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Abstract

A multi-resolution collocation method with specially designed spline wavelet is presented to numerically solve a system
of nonlinear differential-algebraic equations of index one in circuit simulation. As the wavelet collocation method is
applied to such system, we will have to solve large nonlinear algebraic equations. For the algebraic equations, we give
a modified Newton type iterative method which bases on two wavelet adaptive techniques. We prove the convergence,
the stability and the complexity on the adaptive method reported here. The new approach could effectively reduce
computational costs and storage requirements to large extent. Numerical experiments are given to further illustrate the
method’s principle.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that in engineering application fields we often need to find dynamic responses of large sys-
tems, such as in nonlinear electronic circuits and so on. Most of these systems may be modelled by differential-
algebraic equations (DAEs), see [3].

In the paper we mainly consider nonlinear DAEs given as follows:
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dxðtÞ
dt ¼ f ðxðtÞ; yðtÞÞ; xð0Þ ¼ x0;

0 ¼ gðxðtÞ; yðtÞÞ; t 2 ½0; L�;

(
ð1:1Þ
where t is time variable, X = [0,L] is finite, x0 ¼ ðx1
0; x

2
0; . . . ; xn

0Þ
T is a consistent initial value, f = (f1, f2, . . . , fn)T

and g = (g1,g2, . . . ,gm)T are two known continuous functions, x(t) = (x1(t),x2(t), . . . ,xn(t))T 2 Rn and y(t) =
(y1(t),y2(t), . . . ,ym(t))T 2 Rm for all t 2 X are to be computed. We assume that (1.1) is index-one, that is, the
nonlinear function g(x,y) is solvable with respect to y.
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Many numerical methods, such as Runge–Kutta method [6] and waveform relaxation (WR) [7,8], have
been successfully applied to solve DAEs. However, under some situations these methods possibly suffer from
the difficulty in effectively handling the singularity, which often occurs in simulations of high-speed circuits. As
we know, due to the advantageous properties of localization in both space and frequency domains, wavelet
technique has been a great tool for adaptivity and multi-resolution schemes to obtain solutions of systems
which vary dynamically both in space and time. Especially, the cubic spline wavelet collocation approach
in [4,10] is not only powerful in treating singularity, but also has O(h4) convergence rate, where h is the step
length. Dian Zhou et al. have succeeded in applying the wavelet method to solve ordinary differential equa-
tions (ODEs) in circuit simulation [11,12]. In [1,2,5,9], the adaptive wavelet iterative method have arisen
for PDEs. However, no research exists in DAEs, and no further analysis appears on the iterations of the
resulting nonlinear algebraic equations, to the best of our knowledge.

The main purpose of the paper is to develop a wavelet multi-resolution scheme for nonlinear DAEs in cir-
cuit simulation. We propose a modified Newton adaptive iterative method by adopting two adaptive proper-
ties of wavelets to solve resulting nonlinear algebraic equations. The convergence and the stability on the
proposed iterative process is analyzed theoretically. Comparing with the original Newton method, the pro-
posed Newton adaptive iterative method, which is favorable for the solutions of large nonlinear DAEs, could
accelerate iterative process and reduce computation and storage costs. Numerical experiments are provided to
further show the efficiency of the method.

The organization of the paper is as follows. Section 2 firstly outlines the general form of multi-resolution
wavelet collocation and then extends it to solve nonlinear DAEs. Meanwhile, the modified Newton adaptive
iterative process is formulated. The proofs of the convergence and the stability on the relaxation-based method
are shown in Section 3. Section 4 demonstrates the proposed process with numerical experiments. Conclusion
is given in Section 5.

2. The modified Newton adaptive iteration

Without loss of generality, we assume that a circuit system is described by nonlinear DAEs of index one like
(1.1). We are interested in the solution of x(t) and y(t) in a finite interval X = [0,L]. The idea of multi-resolu-
tion wavelet collocation is that, after replacing the functions x(t), y(t), f(x(t),y(t)), g(x(t),y(t)) and the differen-
tial operator d

dt of (1.1) with their cubic spline wavelet series, we acquire an algebraic equation system, whose
unknowns are the corresponding wavelet coefficients of these wavelet series.

2.1. Wavelet collocation discretization of nonlinear DAEs

Define Sobolev space H2(I) = {f(x), x 2 Ijkf(i)k2 <1, i = 1,2,3}. Introduce an approximation subspace
VJ � H2(I), where J P 0 and a fixed interval X = [0,L] [4,11,12],
V J ¼ V 0 � W 0 � W 1 � � � � � W J�1; ð2:1Þ

where
V 0 ¼ spanfg1ðtÞ; g2ðtÞ; g2ðL� tÞ; g1ðL� tÞ;/�1;�1ðtÞ; . . . ;/�1;L�4ðtÞ;/�1;L�3ðL� tÞg;
W i ¼ spanfwi;�1ðtÞ;wi;0ðtÞ; . . . ;wi;n0�2ðtÞg; 0 6 i 6 J � 1:

ð2:2Þ
The concrete properties of these functions g1(t), g2(t), /(t), w(t) can be found in [4]. Here, we only give the
definitions as follows:
g1ðtÞ ¼ ð1� tÞ3þ;

g2ðtÞ ¼ 2tþ � 3t2
þ þ

7

6
t3
þ �

4

3
ðt � 1Þ3þ þ

1

6
ðt � 2Þ3þ;

/ðtÞ ¼ N 4ðtÞ ¼
1

6

X4

l¼0

4

1

� �
ð�1Þlðt � lÞ3þ;

wðtÞ ¼ � 3

7
/ð2tÞ þ 12

7
/ð2t � 1Þ � 3

7
/ð2t � 2Þ;

ð2:3Þ
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where
tn
þ ¼

tn; t P 0;

0; t < 0:

�
ð2:4Þ
When J!1, the space VJ! H2(I), VJ is the multilevel decomposition of the space H2(I). Expand the
unknown function x(t) 2 H2(I) in VJ. Denote nj = 2j

* L + 3 and PJx(t) by the interpolation approximation
of the function x(t) in VJ, we have
P V J xðtÞ ¼ xJ ðtÞ ¼ Ib;J xðtÞ þ x̂�1;�1/bðtÞ þ
XL�4

k¼0

x̂�1;k/kðtÞ þ x̂�1;L�3/bðL� tÞ þ
XJ�1

j¼0

Xnj�2

k¼�1

x̂j;kwj;kðtÞ
" #

¼ x�1ðtÞ þ
XJ�1

j¼0

xjðtÞ; ð2:5Þ
where Ib,Jx(t) is the boundary approximation of xJ(t), Ib,Jx(t) = a1g1(2Jx) + a2g2(2Jx) + a3g2(2J(L � x)) +
a4g1(2J(L � x)), ai(1 6 i 6 4) in [4]. The spatial approximation order is kxJ ðtÞ � xðtÞkH2ðXÞ 6 2�4J . The wavelet
coefficients of xJ(t) is
x̂J ¼ ðx̂�1;�3; . . . ; x̂�1;L�2; x̂0;�1; . . . ; x̂0;n0�2; . . . ; x̂J ;�1; . . . ; x̂J ;k; . . . ; x̂J ;nJ�2ÞT: ð2:6Þ

The wavelet series of xJ(t) satisfies
P V J xðtð�1Þ
k Þ ¼ xðtð�1Þ

k Þ; 1 6 k 6 Lþ 3;

P V J xðtðjÞk Þ ¼ xðtj
kÞ; j P 0; �1 6 k 6 nj � 2; 0 6 j 6 J � 1:

(
ð2:7Þ
The corresponding interpolation points ti
k are
t�1
1 ¼ 0; tð�1Þ

2 ¼ 1

2
; t�1

k ¼ k � 2 ð3 6 k 6 Lþ 1Þ; tð�1Þ
Lþ2 ¼ L� 1

2
; tð�1Þ

Lþ3 ¼ L;

ti
�1 ¼

1

2iþ2
; ti

k ¼
k þ 1:5

2i 0 6 k < ni � 2; ti
ni�2 ¼ L� 1

2iþ2
:

ð2:8Þ
Let H2(X) be a Sobolev space which basically contains functions with square integrable second derivatives.
We introduce an approximation subspace VJ � H2(X) for a given integer J P 0, which denotes the wavelet
decomposition level, and a fixed interval X = [0, L], consisting of scaling functions and wavelet functions.

Substituting them into the DAEs, we obtain the nonlinear discrete algebraic system as follows:
eAx̂ ¼ F ðx̂; ŷÞ;
0 ¼ Gðx̂; ŷÞ;

(
ð2:9Þ
where eA ¼ diagðA; . . . ;AÞ 2 RnN�nN in which
A ¼ fðam;lÞg16m;l6N ¼

dw1ðt1Þ
dt � � � dwN ðt1Þ

dt

..

. ..
. ..

.

dw1ðtN Þ
dt � � � dwN ðtN Þ

dt

0BB@
1CCA

N�N

ð2:10Þ
is an invertible derivative matrix. The vectors F ðx̂; ŷÞ and Gðx̂; ŷÞ respectively consist of the values of two vec-
tor functions f(x,y) and g(x,y) at all collocation points ordered in the same way. It says F ðx̂; ŷÞ ¼
ðF 1; F 2; . . . ; F nÞTnN�1 where
F k ¼

fkð
P

x̂iwiðt1Þ;
P

ŷiwiðt1ÞÞ
fkð
P

x̂iwiðt2Þ;
P

ŷiwiðt2ÞÞ
..
.

fkð
P

x̂iwiðtN Þ;
P

ŷiwiðtNÞÞ

0BBBB@
1CCCCA ¼

fk;1

fk;2

..

.

fk;N

0BBBB@
1CCCCA

N�1

: ð2:11Þ
Similarly, the vector ðGðx̂; ŷÞÞnN�1 has the same form.
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2.2. The Newton iterative solution of nonlinear algebraic equations

We choose the Newton-type methods to solve the nonlinear equation system. In the paper, in order to dis-
tinguish the modified Newton adaptive iterative method from the nonadaptive classic Newton method, the
latter now is referred to as the original Newton iterative method.

Let
ẑðkÞ ¼ x̂ðkÞ1;1; x̂
ðkÞ
1;2; . . . ; x̂ðkÞ1;N ; x̂

ðkÞ
2;1; x̂

ðkÞ
2;2; . . . ; x̂ðkÞ2;N ; . . . ; x̂ðkÞn;N ; ŷ

ðkÞ
1;1; ŷ

ðkÞ
1;2; . . . ; ŷðkÞm;N

� �T

ðnþmÞN�1
: ð2:12Þ
Then, the original Newton iterative form is
ẑðkþ1Þ ¼ ẑðkÞ � DẑðkÞ; ð2:13Þ

where the (n + m)N-dimensional vector DẑðkÞ satisfies the relationship as follows:
QðnþmÞN�ðnþmÞN � DẑðkÞ þ H ðnþmÞN�1 ¼ 0 ð2:14Þ
in which Q is the corresponding Jacobian matrix.
Denote w ¼ eAx̂� F ðx̂; ŷÞ, we have
w ¼ eA
x̂1

x̂2

..

.

x̂n

0BBBB@
1CCCCA�

F 1ðx̂; ŷÞ
F 2ðx̂; ŷÞ

..

.

F nðx̂; ŷÞ

0BBBB@
1CCCCA ¼

Ax̂1 � F 1ðx̂; ŷÞ
Ax̂2 � F 2ðx̂; ŷÞ

..

.

Ax̂n � F nðx̂; ŷÞ

0BBBB@
1CCCCA ¼

w1

w2

..

.

wnN

0BBBB@
1CCCCA: ð2:15Þ
Moreover, we have also
Hðx̂; ŷÞ ¼
eAx̂� F ðx̂; ŷÞ

Gðx̂; ŷÞ

 !
ðnþmÞN�1

ð2:16Þ
and
Q ¼

ow1

ox̂1;1
; ow1

ox̂1;2
; . . . ; ow1

ox̂n;N
; ow1

oŷ1;1
; ow1

oŷ1;2
; . . . ; ow1

oŷm;N

ow2

ox̂1;1
; ow2

ox̂1;2
; . . . ; ow2

ox̂n;N
; ow2

oŷ1;1
; ow2

oŷ1;2
; . . . ; ow2

oŷm;N

..

.

ownN
ox̂1;1

; ownN
ox̂1;2

; . . . ; ownN
ox̂n;N

; ownN
oŷ1;1

; ownN
oŷ1;2

; . . . ; ownN
oŷm;N

oG
ox̂

� �
mN�nN

; oG
oŷ

� �
mN�mN

0BBBBBBBBBB@

1CCCCCCCCCCA
ðnþmÞN�ðnþmÞN

¼

A� oF 1

ox̂1
;� oF 1

ox̂2
; . . . ; � oF 1

ox̂n
;� oF 1

oŷ1
; � oF 1

oŷ2
; . . . ;� oF 1

oŷm

� oF 2

ox̂1
;A� oF 2

ox̂2
; . . . ; � oF 2

ox̂n
;� oF 2

oŷ1
; � oF 2

oŷ2
; . . . ;� oF 2

oŷm

..

.

� oF n
ox̂1
;� oF n

ox̂2
; . . . ; A� oF n

ox̂n
;� oF n

oŷ1
; � oF n

oŷ2
; . . . ;� oF N

oŷm

oG
ox̂

� �
mN�nN

; oG
oŷ

� �
mN�mN

0BBBBBBBBB@

1CCCCCCCCCA
ðnþmÞN�ðnþmÞN

¼
eA � oF

ox̂ � oF
oŷ

oG
ox̂

oG
oŷ

 !
ðnþmÞN�ðnþmÞN

: ð2:17Þ
For the iteration method, the mainly computational burden comes from solving the equation at each iter-
ation step. If the vector ẑðkÞ is sparse, namely, it has many zero elements relative to its dimension, then the
Jacobian matrix Q is sparse. Similarly, the vector H has also many zero elements. As a result, the computation
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time and storage cost can be economized at each iteration step. In fact, as the wavelet coefficients of the func-
tions x(t) and y(t), the vectors x̂ and ŷ have such sparsity which could always improve the iterative process.
Taking the properties of the spline wavelets with Newton iteration, we can really construct the so-called adap-
tive iterative process.

In next section, we will discuss how to exert the wavelet adaptive properties for the design on the modified
Newton adaptive process. For the purpose, some wavelet adaptive properties should be stated here.

2.3. Adaptive properties with the cubic spline wavelet bases

Denote x̂k
i;l the wavelet coefficients of sub-element function xk(t) in vector function x(t) where i and l are the

scale and dilation indexes respectively. First, let mi > 0, N = 2J
* L + 3, and
x̂�ki;l ¼
x̂k

i;l; jx̂k
i;ljP mi;

0; jx̂k
i;lj < mi:

(
ð2:18Þ
Define
x�kJ ðtÞ ¼ x̂k
�1;�3g1ðtÞ þ x̂k

�1;�2g2ðtÞ þ x̂k
�1;�1/bðtÞ þ

XL�4

l¼0

x̂k
�1;l/lðtÞ þ x̂k

�1;L�3/bðL� tÞ

þ x̂k
�1;L�2g2ðL� tÞ þ x̂k

�1;L�1g1ðL� tÞ þ
XJ�1

i¼0

Xni�2

l¼�1

x̂�ki;lwi;l�2 ð2:19Þ
and
xk
J ðtÞ ¼ x̂k

�1;�3g1ðtÞ þ x̂k
�1;�2g2ðtÞ þ x̂k

�1;�1/bðtÞ þ
XL�4

l¼0

x̂k
�1;l/lðtÞ þ x̂k

�1;L�3/bðL� tÞ

þ x̂k
�1;L�2g2ðL� tÞ þ x̂k

�1;L�1g1ðL� tÞ þ
XJ�1

i¼0

Xni�2

l¼�1

x̂k
i;lwi;l�2 ð2:20Þ
Based on the above definitions, we turn to giving the two adaptive properties on the cubic spline wavelet.

2.3.1. Adaptive wavelet sparsity representation for function x(t)

Now, we study the characteristics of the function x(t) approximated by the wavelet series xJðtÞ ¼ ðxk
J ðtÞ;

1 6 k 6 nÞTn�1. Due to time-frequency localization property of wavelet functions, the wavelet coefficients decay
quickly to zero in smooth regions, and large only in region where the function gradient is large. From [10], if
function f 2 Lip(a), the wavelet coefficient x̂i;l ¼ Oð2�iaÞ. Hence, we can reduce a quantity of the wavelet coef-
ficients in order to save the operation time and the memory space. According to the properties of the cubic
spline wavelets, we know the wavelet coefficients in the corresponding wavelet expansion will be less than
the error tolerance m in a large part of the solution domain if the decomposition level J becomes larger. Fur-
thermore, the wavelet coefficients x̂k

i;l can be set zeros if the magnitudes of xk(t) at collocation points is less than
some given error tolerance m. Thus, many terms of wavelet series may be discarded in the wavelet expansion of
xk(t). Namely, the wavelet coefficients vector x̂ ¼ ðx̂k

m; 1 6 m 6 N ; 1 6 k 6 nÞTnN�1 has more zero elements
with the level J increasing, where N = 2JL + 3. This fact will be used to achieve adaptivity for the Newton
iterative solution to accelerate convergence and reduce computational cost. For the clarity of the formulation,
we use the hard thresholding m in the next section.

2.3.2. Adaptive multilevel representation

Lemma 1. Let x(t) 2 H2(X), xJ ðtÞ ¼ ðxk
J ðtÞ; 1 6 k 6 nÞTn�1, x�kJ ðtÞ = ðx�kJ ðtÞ; 1 6 k 6 nÞTn�1 and the hard

thresholding m ¼ 13�
15J, then we have
kxJ ðtÞ � x�J ðtÞkH2ðXÞ 6 �: ð2:21Þ
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Proof. From [10], we know
kxJ ðtÞ � x�J ðtÞkH2ðXÞ ¼

x1
JðtÞ � x�1J ðtÞ

x2
JðtÞ � x�2J ðtÞ

..

.

xn
JðtÞ � x�nJ ðtÞ

												

												
H2ðXÞ

6 C1

P
m;jx̂1

mj<m

x̂1
mP

m;jx̂2
mj<m

x̂1
m

..

.

P
m;jx̂n

mj<m

x̂n
m

																	

																	
l2

	 Oð�Þ;
where C1 is some constant. h

Corollary 1. For x(t) 2 H2(X), the wavelet approximation are xJ(t) and x�J ðtÞ. Let m ¼ 13�
15J, then the truncation

error is
kxðtÞ � x�J ðtÞkH2ðXÞ 	 Oð�Þ: ð2:22Þ
Proof. By Lemma 1 and the property of the cubic spline wavelet interpolation, we know
kxðtÞ � x�J ðtÞkH2ðXÞ 6 kxðtÞ � xJ ðtÞkH2ðXÞ þ kxJ ðtÞ � x�J ðtÞkH2ðXÞ 	 Oð2�4J Þ þOð�Þ: �
From the wavelet series, we know, when J!1 the subspace VJ may approximate the whole space H2(X)
infinitely. It is also clear that the approximated accuracy depends on the wavelet decomposition order J and
the threshold m. The higher the space order is, the less the error would be. Due to the characteristic of the
wavelet representation, the magnitudes of the wavelet coefficients in WJ will indicate whether a refinement,
by increasing the wavelet space order, is needed or not. It may be simply described by mathematical symbol.
That is, for given d2, if maxfjx̂k

i;ljg > d2, we will increase the wavelet space order J to J 0 where J 0 > J.

With the above adaptive properties of the cubic spline wavelets, we present the following modified Newton
adaptive iterative process for the DAEs.

2.4. Modified Newton adaptive iterative process

We give the basic steps of the modified Newton iterative process for the nonlinear DAEs. Let ẑ ¼
ðẑ1; ẑ2; . . . ; ẑðnþmÞN ÞT and Pm be an adaptive truncation operator such that, for 1 6 k 6 (n + m)N,
P mẑ ¼
ẑk; if ĵzkj > m;

0; otherwise;

�
ð2:23Þ
where m ¼ 13�
15J.

Given initial conditions, the value ẑð0Þ ¼ ðx̂ð0Þ; ŷð0ÞÞT and the truncation parameter m.

Step 1. Initially given: the level J, the matrix eA; vectors F and G; vector ẑð0Þ and Dẑð0Þ ¼ ẑð0Þ.

Step 2. When kDẑðkÞk
kẑðkÞk 6 d1, to Step 3; else

1. compute QðẑðkÞÞ and HðẑðkÞÞ, solve the increment DẑðkÞ;
2. compute ẑðkþ1Þ by ẑðkþ1Þ ¼ ẑðkÞ � DẑðkÞ;
3. ẑðkþ1Þ ¼ P mẑðkþ1Þ;
4. ẑðkÞ ¼ ẑðkþ1Þ; to Step 3.
Step 3. If max ĵzJ ;kj < d2, to Step 4; else
1. J = J + 1;
2. compute eA, F, G, and ẑðkÞ; to Step 1.
Step 4. Set ẑðkÞ ¼ ðx̂ðkÞ; ŷðkÞÞT and use inverse discrete wavelet transform to compute xJ(t) and yJ(t).



214 J. Gao, Y.-L. Jiang / Applied Mathematics and Computation 189 (2007) 208–220
3. Theoretical analysis of the modified Newton adaptive iteration
In this section, we provide the theoretical analysis on the convergence and the stability for the modified
Newton adaptive iterative process under some given conditions.

3.1. Convergence analysis

We denote the value ẑ ¼ x̂
ŷ

� �
as the true solution. It should satisfy !
HðẑÞ ¼ Hðx̂; ŷÞ ¼
eAx̂� F ðx̂; ŷÞ

Gðx̂; ŷÞ ðnþmÞN�1

¼ 0: ð3:1Þ
Let
hk ¼ P �ðẑðkÞ � Q�1ð̂zðkÞÞ � Hðx̂ðkÞ; ŷðkÞÞÞ � ðẑðkÞ � Q�1ðẑðkÞÞ � Hðx̂ðkÞ; ŷðkÞÞÞ;
ek ¼ ẑðkÞ � ẑ;

ð3:2Þ
we have
ẑðkþ1Þ ¼ P �ðẑðkÞ � Q�1ðẑðkÞÞ � Hðx̂ðkÞ; ŷðkÞÞÞ � ẑ ¼ P � ẑðkÞ � Q�1ðẑðkÞÞ �
eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ

Gðx̂ðkÞ; ŷðkÞÞ

 ! !
� ẑ:

ð3:3Þ

Before doing the theoretical analysis, we need some lemmas.

Lemma 2. Let xð1ÞðtÞ ¼ ðxð1Þ1 ðtÞ; x
ð1Þ
2 ðtÞ; . . . ; xð1Þn ðtÞÞT, xð2ÞðtÞ ¼ ðxð2Þ1 ðtÞ; x

ð2Þ
2 ðtÞ; . . . ; xð2Þn ðtÞÞT, yð1ÞðtÞ ¼ ðyð1Þ1 ðtÞ;

yð1Þ2 ðtÞ; . . . ; yð1Þm ðtÞÞT, yð2ÞðtÞ ¼ ðyð2Þ1 ðtÞ; y
ð2Þ
2 ðtÞ; . . . ; yð2Þm ðtÞÞT, f = (f1, f2, . . . , fn)T, and g = (g1,g2, . . . , gm)T. Suppose

that for all t 2 X = [0,L] the vector functions f(x(t), y(t)) and g(x(t), y(t)) satisfy
kf ðxð1ÞðtÞ; yð1ÞðtÞÞ � f ðxð2ÞðtÞ; yð2ÞðtÞÞkH2ðXÞ 6 L1kxð1ÞðtÞ � xð2ÞðtÞkH2ðXÞ þ L01kyð1ÞðtÞ � yð2ÞðtÞkH2ðXÞ ð3:4Þ
and
kgðxð1ÞðtÞ; yð1ÞðtÞÞ � gðxð2ÞðtÞ; yð2ÞðtÞÞkH2ðXÞ 6 L2kxð1ÞðtÞ � xð2ÞðtÞkH2ðXÞ þ L02kyð1ÞðtÞ � yð2ÞðtÞkH2ðXÞ ð3:5Þ
furthermore, under cubic spline wavelet bases the representation forms of x(1)(t) and y(1)(t) are
xð1ÞðtÞ ¼

PN
k¼1

x̂ð1Þ1;kwkðtÞ

PN
k¼1

x̂ð1Þ2;kwkðtÞ

..

.

PN
k¼1

x̂ð1Þn;kwkðtÞ

0BBBBBBBBBBB@

1CCCCCCCCCCCA
n�1

; yð1ÞðtÞ ¼

PN
k¼1

ŷð1Þ1;kwkðtÞ

PN
k¼1

ŷð1Þ2;kwkðtÞ

..

.

PN
k¼1

ŷð1Þm;kwkðtÞ

0BBBBBBBBBBB@

1CCCCCCCCCCCA
m�1

; ð3:6Þ
similarly, for x(2)(t) and y(2)(t). Then, there are the constants a1, a2, b1, and b2, which are related to L1, L01, L2, and
L02, such that
kF ðx̂ð1Þ; ŷð1ÞÞ � F ðx̂ð2Þ; ŷð2ÞÞkl2 6 a1kx̂ð1Þ � x̂ð2Þkl2 þ a2kŷð1Þ � ŷð2Þkl2 ð3:7Þ
and
kGðx̂ð1Þ; ŷð1ÞÞ � Gðx̂ð2Þ; ŷð2ÞÞkl2 6 b1kx̂ð1Þ � x̂ð2Þkl2 þ b2kŷð1Þ � ŷð2Þkl2 ; ð3:8Þ
where x̂ð1Þ ¼ ð
PN

k¼1x̂ð1Þ1;k ;
PN

k¼1x̂ð1Þ2;k ; . . . ;
PN

k¼1x̂ð1Þn;k ; Þ
T
n�1, similarly, for x̂ð2Þ, ŷð1Þ, and ŷð2Þ.
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Proof. By the definitions of F and G, we know
kF ðx̂ð1Þ; ŷð1ÞÞ � F ðx̂ð2Þ; ŷð2ÞÞkl2

¼

F 1ðx̂ð1Þ; ŷð1ÞÞ � F 1ðx̂ð2Þ; ŷð2ÞÞ
F 2ðx̂ð1Þ; ŷð1ÞÞ � F 2ðx̂ð2Þ; ŷð2ÞÞ

..

.

F nðx̂ð1Þ; ŷð1ÞÞ � F nðx̂ð2Þ; ŷð2ÞÞ

										

										
l2

¼

f1

P
k

x̂ð1Þk wkðt1Þ;
P

k
ŷð1Þk wkðt1Þ

� �
� f1

P
k

x̂ð2Þk wkðt1Þ;
P

k
ŷð2Þk wkðt1Þ

� �
f1

P
k

x̂ð1Þk wkðt2Þ;
P

k
ŷð1Þk wkðt2Þ

� �
� f1

P
k

x̂ð2Þk wkðt2Þ;
P

k
ŷð2Þk wkðt2Þ

� �
..
.

fn
P

k
x̂ð1Þk wkðtN Þ;

P
k

ŷð1Þk wkðtN Þ
� �

� fn
P

k
x̂ð2Þk wkðtN Þ;

P
k

ŷð2Þk wkðtN Þ
� �

																

																
l2

6 L1

P
k

x̂ð1Þ1;k �
P

k
x̂ð2Þ1;kP

k
x̂ð1Þ2;k �

P
k

x̂ð2Þ2;k

..

.P
k

x̂ð1Þn;k �
P

k
x̂ð2Þn;k

														

														
l2

wkðt1Þ
wkðt2Þ

..

.

wkðtN Þ

										

										
l2

þ L01

P
k

ŷð1Þ1;k �
P

k
ŷð2Þ1;kP

k
ŷð1Þ2;k �

P
k

ŷð2Þ2;k

..

.P
k

ŷð1Þn;k �
P

k
ŷð2Þn;k

														

														
l2

wkðt1Þ
wkðt2Þ

..

.

wkðtN Þ

										

										
l2

6 a1kx̂ð1Þ � x̂ð2Þkl2 þ a2kŷð1Þ � ŷð2Þkl2 :
Similarly, we have
kGðx̂ð1Þ; ŷð1ÞÞ � Gðx̂ð2Þ; ŷð2ÞÞkl2 6 b1kx̂ð1Þ � x̂ð2Þkl2 þ b2kŷð1Þ � ŷð2Þkl2 :
It is also clear that a1, a2, b1 and b2 are induced by the constants L1, L01, L2 and L02. h

Lemma 3. Let W ¼
eA 0
0 0

� �
be the system matrix, then, we have W 2 L(‘2, ‘2) and
kI � gW kLð‘2;‘2Þ 6 l < 1 ð3:9Þ
for 0 6 g 6 g0, where g0 > 0 is some constant.

Proof. For the representation matrix W of the differential operator in (1.1), it is not difficult to check
W 2 L(‘2, ‘2). By [5], we have that the conclusion holds. h

Next, we state the property of the Jacobian matrix Q. Since the system of nonlinear DAEs is index one, the
matrix oG

oŷ is nonsingular. If the matrix eA � oF
ox̂ is nonsingular, then the Jacobian matrix Q is nonsingular, too.

Furthermore, the standard local convergence theory on Newton iteration implies the following lemma.

Lemma 4. Let the constant g be given in Lemma 3. If the initial value ẑð0Þ is selected appropriately, then, for the
iterative solution ẑðkÞ, the Jacobian matrix Q has the property kQ�1ð̂zðkÞÞkl2 < g.

Now, we give a convergence proof of the above modified Newton iterative process. To do so, we also need
an assumption.

Assumption N. Let a1, a2, b1, and b2 be Lipschitz constants appearing in Lemma 2, we suppose that they satisfy
I � g
eA � a1I �a2I

b1I b2I

 !					
					

l2

6 l < 1 ð3:10Þ
for some constant l.
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Theorem 1. Given hk and ek. If the truncation parameter is m ¼ 13�
15J, then the iterative error of the modified Newton

process is
kekþ1kl2 6
�

1� l
þ lkþ1ke0kl2 : ð3:11Þ
Proof. First, we observe that the operator Pm is contractive. From the definitions of hk and ek, we know
ekþ1 ¼ ẑðkþ1Þ � ẑ ¼ ẑðkþ1Þ � ðẑðkÞ � Q�1ðẑðkÞÞ � HðẑðkÞÞÞ þ ðẑðkÞ � Q�1ð̂zðkÞÞ � HðẑðkÞÞÞ � ẑ

¼ P � ẑðkÞ � Q�1ðẑðkÞÞ � HðẑðkÞÞ
� �

� ðẑðkÞ � Q�1ðẑðkÞÞ � HðẑðkÞÞÞ

þ ðẑðkÞ � Q�1ðẑðkÞÞ � HðẑðkÞÞÞ � ẑ

¼ hk þ ẑðkÞ � ẑ� Q�1ðẑðkÞÞ � HðẑðkÞÞ

¼ hk þ ek � Q�1ð̂zðkÞÞ
eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ

Gðx̂ðkÞ; ŷðkÞÞ

 !

¼ hk þ ek � Q�1ð̂zðkÞÞ
eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ

Gðx̂ðkÞ; ŷðkÞÞ

 !
�

eAx̂� F ðx̂; ŷÞ
Gðx̂; ŷÞ

 !" #

¼ hk þ ek � Q�1ð̂zðkÞÞ
ðeAx̂ðkÞ � eAx̂Þ þ ðF ðx̂; ŷÞ � F ðx̂ðkÞ; ŷðkÞÞÞ

Gðx̂ðkÞ; ŷðkÞÞ � Gðx̂; ŷÞ

 !

¼ hk þ ek � Q�1ð̂zðkÞÞ
eA � a1I �a2I

b1I b2I

 !
x̂ðkÞ � x̂

ŷðkÞ � ŷ

 !

¼ hk þ I � Q�1ðẑðkÞÞ
eA � a1I �a2I

b1I b2I

 ! !
ek:
Furthermore, under Assumption N, we get
kekþ1kl2 6 khkkl2 þ lkekkl2

6 khkkl2 þ lðkhk�1kl2 þ lkek�1kl2Þ

..

.

6 ðkhkkl2 þ lkhk�1kl2 þ l2khk�2kl2 þ . . .þ lkkh0kl2Þ þ lkþ1ke0kl2

¼
Xk

i¼0

lk�ikhikl2

 !
þ lkþ1ke0kl2

6 max
06i6k

khikl2

� �Xk

m¼0

lm þ lkþ1ke0kl2 :
Due to
khikl2 ¼ kP mðẑðiÞ � Q�1ðẑðiÞÞH ð̂zðiÞÞÞ � ðẑðiÞ � Q�1ð̂zðiÞÞHðẑðiÞÞÞkl2 6 �;
we have the following formula:
kekþ1kl2 6 max
06i6k

khikl2

� �Xk

m¼0

lm þ lkþ1ke0kl2 6
�

1� l
þ lkþ1ke0kl2 :
The above iterative error will go to zero as �! 0 and k! +1. The convergence rate depends on the order of
�. h
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Note that by prescribing the value of �, we can actively control the accuracy of the solution.

3.2. Stability analysis

Let êzðkþ1Þ be the small disturbance of ẑðkþ1Þ, it has
wkþ1 ¼ ~̂zðkþ1Þ � ẑðkþ1Þ; ~ek ¼ ~̂zðkþ1Þ � ẑ: ð3:12Þ

Now, we show that the small disturbance cannot affect the whole stability under some conditions. For con-
venience, we denote that
Q�1
1 ¼ Q�1ð̂zðkÞÞ; Q�1

2 ¼ Q�1ð~̂zðkÞÞ ð3:13Þ

and
B ¼
eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ

Gðx̂ðkÞ; ŷðkÞÞ

 !
; D ¼

eA~̂xðkÞ � F ð~̂xðkÞ; ~̂yðkÞÞ
Gð~̂xðkÞ; ~̂yðkÞÞ

 !
: ð3:14Þ
Theorem 2. Suppose
kðQ�1
1 � Q�1

2 Þkl2 < s ð3:15Þ

for small enough s, and given wk+1 and ~ek, we have
kwkþ1kl2 6 lkþ1kw0kl2 þ C
1� l

s; ð3:16Þ
where C is constant and l < 1 in Assumption N.

Proof. From the definitions on wk+1 and ~ek, we have
wkþ1 ¼ ẑðkþ1Þ � ~̂zðkþ1Þ ¼ P �
~̂zðkÞ � Q�1ð~̂zðkÞÞ
� � eA~̂xðkÞ � F ð~̂xðkÞ; ~̂yðkÞÞ

Gð~̂xðkÞ; ~̂yðkÞÞ

� �
� P � ẑðkÞ � Q�1ðẑðkÞÞ

� � eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ
Gðx̂ðkÞ; ŷðkÞÞ

� �
¼ ~̂zðkÞ � Q�1ð~̂zðkÞÞ

eA~̂xðkÞ � F ð~̂xðkÞ; ~̂yðkÞÞ
Gð~̂xðkÞ; ~̂yðkÞÞ

� �
� ẑðkÞ þ Q�1ðẑðkÞÞ

eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ
Gðx̂ðkÞ; ŷðkÞÞ

� �
¼ ½~̂xðkÞ � x̂ðkÞ� þ Q�1ð̂zðkÞÞ

eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ
Gðx̂ðkÞ; ŷðkÞÞ

� �
� Q�1ð~̂zðkÞÞ

eA~̂xðkÞ � F ð~̂xðkÞ; ~̂yðkÞÞ
Gð~̂xðkÞ; ~̂yðkÞÞ

� �
 �
¼ wk þ Q�1

1 B� Q�1
2 D:
Now, we focus on the analysis of the formula Q�1
1 B� Q�1

2 D. Because
Q�1
1 B� Q�1

2 D ¼ Q�1
1 B� Q�1

1 Dþ Q�1
1 D� Q�1

2 D ¼ Q�1
1 ðB� DÞ þ ðQ�1

1 � Q�1
2 ÞD;
where
Q�1
1 ðB� DÞ ¼ Q�1

1

eAx̂ðkÞ � F ðx̂ðkÞ; ŷðkÞÞ � eA~̂xðkÞ þ F ð~̂xðkÞ; ~̂yðkÞÞ
Gðx̂ðkÞ; ŷðkÞÞ � Gð~̂xðkÞ; ~̂yðkÞÞ

 !

6 Q�1
1

�eA þ a1I a2I

�b1I �b2I

 !" #
~̂xðkÞ � x̂ðkÞ

~̂yðkÞ � ŷðkÞ

 !

¼ �Q�1
1

eA � a1I �a2I

b1I b2I

 !" #
wk
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and
ðQ�1
1 � Q�1

2 ÞD ¼ ðQ�1
1 � Q�1

2 Þ
eA~̂xðkÞ � F ð~̂xðkÞ; ~̂yðkÞÞ

Gð~̂xðkÞ; ~̂yðkÞÞ

 !

6 ðQ�1
1 � Q�1

2 Þ
eA � a1I �a2I

b1I b2I

 !
~̂xðkÞ � x̂
~̂yðkÞ � ŷ

 !

¼ ðQ�1
1 � Q�1

2 Þ
eA � a1I �a2I

b1I b2I

 !
~ek;
we get
kwkþ1kl2 6 kwk þ Q�1
1 B� Q�1

2 Dkl2

¼ I � Q�1
1

eA � a1I �a2I

b1I b2I

 !" # !
wk þ ðQ�1

1 � Q�1
2 Þ

eA � a1I �a2I

b1I b2I

 !
~ek

					
					

l2

:� �

From Assumption N, the matrix

eA � a1I �a2I
b1I b2I

is bounded. It follows that !	 	
eA � a1I �a2I

b1I b2I
~ek

				 				
l2

6 C;
where C is some positive constant. Thus, we arrive at
kwkþ1kl2 6 lkxkkl2 þ Cs 6 � � � 6 lkþ1kx0kl2 þ C
1� l

s: �
3.3. Complexity analysis

Here, we give the complexity analysis of the step 2 of the adaptive Newton algorithm.
Given the level J, when the iterative time is k, the vectors x̂ðkÞ and ŷðkÞ have the non-zero element numbers

Nkðx̂Þ and NkðŷÞ, respectively. Let N k ¼ maxðN kðx̂Þ;N kðŷÞÞ. The main computational burden of the step 2
depends on the computation of QðẑðkÞÞ and HðẑðkÞÞ, that is, F ðx̂ðkÞ; ŷðkÞÞ, Gðx̂ðkÞ; ŷðkÞÞ, oF

ox ðx̂ðkÞ; ŷðkÞÞ, oF
oy ðx̂ðkÞ; ŷðkÞÞ,

oG
ox ðx̂ðkÞ; ŷðkÞÞ and oG

oy ðx̂ðkÞ; ŷðkÞÞ. For the level J, the matrix AJ can be computed only once. The complexity of

F, G, oF
ox, oF

oy , oG
ox and oG

oy are O(Nk log(Nk)), respectively. The operation of the operator P� equals the sort program
operation with O(Nk log(Nk)). Thus, the complexity of the step 2 needs O(Nk log(Nk)) operations at most. By
[4], the wavelet transform of the step 4 also needs O(Nk log(Nk)) operations.

From the above complexity analysis, we know the storage and computation of the Newton iterative method
depend on the nonzero numbers of the wavelet coefficients vector x̂ and ŷ. In order to demonstrate the tremen-
dous savings of the adaptive algorithm it is illustrative to compare the number of nonzero element numbers
used in the adaptive and nonadaptive methods with adequate resolution.

4. Numerical experiments

In this section, we do some elementary experiments on a simple system of nonlinear DAEs of index one to
confirm the theoretical analysis discussed above. For this purpose, we apply the proposed adaptive wavelet
method to compute its transient responses
dxðtÞ
dt ¼ 18

5
tanhðyðtÞ � xðtÞÞ þ 3

5
sinð4ptÞ;

yðtÞ ¼ 1
5

tanhðyðtÞÞ þ 3
5

tanhðyðtÞ � xðtÞÞ þ 3 sinðpt=2Þ;
½xð0Þ; yð0Þ�t ¼ ½0; 0�t; t 2 ½0; 5�;

8><>:

where tanhðzÞ ¼ ez�e�z

ezþe�z.
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Fig. 1. The compression ratio @ as a function of the iteration k for � = 10�4 and J = 5.

Table 1
Numerical result for the example

Level J Size N = 2J
*L + 3 Error R Iteration n

1 13 6.12e�2 18
2 23 1.24e�2 15
3 43 2.25e�3 15
4 83 7.32e�4 10
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The computed errors of the modified Newton adaptive iterative method is presented in Table 1. It is obvi-
ous that the adaptive algorithm is convergent with the iteration step.

Let the compression ratio @ ¼ NJ

NJ
k
, where NJ

k is the actual non-zero numbers of the vectors x̂ and ŷ used in the
calculations at the kth iterative step and NJ is the number of the vectors x̂ and ŷ, required for the non-adaptive
algorithm problem. The compression ratio measures the ratio of the efficiency of this adaptive method. Under
the convergence circumstance, the increase compression ratio means the less actual complexity operation of
this algorithm. Here, we give the graph of the function compression ratio @ as the iteration k (Fig. 1).

5. Conclusion

An adaptive wavelet numerical method is developed for nonlinear differential-algebraic equations (DAEs)
of index one. The method combines cubic spline wavelet collocation with the modified Newton adaptive iter-
ative process to find the responses of large dynamic systems. The approach developed here is more appropriate
in theory for highly oscillatory analysis of DAEs in circuit simulation. How to select ‘‘good’’ boundary func-
tions for some concrete circuit systems to further improve the efficiency of the method will be studied in the
future.
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