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The purpose of this paper is to construct an implicit algorithm for finding the common solution
of maximal monotone operators and strictly pseudocontractive mappings in Hilbert spaces. Some
applications are also included.

1. Introduction

Let H be a real Hilbert space with inner product (-, ) and norm || - ||, respectively. Let C be a
nonempty closed convex subset of H.

Recall that S is said to be a strictly pseudo contractive mapping if there exists a constant
0 < p <1 such that

1Sx = Syll> < lx-yl* +pllI - S)x - (I - S)y|>, Vx,yeC. (1.1)

For such case, we also say that S is a p-strictly pseudo-contractive mapping. When p =0, T is
said to be nonexpansive. It is clear that (1.1) is equivalent to
2

1-
(Sx-Sy,x-y) < ||x-y|*- Tp”(I—S)x— (I-Sy|>, vxyeC (12

We denote by F(S) the set of fixed points of S.
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A mapping A: C — H is said to be a-inverse strongly monotone if
(Ax - Ay, x - y) > a|| Ax - Ay, (1.3)

for some a > 0 and for all x, y € C. It is known that if A is an a-inverse strongly monotone,
then ||[Ax — Ay|| < 1/a|lx - y|| forall x, y € C.

Let B be a mapping of H into 2. The effective domain of B is denoted by dom(B), that
is, dom(B) = {x € H : Bx #0}. A multi valued mapping B is said to be a monotone operator
on H iff

(x-y,u-v) >0, (1.4)

forall x, y € dom(B), u € Bx, and v € By. A monotone operator B on H is said to be maximal
if its graph is not strictly contained in the graph of any other monotone operator on H. Let B
be a maximal monotone operator on H, and let B'0={x€H:0¢€ Bx}.

For a maximal monotone operator B on H and A > 0, we may define a single-valued
operator | f = (I+AB)"': H — dom(B), which is called the resolvent of B for \. It is known
that the resolvent ] is firmly nonexpansive, that is,

|75 12| < (7B 12—y, (15)

forall x, y € Cand B'0 = F(J}) forall A > 0.

Algorithms for finding the fixed points of nonlinear mappings or for finding the zero
points of maximal monotone operators have been studied by many authors. The reader can
refer to [1-24]. Especially, Takahashi et al. [6] recently gave the following convergence result.

Theorem 1.1. Let C be a closed and convex subset of a real Hilbert space H. Let A be an a-inverse
strongly monotone mapping of C into H and let B be a maximal monotone operator on H, such that
the domain of B is included in C. Let J} = (I + AB)™" be the resolvent of B for A > 0, and let S be

a nonexpansive mapping of C into itself, such that F(S) N (A+B)™0 # (. Let x; = x € C and let
{xn} C C, be a sequence generated by

X1 = Puxn + (1 - ﬁn)5<anx +(1- (xn)]fn(xn - )LnAxn)>, (1.6)

forall n >0, where {A,} C (0,2a), {a,} C (0,1) and {B,} C (0,1) satisfy

O<a<l,<b<2a, <c<p,<d<1,
Hm (Ap1 —Aa) =0,  lima, =0, Y, =oo, (1.7)

then {x,} generated by (1.6) converges strongly to a point of F(S) N (A + B)™0.

Motivated and inspired by the works in this field, the purpose of this paper is to con-
struct an implicit algorithm for finding the common solution of maximal monotone operators
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and strictly-pseudocontractive mappings in Hilbert spaces. Some applications are also
included.

2. Preliminaries

The following resolvent identity is well known: for A > 0 and y > 0, there holds the identity

JBx = f(%x +(1- %) Px), xeH. 2.1)

We use the following notation:

(i) x, — x stands for the weak convergence of {x,} to x;

(ii) x, — x stands for the strong convergence of {x,} to x.

We need the following lemmas for the next section.

Lemma 2.1 (see[14]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
S : C — H be a p-strict pseudo contraction. Define T : C — H by Tx = ax + (1 — a)Tx for each
x € C, then,as a € [p, 1), T is nonexpansive such that F(S) = F(T).

Lemma 2.2 (see[15]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let the
mapping A : C — H be a-inverse strongly monotone and \ > 0 a constant, then one has

(T = 14)x - (T -2 A)y|]” < |x - y|* + AL -20)||Ax - Ay|’, Vx,yeC. — (22)

In particular, if 0 < X < 2a, then I — LA is nonexpansive.

Lemma 2.3 (see[14]). Let C be a nonempty, closed and convex of a real Hilbert space H. Let T : C —
C be a \-strictly pseudo-contractive mapping, then I — T is demi closed at 0, that is, if x, — x € C
and x, — Tx,, — 0, then x = Tx.

Lemma 2.4 (see[16]). Let {x,} and {y, } be bounded sequences in a Banach space X, and let {f,} be
a sequence in [0, 1] with 0 < liminf, , ,p, <limsup, , _f, < 1. Suppose that x,.1 = (1 = Pn)yn +
Puxn forall n > 0 and limsup, _, _ ([Yne1 — Yull = [|Xn1 = xnll) <0, then limy, —, oo||yn — x4 = 0.

Lemma 2.5 (see[17]). Assume that {a,} is a sequence of nonnegative real numbers such that
Apntl < (1 - Yn)an + 6nYn1 (23)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(1) Xk ¥n = o0,

(2) limsup,, _, 6, <00r 372 [6nYnl < oo, then lim,,_, a, = 0.
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3. Main Results
In this section, we will prove our main results.

Theorem 3.1. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let A be an
a-inverse strongly monotone mapping of C into H, and let B be a maximal monotone operator on H,
such that the domain of B is included in C. Let JF = (I + AB)™! be the resolvent of B for \ which
satisfies a < A < b where [a,b] C (0,2a). Let k € (0,1) be a constant and S : C — C a p-strict
pseudocontraction with p € [0,1) such that F(S)N(A + B)'0#0. Fort € (0,1-1/2a), let {x;} c C
be a net defined by

_x(1-p) 1-x
= 1—1cp Sxt+ 1—Kp])‘ ((1—t)xt—)LAxt), (31)

then the net {x:} converges strongly, as t — 0+, to a point X = Pp(g)a4p)10(0), where P is the
metric projection.

Remark 3.2. Now, we show that the net {x;} defined by (3.1) is well defined. For any ¢ €
(0,1-1/2a), we define a mapping W :=x(pl + (1 -p)S) + (1 - K)]f((l —t)I — AA). Note that
pl+(1-p)S (by Lemma 2.1), ]f, and I - 1/(1-t) A (by Lemma 2.2) are nonexpansive. For
any x, y € C, we have

[Wx =Wyl = ||x(px+ (1= p)Sx) + (1 =) JE(1 ~Hx — AA%)

~x(py + (1-p)Sy) - (1= 1) JF((1 -y -1 Ay)||
<xllp(x-y) + (1-p)(Sx-Sy)|| (32)

(1—t)<x—1i_tAx> —(1—t)<3/_£Ay>H

<[1-QA-ntfx-yl,

+(1-x)

which implies the mapping T is a contraction on C. We use x; to denote the unique fixed point
of W in C. Therefore, {x;} is well defined. We can rewrite (3.1) as

xi =w(pxi+ (1 - p)Sxi) + (1= %) JL ((1 - t)xr — LAxy). (3.3)

In order to prove Theorem 3.1, we need the following propositions.

Proposition 3.3. Under the assumptions of Theorem 3.1, the net {x;} defined by (3.1) and hence
(3.3) is bounded.

Proof. Let z € F(S) N (A + B) 0. It follows that

z=Sz=pz+(1-p)Sz =]} (z- AAz), (34)
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for all A > 0. We can write ]f(z - MAz) as ]f(tz +(1-t)(z-AAz/(1-1t))), forallt € (0,1).
Since | f is nonexpansive for all A > 0, we have

780~ — 1ax) - 2|

= 7B -n - 1ax/a-n) - Jiez+ 1 -tz - 1Az/ (1 - t)))||2 (3.5)
<1 =) (= AAx/ (1= 1)) = (tz + (1 - £)(z = AAz/ (1 - 1)) ||?
= 1= )((x = AAx /(1= 1)) = (z = AAz/ (1= 1)) + H=2) "

By using the convexity of || - || and the a-inverse strong monotonicity of A, we derive

(1= )((xe = AAx /(1 = 1)) = (2 = LAz/ (1 = 1)) + H(=2)|*
<=l - AAx /(1= 1) = (z— AAz/ (1= 1) |* + t] ||
= (1= Dl(xe - 2) - MAx = Az) /(1= D) +t] [

> 21 A2 2 2
==t [jxr—z||" - 1—_t(Axt —Az,x;—z) + ——||Ax; — Az||” ) + t]|z]|

(1-1)> (3.6)

2a\
<(1— T B 2 B 2 2
< t)(llxt z|| 1_tllet Az|| +(1_t)2llet Az|| >+t||2||
A
=(1- t)(llxt —z|*+ a t)z()L -2(1-ta)|[Ax; - AZ||2> + 2%

By the assumption, we have A - 2(1 - t)a <0, for all t € (0,1 — A/2a). Then, from (3.5) and
(3{6), we obtain

|72 -0 - 24x) =

<(1-1) <||xt — 2|+ 20 - mllAz - Az||2> + )zl (3.7)
—t
< (1= 1)l — zI* + H]| ]
It follows from (3.3) and (3.7) that
2 2 B 2
e = zIP < x| (pI + (1= p)S)xi = z[|* + (1 =30 || 7P((1 = B = hAx) 2|
2

<l —z|F+ (1 - x)||]f((1 —D)x; - LAx) - z” (3.8)

<l = 2l + (1= %) [ = Dllx = 21 + 21
It follows that

[l = 2| < [[=]l. (3.9)

Therefore, {x;} is bounded. O
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Remark 3.4. Since A is a-inverse strongly monotone, it is 1/a-Lipschitz continuous. At the
same time, S is nonexpansive. So, from the boundedness, we deduce immediately that { Ax;},
J2((1=t)x; — LAx;), and {Sx;} are also bounded.

Proposition 3.5. Assume that all conditions in Theorem 3.1 hold. Let {x;} be the net defined by (3.1),
then one has lim; _, o, ||x; — Sx;|| = 0 and limy o4 || — ]f((l —t)x; — AAxy)|| = 0.

Proof. By (3.7) and (3.8), we obtain

lloce =zl < [1- (1= x)t] [l — 2|

_ 3.10
+ %(A-zu —Da)||Ax; — Az|]* + (1 - )| z||> (3.10)
So,
L _ _ _ 2 2 _ _ 2
5 21 - BHa - V)||Ax; — Az|* < t]|z|]* - t]|x; - z||> — 0. (3.11)
Since lim inf; o, (A/(1-1))(2(1 —t)a — 1) > 0, we obtain
Jim [|Ax; — Az|| = 0. (3.12)
Next, we show ||x; — Sx¢|| — 0. By using the firm nonexpansivity of J, we have
B 2
”])L (1=t)xs — LAxy) — z”
B B 2
= [I7E 1 - x - dax) - Pz - 1az)
< <(1 —t)x = MAx, — (z - AAz), JP((1-Bx; - LAx;) - z> (3.13)
1 2 B 2
= S (10 =2 = 1A% = (z = 242) P+ | JP((1 - e - AAx) - 2|
2
—” (1-)x - A(Ax; — AAz) — JB((1 = x; — AAxy) || )
By the nonexpansivity of I - 1A/(1 —t), we have
(1 - B)x; — LAx; — (z — LAZ)|]?
= [|(1 =) (s = Ax; /(1= ) = (z = AAz/ (1 = 1)) + t(=2)|]? (3.14)

< (L-1)[[(xe = AAx /(L =) = (z = XAz/ (1 = 1))|]* + t]|z|

2 2
< (=Bl — =zl + £l 2]
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It follows that

”]f((l —t)x — MAx;) - ZHZ
s%<ermm—zW+ﬂhW+Hﬁﬂl—ﬂm—*A%>—4r (3.15)

|| = 2 - 7P - 2~ 1Ax) - A(Ax, - A) ||2>

Thus,
[78¢1 - 2~ 1) 2|
< (A= t))lxe -zl + tlz])?
—“ (1= )x, - JB((1 - H)x, — LAx;) — A(Ax, — Az) ||2
= (1= D) 2l + =P = [ (1~ )~ T2~ )~ A Az | (3.16)
+ 2A<(1 —tx = JB((1 - Hx, — AAxy), Ax; — Az> — 12||Ax; — Az|?
< (=0l 2P + ]zl = | (1~ )~ JE(1 ~ ) — A Az ||

+ 2/\” (1- 8 - JB((1 - Hx, - LAx)) || | Ax; — Az|.
This together with (3.8) implies that

I~ 2IP < |72 - e~ AAx) ||
< (= D)l — 2l + 2l = || (1~ = T2 - Dz~ Ay | (317)

+ 2/\” (1-8x - JB((1 - H)x, - LAx)) || | Ax; — Az|.
Hence,

(=0~ 121 - Dz - 2|

(3.18)
< #1211 = llxe = 2I7) + 24| (1 = = JP((1 - ) = 2A4x) |[I1Ax; - Az].
Since ||Ax; — Az|| — 0 (by (3.12)), we deduce
B || (1~ pyx = (1~ £)x — A Axy) || - 0. (3.19)

Therefore,

tlir&”xt — JB((1 - t)x; - VAxy) || = 0. (3.20)
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Hence,

1 —_ = 1 —_ B —_ —_ =
Jim |l = Sxill = lim [|x; = 7P((1 - )x; = LAxp)|| = 0. (321)

Finally, we prove Theorem 3.1.

Proof. From (3.5) and (3.8), we have

1- t)<<xt - %Axt> - <z— %Az)) —tz
(xt - %Axt> - <z - %Az) ’

-2t(1 - t)<z, <xt - iAxt) - (z - iAz>> + £2||z|?
< (1= 17| - =IP - 2¢(1 - t><z,xt - (A - Az) - z> + 2|z

, 2
[l = z[|” <

=(1-1t)?

=(1-2)|x; - z|)* + Zt{—(l - t)<z, Xt — %(Axt - Az) - z>
5 (121 + x - 27) |

It follows that

A t
[l — 2|1 < —<z,xt -1 (Ax - Az) - z> - E(||z||2 + e - z||2>

A
+ t”Z” Xt — m(Axt - AZ) -z (323)
A
<—{zx— 1—t(Axt —Az)-z)+tM,
where M is some constant such that

2 2 A
sup {||z|| + ||lx: = z||I7 + ||z|[]| 2 — ﬁ(Axt - Az)-z } < M. (3.24)

te(0,1-1/2a) -

Next we show that {x;} is relatively norm compactas t — 0+. Assume that {t,} C (0,1-1/2a)
is such thatt, — 0+ asn — oo. Put x,, := x;,. From (3.23), we have

A
1-t,

llx, — z|* < —<z, Xy — (Ax, — Az) - z> +t,M, zeF(S)n(A+B)'0. (3.25)

Since {x,} is bounded, without loss of generality, we may assume that x, — X € C. From
(3.21), we have

lim ||x,, — Sx,|| = 0. (3.26)
n— oo
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We can apply Lemma 2.3 to (3.26) to deduce X € F(S). Further, we show that X is also in
(A+B)™'0. Let v € Bu. Set z, = ]f((l —t,)x, — AAxy,), for all n, then we have

1- n n
(1= £)2tn — LAX, € (I + AB)zy = Ttxn - Axy - 2 € Bz, (3.27)

Since B is monotone, we have, for (u,v) € B,

A A
= ((1-ty)xy, —NAx, — 2z —Av, 2z, —u) >0

<1_—t"xn—Axn—ﬁ—v,zn—u> >0

tn
(Xn = Zn, Zn —U) - I<xn,zn—u> (3.28)

—l

= (Ax, +v,z, —u) <
~ 1 t ~
= (AX+v,z,—u) < X(xn—zn,zn—u) - In(xn,zn—u) + (AX — Axy,zp—u)

~ 1 t ~
= <Ax +0,Zp — u> < X”xn - ZnH”zn - u” + Xn”xnllllzn - u” + ”Ax - Axn“llzn - u”

It follows that
(AX+9v,X-u) < 1||x = zn|lllzn — ull + t"llx zn = ull
’ I A (3.29)
+|AX = Axylll|zn — ull + (AX + v, X = zp).
Since
(xy — X, Ax, — AX) > a||Ax, — A, (3.30)

Ax, — Az, and x,, — X, we have Ax,, — AX. We also observe thatf, — 0, ||x, —z,|| — 0
and z, — X. Then, from (3.29), we derive

(-AX -v,X-u) >0. (3.31)
Since B is maximal monotone, we have —AX € BX. This shows that 0 € (A + B)X. So, we have

% € F(S)n (A+B)™'0. Hence, x,, — (A/1 - t,,) (Ax, — Az) — X because of ||Ax, — Az|| — 0.
Therefore, we can substitute X for z in (3.25) to get

%, - Z| < _<5z, X, — %(Axn — AX) - 5z> + £, M. (3.32)

Consequently, the weak convergence of {x,} to X actually implies that x, — X. This has
proved the relative norm compactness of the net {x;} ast — 0+.
Now we return to (3.25) and take the limit as n — oo to get

I¥-z|° <—(z,¥-z), zeF(S)n(A+B)0. (3.33)
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Equivalently,

I%|* < (%,z), z€F(S)n(A+B)™0. (3.34)
This clearly implies that

Il <llzl, ze€F(S)n(A+B)o. (3.35)

Therefore, ¥ is the minimum norm element in F(S)N(A + B)™'0. This completes the proof. [

Corollary 3.6. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let A be an
a-inverse strongly monotone mapping of C into H, and let B be a maximal monotone operator on H,
such that the domain of B is included in C. Let J} = (I + AB)™! be the resolvent of B for \ which
satisfies a < A < bwhere [a,b] C (0,2a). Let k € (0,1) bea constant and S : C — C a nonexpansive
mapping such that F(S) N (A + B)'0#0. For t € (0,1 - A/2a), let {x;} C C be a net defined by

1-
t=1<( P)Sxt+ 1
1-xp 1

L (=D -dax), (3.36)

then the net {x;} converges strongly, ast — 0+, to a point X = Pr )~ a+p)10(0)-

Corollary 3.7. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let A be an
a-inverse strongly monotone mapping of C into H, and let B be a maximal monotone operator on H,
such that the domain of B is included in C. Let J{ = (I + AB) ™" be the resolvent of B for A > 0 such that

(A+B)™0 #0. Let A be a constant satisfying a < A < b where [a,b] C (0,2a). Fort € (0,1-1/2a),
let {x¢} C C be a net generated by

xr = JP((L-t)x; — LAxy), (3.37)

then the net {x;} converges strongly, ast — 0+, to a point X = P4, 5-1(0).

4. Applications

Next, we consider the problem for finding the minimum norm solution of a mathematical
model related to equilibrium problems. Let C be a nonempty, closed, and convex subset of a
Hilbert space, and let G : C x C — R be a bifunction satisfying the following conditions:

(E1) G(x,x) =0, forall x € C,

(E2) G is monotone, thatis, G(x,y) + G(y,x) <0, forall x, y € C,
(E3) forall x, y, z € C, lim sup;(G(tz + (1 - Hx,y) < G(x,y),
(E4) for all x € C, G(x, ) is convex and lower semicontinuous.

Then, the mathematical model related to equilibrium problems (with respect to C) is to find
X € C such that

G(X%,y) 20, (4.1)
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for all y € C. The set of such solutions x is denoted by EP(G). The following lemma appears
implicitly in Blum and Oettli [19].

Lemma 4.1. Let C be a nonempty, closed, and convex subset of H, and let G be a bifunction of C x C
into R satisfying (E1)—(E4). Let r > 0 and x € H, then there exists z € C such that

G(Z,y)+%<y—z,z—x>20, Yy eC. (4.2)

The following lemma was given in Combettes and Hirstoaga [20].
Lemma 4.2. Assume that G : CxC — Rsatisfies (E1)-(E4). For v > 0and x € H, define a mapping
T, : H — Cas follows:

Tr(x)z{zeC:G(z,y)+%<y—z,z—x>20, VyeC}, (4.3)

forall x € H. Then, the following hold:

(1) T, is single valued,
(2) T, is a firmly nonexpansive mapping, that is, for all x,y € H,

|| Tx - Try“2 <(Tyx-T,y,x-vy), (4.4)

() F(Ty) = EP(G),
(4) EP(G) is closed and convex.

We call such T, the resolvent of G for r > 0. Using Lemmas 4.1 and 4.2, we have the following
lemma. See [18] for a more general result.

Lemma 4.3. Let H be a Hilbert space, and let C be a nonempty, closed, and convex subset of H. Let
G : C x C — Rsatisfy (E1)-(E4). Let A be a multivalued mapping of H into itself defined by

Acxz{{zeH:G(x,y)Z(y—x,z}, VyeC}, xeC, (45)

0, x¢C,

then, EP(G) = Aél (0), and Ag is a maximal monotone operator with dom(Ag) C C. Further, for
any x € H and r > 0, the resolvent T, of G coincides with the resolvent of Ag, that is,

T,x = (I +rAg) 'x. (4.6)

From Lemma 4.3, Theorem 3.1, and Lemma 4.2, one has the following results.

Corollary 4.4. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let G be
a bifunction from C x C — R satisfying (E1)—(E4), and let T, be the resolvent of G for r > 0. Let
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x € (0,1) be a constant and S : C — C a p-strict pseudocontraction with p € [0,1) such that
F(S)NEP(G) #0. Fort € (0,1), let {x;} C C be a net defined by

_x(1-p) 1-x
Al g Sxt+ 1 KPTr((1 - t)xy), (4.7)

then the net {x;} converges strongly, as t — 0+, to a point X = Pr(s)nep(G) (0).

Corollary 4.5. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let G be
a bifunction from C x C — R satisfying (E1)—(E4), and let T, be the resolvent of G for r > 0. Let
x € (0,1) be a constant and S : C — C be a nonexpansive mapping such that F(S) N\EP(G) # 0. For
t€(0,1), let {x;} C C be a net defined by

_x(1-p) 1-x
X = 1=xp Sx; + 1—KpTr((1_t)xt)' (4.8)

then the net {x;} converges strongly, as t — 0+, to a point X = Pr(s)nep(G)(0).

Corollary 4.6. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let G be a
bifunction from C x C — R satisfying (E1)—(E4), and let T, be the resolvent of G for r > 0. Suppose
EP(G) #0. Fort € (0,1), let {x;} C C be a net generated by

x=T,((1-t)x), te(0,1), (4.9)

then the net {x} converges strongly, as t — 0+, to a point X = Pgp(c)(0).
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