phpZ”"’pS}'

If there are primes, say pi, p2, ..., Pm, satisfying the properties

p'faj, j:()yla---7nvp¢{pl7p2a--~,pm}7
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in (4.1), replacing f, z1, z2, - . ., Zm, respectively, by a, p1, p2, ..., pm, We obtain
the required number y. If the number is equal to n — 1, we might take w = 1 and
{ = n — 1in Conjecture 1.4.

Here we study the example due to J. Browkin and J. Brzezinski [1]. For every
k > 0, define a polynomial of positive integral coefficients by

2mj
2k +1

9

k k
5.2) fi(ld) = l_[(z +2—2cosaj) = Zsjzj, o =
j=1 /=0

which satisfies (cf. [1])

2k+1 __ 1 -1 2
(5.3) -1 — xkfk(u> )
x—1 by
Ifin (5.3) we putk = n — 2 and x = —b/a, then, in view of (5.2), one gets
n—2
(5.4) @+ b7 =Y si(a+ by (—ab)" T = 0.
j=0
If we choose a = 2/, where i > n — 2, and b = —1, then we have

agt+a+---+a, =ap,
where
ajy1 = sj(zi _ 1)2j+]2i(n72*j) O<j<n—2), ay=1, ay= pi(2n=3)

Obviously, there is no proper subsum equal to zero. Since a, = 1, the greatest
common divisor of all a; is 1. Therefore, the conditions in Conjecture 1.4 are
satisfied. Now we have

M, = max {|a;|} = ap = 2"
0<j<n

A positive integer x, > 2n — 3 exists such that

n 1 n—2 1
o ) _~Hn=2
Lw—ITWI<m)_2 llwl(wr—mw“ﬂ“%ﬂ>

i=0

n—2
1 .
(n—2)(n—2) — (n=2)(n=2) ~»i _ 1\Xxn
=2 QW”Q%—WHJ_2 e
j=

Since there are infinitely many i > n — 2 such that the numbers 2/ — 1 are relatively
prime (e.g., all prime i > n — 2), there exists a positive constant C(n) that is
independent of i such that

2i(2n—3)
2("*2)(”*2) (21 — I)X"

=Cn),
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that is, M,, < C(n)L,,. We can also show that
1
M}’l S C(n)nn(nfl) (7)
2 apap - - - a,
holds for some constant C(n). Thus Conjecture 1.4 holds for such a;.
J. Browkin and J. Brzezinski [1] conjectured as follows:

CONIJECTURE 5.1 Leta; (j = 0,1,...,n) be nonzero integers with n > 2 such
that the greatest common divisor of ag, a1, . .., a, is 1,
(5.5) ay+a+---+a, =ap,

and no proper subsum of (5.5) is equal to 0. Then for ¢ > 0, there exists a number
C = C(n, &) such that

1 2n—3+¢
(5.6) max {la;|} < Cﬁ(i) )
0<j=<n apdj -+ -dy

Further, Browkin and Brzezinski use the above example to show that the num-
ber 2n — 3 is a sharp lower bound.
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