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Abstract In a weakly nonlinear tidal system, the depth-
averaged equations for the first-order Lagrangian
residual velocity (LRV) are deduced systematically.
For the case of a narrow bay, the equations are solved
analytically and the results for a specific bottom profile
are discussed in detail. According to the pattern of the
first-order LRV, the bay can be divided into three parts,
namely an inner part, a transitional zone, and an outer
part. For the given depth profile, the streamline of the
first-order LRV for a shorter bay is a part of that for a
longer bay. The first-order LRV depends on a nondi-
mensional parameter that combines the influences of
the bottom friction coefficient, the tidal period and the
averaged water depth. The form of the bottom friction
also has a significant influence on the first-order LRV.
The second-order LRV, i.e., the Lagrangian drift, is
analytically solved and shows dependence on the initial
tidal phase. The LRV differs from the Eulerian resid-
ual transport velocity both quantitatively and quali-
tatively. It is demonstrated that the residual currents
obtained according to other definitions may cause mis-
understanding of the mass transport in water exchange
applications.
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1 Introduction

In shallow seas, the tidal current is normally the dom-
inant component of the total movement of the sea
water. Because of nonlinearity, the tidal flow induces
an aperiodic current that is called the residual current.
It has been long recognized that the residual current
plays an important role in the inter-tidal mass transport
in the shallow seas (e.g., Nihoul and Ronday 1975).

The meaning of “residual current” is rather vague,
which is related to the various ways to derive it from the
directly measured current fields. The residual current
and the accompanying temperature and salinity fields
should constitute a slowly varying, aperiodic dynamic
system in shallow seas. The prerequisite for the re-
trieved aperiodic movement to become the residual
current is that it can describe the net displacement of
the water parcel after one or a few tidal periods. The
residual current should also be in accordance with the
basic law of fluid motion.

A straightforward definition of the residual current is
the average of the measured velocity at a fixed location
over multiple tidal periods (e.g., Abbott 1960). This
is called the Eulerian residual velocity, uE. However,
if uE is used to study the inter-tidal movement in a
3D case, there is fictitious source (or sink) of water
mass at the sea surface (Feng et al. 1984). There is
also an extra-dispersion term in the inter-tidal transport
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equation (Fischer et al. 1979). These are questionable
aspects related to describing the subtidal current with
the Eulerian residual velocity.

An alternative approach to define the residual ve-
locity was inspired by the idea of relating the mass-
transport velocity to the sediment transport in tidal
estuaries by Hunt (1961). Longuet-Higgins (1969) first
related the mass-transport velocity to the large-scale
ocean circulation. He pointed out clearly that the mass-
transport velocity at a fixed location is not solely con-
trolled by the mean velocity at that point alone, and
the mass-transport velocity, uL, equals the sum of the
Eulerian residual velocity (uE) and the Stokes’ drift
velocity (uS). For the case of the tidal flow, Zimmerman
(1979) obtained the analytic expression of uS and found
that uL and uE are rather different; Loder (1980) and
Cheng and Casulli (1982) demonstrated similar results
based on numerical modeling results.

In a weakly nonlinear tidal system, Feng et al.
(1986a) systematically applied the perturbation method
to the depth-averaged tidal dynamic equations and
obtained the Lagrangian residual velocity (LRV, here-
after), uLR, to the second order expressed by the zeroth-
order tidal solutions. They showed that the first-order
uLR is the mass-transport velocity, uL; and defined the
second-order uLR as the Lagrangian drift velocity, uld.
They analytically revealed the dependence of uld on
the tidal phase, which is related to the initial timing
when the water parcels are released. This demonstrates
that uLR has a specific Lagrangian nature (Cheng 1983).
Feng et al. (1986b) proposed the use of uL to replace uE

to act as the advective transport velocity in the inter-
tidal transport equation, in which the tidal dispersion
term disappears.

Feng (1987) extended the analysis to the 3D case and
established a set of dynamic equations governing uL. A
tidal body force appears in the momentum equations,
which represents the nonlinear coupling of the zeroth-
order tide. The water mass is continuous at the sea
surface, i.e., the fictitious “tidal surface source” in Feng
et al. (1984) vanishes, which keeps the conservation
of the mass. The inter-tidal mass-transport equation
using uL as the advective velocity was also derived,
with the tidal dispersion term in Fischer et al. (1979)
disappearing. The analysis clearly demonstrated that uL

is the more appropriate residual circulation in the tide-
dominant shallow seas.

The distinction between the Lagrangian and the
Eulerian residual velocity has been theoretically recog-
nized for more than 30 years. The Lagrangian resid-
ual current framework has been successfully applied
to many cases (e.g., Jay 1991; Foreman et al. 1992;
Dortch et al. 1992; Cerco and Cole 1993; Wang et al.

1993; Ridderinkhof and Loder 1994; Delhez 1996; Wei
et al. 2004; Hainbucher et al. 2004; Muller et al. 2009).
However, the Lagrangian framework is still not widely
accepted; and it is not uncommon in literature that the
Eulerian residual velocity (uE) is used to explain the
mass transport in shallow seas. This is partly because
the residual current is at least one order smaller than
the tidal current, causing it to be often contaminated
by the errors in observations or model simulations.
This leads to difficulty in demonstrating the differences
among various definitions of the residual current.

In some special cases, uE was questioned explicitly
based on the physics. For example, when studying the
depth-averaged 2D case, Robinson (1983) replaced uE

with the Eulerian residual transport velocity, uT, as
the tidal mean flux at one specific location divided by
the averaged water depth. He stated that uT should be
used to quantify the mean mass transport at a specific
location. This statement was proven wrong by Feng
et al. (1986b) who showed it is uL rather than uT that
is related to the inter-tidal transport. The product of
the depth-averaged LRV and the mean water depth,
the so-called Lagrangian residual transport, is the net
mass transport in a depth-averaged 2D case. Since uT

is of the same order as uE and uL, it is also difficult to
distinguish them from observations or modeling results.

Under such a circumstance, the analytical solutions
for idealized cases are the most ideal for assessing
the differences among different residual velocities. For
example, Dyke (1980) gave an analytical solution of the
Stokes’ drift in a two-layer rectangular basin with a flat
bottom, based on a specific solution of the linear tide.
Ianniello (1977) analytically calculated uE and uL in a
length-depth section of a narrow bay, and found that uE

is always seaward while uL is of a two-layer structure.
This clearly demonstrated that the Eulerian residual
velocity violates mass conservation while the LRV does
not. It should be pointed out that the expression of uL in
Ianniello (1977) is indeed uT, later defined by Robinson
(1983). It happens that in the case of Ianniello (1977) uT

is a valid simplification of uL.
For general cases uT and uL are different, but in

recent years uT has still been used to represent the
inter-tidal mass transport even in some theoretical stud-
ies. Li and O’Donnell (2005) gave an analytic solution
of uT in a narrow bay and used it to represent the
mass-transport velocity. They studied the dependence
of the Eulerian residual transport velocity on the length
(Li and O’Donnell 2005) and bending of the bay (Li
et al. 2008). Winant (2007) found a solution for a 3D
case in a bay and then studied the first-order LRV, uL

(Winant 2008). However, he used the Eulerian residual
transport to represent the depth integrated residual
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transport even though he noticed the discrepancy be-
tween uT and uL in his results.

The purpose of the present study is to clarify the
different definitions of the residual current, through
quantitative comparison of uE, uT and uL calculated
for a specific case of a narrow bay. The govern-
ing equations for the Lagrangian residual flow in a
depth-averaged 2D case will be derived for the first
time, based on the concept developed by Feng et al.
(1986a,b). By confining to a narrow bay, the equa-
tions will be solved analytically to obtain the first-
and second-order LRV. The behavior of the LRV will
be analyzed and some factors influencing it will be
discussed. The analysis results will help to draw the
attention of researchers when studying the circulation
dynamics in shallow coastal waters.

2 Definitions and governing equations

2.1 Definitions of residual velocities

For clarity, Table 1 provides a list of symbols related
to the major definitions of the residual currents. The
definitions of these residual currents are provided be-
low, and more details can be found in Feng et al. (1986a,
2008) and Delhez (1996).

The Lagrangian residual velocity uLR is commonly
defined as the net displacement of the water parcel
divided by the elapsed time of n tidal periods (e.g.,
Zimmerman 1979):

uLR = ξ(t0 + nT; x0, t0)
nT

,

where ξ(t; x0, t0) = ∫ t
t0

u(x0 + ξ , t′)dt′ defines the dis-
placement of a water parcel with the initial position at
x0 when t = t0.

The tidal oscillation is removed from the net dis-
placement of the water parcel after n tidal periods, but a
slowly varying part with an inter-tidal time scale τ may
still exist. Feng et al. (2008) proved that if n is not too

Table 1 Symbols for major definitions of the residual current

Symbol Meaning

uLR Lagrangian residual velocity(LRV)
uL First-order LRV, mass-transport velocity
uld Second-order LRV, Lagrangian drift velocity
uE Eulerian residual velocity
uS Stokes’ drift velocity
uT Eulerian residual transport velocity

large to ensure that the water parcel’s net displacement
after n tidal periods is at least one order of magnitude
smaller than the tidal excursion, ξ(t0 + nT; x0, t0) can
be a smooth function of x0 and τ . Thus, assuming
ξnr(x0, τ ; t0) = ξ(t0 + nT; x0, t0), the LRV is defined as

uLR(x0, τ ; t0) = ∂ξnr(x0, τ ; t0)
∂τ

The nonlinearity of the shallow sea tidal system can
be quantified by a nondimensional number κ , the ratio
between the tidal amplitude and the water depth. In
the weakly nonlinear case, i.e., O(κ) < 1, all the state
variables such as u, υ and ζ can be expanded into the
power series according to κ ,

u = u0 + κu1 + κ2u2 + · · ·

and similar expansion can be applied to υ and ζ .
Feng et al. (1986a) proved that the mass-transport

velocity uL defined by Longuet-Higgins (1969) is the
first-order approximation to uLR and is independent of
the initial phase t0, i.e.,

uLR(x0, τ ; t0) = uL(x0, τ ) + O(κ), (1)

where the mass-transport velocity is defined as

uL(x0, τ ) = uE + uS. (2)

The Eulerian residual velocity is defined as

uE = (uE, υE) = (〈u1〉, 〈υ1〉), (3)

and the Stokes’ drift velocity is defined as

uS = (uS, υS) = 〈ξ0 · ∇u0〉, (4)

where the tidal average operator is defined as follows:

〈 f 〉 = 1
nT

∫ t0+nT

t0
f (x, t)dt, (5)

and

ξ0 =(ξ0, η0)=
(∫ t

t0
u0(x0, t′)dt′,

∫ t

t0
υ0(x0, t′)dt′

)

.

Thus,

u0 = (u0, υ0) = ∂ξ 0

∂t
. (6)
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The definition of the Eulerian residual transport
velocity uT is based on the idea that the calculation
of the residual transport should take the water surface
oscillation into consideration, thus,

uT = (uT , υT) = uE + 〈u0ζ0〉
h

. (7)

It is proved in Eqs. 53 and 54 in the Appendix (or
Feng et al. 1986b) that

uS = uD + 〈u0ζ0〉
h

,

where

uD = (uD, υD) = 1
h

(
∂〈hu0η0〉

∂y
,
∂〈hυ0ξ0〉

∂x

)

. (8)

We thus get uL = uT + uD, which means that uT is
only a part of uL. In general, even to the first-order
approximation, uT cannot describe the water parcel
movement as the LRV does, except in cases when
uD = 0 such as the section-averaged one-dimensional
or breadth-averaged two-dimensional cases of a bay.

The second-order uLR is related to the Lagrangian
drift velocity uld = (uld, υld),

uLR = uL + uld + O(κ2). (9)

uld is dependent on the initial phase of a tidal period
and its expression can be found in Feng et al. (1986a).
The Lagrangian drift velocity represents the interaction
between the tidal current and uL and is one order
smaller than uL in the weakly nonlinear case.

2.2 The tidal equations

For a narrow bay, the Cartesian coordinates are used
with the x and y-axes oriented along and across the axis
of the bay respectively. The bay has a length of L and
width of B. A single-frequency tide is imposed at the
open boundary at x = 0. The nondimensional, depth-
averaged governing equations describing this system
of long gravity waves can be found in literature, e.g.,
in Feng et al. (1986a). Here we use the linearized
quadric bottom friction based on Proudman (1953).
The influence of the nonlinear bottom friction on
the tide-induced residual current will be discussed in
Section 4.4. The governing equations are

∂ζ

∂t
+ ∂(h + κζ )u

∂x
+ ∂(h + κζ )υ

∂y
= 0, (10)

∂u
∂t

+κ

(

u
∂u
∂x

+υ
∂u
∂y

)

−δFυ =− ∂ζ

∂x
−βT

u
h + κζ

, (11)

δ2
[
∂υ

∂t
+ κ

(

u
∂υ

∂x
+ υ

∂υ

∂y

)]

+ δFu

= −∂ζ

∂y
− δ2βT

υ

h + κζ
, (12)

where t, u = (u, υ), ζ and h are the nondimensional
time, velocity and its components in x and y directions,
sea surface elevation and water depth, respectively. For
brevity, they take the same form as the dimensional
variables.

The characteristic scales for the various variables
are tc = T, xc = λ, yc = B, uc = √

g/hcζc and υc =
Bζc/(hcT), where hc is the averaged water depth, ζc is
the typical tidal amplitude at the open boundary, g is
the acceleration due to gravity, and λ = T

√
ghc is the

wave length.
Equations 10–12 contain four nondimensional pa-

rameters, i.e., κ = ζc/hc, δ = B/λ, F = f T and βT =
βT/hc, where β is the bottom friction coefficient and f
is the Coriolis parameter. The present study considers
the semi-diurnal or diurnal tides and the bay is assumed
to be located at the mid-latitude, so O(F) = 1. For tides
in the shallow seas, the bottom friction is significant and
should be included in the lowest-order tide equations,
hence O(βT) = 1. The third parameter κ , the ratio of
the tidal amplitude over the water depth, characterizes
the nonlinear effect in the system. The fourth parame-
ter δ is the aspect ratio of the cross and along-channel
length scales.

In this study, we consider the case of O(κ) < 1 and
assume δ to be of the same order as κ , i.e., O

(
δ
) =

O
(
κ
)
. This describes a system of weakly nonlinear

tide in a narrow bay. The perturbation method can be
applied to Eqs. 10–12 based on the small parameter κ .

Substituting the expansion of the state variables ac-
cording to κ into Eqs. 10–12 yields the zeroth-order
equations

∂ζ0

∂t
+ ∂hu0

∂x
+ ∂hυ0

∂y
= 0, (13)

∂u0

∂t
= − ∂ζ0

∂x
− βT

u0

h
, (14)

0 = ∂ζ0

∂y
, (15)

(u0, υ0) · n = 0, at the fixed boundary, (16)
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ζ0 = ζopen, x = 0. (17)

In the above equations, n is the unit vector normal
to the land boundary and ζopen is the nondimensional
water elevation at the open boundary.

According to Eq. 15, ζ0 is a function of x and t but
independent of y. This is an obvious inference caused
by the narrow nature of the bay, which does not need
to be an assumption as proposed in Li and O’Donnell
(2005). According to Eqs. 14 and 15, the Coriolis force
does not influence the zeroth-order tide. If the mean
water depth is 10 m, f = 10−4s−1 and a semi-diurnal
tide has a characteristic amplitude of 1 m, then O(δ) =
O

(
B/F R

) = O
(
B/100km

)
, where R = √

ghc/ f is the
barotropic Rossby deformation radius. This means that
B should be less than 10 km for the bay to be considered
as a narrow one.

The equations for the first-order motions are

∂ζ1

∂t
+ ∂hu1

∂x
+ ∂hυ1

∂y
= −

(
∂u0ζ0

∂x
+ ∂υ0ζ0

∂y

)

, (18)

∂u1

∂t
− Fυ0 = −∂ζ1

∂x
− βT

u1

h

−
(

u0
∂u0

∂x
+ υ0

∂u0

∂y
− βT1

u0ζ0

h2

)

, (19)

Fu0 = ∂ζ1

∂y
, (20)

(u1, υ1) · n = 0, at the fixed boundary, (21)

ζ1 = 0, x = 0. (22)

In the above equations, βT1 = β1T/hc with β1 being
equal to β. If β1 is assumed to be 0, then the bottom
friction term in Eqs. 11 and 12 retreats to the linear
form case (see Feng et al. 1986a, Eqs. 3 and 4). This
case is referred to as the “linear form of the bottom
friction term” for short hereafter. Otherwise, it is called
the “nonlinear form of the bottom friction term”. The
effect of these two forms on the residual current will be
discussed in Section 4.4.

2.3 Equations for uL

In the present study, only a single frequency tide is
imposed at the open boundary, i.e.,

ζopen =ζopenR cos 2π t + ζopenI sin 2π t =Re
[
ζ c

opene−i2π t
]
,

where ζ c
open = ζopenR + iζopenI .

The solution of the zeroth-order tide takes the
form of

ζ0 = ζ0R cos 2π t + ζ0I sin 2π t = Re
[
ζ c

0 e−i2π t] , (23)

u0 = u0R cos 2π t + u0I sin 2π t = Re
[
uc

0e−i2π t] , (24)

υ0 = υ0R cos 2π t + υ0I sin 2π t = Re
[
υc

0e−i2π t] , (25)

where ζ c
0 = ζ0R + iζ0I , uc

0 = u0R + iu0I and υc
0 = υ0R +

iυ0I .
The nondimensional equivalence of Eq. 5 is

〈 f 〉 = 1
n

∫ t0+n

t0
f (x, t)dt. (26)

By applying the operator (Eq. 26) to Eqs. 18–20 and
taking into consideration the forms of the zeroth- and
first-order solutions in Feng et al. (1986a), the equa-
tions governing the first-order LRV for the weakly non-
linear tide can be obtained according to the methodol-
ogy proposed by Feng (1987). The detailed procedure
to obtain them is presented in the Appendix.

The equations governing the first-order LRV equa-
tions in a narrow bay are

∂huL

∂x
+ ∂hυL

∂y
= 0, (27)

uL = h
βT

(

−∂ζE

∂x
+ πx

)

, (28)

∂ζE

∂y
= 0, (29)

where

πx = πxN + πxβ, (30)

πxN = −1
2

∂

∂x

〈

ξ0
∂ζ0

∂x

〉

, (31)

πxβ =βT1
〈u0ζ0〉

h2

+βT

h

(
1
h

∂〈hu0η0〉
∂y

+〈ξ0∇·u0〉+
〈

−η0
∂u0

∂y

〉)

, (32)

uL · n = 0, at the fixed boundary, (33)

ζE = 0, x = 0. (34)
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Equation 28 tells that the longitudinal LRV can
be obtained directly. The terms contributing to uL in-
clude the gradient of the residual water elevation and
a depth-averaged version of the tidal body force πx,
which was first defined by Feng (1987). The irrota-
tional term πxN represents the horizontal gradient of
the tidally averaged coupling of the parcel displacement
and the gradient of the water elevation. The rotational
term πxβ is more complex and is controlled by the
bottom friction. It includes four terms corresponding to
four mechanisms to drive the LRV. The first represents
the tidally averaged interaction between the velocity
and the water elevation. It diminishes when the tidal
wave is a standing wave or when the tidal bottom fric-
tion term is in the linear form. The second is uD defined
in Eq. 8 and will be discussed in detail in Section 4.1.
It is the gradient of the coupling of the water depth,
the tidal current velocity in one direction and the water
parcel displacement in the other direction. The third is
the tidally averaged product of the along-channel water
parcel displacement and the divergence of the velocity.
The fourth is the tidally averaged product of the lateral
water parcel displacement and the vorticity of the tidal
current.

After the solution of the first-order LRV (uL) is
obtained, the second-order LRV (uld = (uld, υld)) can
be formulated as

uld = u
′
ldcos2π t0 + u

′′
ldsin2π t0, (35)

υld = υ
′
ldcos2π t0 + υ

′′
ldsin2π t0, (36)

u
′
ld = u0I

∂uL

∂x
+ υ0I

∂uL

∂y
− uL

∂u0I

∂x
− υL

∂u0I

∂y
, (37)

u
′′
ld = −u0R

∂uL

∂x
− υ0R

∂uL

∂y
+ uL

∂u0R

∂x
+ υL

∂u0R

∂y
, (38)

υ
′
ld = u0I

∂υL

∂x
+ υ0I

∂υL

∂y
− uL

∂υ0I

∂x
− υL

∂υ0I

∂y
, (39)

υ
′′
ld = −u0R

∂υL

∂x
− υ0R

∂υL

∂y
+ uL

∂υ0R

∂x
+ υL

∂υ0R

∂y
. (40)

3 Solutions in a narrow bay

For a rectangular bay, its constant width B can be taken
as the length scale in y direction. Thus, x= LN, y=

0 and y = 1 constitute the fixed boundary of the bay,
where LN = L/λ is the dimensionless length of the bay
which influences the solution together with βT . The
solution of Eqs. 13–17 for the zeroth-order tide in the
above narrow bay is given in Li and Valle-Levinson
(1999), but the assumption that the transverse gradient
of the tidal elevation is zero in Li and Valle-Levinson
(1999) is not needed here. According to Eq. 15, ζ0 is
independent of y, i.e., ζ0 = ζ0(x, t), which is a natural
deduction for a narrow bay system.

3.1 General solutions

If the water depth varies only along the bay, i.e., h =
h(x), then υ is always 0 according to Eqs. 13–17. For
nonzero υ the water depth h should at least depend on
y, the across-bay direction. Here, the case of h = h(y)

is considered.
The solution procedure of the linear tide follows Li

and Valle-Levinson (1999) and the time invariant parts
of the solution defined in Eqs. 23–25 are

ζ c
0 (x) = ζ c

open
cos [
(x − LN)]

cos(
LN)
, (41)

uc
0(x, y) = −ζ c

open



i2π − βT/h
sin [
(x − LN)]

cos(
LN)
, (42)

υc
0(x, y) = ζ c

open

h
cos [
(x − LN)]

cos(
LN)
·

[

i2πy + 
2
∫ y

0

h
i2π − βT/h

dy′
]

, (43)

where


2 = − i2π

H ,

H =
∫ 1

0

(
h

i2π − βT/h

)

dy.

The first-order LRV is obtained in the following
procedure. By applying the operator

∫ 1
0 dy to Eq. 27

with the boundary conditions taken into consideration,
the following equation can be obtained,

∫ 1

0
huLdy = 0.
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Then the substitution of Eq. 28 into the above rela-
tion followed by a rearrangement yields

∂ζE

∂x
=

∫ 1
0 h2πxdy
∫ 1

0 h2dy
. (44)

Thus, ζE can be obtained by integrating the above
equation from 0 to x with ζE = 0 at x = 0.

By substituting Eq. 44 into Eq. 28, one gets

uL = h

βT
∫ 1

0 h2dy

(

πx

∫ 1

0
h2dy −

∫ 1

0
h2πxdy

)

. (45)

Then υL can be calculated by integrating Eq. 27 from
0 to y. Thus, the first-order LRV, uL, is expressed
explicitly with the solution of the zeroth-order tide.

The Lagrangian drift velocity uld can be obtained
with Eqs. 35–40 after the zeroth-order tidal current
and the first-order LRV are obtained.

The explicit expression of each term in the solution is
obtained by using Maxima, a system for the manipula-
tion of symbolic and numerical expressions. It evolves
from Macsyma, a computer algebra system developed
in the late 1960s at Massachusetts Institute of Tech-
nology (Maxima.sourceforge.net 2009). The expression
is exported as a segment of a Fortran code and in-
serted in a Fortran program directly. In the solution the
integration concerning the water depth cannot always
be solved analytically, so a numerical integration soft-
ware package Quadpack is used (Piessens et al. 1983).
To ensure accuracy, the double precision real number
is used.

3.2 Solution for a specific bottom profile

The water depth across the bay is assumed to taken the
dimensional form of

h̃(y) = h̃1 + h̃2e−[(y/B−1/2)/α]2
, (46)

where α is an adjusting parameter.
In the nondimensional form the bottom topography

is

h(y) = h1 + h2e−[(y−1/2)/α]2
, (47)

where h1 = h̃1/hc and h2 = h̃2/hc, The nondimensional
form y is written the same as its dimensional counter-
part for simplicity, as stated in Section 2.

Because the width of the bay, B, is neither in the
depth profile nor in the residual circulation equations

explicitly, the nondimensional results are independent
of B if the narrow bay condition O(δ) ≤ O(κ) < 1 is
satisfied.

The dimensional parameters in Eq. 46 are set the
same as those in Li and O’Donnell (2005), with α =
7/40 and the width B = 2,000 m. The water depth in
the cross section of the bay (in meters) becomes

h̃(y) = h̃1 + h̃2e−[(y−2,000/2)/350]2
.

If h̃1 = 5 m and h̃2 = 10 m, the nondimensional depth
profile across the bay is displayed in Fig. 1.

A single-frequency tide with the period T =12 h is
imposed with the amplitude of 1 m at the open bound-
ary. The bottom friction coefficient is taken to be β =
β1 =0.00176 m s−1 as in Li and O’Donnell (2005). All
the above parameters determine the nondimensional
parameters in the narrow bay system (Eqs. 13–17 and
27–34), except the length of the bay. This configuration
is referred to as the standard case in the remaining parts
of the paper.

Based on the above configuration, the bay with a
length L = 105 km is first considered. The Eulerian
residual transport velocity uT is displayed in Fig. 2 with
the variables being in the nondimensional form. It can
be seen that the flow pattern is symmetric with respect
to the central line of the bay. Two mirror-symmetric
gyres are formed at the head of the bay with the in-
ward flow in the deep water area. At the outer part
of the bay, two semi-gyres are formed with openings
at the open boundary. The Eulerian residual transport
velocity is outward at the deep water area and inward
at the shoal area in the outer half of the bay. This result
is consistent with that of Li and O’Donnell (2005).
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Fig. 1 The nondimensional depth profile across the bay
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Fig. 2 The vectors of uT in a bay of 105 km long and 2 km wide.
All the labels and vectors are in the nondimensional form

4 Analysis of solutions in a narrow bay

4.1 uL and its comparison with uE and uT

The solutions of uL, uE, uS, uT and uD are displayed in
Fig. 3 for the standard case with the length of the bay
being the same as the tidal wave length.

The pattern of uL shown in Fig. 3a is rather complex.
A pair of mirror-symmetric gyres exist near the head
of the bay, with the cyclonic one located in the upper
half of the bay. Adjacent to these two gyres, there exists
another pair of gyres with opposite rotation directions
and they are compressed by four semi-gyres all extend-
ing to the open boundary. The four semi-gyres can be
divided into two symmetric groups. In each group, the
flow is inward along the lateral boundary and along the
central axis of the bay; the two semi-gyres join together
and flow out at the slope of the bay.

Distinct differences between uL and uE are found
in the outer part of the bay. Figure 3b shows that the
Eulerian residual velocity uE flows outward along the
whole open boundary, violating mass conservation law
(Feng et al. 2008). However, Fig. 3c shows that uS is in
the opposite direction of uE along the open boundary.
As a result, the magnitude of uL, shown in Fig. 3a, has a
smaller magnitude than that of uE for the present case.
This difference has been noticed in previous studies
such as Loder (1980), but a more general theoretical
explanation is given in this study. Figure 3b shows that
there are two mirror-symmetric gyres near the head
of the bay as in Fig. 3a, but the sizes of the gyres
are different. The gyres of uL occupy larger areas than
those of uE.

a

b

c

d

e

Fig. 3 Streamlines of nondimensional a uL, b uE, c uS, d uT, and
e uD in a bay with length equal to one tidal wavelength

uT shown in Fig. 3d is different from uL shown in
Fig. 3a. Two semi-gyres, which are adjacent to the two
gyres near the head of the bay, are located at the outer
part. The two semi-gyres combine to form an outflow in
the deep part of the bay and an inflow along the sides of
the bay. At the open boundary uT flows outward near
the central axis of the bay while uL flows inward; near
the sides of the bay both uT and uL flow inward. For uL,
we have noted that there exist two branches of outflows
at the slope of the bay to ensure the mass conservation.
Clearly, the LRV differs from the Eulerian residual
transport velocity not only in magnitudes but also in
patterns.

uD, the missing part in uT for uL, is shown in Fig. 3e.
Clearly, uD countervails with uT nearly everywhere.
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This countervailing feature makes the magnitude of
uL smaller than uT; and even makes the directions of
uL and uT opposite. This difference may suggest, for
instance, that the “residence time of water inside the
bay” estimated from uL is longer than that estimated
from uT.

uD results from the interaction between the along-
bay tidal velocity and the across-bay displacement, but
the bottom topography still plays a role in determining
it according to

uD = ∂ ln h
∂y

〈u0η0〉 + ∂〈u0η0〉
∂y

. (48)

The tidally averaged product of the along-bay veloc-
ity and the across-bay displacement can be expressed
as the product of uc

0 and the conjugate of υc
0 , υc∗

0 , or the
product of υc

0 and the conjugate of uc
0, uc∗

0 , i.e.,

〈u0η0〉 = −〈υ0ξ0〉 = 1
4π

Im
(

uc
0υ

c∗
0

)
= − 1

4π
Im

(
υc

0uc∗
0

)
.

(49)

Equation 49 is rather complex and Fig. 4 shows its
distribution for a bay with length equal to 0.3 tidal
wavelength since the major characteristics are confined
to the head of the bay. The bay can be approximately
split into four areas, with two bigger areas occupying
the outer part of the bay and two smaller areas located
near the head of the bay. |〈u0η0〉| is the biggest at the
mouth of the bay and decreases towards the head of the
bay. The variation of 〈u0η0〉 is also larger at the mouth
than near the head of the bay. Across the outer part
of the bay from y = 0 to y = 1, 〈u0η0〉 is negative for
y < 1/2 and positive for y > 1/2. Meanwhile, ∂ ln h/∂y
is positive in the lower half of the bay and negative in
the upper half of the bay. Thus, the first term in Eq. 48
is negative across the bay. The second term in Eq. 48
is negative at the lateral boundary of the bay where
the water is shallow, thus uD is negative. uD should be
positive at the deep part of the bay because it obeys
mass conservation. The condition is opposite near the
head of the bay where two symmetric eddies exist. As a

Fig. 4 The nondimensional form of 〈u0η0〉 in a narrow bay

result, the pattern of uD contrasts with that of uT shown
in Fig. 3d, e.

4.2 Dependence on LN

The nondimensional length of the bay, LN , is a free
parameter in the present case of a narrow bay. Here we
examine the patterns of the first-order LRV by varying
LN from 0.12 to 0.5 tidal wavelength. Figure 5a shows
that for the length of the bay being 0.5 wavelength,
there are two mirror-symmetric gyres near the head
of the bay as mentioned in Section 4.1 (Fig. 3a). The
diameter of the gyres is about 0.18 wavelength. Again,
in the outer part of the bay there are two gyres with
different rotation directions, which are separated by
four semi-gyres at the open boundary.

Figure 5b, c show the first-order LRV for the length
of the bay being 0.3 and 0.12 wavelength respectively.
The combination of Fig. 5 and Fig. 3a tells that the
first-order LRV streamline of a shorter bay is a part
of that of the longer bay. Therefore, the pattern of
uL is determined by the dimensionless distance away
from the head of the bay, according to which the bay
can be divided into three zones. In the inner zone,
which is within 0.18 wave length away from the head
of the bay, the water flows inward in the deep part
and outward in the shallow part. In the outer zone,
with distance larger than 0.5 wavelength, the water
flows inward along the sides and in the deep part, and

a

b

c

Fig. 5 The streamlines of nondimensional uL in a bay with
lengths of a 0.5, b 0.3, and c 0.12 tidal wavelength
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flows outward in the slope area. The transition zone is
located with distances between 0.18 and 0.5 wavelength
away from the head of the bay. Here, the first-order
LRV has a more complex pattern than the other two
zones. The water flows inward along the sides and
bounces back when encountering the two inner gyres;
then the two branches will converge and flow outward
for a short distance in the deep central part of the bay
before detaching because of the inflow from the open
boundary, and finally join together and flow outward in
the slope area of the bay.

4.3 Dependence on βT

According to Eq. 28, the nondimensional parame-
ter βT = βT/hc can influence the solution of LRV.
Figures 6 and 7 show the streamlines of uL and uT

with βT being half or twice of that used for creating
Fig. 3, respectively. With a reduced βT , uL is closer to uT

and the two semi-gyres located at the deep central part
disappear. This corresponds to a reduced contribution
of the rotational part of the tidal body force, πxβ . With
an increased βT , the gyres of uL at the head of the bay
do not appear but join the two semi-gyres in the deep
central part of the bay. The structure of uT does not
change much with a changing βT .

In the real world, the values of βT differ for different
bays with different water depths. For a single bay, the
values of βT differ for different tidal constitutes, for ex-
ample, βT for a semi-diurnal tide is only half of that for
a diurnal tide. For a specific bay if the semi-diurnal and
diurnal tides are both important, the residual current is
induced by the combination of these tidal constituents.
Under the weakly nonlinear condition, Feng (1990)
proved that the Lagrangian residual current induced

a

b

Fig. 6 The streamlines of nondimensional a uL and b uT with βT
being half of that used in creating Fig. 3

a

b

Fig. 7 The streamlines of nondimensional a uL and b uT with βT
being twice of that used in creating Fig. 3

by multi-frequency tides is the linear summation of
uL generated by each tidal component. Therefore, the
difference of the LRV caused by different values of βT

can add more complexity to the gross result than the
single tide case. This suggests that the feature of the
LRV may not be fully described by the bay length only.

4.4 Dependence on the form of the bottom friction

As stated in Section 2.2, the linearized bottom friction
based on Proudman (1953) is used in this study. How-
ever, the bottom friction term in Eqs. 11 and 12 takes
the nonlinear form, whereas in other studies the linear
form, i.e., βT1 = 0, was used (Feng et al. 1986a).

It can be seen from Eqs. 13 to 15 that the zeroth-
order tide is not influenced by the different forms
of the bottom friction term. However, the nonlinear
bottom friction term contributes to the first-order LRV
through πxβ in Eq. 28. The difference in uL between
the linear and nonlinear forms of the bottom friction
is denoted as uLβ = (uLβ, υLβ) and can be expressed as

uLβ = −h
∫ 1

0 〈u0ζ0〉dy

βT
∫ 1

0 h2dy
+ 〈u0ζ0〉

βT h
, (50)

υLβ =
∫ y

0 h2dy′

βT h
∫ 1

0 h2dy

∫ 1

0

∂〈u0ζ0〉
∂x

dy − 1
βT h

∫ y

0

∂〈u0ζ0〉
∂x

dy′.

(51)

The streamline of uL for the linear form of the
bottom friction term is shown in Fig. 8a. Compared with
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a

b

c

Fig. 8 a The streamline of uL for linear bottom friction. b The
streamline of uLβ . c The streamline of uT for linear bottom
friction

Fig. 3a, it can be seen that the structure of uL becomes
much simpler. The two gyres near the head of the bay
now disappear, and the four semi-gyres in the outer
part of the bay are reduced to two semi-gyres with one
occupying the upper and the other occupying the lower
half of the bay.

The part of the LRV associated with the nonlinear
part of the bottom friction term, uLβ , is shown in Fig. 8b.
Interestingly, the two gyres near the head of the bay
in Fig. 8b are very similar to those in Fig. 3a. This
means that the two gyres near the head of the bay in
Fig. 3a are mainly induced by the nonlinear part of
the bottom friction term. This explains why the pattern
of uL becomes two simple semi-gyres when the linear
form of the bottom friction term is used. For the outer
part, uL in Fig. 8a is similar to uD in Fig. 3e, both
showing inward flow in the deep part and outward flow
in the shallow shoal. If the nonlinear form of the bottom
friction term is used, uL becomes much more complex
as displayed in Fig. 3a.

The pattern of uLβ shown in Fig. 8b is similar to that
of uT (Fig. 3d), but differs from that of uD (Fig. 3e).
Because uLβ is the difference in uT between the cases
using the linear and the nonlinear forms of the bottom
friction, the structure of uT for the linear form (Fig. 8c)
does not show much difference with that of uT for the
nonlinear form of the bottom friction term (Fig. 3d).

For the case of the linear form of the bottom friction
term, the pattern of uT differs from that of uL in the
outer part of the bay. uL flows inward at the deep
central part of the bay and flows outward in the shallow
part and along the sides. uT is in the opposite direction
of uL. Despite of the above differences, uT still shows
two gyres near the head of the bay. This means that for
the case of the linear form of the bottom friction term,
the structure of the first-order LRV is smoother than
that of the Eulerian residual transport velocity.

The bottom friction has two different effects on the
residual current. In the case where the nonlinear form
of the bottom friction term is used, only the nonlinear
part associated with β1 contributes to the generation of
the residual velocity. The linear part associated with β

only dissipates the residual current. In numerical mod-
eling studies the bottom friction itself can be nonlinear,
thus generating additional complexity.

4.5 Residual current and water exchange

One of the important applications of the residual trans-
port is to estimate the water exchange. Many methods
have been used to define the water exchange across
a section. If the steady-state residual transport is ob-
tained, the water volume bounded by a specific cross
section divided by the water exchange flux at the same
section is used to describe the residence time, denoted
as “the residence time at that cross section” hereafter.

Since huL satisfies the mass conservation equation,
the integration of huL over a section across the bay
should be 0. The integration of h|uL| over half of the
section across the bay is the water exchange flux at that
section. The water exchange flux is calculated at the
consecutive cross sections in a bay with a length of one
tidal wavelength. The same procedure is also applied to
h|uT |. The resulting estimates are displayed in Fig. 9a.

It can be seen that the water exchange flux generally
decreases from the open boundary towards the head of
the bay; but at 0.18 wavelength away from the head of
the bay, the water exchange flux reaches a minimum
value. According to Fig. 3a, this is where the bound-
ary of the two inner gyres is located. This location
corresponds to a “barrier” for the water exchange in
the bay. Similarly, Fig. 9b shows that the residence
time increases sharply from the head of the bay and
reaches the maximum at 0.18 wavelength away from
the head. It then gradually decreases until toward the
open boundary. Clearly, the variation of residence time
along the bay corresponds to the two rather isolated
circulation systems separated at 0.18 wavelength away
from the head.
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Fig. 9 a The water exchange flux at every cross section in a bay
with length of one tidal wavelength based on huL and huT . b The
residence time of water inside every cross section. The vertical
axes are in logarithmic scales

The Eulerian residual transport, huT , is also used to
estimate the water exchange and the resulting estimates
are shown in Fig. 9a, b along with the estimates with
the first-order Lagrangian residual transport huL. The
characteristics of the estimates based on huT and huL

are rather similar, but differ quantitatively. Firstly, the
minimum water exchange flux based on huT occurs at
around 0.16 wavelength away from the head, further
inside the bay than that based on huL. This corresponds
to the slight difference in the positions of the two gyres
between the huL and huT cases. Secondly, the residence
time based on huT is generally shorter than that based
on huL, except near where the residence time reaches
the maximum. At the open boundary, the residence
time based on huL is three times longer than that based
on huT . Therefore, if huT is used to examine the water
exchange, the capacity of the physical self-purification
of the bay will be significantly exaggerated.

The residence time for the bays with lengths ranging
from 0.05 to 1 tidal wavelength is shown in Fig. 10.
Clearly, the residence time increases with the length of
the bay. The difference in the residence time between
estimates based on huL and huT is nearly constant for
the bays with lengths longer than 0.2 tidal wavelength.

The water exchange fluxes at each cross section for
the bays with lengths ranging from 0.3 to 1 tidal wave-
length are plotted in Fig. 11. By aligning the head of
the bay at x = 1, the end of each curve line corresponds
to the position of the open boundary. It can be seen

 1.0

 2.0

 3.0

 4.0

 0.0  0.2  0.4  0.6  0.8  1.0

lo
g(

re
si

tim
e)

len

resi_time_uT
resi_time_uL

Fig. 10 The residence time based on huL and huT for the bays
with different lengths. The vertical axis is in logarithmic scale

that the water exchange flux increases as the length of
the bay decreases. For the same tidal energy input, the
energy is spread further in a longer bay than in a shorter
bay. At the open boundaries, the water exchange fluxes
are similar; while the rates of variation along the axes
of the bays are similar for the bays with various lengths.
Interestingly, for bays with different lengths the mini-
mum water exchange fluxes occur at the same location,
i.e., at around 0.18 tidal wavelength away from the head
of the bay, corresponding to the outer boundary of the
two inner gyres.

The water exchange flux for a bay with different
values of βT is displayed in Fig. 12. The water exchange
flux increases at most cross sections of the bay as βT

decreases. The minimum water exchange flux occurs
where the inner and outer gyres are separated. That
point is located at around 0.18 wavelength away from
the head of the bay and shifts towards it as βT increases.
Moreover, the separation becomes less obvious as βT

gets bigger and finally the separation nearly disappears,
corresponding to the merging of the inner and outer
gyres as displayed in Fig. 7a.

The water exchange flux in bays with different depth
profiles is examined by varying α from 2 × 7/40 to
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Fig. 11 The water exchange flux based on huL at each cross
section of the bay with lengths ranging from 0.3 to 1 wave
length, corresponding to curves displaced from top to bottom.
The vertical line denotes the position where the minimum water
exchange flux occurs. The vertical axis is in logarithmic scale
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Fig. 12 The water exchange flux based on huL with different
values of βT , at each cross section of a bay with a length of one
wave length. The curves from top to bottom correspond to the
values of βT being half and twice of that in the standard case.
The curve with circles shows the standard case. The vertical axis
is in logarithmic scale

0.5 × 7/40 in Eq. 47 while keeping h1 and h2 un-
changed. A constant is added to the depth profile to
adjust the averaged water depth, so that βT is kept the
same as in the standard case. For α = 2 × 7/40, 1.4 ×
7/40 , and 1.0 × 7/40, the water exchange fluxes are
displayed in Fig. 13. The results of α < 1 × 7/40 are
not shown because they are very similar to that of
α = 1 × 7/40. Figure 13 shows that the water exchange
flux becomes bigger if α gets smaller, i.e., the bottom
is flatter. The location of the minimum flux shifts away
from the head of the bay when α gets bigger.

4.6 The second-order LRV

Equations 35 and 36 tell that the Lagrangian drift veloc-
ity depends on the initial tidal phase. At each location,
the vectors of the Lagrangian drift velocity constitute
an ellipse, as shown in Fig. 14. The ellipses are bigger
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Fig. 13 The water exchange flux based on huL at each cross
section of the bay with length of one wave length but different
values of α. The curves from bottom to top correspond to α =
2 × 7/40, 1.4 × 7/40 , and 1.0 × 7/40, respectively. The vertical
axis is in the logarithmic scale
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Fig. 14 Ellipses of the nondimensional uld in a narrow bay

at the open boundary and in the slope area of the bay.
The ellipses are one order of magnitude smaller com-
pared with the mass-transport velocity. Therefore, in
this weakly nonlinear case the mass-transport velocity
is a good approximation of the LRV. On the other
hand, the dependence of the LRV on the initial tidal
phase is a Lagrangian feature, which is important in
many applications such as choosing the optimal time for
sewage discharge.

5 Conclusions

In the present study, the depth-averaged equations for
the single frequency tidal currents and the first-order
LRV, and the expressions for the second-order LRV,
are derived systematically based on the weakly nonlin-
ear assumption. The equations are simplified for the
case of a narrow bay and are solved analytically. The
results for a specific axisymmetric bottom topography
are discussed in detail.

Generally, according to the streamlines of the first-
order LRV, the bay can be divided into an inner part
near the head of the bay, the transitional zone, and
the outer part near the open boundary. Two mirror-
symmetric gyres exist in the inner part with the inflow
in the central deep region. Adjacent to the two gyres
in the inner part, two gyres with opposite rotation
directions exist in the transitional zone. These two gyres
are compressed by four semi-gyres in the outer part,
where the water flows inward along the sides and the
deepest part of the bay and flows outward along the
slope.

The dependence of the first-order LRV on the length
of the bay length, LN , is examined. It is proved that the
streamline of the nondimensional current velocity in a
shorter bay is only part of that in a longer bay. The
nondimensional parameter βT = βT/hc includes the
combined influences of the bottom friction parameter,
the tidal period and the averaged water depth on the
first-order LRV. For smaller values of βT , the first-
order LRV is closer to the Eulerian residual transport
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velocity. For larger values of βT , the two gyres in the
inner part of the bay tend to merge with two of the four
semi-gyres in the outer part. A practical significance in
that the semi-diurnal or diurnal tides can change βT

by a factor of two. The form of the bottom friction
also plays an important role in the pattern of the first-
order LRV. This suggests that the parameterization of
bottom friction in numerical models should be treated
carefully.

The water exchange at each cross section of the bay
is controlled by the LRV. The water exchange flux is
higher at the open boundary and decreases towards the
head of the bay, but the minimum flux occurs at around
0.18 wave length away from the head of the bay. This
location can be regarded as where the inner and the
outer parts of the bay separate. The position of this
separation location is not fixed; it changes with both βT

and the bottom topography.
The second-order LRV is shown to be dependent on

the initial tidal phase to take the Lagrangian averaging.
This shows the Lagrangian feature of the LRV.

Different definitions of the residual current are
different, not only in magnitudes but also in patterns
and directions. The Eulerian residual transport veloc-
ity, that can be regarded as the partially modified
Eulerian residual velocity, differs from the LRV. For
the specific case considered here, the pattern of the
Eulerian residual transport velocity is simpler than that
of the first-order LRV; and in the deep part of the bay,
the two velocities are in opposite directions. This leads
to significant difference in the water residence time
calculated according to different residual currents.

It is noteworthy that the symmetry of the depth
profile about y = 0.5 is not a prerequisite to get the
solution. Indeed there is a streamline along y = 0.5
so the narrow bay can be split into two separate bays
without affecting the solutions. Thus, the depth profile
can be of any form if it only varies in the across-bay
direction.

In general the LRV represents the water mass inter-
tidal transport in the tide dominant area. The residual
current derived by other methods may cause the mis-
understanding of the mass-transport mechanism in the
study area. Yet, this belief is not easy to be proved
in the field because in most tide dominant areas the
residual current, which is of the order of cm s−1, is a
small part of the current. This value is even beyond the
precision of the current meter. The traditional Eulerian
observation cannot obtain the LRV, which makes the
proof more difficult.

In this paper the depth-averaged LRV obtained
analytically in the narrow bay gives a good example.
Although it is confined to a single-frequency tidal case,

the analysis can be extended to cases with wind driven,
baroclinic, and multi-frequency tides, because the resid-
ual currents generated by the above factors can be
linearly combined following Feng (1987, 1990). River
runoff can also be included at the head of the bay
based on the analyses of Feng and Wu (1995) and Feng
(1998). Further steps to verify these theoretical analyses
include laboratory experiments and the development of
innovative methods of Lagrangian observations.
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Appendix: The derivation of equations for uL

By applying the operator (Eq. 26) to Eq. 18 and making
use of the definition of uE in Eq. 3, one gets

∂huE

∂x
+ ∂hυE

∂y
= −

(
∂〈u0ζ0〉

∂x
+ ∂〈υ0ζ0〉

∂y

)

. (52)

The substitution of Eqs. 23–25 into Eq. 4 gives

huS = 〈u0ζ0〉 + ∂

∂y
〈hu0η0〉, (53)

hυS = 〈υ0ζ0〉 + ∂

∂x
〈hυ0ξ0〉. (54)

By performing ∂/∂x (Eq. 53) + ∂/∂y (Eq. 54) and tak-
ing into consideration of Eq. 52, the continuity equation
of uL, Eq. 27, can be obtained.

The momentum equations of the LRV are derived as
follows. By applying Eq. 26 to Eq. 19 and making use of
Eq. 2, one gets

0 = −∂ζE

∂x
− βT

uL

h
+ βT1

〈u0ζ0〉
h2

−
〈

u0
∂u0

∂x
+ υ0

∂u0

∂y

〉

+ βT
1
h

〈

ξ0
∂u0

∂x
+ η0

∂u0

∂y

〉

. (55)

By applying the operator (ξ0∂/∂x + η0∂/∂y) to Eq. 14
and making use of Eq. 15, followed by applying Eq. 26,
one yields
〈

ξ0
∂2u0

∂x∂t
+ η0

∂2u0

∂y∂t

〉

= −
〈

ξ0
∂2ζ0

∂x2

〉

−βT

〈

ξ0
∂

∂x

(u0

h

)
+ η0

∂

∂y

(u0

h

)〉

. (56)
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The left side of Eq. 56 is rearranged with integration
by parts. Furthermore, by making use of Eq. 6 and the
periodicity of the variables, one gets
〈

ξ0
∂2u0

∂x∂t
+ η0

∂2u0

∂y∂t

〉

=
〈

∂

∂t

(

ξ0
∂u0

∂x
+ η0

∂u0

∂y

)〉

−
〈
∂ξ0

∂t
∂u0

∂x
+ ∂η0

∂t
∂u0

∂y

〉

= −
〈

u0
∂u0

∂x
+ υ0

∂u0

∂y

〉

. (57)

Then by changing Eq. 56 to the following form

−
〈

u0
∂u0

∂x
+υ0

∂υ0

∂y

〉

=−
〈

ξ0
∂2ζ0

∂x2

〉

−βT
1
h

〈

ξ0
∂u0

∂x
+ η0

∂u0

∂y

〉

−βT

〈

ξ0u0
∂

∂x

(
1
h

)

+η0u0
∂

∂y

(
1
h

)〉

,

and by adding Eq. 55 to the above equation, one gets

0 = −∂ζE

∂x
− βT

uL

h
+ βT1

〈u0ζ0〉
h2 −

〈

ξ0
∂2ζ0

∂x2

〉

−βT

〈

ξ0u0
∂

∂x

(
1
h

)

+ η0u0
∂

∂y

(
1
h

)〉

. (58)

By applying ξ0∂/∂x to Eq. 14, one obtains

ξ0
∂2ζ0

∂x2 = −ξ0

(
∂2u0

∂x∂t
+ βT

∂

∂x

(u0

h

))

, (59)

and then ∂/∂x
[
ξ0 · (Eq. 14)

]
leads to

∂

∂x

(

ξ0
∂ζ0

∂x

)

= − ∂

∂x

(

ξ0
∂u0

∂t
+ βTξ0

u0

h

)

. (60)

Then, Eq. 59 is multiplied with 2 and subtracted with
Eq. 60; and the resulting equation is averaged over one
tidal period. By making use of Eq. 6 and the periodicity
of the zeroth-order solution, one obtains
〈

ξ0
∂2ζ0

∂x2

〉

=
〈

1
2

∂

∂x

(

ξ0
∂ζ0

∂x

)〉

+ βT
1
h

〈

u0
∂ξ0

∂x

〉

. (61)

Substituting Eq. 61 into Eq. 58 leads to

0 = −∂ζE

∂x
− βT

uL

h
+ βT1

〈u0ζ0〉
h2 −

〈
1
2

∂

∂x

(

ξ0
∂ζ0

∂x

)〉

−βT

〈

ξ0u0
∂

∂x

(
1
h

)

+ η0u0
∂

∂y

(
1
h

)〉

−βT
1
h

〈

u0
∂ξ0

∂x

〉

. (62)

For the case of single tidal frequency 〈ξ0u0〉 =
〈η0υ0〉 = 0, thus

−βT

〈

ξ0u0
∂

∂x

(
1
h

)

+ η0u0
∂

∂y

(
1
h

)〉

= βT
1
h2

∂

∂y
〈hu0η0〉

+ βT
1
h

〈

ξ0
∂υ0

∂y
− η0

∂u0

∂y

〉

,

−βT
1
h

〈

u0
∂ξ0

∂x

〉

= βT
1
h

〈

ξ0
∂u0

∂x

〉

.

By applying the above results to Eq. 62, Eq. 28 can be
obtained. It is trivial to obtain the momentum equation
in the y direction.
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