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Abstract A new approach to model and analyze flex-
ible spatial multibody systems with clearance of cylin-
drical joints is presented in this work. The flexible
parts are modeled by using absolute nodal coordinate
formulation (ANCF)-based elements, while the rigid
parts are described by employing the natural coordi-
nate formulation (NCF), which can lead to a constant
system mass matrix for the derived system equations
of motion. In a simple way, a cylindrical joint with
clearance is composed of two main elements, that is,
a journal inside a bearing. Additionally, a lubricant
fluid can exist between these two mechanical elements
to reduce the friction and wear and increase the sys-
tem’s life. For the case in which the joint is modeled
as a dry contact pair, a technique using a continuous
approach for the evaluation of the contact force is ap-
plied, where the energy dissipation in the form of hys-
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teresis damping is considered. Furthermore, the fric-
tional forces developed in those contacts are evalu-
ated by using a modified Coulomb’s friction law. For
the lubricated case, the hydrodynamic theory for dy-
namically loaded journal bearings is used to compute
the forces generated by lubrication actions. The lubri-
cated model is based on the Reynolds equation devel-
oped for the case of journal bearings with length-to-
diameter ratios up to 1. Using this approach, the mis-
alignment of the journal inside the bearing can be stud-
ied. Finally, two demonstrative examples of applica-
tion are used to provide results that support the discus-
sion and show the validity of the proposed methodolo-
gies.

Keywords Clearance cylindrical joint · Absolute
nodal coordinate formulation (ANCF) · Natural
coordinate formulation (NCF) · Dry contact forces ·
Lubrication forces · Journal misalignment

1 Introduction

It is well known that the classical dynamic analysis of
spatial multibody systems does not take into account
factors such as flexibility of the bodies or clearance
in the joints [1–3]. In fact, clearances are inevitable
and necessary to allow for the assembly and correct
functioning conditions of the pair elements. Other rea-
sons for the existence of the clearances in mechanical
systems are manufacturing tolerances [4], wear [5],
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thermal effects [6], and local deformations [7]. As a
consequence, the contact–impact forces developed at
the clearance joints can greatly affect the dynamic re-
sponses of the system and eventually lead to impor-
tant deviations from their ideal outcome [8–10]. More-
over, the contact–impact phenomenon causes high-
frequency vibration and joint wear, which will further
reduce the mechanisms performance and service life.

Over the last few decades a significant number of
research works have proposed several approaches to
model and analyze multibody systems with clearance
joints [11–20]. However, the range of application of
most of these works is somewhat restricted in the sense
that they are valid for planar multibody systems with
dry clearance joints. In the most general case of multi-
body systems, the motion allowed is in the spatial do-
main, as is the case of vehicle models, car suspension,
and robotic manipulators. Tian et al. [21] and Flores
and Lankarani [22] are among the very few that mod-
eled spatial multibody systems with lubricated spher-
ical joints. In fact, one of the most commonly used
solutions to avoid or reduce the metal-to-metal con-
tact within the clearance joints is to include a fluid
lubricant between the joint elements. Some relevant
research works on multibody systems with lubricated
joints for planar applications have been presented.
Roger and Andrews [23] developed a two-dimensional
mathematical model for the journal-bearing elements
which takes into account the effect of clearance, sur-
face compliance, and lubrication. However, their lubri-
cation model only accounts for the squeeze-film effect.
Liu and Lin [24] extended Roger and Andrews’ work
to include both squeeze-film and wedge-film actions.
Ravn et al. [25] proposed a modified force model for
the lubricated long bearings in the multibody systems.
Schwab et al. [26], basing their work on that of Moes
et al. [27], applied the impedance method to model lu-
bricated revolute joints in a slider-crank mechanism.
More recently, Flores and co-workers [28], in a very
complete paper, compared the effect of different lu-
brication force models on dynamic response of the
rigid multibody systems with lubricated planar revo-
lute joints. Tian et al. [29] extended the work of Flores
et al. to include the effect of the flexibility of the bodies
in multibody systems including lubricated joints. Ste-
fanelli et al. [30] investigated the dynamic behavior of
the rigid rotor system with lubricated cylindrical joints
in which the journal misalignment was taken into ac-
count. However, this work was only applied to isolated
journal-bearing systems.

The main goal of this work is to present a new
approach for dynamic analysis of flexible spatial
multibody mechanical systems that include cylindri-
cal joints with clearance and lubrication effects. In
the sequel of this process, the main issues associ-
ated with the absolute nodal coordinate formulation
(ANCF) and natural coordinate formulation (NCF)
are reviewed. In the classical analysis of a cylindri-
cal joint the journal and bearing share the same axis;
that is, the cylindrical joint is considered to be ideal
or perfect. The inclusion of the clearance separates the
two bodies and, therefore, the joint is not ideal any-
more. Indeed, from a practical point of view, some
amount of clearance is always present in the joints in
order to allow the relative motion between the jour-
nal and the bearing. When compared with an ideal
joint modeled by a set of kinematic constraints, four
extra degrees of freedom are added to the system for
a model with a cylindrical clearance joint. Hence, an
actual cylindrical joint does not impose kinematic con-
straints as in the ideal case; instead it deals with force
constraints. If there is no lubricant, the journal can
move freely within the bearing until contact between
the two bodies takes place. Thus, for the case of the
joints with clearance modeled as a dry contact pair,
a technique using a continuous approach for the eval-
uation of the contact force is applied, in which the
energy dissipation in form of hysteresis damping is
considered. The friction forces are calculated using
a modified Coulomb’s friction law. For the lubricated
case, the hydrodynamic theory for dynamically loaded
journal bearings is used to compute the forces gener-
ated by lubrication actions. Both squeeze and wedge
hydrodynamic effects are included in the dynamically
loaded journal-bearings formulation. In a simple way,
the forces built up by the lubricant fluid are evaluated
from the state of variables of the system and included
into the equations of motion of the multibody system.

The remainder of this paper is organized as follows.
In Sect. 2, the main kinematic aspects of the cylin-
drical clearance joints are presented, which are based
on the ANCF and NCF approaches. Section 3 deals
with the general methodology used to evaluate the dry
contact and lubrication forces produced in the cylin-
drical joints with clearance, within the framework of
the multibody systems formulation. Section 4 intro-
duces an efficient computational strategy for the so-
lution of the equations of motion for constrained flex-
ible spatial multibody systems that include cylindrical
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clearance joint with both dry and lubrication actions.
Section 5 provides two numerical examples of appli-
cation, namely a spatial double pendulum and a spa-
tial slider-crank mechanism, which incorporate per-
fect, clearance and lubricated cylindrical joints. The
global results produced with the proposed methodol-
ogy are compared with the data published in the the-
matic literature. In addition, the commercial software
MSC.ADAMS was also used to compare and validate
the proposed model for the case of stiff systems. Fi-
nally, in the last section the main conclusions from
this study are drawn and the perspectives for future
research are outlined.

2 Kinematics of cylindrical joints with clearance

2.1 Geometrical definition

In a standard cylindrical kinematic joint, it is assumed
that the axis of the journal and bearing parts are paral-
lel to each other. The introduction of the clearance in
a cylindrical joint allows for relative motion between
the journal and bearing. Figure 1a depicts a cylindrical
joint with clearance, that is, the journal bearing, where
the difference in radius between the bearing and jour-
nal defines the radial clearance. The clearance in a re-
alistic connection is much smaller than the length of
the two cylinders and of the nominal radius of the el-
ements connected by the joint. Thus, this type of joint
does not constrain any degree of freedom from a me-
chanical system, as in the perfect joint case. Instead, it

imposes some restrictions on the limit journal motion
inside the bearing, the dynamics of the joint controlled
by contact–impact forces of different nature that de-
velop when the journal and bearing surfaces move rel-
ative to each other. Therefore, mechanical joints with
clearance can be called force joints instead of kine-
matic joints.

Figure 1b shows a cylindrical joint with clear-
ance that connects two flexible links. The journal and
bearing elements are considered to be rigid bodies.
The geometric center of the bearing is represented
by point P . In the present study, a rigid body is de-
scribed by the NCF approach, that is, two points and
two unit non-coplanar vectors. For the example, the
journal is characterized by two points Aj and Wj , and
two unit non-coplanar vectors Uj and Vj , as is illus-
trated in Fig. 1b. Thus, any rigid body is totally de-
scribed in the global coordinate framework when a set
of 12 coordinates is used. In turn, the position of the
bearing is completely determined by using 12 Carte-
sian coordinates relative to points Ab , Wb , and vec-
tors Ub and Vb , which can be compacted in the form
[rT

Wb
rT
Ab

UT
b VT

b ]T. At this stage it is important to note
that this approach will lead to a constant mass ma-
trix for the final derived rigid body equations of mo-
tion [31].

As far as the flexible beam is concerned, the orig-
inal two nodes 3D ANCF-based beam element devel-
oped by Shabana and Yakoub [32, 33] is used in the
kinematic description. Although this element will suf-
fer shear or Poisson locking problems, it is quite easy
to extend this element to other types of spatial locking-

Fig. 1 (a) Typical representation of a cylindrical joint with clearance; (b) kinematic description for the cylindrical clearance with joint
based on ANCF and NCF
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Fig. 2 Front and top views
of the top and bottom
journal bases at the point of
contact with the bearing
wall

free ANCF-based beam elements, whose formulation
only differs from the original elements in the approach
of the elastic forces [34, 35]. In addition, the locking
problems associated with this element can be avoided
or, at least, reduced by increasing the number of el-
ements used in the discretization of the flexible part.
Thus, the global position of an arbitrary point in the
3D ANCF-based element can be determined by con-
sidering the nodal coordinates vector e with 24 coor-
dinates [32, 33]

r = Se (1)

in which S is the used beam element shape function.
Since the NCF and ANCF approaches can lead to con-
stant mass matrix for the equations of motion of rigid
and flexible bodies, respectively, the resulting system
mass matrix for the rigid-flexible systems will also be
constant, which will increase the computational effi-
ciency. In addition, since the slope vector coordinates,
describing the beam element cross section deforma-
tion and rotation, and the unit vector coordinates, de-
scribing the rigid body rotation, coexist in the final
multibody system equations of motion, the constraint
equations can be significantly simplified [36].

2.2 Mathematical model

In order to include the intra-joint contact–impact
forces into the equations of motion for spatial flexi-
ble multibody systems based on the mixed formula-
tion (ANCF and NCF), it is first necessary to develop

a mathematical model for cylindrical joints with clear-
ance. For this purpose, let us consider Fig. 2, in which
both top and bottom journal bases contact with the
bearing wall.

It should be highlighted that the derived formula-
tion presented in what follows is based on the assump-
tion of journal small rotation, because the clearance is
in general very small when compared with the journal-
bearing geometry. Based on the NCF, all the rigid body
coordinates are defined in the global coordinate sys-
tem; then the vectors SW and SA can be written as fol-
lows:

SW = rWj
− rP (2)

SA = rAj
− rP (3)

From the top view, the eccentricity vectors at the
top and bottom journal bases, dW and dA, can be ob-
tained by projecting vectors SW and SA onto the local
axes ξ and η, yielding

dW = (SW · Ub)Ub + (SW · Vb)Vb (4)

dA = (SA · Ub)Ub + (SA · Vb)Vb (5)

The eccentricity vectors are expressed in the global
coordinate system because the bearing local coor-
dinate framework ξηζ is completely determined by
knowing the unit vectors Ub and Vb defined in the
global coordinate system XYZ. Then, the magnitudes
of the eccentricity vectors are computed by using the
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Fig. 3 The position of the contact points on the rigid journal
and bearing

following relations:

dW =
√

(SW · Ub)2 + (SW · Vb)2 (6)

dA =
√

(SA · Ub)2 + (SA · Vb)2 (7)

The unit vectors nW and nA shown in the top view
of Fig. 2, normal to the planes of contact where the top
and bottom journal bases touch the bearing wall, can
be evaluated as

nW = dW

dW

(8)

nA = dA

dA

(9)

In regard to Fig. 2, the penetrations due to the con-
tact between the journal bases and bearing wall are cal-
culated as

δW = dW − c (10)

δA = dA − c (11)

where c is the radial clearance. Figure 3 gives a de-
tailed representation of the contact points on the rigid
journal and bearing elements.

The global positions of the potential contact points
CW

j , CW
b , CA

j and CA
b on the rigid journal and bearing

can be evaluated as

rCW
j = rWj

+ Rj nW (12)

rCW
b = rP + RbnW + (SW )Z (13)

rCA
j = rAj

+ Rj nA (14)

rCA
b = rP + RbnA + (SA)Z (15)

where (SW)Z and (SA)Z denote the components of
vectors SW and SA in the Z-direction, respectively.
Thus, the relative impact velocities can be evaluated
by

�ṙW = ṙCW
j − ṙCW

b (16)

�ṙA = ṙCA
j − ṙCA

b (17)

The relative velocities of the contact points are pro-
jected onto the direction of the penetration, yielding

the relative contact normal velocities, δ̇
W

and δ̇
A

, as

δ̇
W = (

�ṙW
)T nW (18)

δ̇
A = (

�ṙA
)T nA (19)

Finally, the relative tangential velocities, VW
t and

VA
t , are calculated by

VW
t = �ṙW − δ̇

W
(20)

VA
t = �ṙA − δ̇

A
(21)

From all the above formulations, it can be seen
that the coordinate transformation skills are no longer
needed because all the coordinates are defined in the
global coordinate framework, which leads to much
simpler formulation expressions than those in the
work [37].

3 Dynamics of cylindrical joints with clearance

3.1 Dry contact forces

In order to evaluate efficiently the contact forces devel-
oped between the bearing and journal, in a cylindrical
joint with clearance, special attention must be given to
the numerical description of the contact model. Infor-
mation on the impact velocity, material properties of
the colliding bodies, and geometric characteristics of
the surfaces in contact must be included into the con-
tact force model. These characteristics are observed
with a continuous contact force, in which the defor-
mation and contact force are considered as continuous
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functions. Furthermore, it is important that the contact
model add to the stable integration of the multibody
system’s equation of motion [38–40]. In the present
study, the interaction between the journal and bear-
ing is modeled by using the continuous contact force
model proposed by Lankarani and Nikravesh [41],
which is given by

Fn = Kδα

[
1 + 3(1 − c2

e )

4

δ̇

δ̇(−)

]
(22)

where K represents the generalized stiffness parame-
ter, δ is the relative normal deformation or penetration
depth between the contacting bodies, ce is the coef-
ficient of restitution, δ̇ represents the relative normal
contact velocity, and δ̇(−) is the initial impact velocity.
The exponent α is typically equal to 3/2, but can also
assume other values [42, 43]. The generalized parame-
ter K is dependent on the material properties and the
shape of the surfaces in contact and can be evaluated
as [44]

K = 4

3(σj + σb)

[
RbRj

Rb − Rj

]1/2

(23)

in which σj and σb denote the material parameter for
rigid journal and bearing, respectively, which are given
by

σk = 1 − v2
k

Ek

(k = j, b) (24)

where vk and Ek are the Poisson ratio and the mate-
rial Young’s modulus associated with the correspond-
ing body, respectively.

It is important to highlight that the contact force
model given by (22) is only valid for impact veloci-
ties lower than the propagation speed of elastic waves
across the bodies [41, 45–47]. Readers interested in
this particular issue are referred to some relevant re-
search works that offer a detailed discussion on differ-
ent approaches to model and analyze contact–impact
events within the spirit of multibody systems method-
ologies [48–53].

In a broad sense, in dynamic analysis of the multi-
body systems with clearance joints, the friction is a
quite complex phenomenon which involves interaction
between the surfaces of contacting bodies and may
lead to different friction regimes such as sliding and
stiction [54]. During the impact process, the friction

force models and corresponding coefficients will af-
fect the simulation accuracy significantly. The most
widely used and simplest friction force model is the
well-known Coulomb friction law [55], in which the
magnitude of the friction force is proportional to the
normal contact force. However, for the dynamic analy-
sis of the multibody system with clearance joints, it
has been demonstrated that Coulomb’s friction model
will pose some numerical difficulties, which in turn
may lead to simulation divergence. To avoid this prob-
lem, a modified Coulomb friction law is used [56],

Ft = −cf cdFn

vt

‖vt‖ (25)

where cf is the friction coefficient and the dynamic
correction coefficient cd is given by

cd =
⎧
⎨

⎩

0 if ‖vt‖ ≤ v0
‖vt‖−v0
v1−v0

if v0 ≤ ‖vt‖ ≤ v1

1 if ‖vt‖ ≥ v1

(26)

where v0 and v1 are specified tolerances for the rela-
tive tangential velocity of the surfaces in contact. The
great merit of the modified Coulomb law expressed by
(25) is that it allows the numerical stabilization of the
integration algorithm. It can be observed that this fric-
tion force model does not account for other tribolog-
ical phenomena like the adherence between the slid-
ing contact surfaces. Furthermore, the disadvantage
when using a friction model such as (25), for simu-
lation or control purposes, is the problem of detecting
when the relative tangential velocity is zero. A solu-
tion for this problem is found in the model proposed by
Karnopp, which was developed to overcome the prob-
lems with zero velocity detection and to avoid switch-
ing between different state equations for sticking and
sliding [57]. The drawback of this model is that it is
very strongly coupled with the rest of the system. The
external force is an input to the model and this force is
not always explicitly given. Variations of the Karnopp
model are widely used since they allow efficient simu-
lations, such as the modified Karnopp model by Cen-
tea et al. [58] and the reset integrator model by Haessig
and Friedland [59].

Figure 4 shows the representation of the friction
force and moment that act on the journal surface when
it contacts with the bearing surface. The value of the
friction moment can be evaluated as

MW
t = FW

t ⊗ Rj n (27)
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Fig. 4 The friction force and friction moment that act on the
journal element

where the symbol ⊗ denotes the cross product opera-
tor.

It should be noted that, due to the fact that all the
coordinates for the rigid journal element are full Carte-
sian coordinates based on the NCF, the friction mo-
ment cannot be applied directly on the journal. In-
stead, it has to be transformed into an equivalent pair
of forces of equal magnitude and opposite directions.
Readers interested in this topic are referred to the text-
book by García de Jalón and Bayo [60].

3.2 Hydrodynamic lubrication forces

This section deals with the evaluation of the hydrody-
namic forces that develop in a lubricated cylindrical
joint. It can be said that a suitable lubrication system
can prevent direct dry contact phenomena and, con-
sequently, reduce wear and extend the service life of
the mechanical systems. Therefore, proper modeling
of multibody systems with lubricated joints is required
to achieve a better understanding of their dynamic per-
formance. Figure 5 shows the generic configuration of
a typical lubricated cylindrical joint, in which the jour-
nal misalignment is also represented. In a similar way
to the case of the dry contact situation, the bearing cen-
ter of mass is denoted by point P , the journal-bearing
length being represented by B . The local coordinate
system is denoted by ξηζ .

Figure 6 depicts an arbitrary journal cross section
along the ζ axis, which is used to describe the gen-
eral methodology presented to determine the hydrody-
namic forces.

Fig. 5 Generic configuration of a lubricated cylindrical joint
with journal misalignment

Fig. 6 Cross section of the lubricated cylindrical joint

With regard to Fig. 6, the general form of the
isothermal Reynolds equation can be expressed as [61]

1

R2
j

∂

∂ϕ

(
h3 ∂p

∂ϕ

)
+ ∂

∂ζ

(
h3 ∂p

∂ζ

)

= 6μω
∂h

∂ϕ
+ 12μ

∂h

∂t
(28)

where p denotes the lubricant pressure, μ is the dy-
namic lubricant viscosity, and the lubricant film thick-
ness, h, is given by

h = c + d cosϕ = c + d cos(θ − β) (29)

in which c is the radial clearance and d represents the
journal-bearing eccentricity.

Tq
线条

Tq
线条
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When the journal misalignment is taken into ac-
count, the coordinates and the time derivatives of an
arbitrary journal cross section along the ζ axis are ex-
pressed as functions of the local coordinates of points
Aj(ξ1, η1,−B/2) and Wj(ξ2, η2,B/2) as follows:

ξj = ξ2 + (ξ2 − ξ1)(ζ − B/2)

B

ηj = η2 + (η2 − η1)(ζ − B/2)

B

ξ̇j = ξ̇2 + (ξ̇2 − ξ̇1)(ζ − B/2)

B

η̇j = η̇2 + (η̇2 − η̇1)(ζ − B/2)

B

(30)

Substituting (30) into (29) yields the lubricant film
thickness for the case of the misaligned journal as

h = c + d cosϕ = c + d cos(θ − β)

= c − ξj cos θ − ηj sin θ (31)

where θ is the angular coordinate of the journal bear-
ing and the variable β is given by

β = tan−1
(

ηj

ξj

)
(32)

It is well known that the exact solution of the
Reynolds equation is quite difficult to obtain and, in
general, requires a considerable numerical effort [62].
However, it is possible to solve the Reynolds equation
analytically by assuming either the first or the second
term on the left-hand side of (28) to be null. These
solutions correspond to infinitely short and infinitely
long journal bearings, respectively [63]. In the most
usual engineering applications, the journal bearings
are considered to be short, which reduces uneven axial
load distribution and frictional loss. This assumption
is valid for length-to-diameter ratios up to 1.0. Hence,
the Reynolds equation for an infinitely short journal
bearing is written as [30, 61]

h3 ∂2p

∂ζ 2
= 6μω

∂h

∂ϕ
+ 12μ

∂h

∂t

= −6μωd sinϕ + 12μ
∂h

∂t

= −6μωd sin(θ − β) + 12μ
∂h

∂t
(33)

The time derivative of the lubricant film thickness
can be obtained from (31), yielding

∂h

∂t
= −ξ̇j cos θ − η̇j sin θ (34)

Using (33) and (34) and after some basic mathe-
matical manipulation it is possible to write the follow-
ing expression:

∂2p

∂ζ 2
= 6μ[ω(ξj sin θ − ηj cos θ) − 2(ξ̇j cos θ + η̇j sin θ)]

(c − ξj cos θ − ηj sin θ)3

(35)

Then, integrating (35) twice yields an expression
that allows the evaluation of the pressure distribution
for an arbitrary journal cross section with center Oj as

p(θ, ζ ) = 3μz2

h3

[
ω(ξj sin θ − ηj cos θ)

− 2(ξ̇j cos θ + η̇j sin θ)
]

+ C1z + C0 (36)

where C0 and C1 are the integrating constants, which
can be obtained by taking into account the condi-
tions that consider the film breakdown. These bound-
ary conditions are expressed as
{

p = 0 if ζ = −B/2

p = 0 if ζ = B/2
(37)

Thus, using these boundary conditions, the final
pressure expression is given by

p(θ, ζ ) = 3μ(4ζ 2 − B2)

4h3

[
ω(ξj sin θ − ηj cos θ)

− 2(ξ̇j cos θ + η̇j sin θ)
]

(38)

It is convenient to determine the force components
of the resultant pressure that act at the journal center
of mass P . Thus, these force components can be ex-
pressed as

Fξ = −
∫ B/2

−B/2

∫ 2π

0
p(θ, ζ )Rj cos θ dθ dζ (39)

Fη = −
∫ B/2

−B/2

∫ 2π

0
p(θ, ζ )Rj sin θ dθ dζ (40)

In a similar way, the resulting moment that acts at
the journal center of mass P should be accounted for.

Tq
线条

Tq
线条
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This moment is related to the friction torque due to the
lubricant friction force

Mξ = −
∫ B/2

−B/2

∫ 2π

0
p(θ, ζ )Rj ζ sin θ dθ dζ (41)

Mη =
∫ B/2

−B/2

∫ 2π

0
p(θ, ζ )Rj ζ cos θ dθ dζ (42)

Finally, the resulting forces and moments are ob-
tained by numerical integration of (39)–(42). For this
purpose, the pressure field is considered only over the
positive part by setting the pressure in the remaining
portion equal to zero. This boundary condition, asso-
ciated with the pressure field, corresponds to Gümbel’s
boundary conditions [28, 63].

4 Computational strategy to solve the equations of
motion

In the present study, the absolute nodal coordinate for-
mulation (ANCF) and the natural coordinate formula-
tion (NCF) are used to model and analyze the dynamic
response of spatial multibody systems with cylindri-
cal clearance joints. The ANCF approach is used to
model the flexible parts, while the NCF is considered
to model the rigid elements. The equations of motion
for constrained flexible multibody systems can be ex-
pressed in a compact form as a set of differential and
algebraic equations as [64]
{

Mq̈ + �T
qλ + F(q) = Q(q)

�(q, t) = 0
(43)

where M is the system mass matrix, �(q, t) repre-
sents the vector that contains the system constraint
equations, �q is the derivative matrix of constraint
equations with respect to the system generalized co-
ordinates q, vector λ is the Lagrangian multipliers as-
sociated with the constraints, and Q(q) denotes the
system external generalized forces. In this formula-
tion, vector Q(q) includes the distributed gravitational
forces as well as the contact–impact forces and the lu-
brication forces, and F(q) denotes the system elastic
force vector. As has already been mentioned, based
on the mixed formulations (ANCF and NCF), the sys-
tem mass matrix M will be constant and the constraint
equations can be simplified.

There are several methods for solving (43), namely
those available in the specialized literature [65–67].

However, the process of solving the equations of mo-
tion in the case of systems with perfect joints differs
from that for systems that include joints with clear-
ances. This is mainly due to the high-frequency sys-
tem dynamic responses associated with the contact–
impact events that developed at the clearance joints,
which ultimately lead to contact–impact forces with
spurious high frequency and extremely large magni-
tude, even simulation divergence. Thus, in this work
the generalized-α method is used [68], which can dis-
sipate the spurious system high-frequency responses
and preserve the low-frequency responses very well. It
should be highlighted that during the iteration process
the elastic forces are efficiently evaluated by the first
Piola–Kirchhoff stress tensor-based formulation pro-
posed by Gerstmayr and Shabana [69] and the tangent
matrix of the elastic force is calculated by using the
numerical differentiation method [70].

As mentioned above, when the contact between
journal and bearing is detected, the intra-joint contact–
impact forces are evaluated and introduced into (43).
In this process, the detection of the precise instant of
contact is of crucial importance. The detection of the
instant of contact takes place when the sign of penetra-
tion changes between the two discrete instants in time,
tn and tn+1. Therefore, by monitoring the sign of the
penetration at every time step, the instant of contact
can be identified from

δ
(
q(tn)

) · δ(q(tn+1)
) ≤ 0 (44)

When (44) is satisfied, the start of contact is defined
as occurring at tn+1. In a broad sense, such an accurate
instant in time can be found by using the Newton–
Raphson method [71]. In this study, in order to im-
prove the computation efficiency, a fast and accurate
third-order interpolation approach proposed by Mei-
jaard [72] was used:

q(t) = (
1 − 3χ2 + 2χ3)q(tn)

+ (
χ − 2χ2 + χ3)�t q̇(tn)

+ (
3χ2 − 2χ3)q(tn+1)

+ (−χ2 + χ3)�t q̇(tn+1) (45)

where χ = (t − tn)/�t and �t = tn+1 − tn. Using
this approach the instant of contact can be determined
within a given error tolerance. It should be noted that,
for the dry contact approach, the integration time step

Tq
线条

Tq
线条
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is not fixed because of the necessity to detect the pre-
cise instant of contact. For instance, if the time step
selected by the user is too large, when the first impact
is detected it will cause a large penetration, which, in
turn, will cause artificially large contact forces that are
not realistic [71]. Thus, in the present work, the con-
tact detection is performed by using (45) due to the ac-
curacy and computational efficiency introduced [72].
This approach has been successfully used by other re-
searchers, such as Schwab et al. [26] and Tian et al.
[29] for the dynamic analysis for planar multibody
system with clearance joints.

5 Results and discussion

5.1 Spatial double pendulum

The effectiveness of the formulations presented in this
work is demonstrated through the use of a spatial dou-
ble pendulum with the initial configuration illustrated
in Fig. 7. This double pendulum is composed of four
bodies, two rigid journals and two flexible links (QB
and CD). One rigid journal is fixed to the flexible link
CD, and another journal is fixed to the flexible link
QB. There is a cylindrical joint with clearance be-
tween the flexible link QB and the ground, while the
cylindrical joint that connects the two flexible links is
considered to be perfect. The system is released from
the initial position with null velocities and under the
action of gravity acting in the negative Z-direction.
In the present work, the gravitational acceleration is
equal to 9.81 m/s2. The length of each flexible link
is equal to 0.5 m. The cross section of the spatial
ANCF-based beam element is a square with 0.01 m
side width. To avoid Poisson locking problems, the
material Poisson ratio is set as zero [73]. The cylindri-
cal joint with clearance is characterized by the bearing
and journal radii equal to 0.0302 m and 0.0300 m, re-
spectively. Thus, the joint has a radial clearance equal
to 0.0002 m. The bearing and journal lengths are equal
to 0.04 m. The coefficient of restitution of the contact-
ing surfaces is assumed to be equal to 0.9. For the case
of a lubricated cylindrical joint, the dynamic lubricant
viscosity is chosen as 400 cP. The material density for
the flexible links modeled by ANCF-based beam ele-
ments ρ is set as 2700 kg/m3, while the material den-
sity for the rigid journal described by NCF is set as
7800 kg/m3.

Fig. 7 Spatial double pendulum with a cylindrical clearance
joint

The dynamic response of the system is quantified
by the plots of displacement and velocity in the Z-
direction of the point D. In addition, the trajectories
of the journal centers within the bearing boundaries
are also plotted. The dynamic simulations are carried
out by using the cylindrical joint approaches presented
in the previous sections, namely the perfect, the dry
contact, and the lubricated models. The influence of
the number of elements used to describe the flexible
components and the effect of the Young’s modulus val-
ues are also studied. Finally, with the intent to vali-
date the proposed approaches for the stiff system, the
same double pendulum model is simulated by using
the commercial MSC.ADAMS software, and the cor-
responding results are also presented and discussed.

Figure 8 shows the influence of the number of el-
ements and Young’s modulus on the Z-displacement
of point D for the case of the perfect joint model.
By observing the plots, it can be concluded that for
the stiff system (E = 6.9e11 Pa) 4 ANCF-based el-
ements are enough to reach accurate results. For the
system modeled with a material Young modulus equal
to E = 6.9e9 Pa, 12 elements are necessary to obtain
the convergent solution, while 16 elements are neces-
sary for the very flexible system with a material Young
modulus of E = 6.9e8 Pa.

The effect of the number of elements for the per-
fect and dry clearance joint models on the displace-
ment and velocity of point D in the Z-direction is il-
lustrated in Figs. 9 and 10. From the evolution of the
plotted diagrams, one can conclude that the contact–
impact phenomena that occur between the bearing and
journal surfaces are more significant for the case of the
flexible system, as is visible in Figs. 9c and 10c. Fur-
thermore, for the model of cylindrical joint with clear-
ance, some peaks on the velocity diagrams can be ob-
served, which are clearly associated with the local rel-
ative deformation of the journal and bearing surfaces.
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Fig. 8 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on the Z-displacement of
point D for the perfect joint model

Again, these high-frequency sharp peaks are more im-
portant for the case in which the bodies are flexible.

Figure 11 shows the trajectories of the journal cen-
ters Aj and Wj inside the bearing boundaries for the
dry clearance cylindrical joint model. In order to keep
the plots simple and readable, only data relative to the
first 0.5 s of simulation are presented. From the analy-
sis of Fig. 11, different types of journal motion can be
observed, namely the free flight motion, impact fol-
lowed by rebound, and continuous or permanent con-
tact between the journal and bearing surfaces. It is
noteworthy that the journal misalignment phenomena
are represented by the center line. Finally, one can ob-
serve the level of deformations and rebounds for the
different values of material Young’s modulus.

Prior to analyzing the lubricated model, it is im-
portant to validate the dry contact approach presented.
For this purpose, the same double pendulum system
was modeled and simulated using the commercial soft-
ware MSC.ADAMS for the stiff case (E = 6.9e11 Pa).
Figure 12 shows the plots of the Z-displacement of
point D, for the perfect and dry clearance joint mod-
els obtained with the proposed methodology and with
MSC.ADAMS code. In general, the plots of Fig. 12
demonstrate a good correlation of the data produced,
which support the main assumptions and procedures
adopted in the present work and validate the presented
dry contact model.

In what follows, the results from the simulation of
the double pendulum system when the clearance joint
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Fig. 9 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on the Z-displacement of
point D for the perfect and dry clearance cylindrical joint models

is modeled as a lubricated joint are presented. Fig-
ures 13 and 14 show the plots of the displacement and
velocity of point D in the Z-direction for the perfect
and lubricated joint models, for different numbers of
elements. Figure 15 illustrates the joint reaction force
for perfect and lubrication joint models and for dif-
ferent numbers of ANCF-based elements. From these
plots it can be stated that the fluid lubricant acts like
a mechanical damper element since it absorbs some
level of noise associated with the dry contact–impact
phenomena. Hence, the global behavior for the lubri-
cated case is closer to the situation in which the system
is modeled with perfect cylindrical joints. Similar con-
clusions can be reached for the joint reaction forces
plotted in Fig. 15.

Figure 16 presents the trajectories of the journal
bases’ centers Aj and Wj inside the bearing bound-

aries for the lubricated cylindrical joint model. In con-
trast to the case of the dry contact model (Fig. 11),
the journal centers move closer to the corresponding
bearing center, which means that there is no contact
between journal and bearing surfaces due to the pres-
ence of the fluid lubricant. It should be highlighted that
this phenomenon, associated with the presence of the
lubricant, contributes to the extension of mechanism
service life, which is also a powerful proof to illustrate
the effectiveness of the proposed lubrication force for-
mulation considering the journal misalignment. In ad-
dition, some amount of journal misalignment is visible
in the plots of Fig. 16, which does not affect the global
system responses.

Finally, it is important to discuss the computational
efficiency of the different approaches used to model
cylindrical joints. Table 1 shows the computation time
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Fig. 10 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on the Z-velocity of point
D for the perfect and dry clearance cylindrical joint models

required for the three joint models considered, namely,
the perfect joint model, the dry contact model, and
the lubricated model. In addition, the influence of the
material Young’s modulus and number of elements
used to describe the flexible links on the computa-
tion time is also analyzed. By observing Table 1, the
first conclusion is that the computation time increases
when the material Young’s modulus and number of
elements increase. Furthermore, when the system is
modeled with perfect joints, the computational effi-
ciency is much lower than that for the cases of dry con-
tact and lubricated models. This fact is not surprising
because the last two approaches evaluate the intra-joint
forces during the dynamic simulation of the systems.
In general, these conclusions are in line with those ob-
served in the literature [29, 74]. It should be mentioned
that the numerical simulations were performed on a
PC with four 2.83 GHz processors and 3 GB RAM.

5.2 Spatial slider-crank mechanism

In this section, a spatial slider-crank mechanism is
used as a numerical example to demonstrate the ap-
plication of the methodologies previously presented.
Four bodies, namely the ground, the crank, the con-
necting rod, and the slider, describe the slider-crank
model under consideration, as illustrated in Fig. 17.
The connecting rod and the slider are connected by a
clearance cylindrical joint, while the remaining bodies
are linked with perfect cylindrical joints. The crank,
which is stiff, has a length equal to 0.05 m and a ma-
terial density and Young’s modulus of 6666.66 kg/m3

and 2.07e15 Pa, respectively. Only one ANCF-based
element is used to model the crank. The cross sec-
tion of the beam element is a square with 0.03 m side
width. In turn, the connecting rod is flexible, with a
length of 0.12 m, and the material density is set as
7777.78 kg/m3. Four elements are used to model the
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Fig. 11 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on journal center trajec-
tories for the dry clearance cylindrical joint models

Fig. 12 Z-displacement of point D for perfect and dry contact joint models obtained with the proposed approach and by using the
MSC.ADAMS code
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Fig. 13 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on the Z-displacement of
point D for the perfect and lubricated cylindrical joint models

Table 1 Total CPU time
based on different
simulation models (in
seconds)

Material Young’s modulus 6.9e11 Pa 6.9e9 Pa 6.9e8 Pa

Number of elements 4 12 16

Perfect joint model Time step h = 2e − 4 s

Computation time 61 s 194 s 329 s

Dry contact model Time step h = 2e − 6 s

Computation time 3085 s 8114 s 15,751 s

Lubricated model Time step h = 2e − 6 s

Computation time 3885 s 10,247 s 18,114 s

connecting rod. The cross section of the beam ele-
ment is a square with 0.015 m side width. In order
to avoid Poisson locking problems the Poisson ratio
is set to 0. The mass of the slider is equal 0.14 kg,
with its moment of inertia neglected. The value of
Young’s modulus necessary to evaluate the contact
stiffness parameter is equal to 2.07e11 Pa, with the co-
efficient of restitution equal to 0.9. The radius and the

length of the journal are chosen as Rj = 0.015 m and
B = 0.02 m, respectively. The radial clearance size is
equal to 0.2 mm. For the case of the lubricated model,
the dynamic fluid viscosity is equal to 400 cP. The ini-
tial configuration is taken with the crank and the con-
necting rod collinear. The crank, which is the driving
link, rotates about the Y -axis with a constant angular
velocity of 5000 rpm.
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Fig. 14 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on the Z-velocity of point
D for the perfect and lubricated cylindrical joint models

Figure 18 shows the plots of the slider acceleration
for the perfect and dry contact joint models when two
different values of Young’s modulus for the connect-
ing rod are used. Figure 18 exhibits some peaks for the
dry contact model, which can be associated with the
contact–impact phenomena between the journal and
bearing surfaces. Furthermore, it is also visible that the
slider acceleration changes more sharply for the flexi-
ble system with material Young’s modulus E = 5e9 Pa
than for the stiff system with material Young’s modu-
lus E = 2.07e15 Pa. Conversely, when the lubricant
fluid is introduced between the journal and bearing
surfaces, the slider acceleration response is closer to
the case of a perfect joint, as can be observed in the
plots of Fig. 19. A similar analysis can be performed
for the joint reaction forces plotted in Figs. 20 and 21.

Figure 22 shows the journal center trajectories in
the clearance for the dry contact model. As was ex-

pected, the journal misalignment does not take place,
as can be seen in the figure. Furthermore, it can be ob-
served that the stiff system produces smoother trajec-
tories, because the local deformations present a lower
magnitude than for the case of the flexible system.

Figure 23 shows the paths of journal bases’ centers
Aj and Wj in the joint clearance for the lubricated stiff
model with material Young’s modulus equal to E =
2.07e15 Pa. It is clear that the presence of the lubricant
between the journal and bearing components avoids
contact between them, which is why the perfect and
lubricated joint models exhibit similar behavior.

Figure 24 shows the effect of the connecting-rod
flexibility on the trajectory of journal center Aj . It can
be seen that the eccentricity of the journal center for
the flexible system is a little larger than that of the stiff
system due to the deformation of the flexible connect-
ing rod.
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Fig. 15 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on the joint reaction force
for the perfect and lubricated cylindrical joint models

The numerical examples of application presented
above lead to the following observations. The over-
all obtained results are in line with those of published
works on this field for the case that includes the dry
contact models [7, 14, 26, 37, 75, 76]. As far as the
lubricated joint results are concerned, the global re-
sults are also in line with those offered in the litera-
ture [21, 22, 26, 39, 77]. The dry contact model can
predict the dynamic response of a multibody system
with unlubricated cylindrical joints including the peak
values of the intra-joint forces as well as the devia-
tions of the position and velocity of the bodies. These
phenomena are particularly visible when bodies are
modeled as flexible parts, as can be seen in Figs. 8–
10, 18, and 20. The dynamic system responses are
basically characterized as nonperiodic. The trajecto-
ries of the journal centers are significantly affected
by the degree of the bodies’ flexibility. For the case

of stiff systems, the journal center trajectories exhibit
different behaviors, such as impacts followed by re-
bounds, continuous contact between the journal and
bearing surfaces, and free-flight motion. When the sys-
tems include a flexible link, the journal center trajecto-
ries tend to be limited to the continuous contact mode
due to the damping effect of the bodies’ elasticity.
These different system responses can be observed in
the plots of Fig. 11. In the case of lubricated cylindri-
cal joints, the intra-joint reaction forces and the sys-
tems’ kinematic responses are smoother and tend to
be close to the case of the perfect joint model, as
Figs. 13–15, 19, and 21 depict. An accurate deter-
mination of the important effects requires the proper
modeling and analysis of the flexibility of the bod-
ies. When the flexibility is neglected, the peak forces
are grossly overestimated. The lubricant damping ef-
fect absorbs part of the kinetic energy and produces
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Fig. 16 Influence of number of elements used to describe the flexible bodies and material Young’s modulus on journal center trajec-
tories for the lubricated cylindrical joint models

Fig. 17 Spatial
slider-crank mechanism
with a cylindrical clearance
joint

smoother and periodic system responses. It must be
emphasized that the inclusion of a flexible link in the
system, combined with a clearance joint, can lead to
large deformation and, consequently, produce higher
joint reaction forces, as illustrated in Fig. 21. It is ob-
vious that the presence of lubricant avoids direct con-
tact between the journal and bearing surfaces. How-

ever, some numerical difficulties can arise when the
system includes high eccentricity and/or low fluid vis-
cosity. This makes sense from a physical point of view,
as in these cases the hydrodynamic lubrication the-
ory is not valid and must be substituted by the elasto-
hydrodynamic approach, which is out of the scope
of the present work. Moreover, the proposed method-
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Fig. 18 Slider acceleration for the perfect and dry clearance cylindrical joint models

Fig. 19 Slider acceleration for the perfect and lubricated cylindrical joint models

Fig. 20 Joint reaction force for the perfect and dry clearance cylindrical joint models
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Fig. 21 Joint reaction force for the perfect and lubricated cylindrical joint models

Fig. 22 The paths of journal centers Aj and Wj in the joint clearance for dry contact models (1.9–2 s)

ology is able to accommodate some amount of mis-
alignment between the journal and bearing axis. This
particular issue has not been addressed before in the
literature. In short, for real multibody systems, clear-
ance, lubrication, and elasticity phenomena are always
present and can significantly affect the dynamic re-
sponses of the systems. Therefore, the ability to model
these phenomena plays a key role in accurately pre-
dicting the dynamic response of mechanical systems,
and also has consequences in the design process. From
this point of view, all the models proposed are able to
capture the different phenomena involved in the dy-
namics of flexible spatial multibody systems that in-
clude cylindrical joints with clearance and lubrication
effects.

6 Conclusions

Based on the absolute nodal coordinate formula-
tion (ANCF) and the natural coordinate formulation
(NCF), a new general and comprehensive approach
for a spatial flexible multibody system with cylindri-
cal clearance joint has been derived. The flexible parts
are described by the ANCF, while the rigid journals
are described by the NCF. The resulting mass ma-
trix in the final system equations of motion is con-
stant, which benefits the computational efficiency. For
both dry contact and lubrication conditions, the journal
misalignment is considered. The dry contact–impact
forces due to the collisions of the bodies are computed
by using a modified Hertzian-based continuous con-
tact law, while the lubrication forces are directly ob-
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Fig. 23 The paths of journal centers Aj and Wj in the joint
clearance for lubricated models (E = 2.07e15 Pa, t = 1.9–2 s)

Fig. 24 The paths of journal centers Aj in the joint clearance
for lubricated models (E = 2.07e15 Pa, t = 1.9–2 s)

tained from the Reynolds equation based on the short
journal-bearing approach. The effects of the mater-
ial Young’s modulus of the flexible parts on the sys-
tem’s dynamic responses are investigated. To dissipate
the system high-frequency responses and preserve the
low-frequency responses, the generalized-α method is
used to solve the equations of motion. In order to val-
idate the methodology presented in this paper, some
results are compared to those obtained by using the
software MSC.ADAMS. In addition, the obtained re-
sults are also compared with those published in the lit-
erature. It was shown that the fluid lubricant can avoid
or greatly reduce the direct bearing-journal impact.
All the results indicate that the modeling methods
and the lubrication forces formulations for the flexible

multibody systems with dry and lubricated cylindrical
clearance joints are effective. Furthermore, develop-
ments of the present research work can include surface
roughness and wear phenomena.
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