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The non-local theory solution of two collinear mode-I permeable cracks in
a magnetoelectroelastic composite material plane was investigated using
the generalized Almansi’s theorem and the Schmidt method. The problem
was formulated through Fourier transform into two pairs of dual integral
equations, in which the unknown variables are the jumps in displacements
across the crack surfaces. To solve the dual integral equations, the
displacement jumps across the crack surfaces were directly expanded as a
series of Jacobi polynomials. Numerical examples were provided to show
the effects of crack length, the distance between two collinear cracks and
the lattice parameter on the stress field, the electric displacement field and
the magnetic flux field near the crack tips. Unlike the classical elasticity
solutions, it is found that no stress, electric displacement or magnetic flux
singularities are present at the crack tips in a magnetoelectroelastic
composite material plane. The non-local elastic solutions yield a finite hoop
stress at the crack tip, thus allowing us to use the maximum stress as a
fracture criterion.

Keywords: magnetoelectroelastic composite materials; two collinear cracks;
non-local theory; Schmidt method; lattice parameter

1. Introduction

Combining two or more distinct piezoelectric and piezomagnetic (magnetostrictive)
constituents, the resulting piezoelectric/piezomagnetic composite material can
assume the advantages of each constituent and, consequently, have superior
coupling magnetoelectric properties compared to conventional piezoelectric or
piezomagnetic materials. Magnetoelectric coupling is a new product property of the
composite, since it is absent in each constituent. Consequently, they are extensively
used as electric packaging, sensors and actuators, magnetic field probes, acoustic/
ultrasonic devices, hydrophones, and transducers with the responsibility of electro-
magneto-mechanical energy conversion [1]. Therefore, the study of fracture
mechanics of magnetoelectroelastic composite materials is important in the design
of magnetoelectroelastic composite devices and magnetoelectroelastic composite
structures, such as dampers in controlling structural vibration, sensors and actuators
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in adhesively bonded joints and sensors in non-destructive testing. There have been
numerous studies on fracture parameters, stress intensity factors, electric displace-
ment intensity factors, magnetic flux intensity factors and energy release rate [2–12]
under different electric boundary conditions on crack surfaces. It is interesting
to note that very different results were obtained when changing the boundary
conditions [13]. However, these solutions contain stress singularities at the crack tips,
which is not reasonable according to physical nature. In fact, the stresses at the crack
tips are finite. As a result, beginning with Griffith, all fracture criteria in practice
today are based on other considerations, such as energy and the J-integral [14].

In contrast to the local approach of zero-range internal interactions, modern
non-local continuum mechanics, developed over the last four decades, postulates
that the local state at a point of a body is influenced by the action of all particles of
that body. This theory was constructed primarily by Edelen [15], Eringen [16], and
Green and Rivlin [17]. Pan and Takeda [18] described the basic theory of non-local
elasticity with emphasis on the difference between the non-local theory and classical
continuum mechanics. To overcome the stress singularity at the crack tips in the
classical elastic theory, Eringen [19–21] used non-local theory to investigate the stress
near the tip of a sharp line crack in an isotropic elastic plate subject to uniform
tension, shear and anti-plane shear loading. His solutions did not contain any stress
singularities at the crack tips. This enables us to employ the maximum stress criterion
to predict fracture in a more natural way. However, it is well-known that there is
disagreement between Eringen and co-workers [19–21] and Atkinson [22,23] over the
non-local mixed boundary value problem of crack. As discussed by Cheng [24], the
non-local theory can be used to solve brittle fracture problems, i.e. it can be used to
solve fracture problems in piezoelectric and magnetoelectroelastic materials.
Recently, the non-local theory was used to study fracture problems in piezoelectric
materials [25,26]. As expected, the solutions did not contain any stress and electric
displacement singularities at the crack tips. However, to the best of our knowledge,
the magneto-electro-elastic behavior of magnetoelectroelastic composite materials
with two collinear mode-I permeable cracks has not been studied by the non-local
theory.

2. Basic equations of the non-local magnetoelectroelastic composite materials

For the plane problem, the basic equations of linear, homogeneous, non-local
transversely isotropic magnetoelectroelastic composite materials, with vanishing
body force, are written as follows [6,10,25–27]:

@�xxðx; zÞ

@x
þ
@�xzðx; zÞ

@z
¼ 0

@�xzðx; zÞ

@x
þ
@�zzðx; zÞ

@z
¼ 0

@Dxðx; zÞ

@x
þ
@Dzðx; zÞ

@z
¼ 0

@Bxðx; zÞ

@x
þ
@Bzðx; zÞ

@z
¼ 0

8>>>>>>>>><
>>>>>>>>>:

ð1Þ
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�xxðx, zÞ ¼

Z 1
�1

Z 1
�1

�
c�11 x0 � x

�� ��, z0 � z
�� ��� � @uðx0, z0Þ

@x
þ c�13 x0 � x

�� ��, z0 � z
�� ��� � @wðx0, z0Þ

@z

þ e�31 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@z

� f �31 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@z

�
dx0dz0

ð2Þ

�zzðx, zÞ ¼

Z 1
�1

Z 1
�1

�
c�13 x0 � x

�� ��, z0 � z
�� ��� � @uðx0, z0Þ

@x
þ c�33 x0 � x

�� ��, z0 � z
�� ��� � @wðx0, z0Þ

@z

þ e�33 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@z

� f �33 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@z

�
dx0dz0

ð3Þ

�xzðx, zÞ ¼

Z 1
�1

Z 1
�1

�
c�44 x0 � x

�� ��, z0 � z
�� ��� � @uðx0, z0Þ

@z
þ
@wðx0, z0Þ

@x

� �

þ e�15 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@x

� f �15 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@x

�
dx0dz0

ð4Þ

Dxðx, zÞ ¼

Z 1
�1

Z 1
�1

�
e�15 x0 � x

�� ��, z0 � z
�� ��� � @uðx0, z0Þ

@z
þ
@wðx0, z0Þ

@x

� �

� "�11 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@x

� g�11 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@x

�
dx0dz0

ð5Þ

Dzðx, zÞ ¼

Z 1
�1

Z 1
�1

e�31 x0 � x
�� ��, z0 � z

�� ��� � @uðx0, z0Þ
@x

�
þ e�33 x0 � x

�� ��, z0 � z
�� ��� � @wðx0, z0Þ

@z

� "�33 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@z

� g�33 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@z

�
dx0dz0

ð6Þ

Bxðx, zÞ ¼

Z 1
�1

Z 1
�1

�
f �15 x0 � x

�� ��, z0 � z
�� ��� � @uðx0, z0Þ

@z
þ
@wðx0, z0Þ

@x

� �

þ g�11 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@x

� ��11 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@x

�
dx0dz0

ð7Þ

Bzðx, zÞ ¼

Z 1
�1

Z 1
�1

f �31 x0 � x
�� ��, z0 � z

�� ��� � @uðx0, z0Þ
@x

þ f �33 x0 � x
�� ��, z0 � z

�� ��� ��
@wðx0, z0Þ

@z

þ g�33 x0 � x
�� ��, z0 � z

�� ��� � @�ðx0, z0Þ
@z

� ��33 x0 � x
�� ��, z0 � z

�� ��� � @ ðx0, z0Þ
@z

�
dx0dz0

,

ð8Þ
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where the only difference from classical magneto-electro-elastic theory is in the
stress, electric displacement and magnetic flux constitutive equations, i.e. Equations
(2)–(8), in which the stress �ikðx, zÞ (i, k ¼ x, z), electric displacement Dkðx, zÞ
(k ¼ x, z) and magnetic flux Bkðx, zÞ (k ¼ x, z) at a point ðx, zÞ depend on u,kðx, zÞ,
w,kðx, zÞ, �,kðx, zÞ and  ,kðx, zÞ (k¼ x, y), at all points of the body. �ikðx, zÞ, Dkðx, zÞ

and Bkðx, zÞ (i ¼ x, z, k ¼ x, z) are the plane stresses, in-plane electric displacements
and in-plane magnetic fluxes, respectively. uðx, zÞ and wðx, zÞ are the mechanical
displacements. �ðx, zÞ and  ðx, zÞ are the electric potential and magnetic potential,
respectively. c�11ð x

0 � xj j, z0 � zj jÞ, c�13ð x
0 � xj j, z0 � zj jÞ, c�33ð x

0 � xj j, z0 � zj jÞ and
c�44ð x

0 � xj j, z0 � zj jÞ are the non-local elastic stiffness parameters, "�11ð x
0 � xj j,

z0 � zj jÞ and "�33ð x
0 � xj j, z0 � zj jÞ are the non-local dielectric parameters,

e�15ð x
0 � xj j, z0 � zj jÞ, e�31ð x

0 � xj j, z0 � zj jÞ and e�33ð x
0 � xj j, z0 � zj jÞ are the non-local

piezoelectric parameters, f �15ð x
0 � xj j, z0 � zj jÞ, f �31ð x

0 � xj j, z0 � zj jÞ and f �33ð x
0 � xj j,

z0 � zj jÞ are the non-local piezomagnetic parameters, g�11ð x
0 � xj j, z0 � zj jÞ and

g�33ð x
0 � xj j, z0 � zj jÞ are the non-local electromagnetic parameters, and ��11ð x

0 � xj j,

z0 � zj jÞ and ��33ð x
0 � xj j, z0 � zj jÞ are the non-local magnetic permeability parameters,

which are functions of the distance d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � xÞ2 þ ð y0 � yÞ2

q
between the point of

interest and an arbitrary point in the body. As discussed in [28], the forms of
c�11ð x

0 � xj j, z0 � zj jÞ, c�13ð x
0 � xj j, z0 � zj jÞ, c�33ð x

0 � xj j, z0 � zj jÞ, c�44ð x
0 � xj j, z0 � zj jÞ,

"�11ð x
0 � xj j, z0 � zj jÞ, "�33ð x

0 � xj j, z0 � zj jÞ, e�15ð x
0 � xj j, z0 � zj jÞ, e�31ð x

0 � xj j, z0 � zj jÞ,
e�33ð x

0 � xj j, z0 � zj jÞ, f �15ð x
0 � xj j, z0 � zj jÞ, f �31ð x

0 � xj j, z0 � zj jÞ, f �33ð x
0 � xj j, z0 � zj jÞ,

g�11ð x
0 � xj j, z0 � zj jÞ, g�33ð x

0 � xj j, z0 � zj jÞ, ��11ð x
0 � xj j, z0 � zj jÞ and ��33ð x

0 � xj j,
z0 � zj jÞ can be assumed as follows:

½c�11ð x
0 � xj j, z0 � zj jÞ, c�13ð x

0 � xj j, z0 � zj jÞ, c�33ð x
0 � xj j, z0 � zj jÞ�

¼ �ð x0 � xj j, z0 � zj jÞ½c11, c13, c33�

½c�44ð x
0 � xj j, z0 � zj jÞ, "�11ð x

0 � xj j, z0 � zj jÞ, "�33ð x
0 � xj j, z0 � zj jÞ�

¼ �ð x0 � xj j, z0 � zj jÞ½c44, "11, "33�

½e�15ð x
0 � xj j, z0 � zj jÞ, e�31ð x

0 � xj j, z0 � zj jÞ, e�33ð x
0 � xj j, z0 � zj jÞ�

¼ �ð x0 � xj j, z0 � zj jÞ½e15, e31, e33�

½ f �15ð x
0 � xj j, z0 � zj jÞ, f �31ð x

0 � xj j, z0 � zj jÞ, f �33ð x
0 � xj j, z0 � zj jÞ�

¼ �ð x0 � xj j, z0 � zj jÞ½ f15, f31, f33�

½ g�11ð x
0 � xj j, z0 � zj jÞ, g�33ð x

0 � xj j, z0 � zj jÞ,��11ð x
0 � xj j, z0 � zj jÞ�

¼ �ð x0 � xj j, z0 � zj jÞ½ g11, g33,�11�

��33ð x
0 � xj j, z0 � zj jÞ ¼ �ð x0 � xj j, z0 � zj jÞ�33,

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð9Þ

�ð x0 � x
�� ��, z0 � z

�� ��Þ ¼ �0 expf�ð�=aÞ2½ðx0 � xÞ2 þ ðz0 � zÞ2�g, ð10Þ

where �ð x0 � xj j, z0 � zj jÞ is known as the influential function. � and a are material
constants. Normally, a is a known constant as the characteristic length of a material,
which may be selected according to the range and sensitivity of the physical
phenomena to be investigated. For perfect crystals, a may be taken as the lattice
parameter. For granular materials, a may be considered to be the average granular
distance and, for fiber composites, the fiber distance, etc. The material constant
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� may be determined experimentally. c11, c13, c33, c44, "11, "33, e15, e31, e33, f15, f31, f33,
g11, g33, �11 and �33 are elastic, dielectric, piezoelectric, piezomagnetic, electromag-

netic and magnetic constants, respectively. �0 is determined by the normalization:Z 1
�1

Z 1
�1

�ð x0 � x
�� ��, z0 � z

�� ��Þdx0dz0 ¼ 1: ð11Þ

Substituting Equations (9) and (10) into Equation (11), we can obtain, in a

three-dimensional space,

�0 ¼
1

�
ð�=aÞ2: ð12Þ

Substituting Equations (2)–(12) into Equation (1) and using the Green–Gauss

theorem, we have

Z 1
�1

Z 1
�1

�ð x0 �x
�� ��, z0 � z

�� ��Þ c11 @2uðx0,z0Þ
@x2

þ

�
c44
@2uðx0,z0Þ

@z2
þðc13þ c44Þ

@2wðx0,z0Þ

@x@z

þðe31þ e15Þ
@2�ðx0,z0Þ

@x@z
�ðf31þ f15Þ

@2 ðx0,z0Þ

@x@z

�
dx0dz0

�

"Z �l
�1

þ

Z 1

l

#
�ð x0�x
�� ��, 0j jÞ½�xzðx0,0þÞ��xzðx0,0�Þ�dx0¼ 0, ð13Þ

Z 1
�1

Z 1
�1

�ð x0 �x
�� ��, z0 � z

�� ��Þ�ðc13þ c44Þ
@2uðx0,z0Þ

@x@z
þ c44

@2wðx0,z0Þ

@x2
þ c33

@2wðx0,z0Þ

@z2

þ e15
@2�ðx0,z0Þ

@x2
þ e33

@2�ðx0,z0Þ

@z2
� f15

@2 ðx0,z0Þ

@x2
� f33

@2 ðx0,z0Þ

@z2

�
dx0dz0

�

�Z �l
�1

þ

Z 1

l

�
�ð x0 �x
�� ��, 0j jÞ½�zzðx0,0þÞ��zzðx0,0�Þ�dx0 ¼ 0, ð14Þ

Z 1
�1

Z 1
�1

�ð x0 �x
�� ��, z0 � z

�� ��Þ ðe15þ e31Þ
@2uðx0,z0Þ

@x@z
þ

�
e15
@2wðx0,z0Þ

@x2
þ e33

@2wðx0,z0Þ

@z2

� "11
@2�ðx0,z0Þ

@x2
� "33

@2�ðx0,z0Þ

@z2
�g11

@2 ðx0,z0Þ

@x2
�g33

@2 ðx0,z0Þ

@z2

�
dx0dz0

�

�Z �l
�1

þ

Z 1

l

�
�ð x0 �x
�� ��, 0j jÞ½Dzðx

0,0þÞ�Dzðx
0,0�Þ�dx0 ¼ 0, ð15Þ

Z 1
�1

Z 1
�1

�ð x0 � x
�� ��, z0 � z

�� ��Þ ð f15 þ f31Þ
@2uðx0, z0Þ

@x@z

�
þ f15

@2wðx0, z0Þ

@x2
þ f33

@2wðx0, z0Þ

@z2

þ g11
@2�ðx0, z0Þ

@x2
þ g33

@2�ðx0, z0Þ

@z2
� �11

@2 ðx0, z0Þ

@x2
� �33

@2 ðx0, z0Þ

@z2

�
dx0dz0

�

Z �l
�1

þ

Z 1

l

� �
�ð x0 � x
�� ��, 0j jÞ½Bzðx

0, 0þÞ � Bzðx
0, 0�Þ�dx0 ¼ 0, ð16Þ
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where

�zzðx, zÞ ¼ c13
@uðx, zÞ

@x
þ c33

@wðx, zÞ

@z
þ e33

@�ðx, zÞ

@z
� f33

@ ðx, zÞ

@z

Dzðx, zÞ ¼ e31
@uðx, zÞ

@x
þ e33

@wðx, zÞ

@z
� "33

@�ðx, zÞ

@z
� g33

@ ðx, zÞ

@z

Bzðx, zÞ ¼ f31
@uðx, zÞ

@x
þ f33

@wðx, zÞ

@z
þ g33

@�ðx, zÞ

@z
� �33

@ ðx, zÞ

@z

8>>>>>><
>>>>>>:

: ð17Þ

The expressions in Equation (17) are the classical Hooke’s law. 1� l is the length of
the crack, which will be discussed shortly. It is worth noting that the surface integrals
in Equations (13)–(16) may be dropped, since the displacement, electric displacement
and magnetic flux fields vanish at infinity.

As discussed in [19], we have that �zzðx, 0
þÞ � �zzðx, 0

�Þ ¼ 0, Dzðx, 0
þÞ�

Dzðx, 0
�Þ ¼ 0 and Bzðx, 0

þÞ � Bzðx, 0
�Þ ¼ 0. Therefore, it can be shown that the

general solutions of Equations (13)–(16) are identical to those of the following four
differential equations almost everywhere over the entire plane:

c11
@2uðx, zÞ
@x2
þ c44

@2uðx, zÞ
@z2


 �
þ ðc13 þ c44Þ

@2wðx, zÞ
@x@z

þ ðe31 þ e15Þ
@2�ðx, zÞ
@x@z � ð f31 þ f15Þ

@2 ðx, zÞ
@x@z ¼ 0

ðc13 þ c44Þ
@2uðx, zÞ
@x@z þ c44

@2wðx, zÞ
@x2
þ c33

@2wðx, zÞ
@z2

þ e15
@2�ðx, zÞ
@x2
þ e33

@2�ðx, zÞ
@z2
� f15

@2 ðx, zÞ
@x2
� f33

@2 ðx, zÞ
@z2
¼ 0;

8>>>>>><
>>>>>>:

ð18Þ

ðe15 þ e31Þ
@2uðx, zÞ
@x@z þ e15

@2wðx, zÞ
@x2
þ e33

@2wðx, zÞ
@z2

� "11
@2�ðx, zÞ
@x2
� "33

@2�ðx, zÞ
@z2
� g11

@2 ðx, zÞ
@x2
� g33

@2 ðx, zÞ
@z2
¼ 0

ð f15 þ f31Þ
@2uðx, zÞ
@x@z þ f15

@2wðx, zÞ
@x2
þ f33

@2wð j Þðx, zÞ
@z2

þ g11
@2�ðx, zÞ
@x2
þ g33

@2�ðx, zÞ
@z2
� �11

@2 ðx, zÞ
@x2
� �33

@2 ðx, zÞ
@z2
¼ 0:

8>>>>><
>>>>>:

ð19Þ

3. Mode-I crack

It was assumed that there are two mode-I Griffith cracks of length 1� l along the
x-axis in the magnetoelectroelastic composite material plane, as shown in Figure 1. 2l
is the distance between the two cracks. (The solution of two collinear cracks of length
r� l in magnetoelectroelastic composite materials can easily be obtained by a simple
change in the numerical values of the present paper for crack length 1� l=r.
r4 l4 0.) As discussed in [29], the thickness of the crack is very small. So, in the
present paper, the electric potential, magnetic potential, normal electric displacement
and the normal magnetic flux were assumed to be continuous across the crack
surfaces, i.e. a permeable crack mode was adopted. It was assumed that a distributed
normal stress loading �zzðx, 0Þ ¼ ��0 (here, �0 is the magnitude of the uniform
tension stress loading) was directly applied on the upper crack and the lower
crack surfaces, which is equivalent to investigating the perturbation fields for a
remotely loaded cracked-body through the standard superposition technique in
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fracture mechanics. Therefore, the boundary conditions can be written, respectively,
as follows:

�ð1Þxz ðx, 0
þÞ ¼ �ð2Þxz ðx, 0

�Þ ¼ 0, �ð1Þzz ðx, 0
þÞ ¼ �ð2Þzz ðx, 0

�Þ ¼ ��0

�ð1Þðx, 0þÞ ¼ �ð2Þðx, 0�Þ,  ð1Þðx, 0þÞ ¼  ð2Þðx, 0�Þ

Dð1Þz ðx, 0
þÞ ¼ Dð2Þz ðx, 0

�Þ, Bð1Þz ðx, 0
þÞ ¼ Bð2Þz ðx, 0

�Þ

8>><
>>: , l5 xj j � 1 ð20Þ

uð1Þðx, 0þÞ ¼ uð2Þðx, 0�Þ, wð1Þðx, 0þÞ ¼ wð2Þðx, 0�Þ

�ð1Þzz ðx, 0
þÞ ¼ �ð2Þzz ðx, 0

�Þ, �ð1Þxz ðx, 0
þÞ ¼ �ð2Þxz ðx, 0

�Þ

�ð1Þðx, 0þÞ ¼ �ð2Þðx, 0�Þ ,  ð1Þðx, 0þÞ ¼  ð2Þðx, 0�Þ

Dð1Þz ðx, 0
þÞ ¼ Dð2Þz ðx, 0

�Þ , Bð1Þz ðx, 0
þÞ ¼ Bð2Þz ðx, 0

�Þ

8>>>><
>>>>:

, xj j4 1 and 0 � xj j5 l

ð21Þ

uð j Þðx, zÞ ¼ wð j Þðx, zÞ ¼ �ð j Þðx, zÞ ¼  ð j Þðx, zÞ ¼ 0 for
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ z2

p
!1, ð22Þ

where �ð j Þik ðx, zÞ (i ¼ x, z, k ¼ x, z, j ¼ 1, 2) are the stresses, uð j Þðx, zÞ and wð j Þðx, zÞ
represent the displacement components in the x- and z-axis directions, in which all
quantities with superscript j correspond to the upper half plane 1 (for j ¼ 1) and the
lower half plane 2 (for j ¼ 2) as shown in Figure 1, respectively.

4. Solution procedures

Equations (18) and (19) can be solved using of the generalized Almansi’s theorem as
given by Yang [30]. As expression in Yang’s work [30], Equations (18) and (19) can
be rewritten as follows:

MD½ �

uðx, zÞ
wðx, zÞ
�ðx, zÞ
 ðx, zÞ

8>><
>>:

9>>=
>>; ¼ 0, ð23Þ

1

ll

z

x

211

Figure 1. Geometry and coordinate system for two collinear cracks.
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where the operator is

½MD� ¼

c11
@2

@x2
þ c44

@2

@z2
ðc13 þ c44Þ

@2

@x@z ðe31 þ e15Þ
@2

@x@z �ð f31 þ f15Þ
@2

@x@z

ðc13 þ c44Þ
@2

@x@z c44
@2

@x2
þ c33

@2

@z2
e15

@2

@x2
þ e33

@2

@z2
�f15

@2

@x2
� f33

@2

@z2

ðe15 þ e31Þ
@2

@x@z e15
@2

@x2
þ e33

@2

@z2
�"11

@2

@x2
� "33

@2

@z2
�g11

@2

@x2
� g33

@2

@z2

ð f15 þ f31Þ
@2

@x@z f15
@2

@x2
þ f33

@2

@z2
g11

@2

@x2
þ g33

@2

@z2
��11

@2

@x2
� �33

@2

@z2

2
666664

3
777775:

The determinant of MD½ � is

det MD½ � ¼ a
@8

@z8
þ b

@8

@x2@z6
þ c

@8

@x4@z4
þ d

@8

@x6@z2
þ e

@8

@x8
,

in which a, b, c, d and e are given in Appendix 1. They are constants that only depend

on the properties of the materials.
Based on the cofactors Dik of det MD½ � (i, k¼ 1, 2, 3, 4), and the method

developed in [8,30], the general solutions of Equation (23) are expressed as follows:

½uðx, zÞ,wðx, zÞ,�ðx, zÞ, ðx, zÞ�T ¼ ½Di1,Di2,Di3,Di4�
TFðx, zÞ, ð24Þ

with Fðx, zÞ satisfying the equation

det MD½ �Fðx, zÞ ¼ 0: ð25Þ

In the following analysis, we use only ( D21,D22,D23,D24) for problems symmetric

about the z-axis:

D21 ¼ �11
@6

@x5@z
þ �12

@6

@x3@z3
þ �13

@6

@x@z5

D22 ¼ �21
@6

@x6
þ �22

@6

@x4@z2
þ �23

@6

@x2@z4
þ �24

@6

@z6

D23 ¼ �31
@6

@x6
þ �32

@6

@x4@z2
þ �33

@6

@x2@z4
þ �34

@6

@z6

D24 ¼ �41
@6

@x6
þ �42

@6

@x4@z2
þ �43

@6

@x2@z4
þ �44

@6

@z6
,

8>>>>>>>>>>><
>>>>>>>>>>>:

ð26Þ

where �ik (i ¼ 1, 2, 3, 4; k ¼ 1, 2, 3, 4) can be obtained in Appendix 2. They are

constants that only depend on the properties of the materials.
Using its symmetry on the z-axis and the Fourier transform on x, Fðx, zÞ can be

expressed as follows:

Fðx, zÞ ¼
2

�

Z 1
0

f ðs, zÞ cosðsxÞds: ð27Þ

Substituting Equation (27) into Equation (25) yields

a
@8f ðs, zÞ

@z8
� bs2

@6f ðs, zÞ

@z6
þ cs4

@4f ðs, zÞ

@z4
� ds6

@2f ðs, zÞ

@z2
þ es8f ðs, zÞ ¼ 0; ð28Þ
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which is a homogeneous equation. The solution of f ðs, zÞ is a function of expð�	szÞ,
in which 	 is the root of the algebraic equation:

a	8 � b	6 þ c	4 � d	2 þ e ¼ 0 ð29Þ

whose roots ( 	2) are

	21 ¼
b

4a
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2R5 � R6 �

b3

a3
� 4bc

a2
þ 8d

a

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p

s

	22 ¼
b

4a
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p
þ
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2R5 � R6 �

b3

a3
� 4bc

a2
þ 8d

a

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p

s

	23 ¼
b

4a
þ
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2R5 � R6 þ

b3

a3
� 4bc

a2
þ 8d

a

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p

s

	24 ¼
b

4a
þ
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p
þ
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2R5 � R6 þ

b3

a3
� 4bc

a2
þ 8d

a

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R5 þ R6

p

s
,

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð30Þ

where R1 ¼ 2c3 � 9bcdþ 27ad2 þ 27b2e� 72ace, R2 ¼ c2 � 3bdþ 12ae, R3 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4ðR2Þ

3
þ ðR1Þ

2
q

, R4 ¼
ðR1þR3Þ

1
3

2
1
3

, R5 ¼
b2

4a2
� 2c

3a, R6 ¼
R2

3aR4
þ R4

3a.

Depending on the properties of 	2, the function f ðs, zÞ has five different general

solutions, as follows:

(a) If 	21 6¼ 	
2
2 6¼ 	

2
3 6¼ 	

2
4 4 0, then

f ð1Þðs, zÞ ¼ A1ðsÞe
�	1sz þ A2ðsÞe

�	2sz þ A3ðsÞe
�	3sz þ A4ðsÞe

�	4sz, z � 0

f ð2Þðs, zÞ ¼ B1ðsÞe
	1sz þ B2ðsÞe

	2sz þ B3ðsÞe
	3sz þ B4ðsÞe

	4sz, z � 0

(
ð31Þ

(b) If 	21 6¼ 	
2
2 6¼ 	

2
3 ¼ 	

2
4 4 0, then

f ð1Þðs, zÞ ¼ A1ðsÞe
�	1sz þ A2ðsÞe

�	2sz þ A3ðsÞe
�	3sz þ A4ðsÞze

�	3sz, z � 0

f ð2Þðs, zÞ ¼ B1ðsÞe
	1sz þ B2ðsÞe

	2sz þ B3ðsÞe
	3sz þ B4ðsÞze

	3sz, z � 0

(
ð32Þ

(c) If 	21 6¼ 	
2
2 ¼ 	

2
3 ¼ 	

2
4 4 0, then

f ð1Þðs, zÞ ¼ A1ðsÞe
�	1sz þ A2ðsÞe

�	2sz þ A3ðsÞze
�	2sz þ A4ðsÞz

2e�	2sz, z � 0

f ð2Þðs, zÞ ¼ B1ðsÞe
	1sz þ B2ðsÞe

	2sz þ B3ðsÞze
	2sz þ B4ðsÞz

2e	2sz, z � 0

(
ð33Þ

(d) If 	21 ¼ 	
2
2 ¼ 	

2
3 ¼ 	

2
4 4 0, then

f ð1Þðs, zÞ ¼ A1ðsÞe
�	2sz þ A2ðsÞze

�	2sz þ A3ðsÞz
2e�	2sz þ A4ðsÞz

3e�	2sz, z � 0

f ð2Þðs, zÞ ¼ B1ðsÞe
	2sz þ B2ðsÞze

	2sz þ B3ðsÞz
2e	2sz þ B4ðsÞz

3e	2sz, z � 0

(
ð34Þ
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(e) If 	21 4 0, 	22 4 0, 	21 6¼ 	
2
2 and 	23, 	

2
4 5 0 or 	23 and 	24 being a pair

of conjugate complex roots, then, in this case, the 	3 and 	4 are a pair of

conjugate complexes �
� i!. The solution of the function f ðs, zÞ is

f ð1Þðs,zÞ ¼A1ðsÞe
�	

1
szþA2ðsÞe

�	
2
szþA3ðsÞe

�
sz cosðs!zÞþA4ðsÞe
�
sz sinðs!zÞ , z� 0

f ð2Þðs,zÞ ¼B1ðsÞe
	
1
szþB2ðsÞe

	
2
szþB3ðsÞe


sz cosðs!zÞþB4ðsÞe

sz sinðs!zÞ , z� 0,

(

ð35Þ

where 
 and !4 0 and AiðsÞ, BiðsÞ (i¼ 1, 2, 3, 4) are two functions of s to be

determined by the boundary conditions.
Due to the symmetry, it suffices to consider the problem for x � 0, zj j51.

Based on the solution of the auxiliary function f ðs, zÞ for the case of

	21 6¼ 	
2
2 6¼ 	

2
3 6¼ 	

2
4 4 0, the displacements, stresses, electric displacements, electric

potentials, magnetic fluxes and the magnetic potentials satisfying Equation (22) were

calculated using Mathematica and via Equations (2)–(8), (24), (26), (27), (31)–(35)

for the problems, as follows (the other cases can be obtained using a similar method;

they were omitted in the present paper):

uð1Þðx, zÞ ¼
2

�

X4
i¼1

�ð1Þk

Z 1
0

AiðsÞs
6 sinðsxÞe�	iszds

wð1Þðx, zÞ ¼
2

�

X4
i¼1

�ð2Þk

Z 1
0

AiðsÞs
6 cosðsxÞe�	iszds

�ð1Þðx, zÞ ¼
2

�

X4
i¼1

�ð3Þk

Z 1
0

AiðsÞs
6 cosðsxÞe�	iszds

 ð1Þðx, zÞ ¼
2

�

X4
i¼1

�ð4Þk

Z 1
0

AiðsÞs
6 cosðsxÞe�	iszds,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð36Þ

uð2Þðx, zÞ ¼
2

�

X4
i¼1

�ð1
�Þ

k

Z 1
0

BiðsÞs
6 sinðsxÞe	iszds

wð2Þðx, zÞ ¼
2

�

X4
i¼1

�ð2
�Þ

k

Z 1
0

BiðsÞs
6 cosðsxÞe	iszds

�ð2Þðx, zÞ ¼
2

�

X4
i¼1

�ð3
�Þ

k

Z 1
0

BiðsÞs
6 cosðsxÞe	iszds

 ð2Þðx, zÞ ¼
2

�

X4
i¼1

�ð4
�Þ

k

Z 1
0

BiðsÞs
6 cosðsxÞe	iszds,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð37Þ

where �ð1Þk ¼ 	ið�11 � �12	
2
i þ �13	

4
i Þ ¼ ��

ð1�Þ
k , �ð2Þk ¼ ��21 þ �22	

2
i � �23	

4
i þ �24	

6
i ¼

�ð2
�Þ

k , �ð3Þk ¼ ��31 þ �32	
2
i � �33	

4
i þ �34	

6
i ¼ �

ð3�Þ
k , �ð4Þk ¼ ��41 þ �42	

2
i � �43	

4
iþ

�44	
6
i ¼ �

ð4�Þ
k ,
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�zzðx, zÞ ¼

R1
0

R1
�1

�ð x0 � xj j, z0 � zj jÞ�ð1Þzz ðx
0, z0Þdx0dz0

þ
R 0
�1

R1
�1

�ð x0 � xj j, z0 � zj jÞ�ð2Þzz ðx
0, z0Þdx0dz0

(

¼

Z 1
0

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ��ð1Þzz ðx0, z0Þdx0dz0
¼

Z 0

�1

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ��ð2Þzz ðx0, z0Þdx0dz0, ð38Þ

�xzðx, zÞ ¼

R1
0

R1
�1

�ð x0 � xj j, z0 � zj jÞ�ð1Þxz ðx
0, z0Þdx0dz0

þ
R 0
�1

R1
�1

�ð x0 � xj j, z0 � zj jÞ�ð2Þxz ðx
0, z0Þdx0dz0

(

¼

Z 1
0

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ��ð1Þxz ðx0, z0Þdx0dz0
¼

Z 0

�1

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ��ð2Þxz ðx0, z0Þdx0dz0, ð39Þ

Dzðx, zÞ ¼

R1
0

R1
�1

�ð x0 � xj j, z0 � zj jÞDð1Þz ðx
0, z0Þdx0dz0

þ
R 0
�1

R1
�1

�ð x0 � xj j, z0 � zj jÞDð2Þz ðx
0, z0Þdx0dz0

(

¼

Z 1
0

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ�Dð1Þz ðx0, z0Þdx0dz0
¼

Z 0

�1

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ�Dð2Þz ðx0, z0Þdx0dz0, ð40Þ

Bzðx, zÞ ¼

R1
0

R1
�1

�ð x0 � xj j, z0 � zj jÞBð1Þz ðx
0, z0Þdx0dz0

þ
R 0
�1

R1
�1

�ð x0 � xj j, z0 � zj jÞBð2Þz ðx
0, z0Þdx0dz0

(

¼

Z 1
0

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ�Bð1Þz ðx0, z0Þdx0dz0
¼

Z 0

�1

Z 1
�1

½�ð x0 � x
�� ��, z0 � z

�� ��Þ þ �ð x0 � x
�� ��, z0 þ z

�� ��Þ�Bð2Þz ðx0, z0Þdx0dz0, ð41Þ

where

�ð1Þzz ðx, zÞ ¼
2

�

X4
k¼1

�ð1Þk

Z 1
0

Akðs, tÞs
7 cosðsxÞe�	kszds

�ð1Þxz ðx, zÞ ¼
2

�

X4
k¼0

�ð2Þk

Z 1
0

Akðs, tÞs
7 sinðsxÞe�	kszds

Dð1Þz ðx, zÞ ¼
2

�

X4
k¼0

�ð3Þk

Z 1
0

Akðs, tÞs
7 cosðsxÞe�	kszds

Bð1Þz ðx, zÞ ¼
2

�

X4
k¼0

�ð4Þk

Z 1
0

Akðs, tÞs
7 cosðsxÞe�	kszds,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð42Þ

Philosophical Magazine 1753

D
ow

nl
oa

de
d 

by
 [

V
an

 P
el

t a
nd

 O
pi

e 
L

ib
ra

ry
] 

at
 1

5:
05

 1
9 

O
ct

ob
er

 2
01

4 



�ð2Þzz ðx, zÞ ¼
2

�

X4
k¼1

�ð1
�Þ

k

Z 1
0

Akðs, tÞs
7 cosðsxÞe	kszds

�ð2Þxz ðx, zÞ ¼
2

�

X4
k¼0

�ð2
�Þ

k

Z 1
0

Akðs, tÞs
7 sinðsxÞe	kszds

Dð2Þz ðx, zÞ ¼
2

�

X4
k¼0

�ð3
�Þ

k

Z 1
0

Akðs, tÞs
7 cosðsxÞe	kszds

Bð2Þz ðx, zÞ ¼
2

�

X4
k¼0

�ð4
�Þ

k

Z 1
0

Akðs, tÞs
7 cosðsxÞe	kszds,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð43Þ

and
�ð1Þk ¼ c13�

ð1Þ
k � c33	k�

ð2Þ
k � e33	k�

ð3Þ
k þ f33	k�

ð4Þ
k

�ð2Þk ¼ �c44½	k�
ð1Þ
k þ �

ð2Þ
k � � e15�

ð3Þ
k þ f15�

ð4Þ
k

�ð3Þk ¼ e31�
ð1Þ
k � e33	k�

ð2Þ
k þ "33	k�

ð3Þ
k þ g33	k�

ð3Þ
k

�ð4Þk ¼ f31�
ð1Þ
k � f33	k�

ð2Þ
k � g33	k�

ð3Þ
k þ �33	k�

ð4Þ
k

�ð1
�Þ

k ¼ c13�
ð1�Þ
k þ c33	k�

ð2�Þ
k þ e33	k�

ð3�Þ
k � f33	k�

ð4�Þ
k ¼ ��ð1Þk

�ð2
�Þ

k ¼ c44½	k�
ð1�Þ
k � �

ð2�Þ
k � � e15�

ð3�Þ
k þ f15�

ð4�Þ
k ¼ �ð2Þk

�ð3
�Þ

k ¼ e31�
ð1Þ
k þ e33	k�

ð2�Þ
k � "33	k�

ð3�Þ
k � g33	k�

ð3�Þ
k ¼ ��ð3Þk

�ð4
�Þ

k ¼ f31�
ð1�Þ
k þ f33	k�

ð2�Þ
k þ g33	k�

ð3�Þ
k � �33	k�

ð4�Þ
k ¼ ��ð4Þk :

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

Substituting for � from Equation (10) and applying Equations (42) and (43), the

integrations may be performed with respect to x0 and z0 in Equations (38)–(41) by

noting the integrals [31]:Z 1
0

expð�py2 � �yÞdy ¼
1

2
ð�=pÞ1=2 expð�2=4pÞ½1��ð�=2

ffiffiffi
p
p
Þ�Z 1

�1

expð�px02Þ
sin ðx0 þ xÞ

cos ðx0 þ xÞ

� 
dx0 ¼ ð�=pÞ1=2 exp �

2

4p

� �
sinðxÞ

cosðxÞ

� 

�ðzÞ ¼
2ffiffiffi
�
p

Z z

0

expð�t2Þdt:

Therefore, Equations (38)–(41) can be expressed as follows:

�ð1Þzz ðx,zÞ¼
2

�

X4
k¼1

�ð1Þk

Z 1
0

hkða,�,s,zÞAkðsÞcosðsxÞe
�ð�=aÞ2z2ds

�ð1Þxz ðx,zÞ¼
2

�

X4
k¼0

�ð2Þk

Z 1
0

hkða,�,s,zÞAkðsÞsinðsxÞe
�ð�=aÞ2z2ds

Dð1Þz ðx,zÞ¼
2

�

X4
k¼1

�ð3Þk

Z 1
0

hkða,�,s,zÞAkðsÞcosðsxÞe
�ð�=aÞ2z2ds

Bð1Þz ðx,zÞ¼
2

�

X4
k¼1

�ð4Þk

Z 1
0

hkða,�,s,zÞAkðsÞcosðsxÞe
�ð�=aÞ2z2ds,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð44Þ
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�ð2Þzz ðx, zÞ ¼
2

�

X4
k¼1

�ð1
�Þ

k

Z 1
0

hkða,�, s, zÞBkðsÞ cosðsxÞe
�ð�=aÞ2z2ds

�ð2Þxz ðx, zÞ ¼
2

�

X4
k¼0

�ð2
�Þ

k

Z 1
0

hkða,�, s, zÞBkðsÞ sinðsxÞe
�ð�=aÞ2z2ds

Dð2Þz ðx, zÞ ¼
2

�

X4
k¼1

�ð3
�Þ

k

Z 1
0

hkða,�, s, zÞBkðsÞ cosðsxÞe
�ð�=aÞ2z2ds

Bð2Þz ðx, zÞ ¼
2

�

X4
k¼1

�ð4
�Þ

k

Z 1
0

hkða,�, s, zÞBkðsÞ cosðsxÞe
�ð�=aÞ2z2ds,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð45Þ

where hkða,�, s, zÞ ¼

1
2 expð�

s2a2

4�2
Þ � fexpð½	ks�2ð�=aÞ

2z�2

4ð�=aÞ2
Þ½1��ð	ks�2ð�=aÞ

2z
2ð�=aÞ Þ�

þ expð½	ksþ2ð�=aÞ
2z�2

4ð�=aÞ2
Þ½1��ð	ksþ2ð�=aÞ

2z
2ð�=aÞ Þ�g

8<
: and we

have Lim
a!0

hkða,�, s, 0Þ ¼ 1.

To solve the problem, the jumps in displacements across the crack surfaces were
defined as follows:

f1ðxÞ ¼ uð1Þðx, 0þÞ � uð2Þðx, 0�Þ

f2ðxÞ ¼ wð1Þðx, 0þÞ � wð2Þðx, 0�Þ:

(
ð46Þ

It can be verified that f1ðxÞ is an odd function about the variable x and f2ðxÞ is an
even functions about the variable x.

Substituting Equations (36) and (37) into Equation (46), then applying the
Fourier transform along with the Equations (44) and (45) and the boundary
conditions Equations (20)–(22), we haveX4

k¼1

�ð1Þk AkðsÞ �
X4
k¼1

�ð1
�Þ

k BkðsÞ ¼ �f1ðsÞ=s
6

X4
k¼1

�ð2Þk AkðsÞ �
X4
k¼1

�ð2
�Þ

k BkðsÞ ¼ �f2ðsÞ=s
6

X4
k¼1

�ð3Þk AkðsÞ �
X4
k¼1

�ð3
�Þ

k ðsÞBkðsÞ ¼ 0

X4
k¼1

�ð4Þk AkðsÞ �
X4
k¼1

�ð4
�Þ

k ðsÞBkðsÞ ¼ 0,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð47Þ

X4
k¼1

�ð1Þk h�kða,�, sÞAkðsÞ �
X4
k¼1

�ð1
�Þ

k h�kða,�, sÞBkðsÞ ¼ 0

X4
k¼1

�ð2Þk h�kða,�, sÞAkðsÞ �
X4
k¼1

�ð2�Þk h�kða,�, sÞBkðsÞ ¼ 0

X4
k¼1

�ð3Þk h�kða,�, sÞAkðsÞ �
X4
k¼1

�ð3
�Þ

k h�kða,�, sÞBkðsÞ ¼ 0

X4
k¼1

�ð4Þk h�kða,�, sÞAkðsÞ �
X4
k¼1

�ð4
�Þ

k h�kða,�, sÞBkðsÞ ¼ 0,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð48Þ
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where h�kða,�, sÞ ¼ hkða,�, s, 0Þ. A top bar indicates one-dimensional Fourier

transform with respect to x, as shown in Equation (27).
Solving the eight equations of Equations (47) and (48) with eight unknown

functions, and substituting the results into Equations (44) and (45) and applying the

boundary conditions Equations (20) and (21), we can obtain

�ð1Þzz ðx, 0Þ ¼
1

�

Z 1
0

sg1ða,�, sÞ �f2ðsÞ cosðsxÞds ¼ ��0, l � x � 1; ð49Þ

�ð1Þxz ðx, 0Þ ¼
1

�

Z 1
0

sg2ða,�, sÞ �f1ðsÞ sinðsxÞds ¼ 0, l � x � 1; ð50Þ

Z 1
0

�f1ðsÞ sinðsxÞds ¼ 0,

Z 1
0

�f2ðsÞ cosðsxÞds ¼ 0, x4 1 and 0 � x5 l; ð51Þ

where gkða,�, sÞðk ¼ 1, 2Þ is a known function, as shown in Appendix 3. Here, we just

give these constants for 	21 6¼ 	
2
2 6¼ 	

2
3 6¼ 	

2
4 4 0. The other cases can be obtained

using the same method. To determine the unknown functions �f1ðsÞ and �f2ðsÞ, the

above two pairs of dual integral equations (49)–(51) must be solved.

5. Solution of the dual integral equations

As the only difference between the classical and non-local equations is in the

influence function gkða,�, sÞðk ¼ 1, 2Þ, it is logical to utilize the classical solution to

convert the system equations (49)–(51), to an integral equation of the second kind

that is generally better behaved. However, the dual integral equations (49)–(51)

cannot be transformed into a Fredholm integral equation of the second kind because

gkða,�, sÞðk ¼ 1, 2Þ does not tend to a constant C (C 6¼ 0) for s!1. This is

explained in Eringen’s papers [19,20]. Of course, the dual integral equations (49)–(51)

can be considered as a single integral equation of the first kind with discontinuous

kernel. It is well-known in the literature that integral equations of the first kind are

generally ill-posed in the sense of Hadamard, i.e. small perturbations of the data can

arbitrarily yield large changes in the solution. This makes the numerical solution of

such equations quite difficult. To overcome the difficulty, the Schmidt method [32–

34] was used to solve the dual integral equations (49)–(51). The displacement jumps

across the crack surfaces were expanded as the following series:

f1ðxÞ ¼

P1
n¼0

anP
ð1=2,1=2Þ
n

x�1þl
2

1�l
2


 �
1�

x�1þl
2ð Þ

2

1�l
2ð Þ

2

� �1
2

, l � x � 1,

0 , x4 1 and 0 � x5 l

8><
>: ð52Þ

f2ðxÞ ¼

P1
n¼0

bnP
ð1=2,1=2Þ
n

x�1þl
2

1�l
2


 �
1�

x�1þl
2ð Þ

2

1�l
2ð Þ

2

� �1
2

, l � x � 1,

0 , x4 1 and 0 � x5 l,

8><
>: ð53Þ
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where an and bn are unknown coefficients to be determined, and Pð1=2,1=2Þn ðxÞ is a

Jacobi polynomial [31]. The Fourier transforms [35] of Equations (51) and (52) are

expresses as follows:

�f1ðsÞ ¼
X1
n¼0

anFnG
ð1Þ
n ðsÞ

1

s
Jnþ1 s

1� l

2

� �
, Gð1Þn ðsÞ ¼

ð�1Þ
n
2 sin s 1þl2

� �
, n ¼ 0, 2, 4, 6, . . .

ð�1Þ
n�1
2 cos s 1þl2

� �
, n ¼ 1, 3, 5, 7, . . .

(
,

ð54Þ

�f2ðsÞ ¼
X1
n¼0

bnFnG
ð2Þ
n ðsÞ

1

s
Jnþ1 s

1� l

2

� �
, Gð2Þn ðsÞ ¼

ð�1Þ
n
2 cos s 1þl2

� �
, n ¼ 0, 2, 4, 6, . . .

ð�1Þ
nþ1
2 sin s 1þl2

� �
, n ¼ 1, 3, 5, 7, . . .

(
,

ð55Þ

where Fn ¼ 2
ffiffiffi
�
p �ðnþ1þ1

2Þ

n!
, �ðxÞ and JnðxÞ are the Gamma and Bessel functions of

order n, respectively.
Substituting Equations (54) and (55) into Equations (49)–(51), it can be shown

that Equation (51) was automatically satisfied. Equations (49) and (50) were reduced

to forms, as follows:

1

�

X1
n¼0

bnFn

Z 1
0

g1ða,�, sÞG
ð2Þ
n ðsÞJnþ1 s

1� l

2

� �
cosðsxÞds ¼ ��0, l � x � 1; ð56Þ

1

�

X1
n¼0

anFn

Z 1
0

g2ða,�, sÞG
ð1Þ
n ðsÞJnþ1 s

1� l

2

� �
sinðsxÞds ¼ 0, l � x � 1: ð57Þ

From Equation (57), it can be derived that an ¼ 0 (n ¼ 0, 1, 2, 3, . . . :), i.e. f1ðxÞ ¼ 0.

Equation (56) can now be solved for the coefficients bn using the Schmidt method

[32–34]. For brevity, Equation (56) can be rewritten as follows:

X1
n¼0

bnEnðxÞ ¼ UðxÞ , l5 x5 1; ð58Þ

where EnðxÞ and UðxÞ are known functions; coefficients bn are unknown and to be

determined. A set of functions PnðxÞ which satisfy the orthogonality conditions

Z 1

l

PmðxÞPnðxÞdx ¼ Nn
mn, Nn ¼

Z 1

l

P2
nðxÞdx ð59Þ

can be constructed from the function, EnðxÞ, such that

PnðxÞ ¼
Xn
i¼0

Min

Mnn
EiðxÞ, ð60Þ
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where Mij is the cofactor of the element dij of Dn, defined as

Dn ¼

d00, d01, d02, . . . , d0n

d10, d11, d12, . . . , d1n

d20, d21, d22, . . . , d2n

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

dn0, dn1, dn2, . . . , dnn

2
666666666664

3
777777777775
, dij ¼

Z 1

l

EiðxÞEjðxÞdx: ð61Þ

Using Equations (58)–(61), we obtain

bn ¼
X1
j¼n

qj
Mnj

Mjj
with qj ¼

1

Nj

Z 1

l

UðxÞPj ðxÞdx: ð62Þ

6. Numerical calculations and discussion

Once we determine the coefficients bn, we can obtain the entire stress fields. However,
in the fracture mechanics, it is important to determine the stresses �ð1Þzz , �

ð1Þ
xz , electric

displacement Dð1Þz and magnetic flux Bð1Þz near the vicinity of crack tips. In the present
study, �ð1Þzz , �

ð1Þ
xz , D

ð1Þ
z and Bð1Þz along the crack line can be, respectively, expressed as

follows:

�ð1Þzz ðx, 0Þ ¼
1

�

X1
n¼0

bnFn

Z 1
0

g1ða,�, sÞG
ð2Þ
n ðsÞJnþ1 s

1� l

2

� �
cosðsxÞds, ð63Þ

�ð1Þxz ðx, 0Þ ¼ 0; ð64Þ

Dð1Þz ðx, 0Þ ¼
1

�

X1
n¼0

bnFn

Z 1
0

g3ða,�, sÞG
ð2Þ
n ðsÞJnþ1 s

1� l

2

� �
cosðsxÞds, ð65Þ

Bð1Þz ðx, 0Þ ¼
1

�

X1
n¼0

bnFn

Z 1
0

g4ða,�, sÞG
ð2Þ
n ðsÞJnþ1 s

1� l

2

� �
cosðsxÞds, ð66Þ

where gkða,�, sÞ (k ¼ 3, 4) is a known function, as shown in Appendix 3.
As discussed in [25,26,34], it can be seen that the Schmidt method is performed

satisfactorily if the first 10 terms of the infinite series in Equation (58) are retained.
From the expressions of functions gkða,�, sÞ (k ¼ 1, 3, 4), we see that the semi-infinite
integration and the series in Equations (63)–(66) are convergent for any variable x
for a=� 6¼ 0. Equations (63)–(66) give a finite stress field, a finite electric
displacement field and a finite magnetic flux field all along z ¼ 0; therefore, there
is no stress, electric displacement and magnetic flux singularity at the crack tips.
However, for a=� ¼ 0, the classical stress, electric displacement and the magnetic flux
singularities will be present at crack tips because Lim

a!0
hkða,�, s, 0Þ ¼ 1. At l5 x5 1,

�ð1Þzz ðx, 0Þ=�0 is very close to negative unity, and for x4 1, �ð1Þzz ðx, 0Þ=�0 possesses finite
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values diminishing from finite values at x ¼ l and x ¼ 1 to zero at x ¼ 1. The

semi-infinite numerical integrals, which occur, were evaluated easily by Filon’s

method [36] due to the rapid diminution of the integrands. In all computations, the

material properties were assumed as given in Table 1 based on [27,37] and the

variables of all were selected as dimensionless.
The calculated stress, electric displacement and magnetic flux fields near crack

tips are plotted in Figures 2–11. Now, we will discuss the results as follows:

(i) In the present paper, the traditional concept of the non-local theory was

extended to deal with the fracture problem of magnetoelectroelastic

composite materials by means of the generalized Almansi’s theorem and

the Schmidt method [32–34].
(ii) In the present paper, the generalized Almansi’s theorem was applied and the

basic non-local theory solution was obtained for potential functions, stress,

electric displacement and magnetic flux fields near the crack tips in

magnetoelectroelastic composite materials. This method in the present paper

is feasible for general cases, as discussed in Equations (31)–(35); thus, the

obtained solution is valid for general cases. However, the Eshelby–Stroh

method, as adopted in [10], is valid only for the cases of non-degenerate

materials.
(iii) For a=� 6¼ 0, it can be proved that the semi-infinite integration and the series

in Equations (63), (65) and (66) are convergent for any variable x. So, the

stress, electric displacement and magnetic flux fields give finite values along

the crack line, as shown in Figures 2–5. Contrary to the classical

electro-elastic theory solution, it is found that no stress, electric displace-

ment or magnetic flux singularities are present at the crack tips; also, the

present results converge to the classical results when far away from the crack

tip. The maximum stress does not occur at the crack tip, but slightly away

from it, as shown in Figures 2 and 3. This phenomenon has been thoroughly

substantiated in Eringen’s paper [38]. The distance between the crack tip and

the maximum stress point is very small, and is dependent on crack length

and the lattice parameter.
(iv) The stress at the crack tip becomes infinite as the lattice parameter a! 0.

This is the classical continuum limit of square root singularity, which

can be shown from Equations (49)–(51). For Lim
a!0

hkða,�, s, 0Þ ¼ 1,

Equations (49)–(51) will reduce to the dual integral equations for the

Table 1. Material properties of magnetoelectroelastic composite materials.

c11 (10
10N/m2)

22.6
c12 (10

10N/m2)
12.5

c13 (10
10N/m2)

12.4
C33 (10

10N/m2)
21.6

c44 (10
10N/m2)
4.4

e31 (C/m
2)

–2.2
e33(C/m

2)
9.3

e15(C/m
2)

5.8
"11(10

–10 C2/Nm2)
56.4

"33(10
–10 C2/Nm2)
63.5

f31 (N/Am)
290.2

f33 (N/Am)
350.0

F15 (N/Am)
275.0

�11(10
–6 Ns2/C2)
297.0

�33(10
–6 Ns2/C2)
83.5

g11 (10
–9 Ns/VC)

0.005
g33 (10

–9 Ns/VC)
0.008
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same problem in classical magnetoelectroelastic composite materials. These
dual integral equations can be solved by using the singular integral equation
for the same problem in the local magnetoelectroelastic composite materials.
However, the stress, electric displacement and magnetic flux singularities are
present at the crack tips in local magnetoelectroelastic composite materials,
as is well known.

0.98 0.99 1.00 1.01 1.02

–5

0

5

10

15

20

x

τ zz
/τ

0

Figure 3. Locally enlarged graph of Figure 2 near the right crack tip.

0.0 0.5 1.0 1.5 2.0
–5

0

5

10

15

20

x

τ zz
/τ

0

Figure 2. Stress along the crack line versus x for l ¼ 1:0 and a=� ¼ 0:001.
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(v) The results of the stress, electric displacement and magnetic flux fields at the
crack tips tend to decrease with an increase in the lattice parameter, as
shown in Figures 6–8.

(vi) For the a=� ¼ constant, viz. the lattice parameter does not change, the value
of the stress, electric displacement and magnetic flux concentrations (at the

0.0 0.5 1.0 1.5 2.0

0

4

8

12

x

D
z
/(

τ 0  10
–1

0 )

Figure 4. Electric displacement along the crack line versus x for l ¼ 1:0 and a=� ¼ 0:001.
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Figure 5. Magnetic flux along the crack line versus x for l ¼ 1:0 and a=� ¼ 0:001.
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Figure 6. Stress at the crack tips versus a=�.
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Figure 7. Electric displacement at the crack tip versus a=�.
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crack tip) increase with increasing crack length, as shown in Figures 9–11.
Noting this fact, experiments indicate that magnetoelectroelastic composite
materials with smaller cracks are more resistant to fracture than those with
larger cracks.

(vii) It can be ascertained that the stress fields near inner crack tips are greater
than those near outer crack tips, as shown in Figures 2–11.

0.0 0.2 0.4 0.6 0.8 1.0

4

8

12
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τ zz
/τ

0

tzz  (l,0)/t0

tzz (1,0)/t0

Figure 9. Stress at the crack tip versus l.
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Figure 8. Magnetic flux at the crack tip versus a=�.
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(viii) For the electric displacement and magnetic flux fields near the crack
tips, they have the same changing tendency as stress fields, as indicated in
Figures 2–11. However, the amplitude values of the electric displacement
and magnetic flux fields are very small, as shown in Figures 4–11, because
the perturbation electric displacement and the perturbation magnetic flux
fields near the crack tips are cased only by the mechanical loading.

0.0 0.2 0.4 0.6 0.8 1.0

1

2
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Bz (l, 0) /t0
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B
z
/(

t 0  10
–8
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Figure 11. Magnetic flux at the crack tip versus l.
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Figure 10. Electric displacement at the crack tip versus l.
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7. Conclusions

The non-local theory solution of two collinear mode-I cracks in a magnetoelec-
troelastic composite material plane was given by the generalized Almansi’s theorem
and the Schmidt method. Numerical examples were provided to show the effects of
crack length, the distance between two collinear cracks and lattice parameter on the
stress field, electric displacement field and the magnetic flux field near the crack tips.
Unlike classical elasticity solutions, it was found that no stress, electric displacement
and magnetic flux singularities are present near the crack tips in a magnetoelec-
troelastic composite material plane. The non-local elastic solutions yield a finite
hoop stress at the crack tip, thus allowing us to use the maximum stress as a fracture
criterion.
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Appendix 1

a ¼ c44½�2e33f33g33 þ e233�33 � f 2
33"33 þ c33ð g

2
33 þ �33"33Þ�,

b ¼ �fe231f
2
33 þ 2c33e31f15g33 þ 2c33e31f31g33 � 2c13e31f33g33 � 2c44e31f33g33 � 2c33c44g11g33

þ c213g
2
33 � c11c33g

2
33 þ 2c13c44g

2
33 � c33e

2
31�33 þ e233ð f

2
15 þ 2f15f31 þ f 2

31 � c44�11 � c11�33Þ

þ e215ð f
2
33 � c33�33Þ þ 2e15f½c33ð f15 þ f31Þ � c13f33� g33 þ e31ð f

2
33 � c33�33Þg

� 2e33f�c44f33g11 þ c13f15g33 þ c13f31g33 þ c44f31g33 � c11f33g33

þ e15ð f15f33 þ f31f33 � c13�33Þ þ e31½ f15f33 þ f31f33 � �33ðc13 þ c44Þ�g

þ c44f
2
33"11 � c33c44�33"11 þ c33f

2
15"33 þ 2c33f15f31"33 þ c33f

2
31"33

� 2c13f15f33"33 � 2c13f31f33"33

� 2c44f31f33"33 þ c11f
2
33"33 � c33c44�11"33 þ c213�33"33 � c11c33�33"33 þ 2c13c44�33"33g,

c ¼ 2c13e33f15g11 þ 2c13e33f31g11 þ 2c44e33f31g11 � 2c11e33f33g11 þ c33c44g
2
11 � 2c11e33f15g33

� 2c213g11g33 þ 2c11c33g11g33 � 4c13c44g11g33 þ c11c44g
2
33 þ c11e

2
33�11

þ e215ð2f31f33 þ c33�11 � 2c13�33Þ þ e231ð�2f15f33 þ c33�11 þ c44�33Þ

� 2e15½c33ð f15 þ f31Þ g11 � c13f33g11 � 2c13f15g33 � c13f31g33 þ c11f33g33

þ e33ð f15f31 þ f 2
31 þ c13�11 � c11�33Þ�

þ 2e31f�c33f15g11 � c33f31g11 þ c13f33g11 þ c44f33g11 þ c13f15g33 � c44f31g33

þ e33½ f
2
15 þ f15f31 � ðc13 þ c44Þ�11� þ e15ð�f15f33 þ f31f33 þ c33�11 � c13�33Þg

� c33f
2
15"11 � 2c33f15f31"11 � c33f

2
31"11 þ 2c13f15f33"11 þ 2c13f31f33"11 þ 2c44f31f33"11

� c11f
2
33"11 þ c33c44�11"11 � c213�33"11 þ c11c33�33"11 � 2c13c44�33"11 þ 2c13f

2
15"33

þ 2c13f15f31"33 � c44f
2
31"33 � 2c11f15f33"33 � c213�11"33 þ c11c33�11"33

� 2c13c44�11"33 þ c11c44�33"33,
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d ¼ �2c11e33f15g11 � c213g
2
11 þ c11c33g

2
11 � 2c13c44g

2
11 þ 2c11c44g11g33 þ e231ð�f

2
15 þ c44�11Þ

þ 2e31ðe15f15f31 þ c13f15g11 � c44f31g11 � c13e15�11Þ

þ 2e15½c13ð2f15 þ f31Þ g11 � c11ð f33g11 þ f15g33 � e33�11Þ�

� e215ð f
2
31 þ 2c13�11 � c11�33Þ þ 2c13f

2
15"11 þ 2c13f15f31"11 � c44f

2
31"11 � 2c11f15f33"11

� c213�11"11 þ c11c33�11"11 � 2c13c44�11"11 þ c11c44�33"11 � c11f
2
15"33 þ c11c44�11"33,

e ¼ �2c11e15f15g11 þ c11c44g
2
11 þ c11e

2
15�11 � c11f

2
15"11 þ c11c44�11"11:

Appendix 2

�11 ¼ �½�e31f15g11 þ c13g
2
11 þ c44g

2
11 þ e215�11 þ e15ð�2f15g11 � f31g11 þ e31�11Þ

� f 2
15"11 � f15f31"11 þ c13�11"11 þ c44�11"11�,

�12 ¼ e31f33g11 þ e31f15g33 � 2c13g11g33 � 2c44g11g33 þ e33½ f15g11 þ f31g11 � ðe15 þ e31Þ�11�

� e215�33 þ e15ð f33g11 þ 2f15g33 þ f31g33 � e31�33Þ þ f15f33"11 þ f31f33"11

� c13�33"11 � c44�33"11

þ f 2
15"33 þ f15f31"33 � c13�11"33 � c44�11"33,

�13 ¼ �f�e15f33g33 � e31f33g33 þ c13g
2
33 þ c44g

2
33 þ e33½�f15g33 � f31g33 þ ðe15 þ e31Þ�33�

� f15f33"33 � f31f33"33 þ c13�33"33 þ c44�33"33g,

�21 ¼ c11ð g
2
11 þ �11"11Þ,

�22 ¼ �2e31ð f15 þ f31Þ g11 þ c44g
2
11 þ 2c11g11g33 þ e215�11 þ e231�11

� 2e15ð f15g11 þ f31g11 � e31�11Þ

� f 2
15"11 � 2f15f31"11 � f 2

31"11 þ c44�11"11 þ c11�33"11 þ c11�11"33,

�23 ¼ �2e31ð f15 þ f31Þ g33 þ 2c44g11g33 þ c11g
2
33 þ e215�33 þ e231�33

� 2e15ð f15g33 þ f31g33 � e31�33Þ

þ c44�33"11 � f 2
15"33 � 2f15f31"33 � f 2

31"33 þ c44�11"33 þ c11�33"33,

�24 ¼ c44ð g
2
33 þ �33"33Þ, �31 ¼ �c11ð f15g11 � e15�11Þ,

�32 ¼ �f�c13f15g11 � c13f31g11 � c44f31g11 þ c11f33g11 þ c11f15g33 � c11f33g11

þ e31½�f
2
15 � f15f31 þ ðc13 þ c44Þ�11� þ e15ð f15f31 þ f 2

31 þ c13�11 � c11�33Þg,

�33 ¼ �½�e15f15f33 � e31f15f33 � e15f31f33 � e31f31f33 þ c44f33g11 � c13f15g33

� c13f31g33 � c44f31g33 þ c11f33g33 þ c13e15�33 þ c13e31�33 þ c44e31�33

þ e33ð f
2
15 þ 2f15f31 þ f 2

31 � c44�11 � c11�33Þ�,

�34 ¼ �c44ð f33g33 � e33�33Þ, �41 ¼ c11ðe15g11 þ f15"11Þ,

�42 ¼ �f�e
2
31f15 þ e215f31 þ ðc13 þ c44Þe31g11 � c11e33g11

þ e15½e31ð�f15 þ f31Þ þ c13g11 � c11g33�

þ c13f15"11 þ c13f31"11 þ c44f31"11 � c11f33"11 � c11f15"33g,

�43 ¼ e215f33 þ e231f33 þ c44e33g11 þ c11e33g33 � e15½e33ð f15 þ f31Þ � 2e31f33 þ c13g33�

� e31½e33ð f15 þ f31Þ þ ðc13 þ c44Þ g33� þ c44f33"11 � c13f15"33 � c13f31"33

� c44f31"33 þ c11f33"33,

�44 ¼ c44ðe33g33 þ f33"33Þ:
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Appendix 3

Equations (47) and (48) can be rewritten as follows:

MaþMb ¼

�f1=s
6

0
0
0

2
664

3
775, Na�Nb ¼

�f2=s
6

0
0
0

2
664

3
775, ð67Þ

where

M ¼

�ð1Þ1 �ð1Þ2 �ð1Þ3 �ð1Þ4

�ð1Þ1 h�1 �ð1Þ2 h�2 �ð1Þ3 h�3 �ð1Þ4 h�4

�ð3Þ1 h�1 �ð3Þ2 h�2 �ð3Þ3 h�3 �ð3Þ4 h�4

�ð4Þ1 h�1 �ð4Þ2 h�2 �ð4Þ3 h�3 �ð4Þ4 h�4

2
666664

3
777775, N ¼

�ð2Þ1 �ð2Þ2 �ð2Þ3 �ð2Þ4

�ð3Þ1 �ð3Þ2 �ð3Þ3 �ð3Þ4

�ð4Þ1 �ð4Þ2 �ð4Þ3 �ð4Þ4

�ð2Þ1 h�1 �ð2Þ2 h�2 �ð2Þ3 h�3 �ð2Þ4 h�4

2
666664

3
777775,

a ¼

A1

A2

A3

A4

2
6664

3
7775, b ¼

B1

B2

B3

B4

2
6664

3
7775:

So, it can be obtained that

a ¼
1

2
M�1

�f1=s
6

0
0
0

2
664

3
775þ 1

2
N�1

�f2=s
6

0
0
0

2
664

3
775, b ¼

1

2
M�1

�f1=s
6

0
0
0

2
664

3
775� 1

2
N�1

�f2=s
6

0
0
0

2
664

3
775: ð68Þ

So, the unknown functions Ai and Bi can be expressed as follows:

Ai ¼
1

2
ðmi1

�f1 þ ni1 �f2Þ=s
6, Bi ¼

1

2
ðmi1

�f1 � ni1 �f2Þ=s
6, ð69Þ

where ½mij�4�4 ¼ ½M�
�1, ½nij�4�4 ¼ ½N�

�1.
Substituting Equation (69) into Equation (67), it can be obtained:

�f1

�ð1Þ1 �ð1Þ2 �ð1Þ3 �ð1Þ4

�ð1Þ1 h�1 �ð1Þ2 h�2 �ð1Þ3 h�3 �ð1Þ4 h�4

�ð3Þ1 h�1 �ð3Þ2 h�2 �ð3Þ3 h�3 �ð3Þ4 h�4

�ð4Þ1 h�1 �ð4Þ2 h�2 �ð4Þ3 h�3 �ð4Þ4 h�4

2
666664

3
777775

m11

m21

m31

m41

2
6664

3
7775 ¼

�f1

0

0

0

2
6664

3
7775, ð70Þ

�f2

�ð2Þ1 �ð2Þ2 �ð2Þ3 �ð2Þ4

�ð3Þ1 �ð3Þ2 �ð3Þ3 �ð3Þ4

�ð4Þ1 �ð4Þ2 �ð4Þ3 �ð4Þ4

�ð2Þ1 h�1 �ð2Þ2 h�2 �ð2Þ3 h�3 �ð2Þ4 h�4

2
666664

3
777775

n11

n21

n31

n41

2
6664

3
7775 ¼

�f2

0

0

0

2
6664

3
7775_ ð71Þ
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Therefore, we have

�ð1Þ1 �ð1Þ2 �ð1Þ3 �ð1Þ4

�ð1Þ1 h�1 �ð1Þ2 h�2 �ð1Þ3 h�3 �ð1Þ4 h�4

�ð3Þ1 h�1 �ð3Þ2 h�2 �ð3Þ3 h�3 �ð3Þ4 h�4

�ð4Þ1 h�1 �ð4Þ2 h�2 �ð4Þ3 h�3 �ð4Þ4 h�4

2
666664

3
777775

m11

m21

m31

m41

2
6664

3
7775 ¼

1

0

0

0

2
6664

3
7775)

P4
i¼1

�ð1Þi h�i mi1 ¼ 0

P4
i¼1

�ð3Þi h�i mi1 ¼ 0

P4
i¼1

�ð4Þi h�i mi1 ¼ 0

8>>>>>>>><
>>>>>>>>:

, ð72Þ

�ð2Þ1 �ð2Þ2 �ð2Þ3 �ð2Þ4

�ð3Þ1 �ð3Þ2 �ð3Þ3 �ð3Þ4

�ð4Þ1 �ð4Þ2 �ð4Þ3 �ð4Þ4

�ð2Þ1 h�1 �ð2Þ2 h�2 �ð2Þ3 h�3 �ð2Þ4 h�4

2
666664

3
777775

n11

n21

n31

n41

2
6664

3
7775 ¼

1

0

0

0

2
6664

3
7775)

P4
i¼1

�ð3Þi ni1 ¼ 0

P4
i¼1

�ð4Þi ni1 ¼ 0

P4
i¼1

�ð2Þi h�i ni1 ¼ 0

8>>>>>>>><
>>>>>>>>:

_ ð73Þ

Substituting Equation (69) into Equation (44) and applying Equations (72) and (73), we have

�ð1Þzz ðx, 0Þ ¼
1

�

Z 1
0

X4
k¼1

s�ð1Þk h�kða, �, sÞðmk1
�f1 þ nk1 �f2Þ cosðsxÞds

¼
1

�

Z 1
0

s
X4
k¼1

�ð1Þk h�kða,�, sÞnk1
�f2 cosðsxÞds ¼

1

�

Z 1
0

sg1ða, �, sÞ �f2 cosðsxÞds

ð74Þ

�ð1Þxz ðx, 0Þ ¼
1

�

Z 1
0

�
s
X4
k¼1

�ð2Þk h�kða, �, sÞðmk1
�f1 þ nk1 �f2Þ

�
sinðsxÞds

¼
1

�

Z 1
0

s
X4
k¼1

�ð2Þk h�kða,�, sÞmk1
�f1 sinðsxÞds ¼

1

�

Z 1
0

sg2ða,�, sÞ �f1 sinðsxÞds

ð75Þ

Dð1Þz ðx, 0Þ ¼
1

�

Z 1
0

s
X4
k¼1

�ð3Þk h�kða,�, sÞðmk1
�f1 þ nk1 �f2Þ cosðsxÞds

¼
1

�

Z 1
0

s
X4
k¼1

�ð3Þk h�kða,�, sÞnk1
�f2 cosðsxÞds ¼

1

�

Z 1
0

sg3ða, �, sÞ �f2 cosðsxÞds

ð76Þ

Bð1Þz ðx, 0Þ ¼
1

�

Z 1
0

s
X4
k¼1

�ð4Þk h�kða,�, sÞðmk1
�f1 þ nk1 �f2Þ cosðsxÞds

¼
1

�

Z 1
0

s
X4
k¼1

�ð4Þk h�kða,�, sÞnk1
�f2 cosðsxÞds ¼

1

�

Z 1
0

sg4ða,�, sÞ �f2 cosðsxÞds:

ð77Þ
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