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Abstract In a weakly nonlinear tidal system, the depth-
averaged equations for the first-order Lagrangian
residual velocity (LRV) are deduced systematically.
For the case of a narrow bay, the equations are solved
analytically and the results for a specific bottom profile
are discussed in detail. According to the pattern of the
first-order LRV, the bay can be divided into three parts,
namely an inner part, a transitional zone, and an outer
part. For the given depth profile, the streamline of the
first-order LRV for a shorter bay is a part of that for a
longer bay. The first-order LRV depends on a nondi-
mensional parameter that combines the influences of
the bottom friction coefficient, the tidal period and the
averaged water depth. The form of the bottom friction
also has a significant influence on the first-order LRV.
The second-order LRV, i.e., the Lagrangian drift, is
analytically solved and shows dependence on the initial
tidal phase. The LRV differs from the Eulerian resid-
ual transport velocity both quantitatively and quali-
tatively. It is demonstrated that the residual currents
obtained according to other definitions may cause mis-
understanding of the mass transport in water exchange
applications.
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1 Introduction

In shallow seas, the tidal current is normally the dom-
inant component of the total movement of the sea
water. Because of nonlinearity, the tidal flow induces
an aperiodic current that is called the residual current.
It has been long recognized that the residual current
plays an important role in the inter-tidal mass transport
in the shallow seas (e.g., Nihoul and Ronday 1975).

The meaning of “residual current” is rather vague,
which is related to the various ways to derive it from the
directly measured current fields. The residual current
and the accompanying temperature and salinity fields
should constitute a slowly varying, aperiodic dynamic
system in shallow seas. The prerequisite for the re-
trieved aperiodic movement to become the residual
current is that it can describe the net displacement of
the water parcel after one or a few tidal periods. The
residual current should also be in accordance with the
basic law of fluid motion.

A straightforward definition of the residual current is
the average of the measured velocity at a fixed location
over multiple tidal periods (e.g., Abbott 1960). This
is called the Eulerian residual velocity, ug. However,
if ug is used to study the inter-tidal movement in a
3D case, there is fictitious source (or sink) of water
mass at the sea surface (Feng et al. 1984). There is
also an extra-dispersion term in the inter-tidal transport
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equation (Fischer et al. 1979). These are questionable
aspects related to describing the subtidal current with
the Eulerian residual velocity.

An alternative approach to define the residual ve-
locity was inspired by the idea of relating the mass-
transport velocity to the sediment transport in tidal
estuaries by Hunt (1961). Longuet-Higgins (1969) first
related the mass-transport velocity to the large-scale
ocean circulation. He pointed out clearly that the mass-
transport velocity at a fixed location is not solely con-
trolled by the mean velocity at that point alone, and
the mass-transport velocity, ug,, equals the sum of the
Eulerian residual velocity (ug) and the Stokes’ drift
velocity (ug). For the case of the tidal flow, Zimmerman
(1979) obtained the analytic expression of ug and found
that u, and ug are rather different; Loder (1980) and
Cheng and Casulli (1982) demonstrated similar results
based on numerical modeling results.

In a weakly nonlinear tidal system, Feng et al.
(1986a) systematically applied the perturbation method
to the depth-averaged tidal dynamic equations and
obtained the Lagrangian residual velocity (LRV, here-
after), upg, to the second order expressed by the zeroth-
order tidal solutions. They showed that the first-order
upR is the mass-transport velocity, uy; and defined the
second-order upg as the Lagrangian drift velocity, uyg.
They analytically revealed the dependence of uy on
the tidal phase, which is related to the initial timing
when the water parcels are released. This demonstrates
that upg has a specific Lagrangian nature (Cheng 1983).
Feng et al. (1986b) proposed the use of uy, to replace ug
to act as the advective transport velocity in the inter-
tidal transport equation, in which the tidal dispersion
term disappears.

Feng (1987) extended the analysis to the 3D case and
established a set of dynamic equations governing ug,. A
tidal body force appears in the momentum equations,
which represents the nonlinear coupling of the zeroth-
order tide. The water mass is continuous at the sea
surface, i.e., the fictitious “tidal surface source” in Feng
et al. (1984) vanishes, which keeps the conservation
of the mass. The inter-tidal mass-transport equation
using uy, as the advective velocity was also derived,
with the tidal dispersion term in Fischer et al. (1979)
disappearing. The analysis clearly demonstrated that uy,
is the more appropriate residual circulation in the tide-
dominant shallow seas.

The distinction between the Lagrangian and the
Eulerian residual velocity has been theoretically recog-
nized for more than 30 years. The Lagrangian resid-
ual current framework has been successfully applied
to many cases (e.g., Jay 1991; Foreman et al. 1992;
Dortch et al. 1992; Cerco and Cole 1993; Wang et al.

@ Springer

1993; Ridderinkhof and Loder 1994; Delhez 1996; Wei
et al. 2004; Hainbucher et al. 2004; Muller et al. 2009).
However, the Lagrangian framework is still not widely
accepted; and it is not uncommon in literature that the
Eulerian residual velocity (ug) is used to explain the
mass transport in shallow seas. This is partly because
the residual current is at least one order smaller than
the tidal current, causing it to be often contaminated
by the errors in observations or model simulations.
This leads to difficulty in demonstrating the differences
among various definitions of the residual current.

In some special cases, ug was questioned explicitly
based on the physics. For example, when studying the
depth-averaged 2D case, Robinson (1983) replaced ug
with the Eulerian residual transport velocity, uy, as
the tidal mean flux at one specific location divided by
the averaged water depth. He stated that ur should be
used to quantify the mean mass transport at a specific
location. This statement was proven wrong by Feng
et al. (1986b) who showed it is uy, rather than uy that
is related to the inter-tidal transport. The product of
the depth-averaged LRV and the mean water depth,
the so-called Lagrangian residual transport, is the net
mass transport in a depth-averaged 2D case. Since uy
is of the same order as ug and uy,, it is also difficult to
distinguish them from observations or modeling results.

Under such a circumstance, the analytical solutions
for idealized cases are the most ideal for assessing
the differences among different residual velocities. For
example, Dyke (1980) gave an analytical solution of the
Stokes’ drift in a two-layer rectangular basin with a flat
bottom, based on a specific solution of the linear tide.
Ianniello (1977) analytically calculated ug and uy, in a
length-depth section of a narrow bay, and found that ug
is always seaward while uy, is of a two-layer structure.
This clearly demonstrated that the Eulerian residual
velocity violates mass conservation while the LRV does
not. It should be pointed out that the expression of uy, in
Ianniello (1977) is indeed ury, later defined by Robinson
(1983). It happens that in the case of Ianniello (1977) uy
is a valid simplification of uy..

For general cases ur and uy, are different, but in
recent years ur has still been used to represent the
inter-tidal mass transport even in some theoretical stud-
ies. Li and O’Donnell (2005) gave an analytic solution
of ur in a narrow bay and used it to represent the
mass-transport velocity. They studied the dependence
of the Eulerian residual transport velocity on the length
(Li and O’Donnell 2005) and bending of the bay (Li
et al. 2008). Winant (2007) found a solution for a 3D
case in a bay and then studied the first-order LRV, ug,
(Winant 2008). However, he used the Eulerian residual
transport to represent the depth integrated residual
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transport even though he noticed the discrepancy be-
tween uyp and uy, in his results.

The purpose of the present study is to clarify the
different definitions of the residual current, through
quantitative comparison of ug, ur and uy, calculated
for a specific case of a narrow bay. The govern-
ing equations for the Lagrangian residual flow in a
depth-averaged 2D case will be derived for the first
time, based on the concept developed by Feng et al.
(1986a,b). By confining to a narrow bay, the equa-
tions will be solved analytically to obtain the first-
and second-order LRV. The behavior of the LRV will
be analyzed and some factors influencing it will be
discussed. The analysis results will help to draw the
attention of researchers when studying the circulation
dynamics in shallow coastal waters.

2 Definitions and governing equations
2.1 Definitions of residual velocities

For clarity, Table 1 provides a list of symbols related
to the major definitions of the residual currents. The
definitions of these residual currents are provided be-
low, and more details can be found in Feng et al. (1986a,
2008) and Delhez (1996).

The Lagrangian residual velocity ug is commonly
defined as the net displacement of the water parcel
divided by the elapsed time of n tidal periods (e.g.,
Zimmerman 1979):

E(to +nT; X, to)
UrR=—""—" ",
nT
where &(; X, tg) = ft(t) u(xg + &,7)dr defines the dis-
placement of a water parcel with the initial position at
xg when ¢ = f,.

The tidal oscillation is removed from the net dis-
placement of the water parcel after » tidal periods, but a
slowly varying part with an inter-tidal time scale t may
still exist. Feng et al. (2008) proved that if » is not too

Table 1 Symbols for major definitions of the residual current

Symbol Meaning

ULR Lagrangian residual velocity(LRV)

uL, First-order LRV, mass-transport velocity

uq Second-order LRV, Lagrangian drift velocity
ug Eulerian residual velocity

ug Stokes’ drift velocity

ur Eulerian residual transport velocity

large to ensure that the water parcel’s net displacement
after n tidal periods is at least one order of magnitude
smaller than the tidal excursion, &(ty + nT; xo, ty) can
be a smooth function of xy and t. Thus, assuming
& (X0, T; t9) = E(to +nT, xo, ty), the LRV is defined as

0&,-(X0, T;5 1p)

upr(Xo, 75 fy) = P

The nonlinearity of the shallow sea tidal system can
be quantified by a nondimensional number «, the ratio
between the tidal amplitude and the water depth. In
the weakly nonlinear case, i.e., O(x) < 1, all the state
variables such as u, v and ¢ can be expanded into the
power series according to «,

U= uUy+ Kl +K2u2+-~-
and similar expansion can be applied to v and ¢.

Feng et al. (1986a) proved that the mass-transport
velocity wuy, defined by Longuet-Higgins (1969) is the
first-order approximation to urg and is independent of
the initial phase #, i.e.,
uLR (Xo, 73 fo) = ur (X, 7) + O(k), (1)
where the mass-transport velocity is defined as
uL(Xo, 7) = Ug + Us. 2

The Eulerian residual velocity is defined as
ug = (ug, ve) = ((u1), (v1)), 3)
and the Stokes’ drift velocity is defined as

us = (us, vs) = (& - Vuy), 4)

where the tidal average operator is defined as follows:

1 to+nT
nT J,
and
t t
&o=(%0,n0) = </ uo(xo, t)dr', / vp (X, l/)df) -
fo f
Thus,
0
uy = (ug, vo) = % (6)
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The definition of the Eulerian residual transport
velocity uy is based on the idea that the calculation
of the residual transport should take the water surface
oscillation into consideration, thus,

ur = (ur, vr) = ug + % (7)

It is proved in Eqgs. 53 and 54 in the Appendix (or
Feng et al. 1986b) that

us = up + <u(;,§0>’
where
_ _ 1 (aChuono) 9{hvodo)
up = (Up, vp) = 7 < by " ox ) . (®)

We thus get uy, = ur + up, which means that uy is
only a part of uy. In general, even to the first-order
approximation, ur cannot describe the water parcel
movement as the LRV does, except in cases when
up = 0 such as the section-averaged one-dimensional
or breadth-averaged two-dimensional cases of a bay.

The second-order uyy is related to the Lagrangian
drift velocity wg = (4, vig),

UpR = Ug, + Uyq + O(Kz). (9)

uyq is dependent on the initial phase of a tidal period
and its expression can be found in Feng et al. (1986a).
The Lagrangian drift velocity represents the interaction
between the tidal current and up and is one order
smaller than uy, in the weakly nonlinear case.

2.2 The tidal equations

For a narrow bay, the Cartesian coordinates are used
with the x and y-axes oriented along and across the axis
of the bay respectively. The bay has a length of L and
width of B. A single-frequency tide is imposed at the
open boundary at x = 0. The nondimensional, depth-
averaged governing equations describing this system
of long gravity waves can be found in literature, e.g.,
in Feng et al. (1986a). Here we use the linearized
quadric bottom friction based on Proudman (1953).
The influence of the nonlinear bottom friction on
the tide-induced residual current will be discussed in
Section 4.4. The governing equations are

8_; N ah+«kou N dth+«koHv
at 0x ay

-0, (10)
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u u au a¢ u
e —+4v— | -8Fv=——2—Br——— 11
t+K (u v y) v ox 'BTh—I—KC’ (1)

, 12)

where ¢, u = (u,v), ¢ and h are the nondimensional
time, velocity and its components in x and y directions,
sea surface elevation and water depth, respectively. For
brevity, they take the same form as the dimensional
variables.

The characteristic scales for the various variables
are t.=T, xo =X, y.= B, u.=./g/h:¢. and v, =
B¢ /(h.T), where h, is the averaged water depth, ¢ is
the typical tidal amplitude at the open boundary, g is
the acceleration due to gravity, and A = T,/gh, is the
wave length.

Equations 10-12 contain four nondimensional pa-
rameters, i.e., k = {./h., § = B/A, F= fT and By =
BT/h., where B is the bottom friction coefficient and f
is the Coriolis parameter. The present study considers
the semi-diurnal or diurnal tides and the bay is assumed
to be located at the mid-latitude, so O(F) = 1. For tides
in the shallow seas, the bottom friction is significant and
should be included in the lowest-order tide equations,
hence O(Br) = 1. The third parameter «, the ratio of
the tidal amplitude over the water depth, characterizes
the nonlinear effect in the system. The fourth parame-
ter § is the aspect ratio of the cross and along-channel
length scales.

In this study, we consider the case of O(x) < 1 and
assume § to be of the same order as «, i.e., O((S) =
O(k). This describes a system of weakly nonlinear
tide in a narrow bay. The perturbation method can be
applied to Eqgs. 10-12 based on the small parameter «.

Substituting the expansion of the state variables ac-
cording to « into Eqgs. 10-12 yields the zeroth-order
equations

8;0 Bhuo 8hv0
750 =0, 13
at + ax + ay (13)
dug 3¢ U
—_— = — 14
a7 % Br = (14)
9%
0= —, 15
- (15)
(1o, vo) -m =0, at the fixed boundary, (16)
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0 = Copen, X =0. 17)

In the above equations, n is the unit vector normal
to the land boundary and Zopen is the nondimensional
water elevation at the open boundary.

According to Eq. 15, ¢y is a function of x and ¢ but
independent of y. This is an obvious inference caused
by the narrow nature of the bay, which does not need
to be an assumption as proposed in Li and O’Donnell
(2005). According to Egs. 14 and 15, the Coriolis force
does not influence the zeroth-order tide. If the mean
water depth is 10 m, f = 10"*s~! and a semi-diurnal
tide has a characteristic amplitude of 1 m, then O(8) =
O(B/FR) = O(B/100km), where R = \/gh./f is the
barotropic Rossby deformation radius. This means that
B should be less than 10 km for the bay to be considered
as a narrow one.

The equations for the first-order motions are

9 oh oh B 0
i 4 up Ui _ uo&o + U_O{O i (18)
at ax ay ax ay
ouy 0¢ Ui
N puy = 22 g
or ~Tw=—5 TPy,
dug dug Uo&o
— — — = — 19
<Moax+voay Br hz)’ (19)
d
Fug = 251 (20)
dy
(uy,v1) -m =0, atthe fixed boundary, (21)
=0, x=0. (22)

In the above equations, 87, = B, T/ h. with B, being
equal to S. If B; is assumed to be 0, then the bottom
friction term in Eqgs. 11 and 12 retreats to the linear
form case (see Feng et al. 1986a, Egs. 3 and 4). This
case is referred to as the “linear form of the bottom
friction term” for short hereafter. Otherwise, it is called
the “nonlinear form of the bottom friction term”. The
effect of these two forms on the residual current will be
discussed in Section 4.4.

2.3 Equations for uy,

In the present study, only a single frequency tide is
imposed at the open boundary, i.e.,

. )
Copen = CopenR COS 27 + Lopeny SiN 27t =Re [Cgpene ! m] )

where é'(fpen = zopenR + ié‘openl‘

The solution of the zeroth-order tide takes the
form of

G = Cor €08 271 + Loy sin 27t = Re [¢§e "], (23)
Uy = tog €08 2t + uy sin 2t = Re [ugfe '], (24)

71'27'[[] , (25)

U = vgr €08 271 + vy sin 2t = Re [uge

where {§ = Cor + 101, Uy = uor + iuor and v§ = vor +
iU()[.
The nondimensional equivalence of Eq. 5 is

1 fo+n
(f)=- f fx, nd. (26)
nJ,

By applying the operator (Eq. 26) to Eqs. 18-20 and
taking into consideration the forms of the zeroth- and
first-order solutions in Feng et al. (1986a), the equa-
tions governing the first-order LRV for the weakly non-
linear tide can be obtained according to the methodol-
ogy proposed by Feng (1987). The detailed procedure
to obtain them is presented in the Appendix.

The equations governing the first-order LRV equa-
tions in a narrow bay are

8huL 3hUL

=0, 27
ax ay 27)
h 0k
=\ x| 28
ur, ﬂr( o +7t> (28)
0k
== =, 29
o (29)
where
Ty = TxN + Txg, (30)
19/ 8c
N =—=—(E—), 31
TTxN X <§o 8x> (31)
(uo&o)
g =PBr1 220
Br (1 d(huono) dug
[ N Wt A LA V. —Ng— 2
0 (h By +(o u0)+< 1o 8y>>’ (32)
up -n =0, atthe fixed boundary, (33)
te=0, x=0. (34)
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Equation 28 tells that the longitudinal LRV can
be obtained directly. The terms contributing to uy, in-
clude the gradient of the residual water elevation and
a depth-averaged version of the tidal body force m,,
which was first defined by Feng (1987). The irrota-
tional term m,y represents the horizontal gradient of
the tidally averaged coupling of the parcel displacement
and the gradient of the water elevation. The rotational
term m,s is more complex and is controlled by the
bottom friction. It includes four terms corresponding to
four mechanisms to drive the LRV. The first represents
the tidally averaged interaction between the velocity
and the water elevation. It diminishes when the tidal
wave is a standing wave or when the tidal bottom fric-
tion term is in the linear form. The second is u p defined
in Eq. 8 and will be discussed in detail in Section 4.1.
It is the gradient of the coupling of the water depth,
the tidal current velocity in one direction and the water
parcel displacement in the other direction. The third is
the tidally averaged product of the along-channel water
parcel displacement and the divergence of the velocity.
The fourth is the tidally averaged product of the lateral
water parcel displacement and the vorticity of the tidal
current.

After the solution of the first-order LRV (up) is
obtained, the second-order LRV (wq = (uy4, viy)) can
be formulated as

Wg = wyycos2mty + wy,sin2mty, (35)
Uld = Uy€OS27ty + vysin2rty, (36)
M}dzu(u :L +v0188u—yL— L%—ULBE)L}?], (37)
“;d = —MORaau—xL - UORaau—yL + MLBSL—;R L 8;)O)R, (38)
Ul/d=u01%+v()1% _UL% —ULaaL;jlv (39)
Ul:i = _UOR% — UOR% +ur 3(;1;)61% vL Bg;R (40)

3 Solutions in a narrow bay

For a rectangular bay, its constant width B can be taken
as the length scale in y direction. Thus, x=Ly, y=

@ Springer

0 and y = 1 constitute the fixed boundary of the bay,
where Ly = L/ is the dimensionless length of the bay
which influences the solution together with Br. The
solution of Eqgs. 13-17 for the zeroth-order tide in the
above narrow bay is given in Li and Valle-Levinson
(1999), but the assumption that the transverse gradient
of the tidal elevation is zero in Li and Valle-Levinson
(1999) is not needed here. According to Eq. 15, ¢ is
independent of y, i.e., {, = ¢o(x, f), which is a natural
deduction for a narrow bay system.

3.1 General solutions

If the water depth varies only along the bay, i.e., h =
h(x), then v is always 0 according to Eqgs. 13-17. For
nonzero v the water depth £ should at least depend on
v, the across-bay direction. Here, the case of & = h(y)
is considered.

The solution procedure of the linear tide follows Li
and Valle-Levinson (1999) and the time invariant parts
of the solution defined in Egs. 23-25 are

cos[Q(x — Ly)]

cos(QLy) (41)

{5 (x) = C(fpen

Q sin [Q(x — Ly)]
2 — Br/h cos(QLy)

u(c)(xa Y) = _é‘gpeni P (42)

Copen COS [Q2(x — Ly)]

vo(x. y) = h cos(QLy)
y
[izny+s22/ ,Ldy’] (43)
o 2m — Br/h
where
02 = _i2_7'c
7

! h
1= ()

The first-order LRV is obtained in the following
procedure. By applying the operator fol dy to Eq. 27
with the boundary conditions taken into consideration,
the following equation can be obtained,

1
/ hurdy = 0.
0
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Then the substitution of Eq. 28 into the above rela-
tion followed by a rearrangement yields

1
h*m.d
aﬁ:_fol e (44)
dx fo h*dy
Thus, ¢g can be obtained by integrating the above
equation from 0 to x with {z =0 atx = 0.
By substituting Eq. 44 into Eq. 28, one gets

h2d Wr.d ) 45
up = ﬂrf0h2dy< / y - / Tdy (45)

Then vy, can be calculated by integrating Eq. 27 from
0 to y. Thus, the first-order LRV, uy, is expressed
explicitly with the solution of the zeroth-order tide.

The Lagrangian drift velocity wg can be obtained
with Eqgs. 35-40 after the zeroth-order tidal current
and the first-order LRV are obtained.

The explicit expression of each term in the solution is
obtained by using Maxima, a system for the manipula-
tion of symbolic and numerical expressions. It evolves
from Macsyma, a computer algebra system developed
in the late 1960s at Massachusetts Institute of Tech-
nology (Maxima.sourceforge.net 2009). The expression
is exported as a segment of a Fortran code and in-
serted in a Fortran program directly. In the solution the
integration concerning the water depth cannot always
be solved analytically, so a numerical integration soft-
ware package Quadpack is used (Piessens et al. 1983).
To ensure accuracy, the double precision real number
is used.

3.2 Solution for a specific bottom profile

The water depth across the bay is assumed to taken the
dimensional form of

E(y) _ El + Eze*[(y/Bfl/z)/Oé]z’ (46)
where « is an adjusting parameter.

In the nondimensional form the bottom topography
is
h(y) = h, + hze—[(y—1/2)/ot]2’ (47)
where h; = El /he.and hy = Ez / h¢, The nondimensional
form y is written the same as its dimensional counter-
part for simplicity, as stated in Section 2.

Because the width of the bay, B, is neither in the
depth profile nor in the residual circulation equations

explicitly, the nondimensional results are independent
of B if the narrow bay condition O() < O(k) < 1 is
satisfied.

The dimensional parameters in Eq. 46 are set the
same as those in Li and O’Donnell (2005), with « =
7/40 and the width B = 2,000 m. The water depth in
the cross section of the bay (in meters) becomes

E(y) — ﬁl + ﬁze—[(y—z,oowz)ﬁso]z.
If h1 =5 m and h2 10 m, the nondimensional depth
profile across the bay is displayed in Fig. 1.

A single-frequency tide with the period 7' =12 h is
imposed with the amplitude of 1 m at the open bound-
ary. The bottom friction coefficient is taken to be g =
B1 =0.00176 m s~! as in Li and O’Donnell (2005). All
the above parameters determine the nondimensional
parameters in the narrow bay system (Egs. 13-17 and
27-34), except the length of the bay. This configuration
is referred to as the standard case in the remaining parts
of the paper.

Based on the above configuration, the bay with a
length L. = 105 km is first considered. The Eulerian
residual transport velocity uy is displayed in Fig. 2 with
the variables being in the nondimensional form. It can
be seen that the flow pattern is symmetric with respect
to the central line of the bay. Two mirror-symmetric
gyres are formed at the head of the bay with the in-
ward flow in the deep water area. At the outer part
of the bay, two semi-gyres are formed with openings
at the open boundary. The Eulerian residual transport
velocity is outward at the deep water area and inward
at the shoal area in the outer half of the bay. This result
is consistent with that of Li and O’Donnell (2005).

depth

y

Fig. 1 The nondimensional depth profile across the bay
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4 Analysis of solutions in a narrow bay
4.1 ug, and its comparison with ug and uy

The solutions of uy,, ug, ug, ur and up are displayed in
Fig. 3 for the standard case with the length of the bay
being the same as the tidal wave length.

The pattern of uy, shown in Fig. 3a is rather complex.
A pair of mirror-symmetric gyres exist near the head
of the bay, with the cyclonic one located in the upper
half of the bay. Adjacent to these two gyres, there exists
another pair of gyres with opposite rotation directions
and they are compressed by four semi-gyres all extend-
ing to the open boundary. The four semi-gyres can be
divided into two symmetric groups. In each group, the
flow is inward along the lateral boundary and along the
central axis of the bay; the two semi-gyres join together
and flow out at the slope of the bay.

Distinct differences between uy, and ug are found
in the outer part of the bay. Figure 3b shows that the
Eulerian residual velocity ug flows outward along the
whole open boundary, violating mass conservation law
(Feng et al. 2008). However, Fig. 3c shows that ug is in
the opposite direction of ug along the open boundary.
As a result, the magnitude of ug, shown in Fig. 3a, has a
smaller magnitude than that of ug for the present case.
This difference has been noticed in previous studies
such as Loder (1980), but a more general theoretical
explanation is given in this study. Figure 3b shows that
there are two mirror-symmetric gyres near the head
of the bay as in Fig. 3a, but the sizes of the gyres
are different. The gyres of uy, occupy larger areas than
those of ug.
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Fig. 3 Streamlines of nondimensional a ur,, b ug, ¢ ug, d ur, and
e up in a bay with length equal to one tidal wavelength

uy shown in Fig. 3d is different from wy, shown in
Fig. 3a. Two semi-gyres, which are adjacent to the two
gyres near the head of the bay, are located at the outer
part. The two semi-gyres combine to form an outflow in
the deep part of the bay and an inflow along the sides of
the bay. At the open boundary ur flows outward near
the central axis of the bay while uy, flows inward; near
the sides of the bay both ur and uy, flow inward. For ug,,
we have noted that there exist two branches of outflows
at the slope of the bay to ensure the mass conservation.
Clearly, the LRV differs from the Eulerian residual
transport velocity not only in magnitudes but also in
patterns.

up, the missing part in uy for uy, is shown in Fig. 3e.
Clearly, up countervails with ur nearly everywhere.
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This countervailing feature makes the magnitude of
u, smaller than ur; and even makes the directions of
up, and uy opposite. This difference may suggest, for
instance, that the “residence time of water inside the
bay” estimated from uy, is longer than that estimated
from ur.

up results from the interaction between the along-
bay tidal velocity and the across-bay displacement, but
the bottom topography still plays a role in determining
it according to

dlnh
Up =

a{uono)
oy (uono) + by
The tidally averaged product of the along-bay veloc-
ity and the across-bay displacement can be expressed
as the product of u{ and the conjugate of vg, v§*, or the
product of v§ and the conjugate of uf, ug", i.e.,

(48)

(uono) = —(vobo) = ﬁlm(uf)vé*) =— %Im(vgug*).
(49)

Equation 49 is rather complex and Fig. 4 shows its
distribution for a bay with length equal to 0.3 tidal
wavelength since the major characteristics are confined
to the head of the bay. The bay can be approximately
split into four areas, with two bigger areas occupying
the outer part of the bay and two smaller areas located
near the head of the bay. |(ugno)| is the biggest at the
mouth of the bay and decreases towards the head of the
bay. The variation of (1) is also larger at the mouth
than near the head of the bay. Across the outer part
of the bay from y =0 to y =1, (upno) is negative for
y < 1/2 and positive for y > 1/2. Meanwhile, d Ink/dy
is positive in the lower half of the bay and negative in
the upper half of the bay. Thus, the first term in Eq. 48
is negative across the bay. The second term in Eq. 48
is negative at the lateral boundary of the bay where
the water is shallow, thus up is negative. up should be
positive at the deep part of the bay because it obeys
mass conservation. The condition is opposite near the
head of the bay where two symmetric eddies exist. As a

0.06 0.12 0.18 0.24
1 T T T ]

-0.05-0.04-0.03-0.02-0.01 0 0.01 0.02 0.03 0.04 0.05

Fig. 4 The nondimensional form of (uyno) in a narrow bay

result, the pattern of up contrasts with that of uy shown
in Fig. 3d, e.

4.2 Dependence on Ly

The nondimensional length of the bay, Ly, is a free
parameter in the present case of a narrow bay. Here we
examine the patterns of the first-order LRV by varying
Ly from 0.12 to 0.5 tidal wavelength. Figure 5a shows
that for the length of the bay being 0.5 wavelength,
there are two mirror-symmetric gyres near the head
of the bay as mentioned in Section 4.1 (Fig. 3a). The
diameter of the gyres is about 0.18 wavelength. Again,
in the outer part of the bay there are two gyres with
different rotation directions, which are separated by
four semi-gyres at the open boundary.

Figure 5b, ¢ show the first-order LRV for the length
of the bay being 0.3 and 0.12 wavelength respectively.
The combination of Fig. 5 and Fig. 3a tells that the
first-order LRV streamline of a shorter bay is a part
of that of the longer bay. Therefore, the pattern of
uy, is determined by the dimensionless distance away
from the head of the bay, according to which the bay
can be divided into three zones. In the inner zone,
which is within 0.18 wave length away from the head
of the bay, the water flows inward in the deep part
and outward in the shallow part. In the outer zone,
with distance larger than 0.5 wavelength, the water
flows inward along the sides and in the deep part, and

0

b =

il

c ===

Fig. 5 The streamlines of nondimensional uy, in a bay with
lengths of a 0.5, b 0.3, and ¢ 0.12 tidal wavelength
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flows outward in the slope area. The transition zone is
located with distances between 0.18 and 0.5 wavelength
away from the head of the bay. Here, the first-order
LRV has a more complex pattern than the other two
zones. The water flows inward along the sides and
bounces back when encountering the two inner gyres;
then the two branches will converge and flow outward
for a short distance in the deep central part of the bay
before detaching because of the inflow from the open
boundary, and finally join together and flow outward in
the slope area of the bay.

4.3 Dependence on 1

According to Eq. 28, the nondimensional parame-
ter By = BT/ h. can influence the solution of LRV.
Figures 6 and 7 show the streamlines of wy, and ur
with Br being half or twice of that used for creating
Fig. 3, respectively. With a reduced 7, uy, is closer to ur
and the two semi-gyres located at the deep central part
disappear. This corresponds to a reduced contribution
of the rotational part of the tidal body force, 4. With
an increased fBr, the gyres of uy, at the head of the bay
do not appear but join the two semi-gyres in the deep
central part of the bay. The structure of ur does not
change much with a changing fr.

In the real world, the values of 8 differ for different
bays with different water depths. For a single bay, the
values of B differ for different tidal constitutes, for ex-
ample, B for a semi-diurnal tide is only half of that for
a diurnal tide. For a specific bay if the semi-diurnal and
diurnal tides are both important, the residual current is
induced by the combination of these tidal constituents.
Under the weakly nonlinear condition, Feng (1990)
proved that the Lagrangian residual current induced

== 5 = = r0
0 0.2 0.4 0.6 0.8 1

Fig. 6 The streamlines of nondimensional a ug, and b ur with g7
being half of that used in creating Fig. 3
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Fig. 7 The streamlines of nondimensional a ug, and b ur with g7
being twice of that used in creating Fig. 3

by multi-frequency tides is the linear summation of
uy, generated by each tidal component. Therefore, the
difference of the LRV caused by different values of 7
can add more complexity to the gross result than the
single tide case. This suggests that the feature of the
LRYV may not be fully described by the bay length only.

4.4 Dependence on the form of the bottom friction

As stated in Section 2.2, the linearized bottom friction
based on Proudman (1953) is used in this study. How-
ever, the bottom friction term in Egs. 11 and 12 takes
the nonlinear form, whereas in other studies the linear
form, i.e., B = 0, was used (Feng et al. 1986a).

It can be seen from Egs. 13 to 15 that the zeroth-
order tide is not influenced by the different forms
of the bottom friction term. However, the nonlinear
bottom friction term contributes to the first-order LRV
through m,s in Eq. 28. The difference in uy, between
the linear and nonlinear forms of the bottom friction
is denoted as upg = (17, vrp) and can be expressed as

h) d
T Jo (11404“0) y (MOCO)’ (50)
,3]"/0 hzdy ,BTh
thd / 1 y
vrp= Js il / Iuoto) 4, 1 / Iutoto) 4
Brh [, h*dy Jo  9x Brh J,  ox
(51)

The streamline of wy, for the linear form of the
bottom friction term is shown in Fig. 8a. Compared with
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Fig. 8 a The streamline of uy, for linear bottom friction. b The
streamline of upg. ¢ The streamline of uy for linear bottom
friction

Fig. 3a, it can be seen that the structure of uy, becomes
much simpler. The two gyres near the head of the bay
now disappear, and the four semi-gyres in the outer
part of the bay are reduced to two semi-gyres with one
occupying the upper and the other occupying the lower
half of the bay.

The part of the LRV associated with the nonlinear
part of the bottom friction term, uy g, is shown in Fig. 8b.
Interestingly, the two gyres near the head of the bay
in Fig. 8b are very similar to those in Fig. 3a. This
means that the two gyres near the head of the bay in
Fig. 3a are mainly induced by the nonlinear part of
the bottom friction term. This explains why the pattern
of uy, becomes two simple semi-gyres when the linear
form of the bottom friction term is used. For the outer
part, uy in Fig. 8a is similar to up in Fig. 3e, both
showing inward flow in the deep part and outward flow
in the shallow shoal. If the nonlinear form of the bottom
friction term is used, u; becomes much more complex
as displayed in Fig. 3a.

The pattern of uyg shown in Fig. 8b is similar to that
of uy (Fig. 3d), but differs from that of up (Fig. 3e).
Because ug is the difference in ur between the cases
using the linear and the nonlinear forms of the bottom
friction, the structure of uy for the linear form (Fig. 8c)
does not show much difference with that of uy for the
nonlinear form of the bottom friction term (Fig. 3d).

For the case of the linear form of the bottom friction
term, the pattern of uy differs from that of ug, in the
outer part of the bay. uy, flows inward at the deep
central part of the bay and flows outward in the shallow
part and along the sides. ur is in the opposite direction
of uy,. Despite of the above differences, ur still shows
two gyres near the head of the bay. This means that for
the case of the linear form of the bottom friction term,
the structure of the first-order LRV is smoother than
that of the Eulerian residual transport velocity.

The bottom friction has two different effects on the
residual current. In the case where the nonlinear form
of the bottom friction term is used, only the nonlinear
part associated with 8; contributes to the generation of
the residual velocity. The linear part associated with g
only dissipates the residual current. In numerical mod-
eling studies the bottom friction itself can be nonlinear,
thus generating additional complexity.

4.5 Residual current and water exchange

One of the important applications of the residual trans-
port is to estimate the water exchange. Many methods
have been used to define the water exchange across
a section. If the steady-state residual transport is ob-
tained, the water volume bounded by a specific cross
section divided by the water exchange flux at the same
section is used to describe the residence time, denoted
as “the residence time at that cross section” hereafter.

Since huy, satisfies the mass conservation equation,
the integration of Au; over a section across the bay
should be 0. The integration of A|u; | over half of the
section across the bay is the water exchange flux at that
section. The water exchange flux is calculated at the
consecutive cross sections in a bay with a length of one
tidal wavelength. The same procedure is also applied to
hlur|. The resulting estimates are displayed in Fig. 9a.

It can be seen that the water exchange flux generally
decreases from the open boundary towards the head of
the bay; but at 0.18 wavelength away from the head of
the bay, the water exchange flux reaches a minimum
value. According to Fig. 3a, this is where the bound-
ary of the two inner gyres is located. This location
corresponds to a “barrier” for the water exchange in
the bay. Similarly, Fig. 9b shows that the residence
time increases sharply from the head of the bay and
reaches the maximum at 0.18 wavelength away from
the head. It then gradually decreases until toward the
open boundary. Clearly, the variation of residence time
along the bay corresponds to the two rather isolated
circulation systems separated at 0.18 wavelength away
from the head.
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Fig. 9 a The water exchange flux at every cross section in a bay
with length of one tidal wavelength based on hu; and hu7.b The
residence time of water inside every cross section. The vertical
axes are in logarithmic scales

The Eulerian residual transport, hur, is also used to
estimate the water exchange and the resulting estimates
are shown in Fig. 9a, b along with the estimates with
the first-order Lagrangian residual transport Auy. The
characteristics of the estimates based on huyr and hujp
are rather similar, but differ quantitatively. Firstly, the
minimum water exchange flux based on hur occurs at
around 0.16 wavelength away from the head, further
inside the bay than that based on Au; . This corresponds
to the slight difference in the positions of the two gyres
between the hu; and hur cases. Secondly, the residence
time based on huy is generally shorter than that based
on huy, except near where the residence time reaches
the maximum. At the open boundary, the residence
time based on Au is three times longer than that based
on hurp. Therefore, if huy is used to examine the water
exchange, the capacity of the physical self-purification
of the bay will be significantly exaggerated.

The residence time for the bays with lengths ranging
from 0.05 to 1 tidal wavelength is shown in Fig. 10.
Clearly, the residence time increases with the length of
the bay. The difference in the residence time between
estimates based on hujy and hur is nearly constant for
the bays with lengths longer than 0.2 tidal wavelength.

The water exchange fluxes at each cross section for
the bays with lengths ranging from 0.3 to 1 tidal wave-
length are plotted in Fig. 11. By aligning the head of
the bay at x = 1, the end of each curve line corresponds
to the position of the open boundary. It can be seen
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are similar; while the rates of variation along the axes
of the bays are similar for the bays with various lengths.
Interestingly, for bays with different lengths the mini-
mum water exchange fluxes occur at the same location,
i.e., at around 0.18 tidal wavelength away from the head
of the bay, corresponding to the outer boundary of the
two inner gyres.

The water exchange flux for a bay with different
values of fr is displayed in Fig. 12. The water exchange
flux increases at most cross sections of the bay as Sr
decreases. The minimum water exchange flux occurs
where the inner and outer gyres are separated. That
point is located at around 0.18 wavelength away from
the head of the bay and shifts towards it as 87 increases.
Moreover, the separation becomes less obvious as fSr
gets bigger and finally the separation nearly disappears,
corresponding to the merging of the inner and outer
gyres as displayed in Fig. 7a.

The water exchange flux in bays with different depth
profiles is examined by varying o from 2 x 7/40 to

log(flux)

'60 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 x

Fig. 11 The water exchange flux based on huj at each cross
section of the bay with lengths ranging from 0.3 to 1 wave
length, corresponding to curves displaced from top to bottom.
The vertical line denotes the position where the minimum water
exchange flux occurs. The vertical axis is in logarithmic scale
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Fig. 12 The water exchange flux based on hu; with different
values of B, at each cross section of a bay with a length of one
wave length. The curves from top to bottom correspond to the
values of Br being half and twice of that in the standard case.
The curve with circles shows the standard case. The vertical axis
is in logarithmic scale

0.5 x 7/40 in Eq. 47 while keeping h; and h, un-
changed. A constant is added to the depth profile to
adjust the averaged water depth, so that B is kept the
same as in the standard case. For « =2 x 7/40, 1.4 x
7/40 ,and 1.0 x 7/40, the water exchange fluxes are
displayed in Fig. 13. The results of o« < 1 x 7/40 are
not shown because they are very similar to that of
a = 1 x 7/40. Figure 13 shows that the water exchange
flux becomes bigger if o gets smaller, i.e., the bottom
is flatter. The location of the minimum flux shifts away
from the head of the bay when « gets bigger.

4.6 The second-order LRV

Equations 35 and 36 tell that the Lagrangian drift veloc-
ity depends on the initial tidal phase. At each location,
the vectors of the Lagrangian drift velocity constitute
an ellipse, as shown in Fig. 14. The ellipses are bigger

-2.0 H
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log(flux)
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Fig. 13 The water exchange flux based on huj at each cross
section of the bay with length of one wave length but different
values of «. The curves from bottom to top correspond to o =
2 x7/40, 1.4 x 7/40 , and 1.0 x 7/40, respectively. The vertical
axis is in the logarithmic scale

at the open boundary and in the slope area of the bay.
The ellipses are one order of magnitude smaller com-
pared with the mass-transport velocity. Therefore, in
this weakly nonlinear case the mass-transport velocity
is a good approximation of the LRV. On the other
hand, the dependence of the LRV on the initial tidal
phase is a Lagrangian feature, which is important in
many applications such as choosing the optimal time for
sewage discharge.

5 Conclusions

In the present study, the depth-averaged equations for
the single frequency tidal currents and the first-order
LRV, and the expressions for the second-order LRV,
are derived systematically based on the weakly nonlin-
ear assumption. The equations are simplified for the
case of a narrow bay and are solved analytically. The
results for a specific axisymmetric bottom topography
are discussed in detail.

Generally, according to the streamlines of the first-
order LRV, the bay can be divided into an inner part
near the head of the bay, the transitional zone, and
the outer part near the open boundary. Two mirror-
symmetric gyres exist in the inner part with the inflow
in the central deep region. Adjacent to the two gyres
in the inner part, two gyres with opposite rotation
directions exist in the transitional zone. These two gyres
are compressed by four semi-gyres in the outer part,
where the water flows inward along the sides and the
deepest part of the bay and flows outward along the
slope.

The dependence of the first-order LRV on the length
of the bay length, Ly, is examined. It is proved that the
streamline of the nondimensional current velocity in a
shorter bay is only part of that in a longer bay. The
nondimensional parameter By = B87/h. includes the
combined influences of the bottom friction parameter,
the tidal period and the averaged water depth on the
first-order LRV. For smaller values of By, the first-
order LRV is closer to the Eulerian residual transport
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velocity. For larger values of B7, the two gyres in the
inner part of the bay tend to merge with two of the four
semi-gyres in the outer part. A practical significance in
that the semi-diurnal or diurnal tides can change SBr
by a factor of two. The form of the bottom friction
also plays an important role in the pattern of the first-
order LRV. This suggests that the parameterization of
bottom friction in numerical models should be treated
carefully.

The water exchange at each cross section of the bay
is controlled by the LRV. The water exchange flux is
higher at the open boundary and decreases towards the
head of the bay, but the minimum flux occurs at around
0.18 wave length away from the head of the bay. This
location can be regarded as where the inner and the
outer parts of the bay separate. The position of this
separation location is not fixed; it changes with both Sr
and the bottom topography.

The second-order LRV is shown to be dependent on
the initial tidal phase to take the Lagrangian averaging.
This shows the Lagrangian feature of the LRV.

Different definitions of the residual current are
different, not only in magnitudes but also in patterns
and directions. The Eulerian residual transport veloc-
ity, that can be regarded as the partially modified
Eulerian residual velocity, differs from the LRV. For
the specific case considered here, the pattern of the
Eulerian residual transport velocity is simpler than that
of the first-order LRV; and in the deep part of the bay,
the two velocities are in opposite directions. This leads
to significant difference in the water residence time
calculated according to different residual currents.

It is noteworthy that the symmetry of the depth
profile about y = 0.5 is not a prerequisite to get the
solution. Indeed there is a streamline along y = 0.5
so the narrow bay can be split into two separate bays
without affecting the solutions. Thus, the depth profile
can be of any form if it only varies in the across-bay
direction.

In general the LRV represents the water mass inter-
tidal transport in the tide dominant area. The residual
current derived by other methods may cause the mis-
understanding of the mass-transport mechanism in the
study area. Yet, this belief is not easy to be proved
in the field because in most tide dominant areas the
residual current, which is of the order of cm s~!, is a
small part of the current. This value is even beyond the
precision of the current meter. The traditional Eulerian
observation cannot obtain the LRV, which makes the
proof more difficult.

In this paper the depth-averaged LRV obtained
analytically in the narrow bay gives a good example.
Although it is confined to a single-frequency tidal case,
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the analysis can be extended to cases with wind driven,
baroclinic, and multi-frequency tides, because the resid-
ual currents generated by the above factors can be
linearly combined following Feng (1987, 1990). River
runoff can also be included at the head of the bay
based on the analyses of Feng and Wu (1995) and Feng
(1998). Further steps to verify these theoretical analyses
include laboratory experiments and the development of
innovative methods of Lagrangian observations.
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Appendix: The derivation of equations for uy,

By applying the operator (Eq. 26) to Eq. 18 and making
use of the definition of ug in Eq. 3, one gets

oh aoh d 9
g Ohve (uo&o) (vo&o) . (52)
ox ay ox ay
The substitution of Egs. 23-25 into Eq. 4 gives
d
hug = (uoo) + E(huoﬂo), (53)
a
hvg = (vo&o) + a(hvogo)- (54)

By performing d/dx (Eq. 53) + 3/dy (Eq. 54) and tak-
ing into consideration of Eq. 52, the continuity equation
of uy,, Eq. 27, can be obtained.

The momentum equations of the LRV are derived as
follows. By applying Eq. 26 to Eq. 19 and making use of
Eq. 2, one gets

G193

0= Bret 4+ p
== 9x Th T1

(uolo)
2

8110 8L£0 1 8u0 8110

—(uo— — —(&— —). (55

<uo oy T W0 ay>+ﬂrh<§o oy T 3y> (55)

By applying the operator (§y9/dx + nod/dy) to Eq. 14

and making use of Eq. 15, followed by applying Eq. 26,
one yields

e () i () 0



Ocean Dynamics (2011) 61:543-558

557

The left side of Eq. 56 is rearranged with integration
by parts. Furthermore, by making use of Eq. 6 and the
periodicity of the variables, one gets

S 82u0 82140 _ S 3Lt() 314()
Yoxar T Moyar] T 0ox T%y
850 3Lt() 87’]0 3Lt0
ar ax | ar 8y
3140 8140
= —(uy— —). 57
(e +wie). 6D

0 dy 0x2
1 3140 314()
ﬂrh <Eo 0% By >

0 1 0 1
—Br <§0M05 (E) +770u0® (E)> ,

and by adding Eq. 55 to the above equation, one gets

_ 0Lg (Moé“o) 3%
0—_W_.BT_ Bri < OW>
a (1 a (1
—Br <Eouoa (E) + 770”05 <E)> (58)
By applying &,0/0x to Eq. 14, one obtains
82§0 _ 3214() d /Uy
S0 = 50 (axaz iy (7)) : (59)
and then 9/0x [& - (Eq. 14)] leads to
d d
(Eoﬁ> =—— (Eo et ﬂTSO%) : (60)

Then, Eq. 59 is multiplied with 2 and subtracted with
Eq. 60; and the resulting equation is averaged over one
tidal period. By making use of Eq. 6 and the periodicity
of the zeroth-order solution, one obtains

R T

Substituting Eq. 61 into Eq. 58 leads to

0— _aﬂ —,3 YL gy, (uo§0> _<li <3§ 8;“0)>

2 0x 0x
d 1 d 1
—Br <§0uoa <E) + 770”05 (E)>
L[ 9%
—Br— < 8x> (62)

For the case of single tidal frequency (&ug) =
(novo) = 0, thus

a (1 a (1 1 0 h
—ﬂr<§ouoa <E>+"°u°@ (l_z)> Br "2 oy —— (huono)
8u0>
—may )

1 ad a
—ﬂrz< EO> Br— <€oﬂ>.

By applying the above results to Eq. 62, Eq. 28 can be
obtained. It is trivial to obtain the momentum equation
in the y direction.

+ Br— <§0 fuo _

References

Abbott MR (1960) Boundary layer effects in estuaries. J Mar Res
18:83-100

Cerco CF, Cole T (1993) Three-dimensional eutrophication
model of Chesapeake Bay. J Environ Eng 119:1106-1125

Cheng RT (1983) Euler-Lagrangian computations in estuarine
hydrodynamics. In: Taylor J, Johnson A, Smith R (eds)
Proceedings of third international conference on numerical
methods in laminar and turbulent flow. Pineridge, Swansea.
pp 341-352

Cheng RT, Casulli V (1982) On Lagrangian residual currents
with applications in South San Francisco Bay, California.
Water Resour Res 18:1652-1662

Delhez EJM (1996) On the residual advection of passive con-
stituents. J Mar Syst 8:147-169

Dortch MS, Chapman RS, Abt SR (1992) Application of three-
dimensional Lagrangian residual transport. J] Hydraul Eng
118:831-848

Dyke PPG (1980) On the Stokes’ drift induced by tidal motions
in a wide estuary. Estuarine Coastal Mar Sci 11:17-25

Feng S (1987) A three-dimensional weakly nonlinear model
of tide-induced Lagrangian residual current and mass-
transport, with an application to the Bohai Sea. In: Nihoul
JCJ, Jamart BM (eds) Three-dimensional models of marine
and estuarine dynamics, Elsevier Oceanography Series, 45.
Elsevier, Amsterdam. pp 471-488

Feng S (1990) On the Lagrangian residual velocity and the mass-
transport in a multi-frequency oscillatory system. In: Cheng
RT (ed) Residual currents and long-term transport, Coastal
and Estuarine Studies 38. Springer, Berlin, pp 3448

Feng S (1998) On circulation in Bohai Sea Yellow Sea and East
China Sea. In: Hong GH, Zhang J, Park BK (eds) Health
of the Yellow Sea. The Earth Love Publication Association,
Seoul, pp 43-77

Feng S, Wu D (1995) An inter-tidal transport equation coupled
with turbulent K-¢ model in a tidal and quasi-steady current
system. Chin Sci Bull 40:136-139

Feng S, Xi P, Zhang S (1984) The baroclinic residual circulation
in shallow seas. Chin J Oceanol Limnol 2:49-60

Feng S, Cheng RT, Xi P (1986a) On tide-induced Lagrangian
residual current and residual transport, 1. Lagrangian resid-
ual current. Water Resour Res 22:1623-1634

Feng S, Cheng RT, Xi P (1986b) On tide-induced Lagrangian
residual current and residual transport, 2. residual transport

@ Springer



558

Ocean Dynamics (2011) 61:543-558

with application in South San Francisco Bay. Water Resour
Res 22:1635-1646

Feng SZ, Ju L, Jiang WS (2008) A Lagrangian mean theory on
coastal sea circulation with inter-tidal transports, 1. funda-
mentals. Acta Oceanol Sin 27:1-16

Fischer HB, List EJ, Koh R, Imberger J, Brooks NH (1979)
Mixing in inland and coastal waters. Academic, New York

Foreman MGG, Baptista AM, Walters RA (1992) Tidal model
studies of particle trajectories around a shallow coastal bank.
Atmos Ocean 30:43-69

Hainbucher D, Wei H, Pohlmann T, Siindermann J, Feng S
(2004) Variability of the Bohai Sea circulation based on
model calculations. J Mar Syst 44:153-174

Hunt JN (1961) Oscillations in a viscous liquid with an applica-
tion to tidal motion. Tellus 13:79-84

Tanniello JP (1977) Tidally induced residual currents in estuaries
of constant breadth and depth. J Mar Res 35:755-786

Jay DA (1991) Estuarine salt conservation: a Lagrangian ap-
proach. Estuarine, Coastal Shelf Sci 32:547-565

Li C, O’Donnell J (2005) The effect of channel length on the
residual circulation in tidally dominated channels. J Phys
Oceanogr 35:1826-1840

Li C, Valle-Levinson A (1999) A two-dimensional analytic tidal
model for a narrow estuary of arbitrary lateral depth varia-
tion: the intratidal motion. J Geophys Res 104:23,525-23,543

Li C, Chen C, Guadagnoli D, Georgiou IY (2008) Geometry-
induced residual eddies in estuaries with curved chan-
nels: observations and modeling studies. J Geophys Res
113:C01,005. doi:10.1029/2006JC004031

Loder JW (1980) Topographic rectification of tidal currents on
the sides of Georges Bank. J Phys Oceanogr 10:1399-1416

Longuet-Higgins MS (1969) On the transport of mass by time-
varying ocean currents. Deep-Sea Res 16:431-447

@ Springer

Maxima.sourceforge.net (2009) Maxima, a computer algebra sys-
tem version 5.18.1. Available at: http://maxima.sourceforge.
net. Accessed 14 July 2010

Muller H, Blanke B, Dumas F, Lekien F, Mariette V (2009)
Estimating the Lagrangian residual circulation in the Iroise
sea. J Mar Syst 78:S17-S36. doi:10.1016/j.jmarsys.2009.01.008

Nihoul ICJ, Ronday FC (1975) The influence of the tidal stress
on the residual circulation. Tellus A 27:484-489

Piessens R, de Doncker-Kapenga E, Uberhuber C, Kahaner D
(1983) Quadpack: a subroutine package for automatic inte-
gration, springer series in computational mathematics, vol 1.
Springer, Berlin

Proudman J (1953) Dynamical oceanography. Methuen, London

Ridderinkhof H, Loder JW (1994) Lagrangian characterization
of circulation over submarine banks with application to the
outer Gulf of Maine. J Phys Oceanogr 24:1184-1200

Robinson IS (1983) Tidally induced residual flows. In: Johns B
(ed) Physical oceanography of coastal and shelf seas. Else-
vier, Amsterdam, pp 321-356

Wang H, SuZ, Feng S, Sun W (1993) A three dimensional numer-
ical calculation of the wind driven thermohaline and tide-
induced Lagrangian residual current in the Bohai Sea. Acta
Oceanol Sin 12:169-182

Wei H, Hainbucher D, Pohlmann T, Feng S, Siindermann J
(2004) Tidal-induced Lagrangian and Eulerian mean circu-
lation in the Bohai Sea. J Mar Syst 44:141-151

Winant CD (2007) Three-dimensional tidal flow in an elongated,
rotating basin. J Phys Oceanogr 37:2345-2362

Winant CD (2008) Three-dimensional residual tidal circulation in
an elongated, rotating basin. J Phys Oceanogr 38:1278-1295

Zimmerman JTF (1979) On the Euler-Lagrange transformation
and the Stokes’ drift in the presence of oscillatory and resid-
ual currents. Deep-Sea Res 26 A:505-520


http://dx.doi.org/10.1029/2006JC004031
http://maxima.sourceforge.net
http://maxima.sourceforge.net
http://dx.doi.org/10.1016/j.jmarsys.2009.01.008

	Analytical solution for the tidally induced Lagrangian residual current in a narrow bay 
	Abstract
	Introduction
	Definitions and governing equations
	Definitions of residual velocities
	The tidal equations
	Equations for uL

	Solutions in a narrow bay
	General solutions
	Solution for a specific bottom profile

	Analysis of solutions in a narrow bay
	uL and its comparison with uE and uT
	Dependence on LN
	Dependence on βT 
	Dependence on the form of the bottom friction
	Residual current and water exchange
	The second-order LRV

	Conclusions
	Appendix: The derivation of equations for uL
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


