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1. Introduction

Numerical methods for solving nonlinear equations are a popular and important research topic in numerical analysis. In
this paper, we consider iterative methods to find a simple root of a nonlinear equation f(x) = 0, wheref : D C R — R, for
an open interval D, is a scalar function.

We all know that Newton’s method is an important and basic approach for solving nonlinear equations [1-5], and its
formulation is given by

~ fxa)
f(xn)
This method is a quadratic method.
To improve the local order of convergence, a number of modified methods have been studied and reported in the
literature [6-14]. By employing a second derivative evaluation we can obtain some well-known third-order methods, such as
Chebyshev’s method, Halley’s method [6] and the super-Halley method [8]. However, in many other cases, it is expensive to
compute the derivative, and the above methods are still restricted in practical applications. The well known secant method
is given by

(1)

Xnt+1 = Xn

_ ﬂf(x ) 2)
f(xn) _f(xn71) "

The method does not require any derivative, but its order is only 1.618. To improve this method, many modified methods
called the secant-like method have been proposed in [9,15,16].

Xny1 = Xn
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Recently, Zhang et al. [15] and Wang et al. [16] have proposed a new two-step secant-like method and a new three-
step secant-like method respectively, and the convergence order of these methods are improved. Zhang’s method proposed
in [15] is very similar to the well-known King-Werner method with order 2.414 [17], which has the form [18,19]:

-1
Xn+1 = Xn _f, (Xﬂ—;yﬂ> Fxn),

-1
Xn+Yy
Yn+1 = Xnt1 —f/< : B n) F&ng1)-

Here, we attempt to improve the order of the classical method defined by (1), and (2) by using previous information,
and then we present a new iterative method for solving nonlinear equations. Analysis of the convergence shows that the
asymptotic convergence order of this method is 1 4+ +/3 which is equal to the method defined by Wang et al. proposed
in [16]. Per iteration, the methods require two evaluations of the function and one of its first derivative and therefore the
efficiency, in term of function evaluations, of the new methods is equal to v/1.618 ~ 1.17398, which is better than the
method proposed in [16]. Finally, some numerical examples are also given.

(3)

2. Notation and basic results
Let f(x) be a real function with a simple root x* and let {x,}>2, be a sequence of real numbers that converges to x*. We
say that the order of convergence is q if there exists a ¢ € R™ such that
Xpi1 — X*
lim Pt =X #0, 00.
n—+o00 |x" — x*|q
Let e, = x, — x* be the n-th iterate error. We call
ent1 = Cep + -, (4)
the error equation. If we can obtain the error equation for the method, then the value of q is its order of convergence.

3. The new method

Here, in order to construct our method, we use the following second-order polynomial function proposed in [16]:
P(x) = f(Xn) + v, (x — Xp)
N (W = v D — %) (x — )
1Xn—1 + Q2Yn-1+ (2 — a1 — a2)zn—1 — Pixn — BoYn — 2 — B1 — B2)zn

where a1, a2, B1, B2 € R, and y, = Xp — Un_1f (Xn), Un = f' (@)_1 and z, = x, — vaf (xn), Tespectively.
It is easy to obtain that
(Un_,l1 - Urjl)(yn — X)) (Zn — Yn) = U;1@n - Zn)2~
In order to eliminate the nonlinearity, we replace x,1 in the terms (x,+1 — X;) and (x,+1 — ¥n) of P(x,+1) with y, and z,,
respectively. By solving the function (5), we can obtain a new method

Yn = Xn — vn—lf(xn)s

-1
1 X
V. —f ( n yn)

Zp = Xy — vnf (Xn),
(Yn - zn)2

a1Xp—1 +aYn1+ 2 —o1 —a2)zp 1 — Bixn — BoYn — 2 — B1 — Bz
where o1, 07, /31, ,32 e R.

The method defined by (6) can be viewed as an iterative method with three substeps. The first two substeps are the
well-known King-Werner method [18,19]. The third substep is an acceleration by using the values computed previously.

At the beginning of the process, the values of xg, yo and v_; need to be given by some approaches. The choice of v_;
cannot affect the asymptotic convergence order of the method defined by (6) while v_; # 0. Since the first iteration cannot
carry out the third substep, and hence we let x; = zg.

Xny1 = 2Zn —

Theorem 1. Assume that the function f : D C R — R for an open interval D has a simple root x* € D. Let f(x) have first,

second and third derivatives in the interval D, then the asymptotic convergence of the method defined by (6) is 1 + +/3 when
] =0 = 1.
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Proof. Letd,, = y, — x* and w, = z, — x*. Using Taylor expansion, we get

n n 1ok 3 1
f (ﬂ> = f/(x") [1 + Calen +dn) + S Calen + ) + SCalen +dn)” - ]

2
where G, = %%,k:z, 3,....we have
—1
Xn +
o =f,( n 2yn>
1 1

B f/(X*) 1+ CZ(en + dn) + %C3(en + dn)2 + %Cll(en + dn)3 +---

= [1—C2(€n+dn)—<3C3—C22) (en+dn)2+"‘:|~
F(x*) 4

Furthermore, we have
fxa) = f'(x")en + e + Csep + - -]
Thus it follows (7), (8), (9) and y, = x, — v,_1f (x,,) that

dn = Xpn — X" — vn—]f(xn)

3
=en— |:1 — Glen—1 +dp1) — (ZQ - C22> (en—1+dn1)* + - ] len + Coep + Caey + -]

3
= Gep(en—1 +dn1) + (an - C22> en(en_1 +dn_1)? — Coe2 + Cie2(eq_1 +dy_1) + - -~

and hence, we obtain

Wy = Xp — X" — Vnf (Xn)

3
= én — |:1 _CZ(en +dn) - (ZCB _C22> (en +dn)2 + :| [en'i‘czei +C3€?l+]

3
- C2endn + (ZCB - C22> en(en + dn)z - szei(en + dn) + -

3 3
= Gyend, + |:4C3en + (4 3 — c22> dn] en(en +dy) + .

From (6), we obtain

(dn — wn)z

€ny1 = Wp —

We first consider the case & = 0, @y # 0, and in this case we have

| (2 1)

-1
Cnt1 = Czendn - 2—ay Wp_1 (dn - wn) + -
T+ oy dpg e
2
endn C2e €n—1
:Czendn_ _{_:_”7_*_
o2€n—2 oren—3

oren_1 + oadp_1 + (2 — o1 — ) wp_1 — Bren — Poldn — (2 — B1 — B wn

(7)

(8)

(9)

(10)

(12)

(13)

From (11)-(13), we can see that, from z, to x,1, the order is not improved when oy = 0, o # 0. Similarly, it is obtained
that the case oy = o, = 0 also cannot improve the order. We now turn to consider the case « # 0, and using (10)-(12), we

obtain

1 Geen (Z::: +])+'”
en+.l:CZendn_a71 1_{_(17261”7_14—-

o1 ep—1

1 1 ol dn—l
=(1- — ) Gendy — — (1 - 2 ) Gendy =L + - .-
o1 (051 o1 €n—1

(dn —wy) +---
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1 1
= (1 — 7) Czendn - — (1 — 7) Czend en— + -
[04] [04] [04]
1 1 o
= <1 - —) Coendy + [1 -— (2 - l)] Ceen_1eno+---. (14)
o o oq

From (14), we can see that the order will be improved by taking «; = «; = 1. In the following, by letting «; = @, = 1, and
from (10)-(12), we obtain

enit = Wy — dh — (dn — wy)
en_1+dy1— Bren — Badyn — (2 — B1 — Ba)wy
Coen(en—t 4+ dn_1) + (3G — CF) en(en—1 + dp_1)* + - -
en—1 + dn_1 — fren — Body — (2 — B1 — B2)wn
Gen + (%Q —C%)en(en—q+dp1)+---

1— Bren—PBadn—(2—p1—PF2)wn
en—1+dp—1

Gend, — (dy — wy)

= Czendn —

(dy — W) + -+

_ 3 -
= CZendn - C2€n + (ZC3 - C22) en(en—l + dn—]) + -
en— Badyn — (2 — B —
X|:1+/31n Badn — ( B ﬂZ)wn+"i|(dn_wn)+"'
en—1+dnq
[ 3 ) ,Blen
:Ced—Ce+ —C—Cz)e en1+dy1)+--- — --]d—w + -
2€ntn 2€n <43 2 n(n] nl) 11 en1+dn1 (n n)
3 ] ﬂl en 1
= Gepd, — Czen 4 en(en—1 +dy—1) + - ]+1+dn +ooe | (dy— wp) + -
- L en—1
3 1T €n dn—l
=Czendn_ CZen -C3 — en(en 1+dn 1)+ 1+ﬁl 1- +--- (dn_wn)+"'
4 JL en—1 €n—1
3 2
= Gepd, — CZen <ZC3 ) + - i| (dp —wp) + - -
en—1
5 3
=G — -G |esen_1dy, _C2/31 ntooe
4 n—]
3
= Cz <C22 — 4C3> eie§71 - szﬂﬂiﬁ + ..
— 2 é 2,2
=G|G-G)eaeq+ (15)
LetA = G, (CZ — 2C3), then (15) becomes
ent1 = Ae? en 1+ (16)
Suppose that the order of (6) is g when @y = a» = 1, then from (4) we have
en==Cel , +--- (17)
and
enyr = Cel 4= CTHe o (18)
Substituting (17) and (18) into (16) gives
C‘H—l g = Cz 2q+2+ (-19)
which implies that
¢ =2q+2. (20)

It is obtained from (20) that the asymptotic convergence orderq = 1+ V3. O
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Table 1
Comparison of various iterative methods for Example 1.
Secant method Newton’s method New method
X_1:—2,X0:—1 X():—] X(]:—l
n 8 5 4
[Xn — Xn—1] 3.34199334872665e—012 2.22044604925031e—016 2.22044604925031e—016
If (xn)| 3.5527136788005e—015 2.66453525910038e—015 2.66453525910038e—015

Table 2
Comparison of various iterative methods for Example 2.
Secant method Newton’s method New method
X_1:2,Xg:].5 X0:1.5 X(]:].5
n 6 4 3
[Xn — Xn—1] 2.44204656496549e—012 2.22044604925031e—016 2.22044604925031e—016
If (xn)| 3.33066907387547e—016 4.44089209850063e—016 4.44089209850063e—016

Table 3
Comparison of various iterative methods for Example 3.
Secant method Newton’s method New method
x_1 = 3.05,x0 = 2.98 Xo = 2.98 Xo = 2.98
n 7 4 3
|Xn — Xn—1] 3.29958282918597e—013 2.22044604925031e—015 0
If (xa) 0 0 0

By Theorem 1, we take «; = o, = 11in (6), and obtain the present method given by

Yn = Xn — vn_1f (Xn),

-1
Un =f/ <X”_;y”>

Zy = Xn — vnf (Xn),
Yn — Zn)2
Xn—1 +yn71 - /31xn - ,82yn - (2 - ﬂl - ﬂz)zn

Xn+1 = Zn —

where 81, B, € R.

Per iteration the present methods require two evaluations of the function and one of its first derivative. We consider the
definition of efficiency index [5] as p'/¢, where p is the order of the method and w is the number of function evaluations per
iteration required by the method. We have that the present methods have the efficiency index equal to +/1.618 ~ 1.17398,
which is better than the method proposed in [16] ¥/1.618 ~ 1.10102.

4. Numerical example

Now we employ the new method given by (21) with 8; = f, = 0 and v_; = 1 to solve some nonlinear equations
and compare them with the secant method and Newton’s method defined by (1) proposed in [ 1-4]. The iterative method is
stopped when |f (x)| < 1e — 14 or |x, — X,—1| < 1le — 14. The examples are as follows.

Example 1.
fx) = xe”’ — sin?x + 3cosx + 5, x" = —1.20764782713092.
The results of this problem are displayed in Table 1.
Example 2.
f(x) =sin’x—x*+1, x* = 1.40449164821534.
The results of this problem are displayed in Table 2.
Example 3.
F) = e300 oy =3,
The results of this problem are displayed in Table 3.
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From the tables, we see that the new method is efficient. It converges faster than not only the secant method but also
Newton’s method. In view of this fact, the new method can be viewed as a significant improvement compared with the
previously known methods.

5. Conclusions

We present a new iterative method for solving nonlinear equations. Theorem 1 shows that the asymptotic convergence
order of this method is 1 + +/3. The numerical example shows that the method is efficient.
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