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Abstract

A kind of three-layer neural network with time delays is introduced. By analyzing its as-
sociated characteristic equation, local stability and the existence of Hopf bifurcation of the
system are investigated. By using the normal form method and center manifold theorem,
formulas to determine the direction of the Hopf bifurcation and the stability of bifurcating
periodic solution are obtained. Numerical simulation results are also given to support our
theoretical predictions.
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1. Introduction

Neural network is the abstraction and modeling of the human brain or biological neural
network. It has ability to learn from the environment, and adapt to the environment in a
interactive mode as creatures. In 1984, Hopfield proposed a simplified neural network model
[2]. For time delays often occur during the signal transmission, Marcus and Westervelt put
forward an Artificial neural network (ANN) model with delay [3]. Since then, many scientists

pay attention to the dynamical characteristics of neural network(see[4][6][19][20]]22][23][27]).
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Many scholars researched extensively i stability and multi-stablility of ANN (see[7]-[11][13]).
Meanwhile some scientist discussed the dynamical behaviors such as bifurcation (see[12][14]-
[16] [21]), periodic phenomenon and almost periodic solutions (see[5][24]-[26][31]), and chaos
(see[18][27]-[30]).

Due to the existence of time delay, the delayed neural network is different from the non-
delayed neural network, meanwhile, its solution space to be infinite dimensional as time
delay. Therefore, many results of the non-delayed neural network cant be directly applied to
the delayed neural network. Hopf bifurcation as a kind of common bifurcation phenomenon,
is one of the important characteristics of delayed neural network, and also is one of the im-
portant research directions. We research the Hopf bifurcation of a delayed neural network,
which generally takes the time delay as the bifurcation parameter, and obtain the bifurcation
point. A limit cycle is generated after a tiny disturbance of the bifurcation point, and we
can obtain the condition for losing stability of delayed neural network. By using frequency
domain approach, Yu and Cao [34] studied a BAM (2 —2) neural network model with delays.
Xu and He [35] studied a six-neuron BAM neural network model with discrete delays (3 —3),
by using the normal form method and center manifold theorem, they get the condition of
Hopf bifurcation occurs, and the direction, stability and the period of the bifurcating peri-
odic solution. In [17], Xiao and Cao studied Hopf bifurcation of a 1 —n neural network with
the same method,they also give the Hopf bifurcation occurs condition and other results.

We can take the three layered neural network as a back propagation (BP) neural net-
work. BP neural network is a multilayer feedforward network trained by the error back
propagation algorithm [32]. As one of the most widely used neural networks, it includes
input layer, hidden layer and output layer. The BP neural network has many outstanding
advantages. Firstly, the three layer neural network is able to approximate any nonlinear con-
tinuous function with any accuracy, that is, the BP neural network has a strong nonlinear
mapping ability. Secondly, BP neural network has a high degree of self-learning and adaptive
ability. Thirdly, the BP neural network has the ability to apply the learning results and the
new knowledge. Finally, the BP neural network has a fault tolerance ability, and the global
training results will not be affected by the local neurons. In BP neural network, the hidden

layer is connected with the input layer and the output layer, which has a very important



position. According to the existing research results; there is no theoretical guidance on the
choice of the number of neurons in the network. In this paper, we study the situation of two
neurons in the hidden layer, and lay the foundation for the next step.

According to the existing literature, this paper is the first time to discuss the Hopf bifur-
cation of the three layered neural network. At present, the results of the Hopf bifurcation
of the neural network are mainly concentrated in the two-layer of neural network and other
simple two neurons , three neurons or four neurons network model. The research results of
high dimensional delayed neural networks are limited, and the research of the three-layer

network has great significance.

o
o—0

Fig.1. three-layer neural network model

In this paper, we consider the situation of a three-layer neuron network with six neurons.
The architecture of this special case of system (1) is illustrated in Fig.1. This simplified

three layer-neural network model can be described by the following system:

t —13)) + c1afra(ya(t — 73)),

da(t) = —kz2(t) + co3fa3(y1(t — 73)) + coa faa(y2(t — 73)),
J1(t) = —ky1(t) + a1 far (1 (t — 1)) + cs2 fa2(w2(t — 71))
+ €35 f35(21(t — 1)) + c36f36(22(t — 74)),
Ja(t) = —kya(t) + car fr (1 (t — 1)) + caz faz (w2(t — 71))
+ 45 fas5(z1(t — Ta)) + cap fae(22(t — 74)),
21(t) = —kz1(t) + es3f53(y1(E — 72)) + csafoa(ya(t — 72)),
( (

Zo(t) = —kza(t) + ce3fe3(y1(t — 2)) + ceafoa(y2(t — 12))




where x; is the input layer, 7y, is the hidden layer and z; is the output layer. k is the
attenuation coefficient of all neurons, ¢;; (7,7 = 1,2, ..., 6) is the connection weights, 7 and 7
are the transmission delays between different layers, 73 and 74 are the feedback delays between
different layers. The triggering nonlinear function of the neurons takes the hyperbolic tangent
function, i.e. f(-) = tanh(-). Our aim in this paper is to study the stability and Hopf
bifurcations of the system (1). Taking the sum of the delays, 7 = 7 + 13 = 7o + 74, as a
parameter, we shall show that when the delay 7 passes through a critical value, the zero
solution loses its stability and a Hopf bifurcation occurs.

The remainder of this paper is organized as follows. In the next section, we shall consider
the stability and the local Hopf bifurcation. In Section 3, based on the normal form method
and the center manifold reduction introduced by Hassard et al. [1], we derive the formulae
determining the direction, stability and the period of the bifurcating periodic solution at
the critical value of 7. To verify the theoretic analysis, numerical simulations are given in

Section 3. Finally, a conclusion is drawn in Section 4.

2. Local stability and Hopf bifurcation

For simplicity, let uy(t) = z1(t + 73), uz(t) = 22(t + 73), uz(t) = y1(t), us(t) = ya2(t),
us(t) = 21(t + 12), ug(t) = z3(t + 72), then system (1) can be transformed into the following

equations with delay:

U (t) = —kug(t) + ez fiz(us(t)) + crafra(ua(t)),
Uo(t) = —kug(t) + co3 foz(us(t)) + coa foa(ua(t)),
ﬂg(t) = —ku;g(t) + Cglfgl(ul(t — 7’)) + 032f32(u2(t — T))

+ess f35(us(t — 7)) + cs6.f36(us(t — 7)),

Ug(t) = —kug(t) + cq1 fa1(ur(t — 7)) + caz fao(ua(t — 7))
+cas fas (us(t — 7)) + cag fas (us (t — 7)),

s (t) = —kus(t) + cs3.fs3(us(t)) + csafoa(ua(t)),

t6(t) = —kue(t) + co3fo3(us(t)) + coafoa(ua(t))

where 7 = 71 + 73 = 7 + 74. We make the following assumption on function f;;:

(H].) fz‘j - 02, fZ](O) = O, Z,j = 1,2,3,4,5,6.



Under the hypothesis (H; ), the linearization of systent (2) at equilibrium O(0,0,0,0,0,0) is

7

1 (t) = —kui (t) +oas(us(t)) +ara(ua(?)),
Un(t) = —kua(t) + o3 (us(t)) +aza(ua(t)),
iL3(t) = —kU3(t)+a31(u1 (t—T )+a32(u2(t—7))

Ug(t) = —kug(t) + g1 (ug (t—7)) +aua(uz (t—7))

U5 (t) = —kus (1) +as3(us(t)) +asa(ua(t)),

?l@(t) = —k:u6 (t) + Qg3 (U3 (t)) +Qga (U4(t))

where a;; = ¢;;f7;(0). The associated characteristic equation of system (3) is
A+E)*N + BOA+k)? +A4e M =0 (4)
where

A = —(a13a31 + as2a93 + 14041 + 12024 + 63036 + Uealas + 35053 + A45a54),
B = (as4a23 — a53a24) (032045 — a42a35) + (a51063 — 64053)(a36045 — A46035)
—|—(a53a14 - a54a13)(a41a35 - a31a45) 2 (al4a23 - a24a13)(a41a32 - a31a42)
+(a14a63 — a64013)(a41a36 — a31046) + (A64023 — a24063) (16032 — G12036).
There are several types of bifurcation.

Case 1: 7 =0.

Equation (4) becomes
A piA + pad® + psd +pa =0, (5)

where p; = 4k, py = 6k* + B, p3 = 4k3 + 2Bk, p, = k* + Bk?* + A. Suppose
(H2): p; >0, (i =1,2,3,4,), (pipa — p3)p3 — pips > 0.

The Routh-Hurwitz criterion implies that the equilibrium O(0,0,0,0,0,0) is locally
asymptotically stable if (H2) holds.

Case 2: 7 # 0.



Lemma 2.1 [33] Consider-the exponential polynomial

P e ™ e ™) = A pON g0 N0 4 [piA T e pl A plle

o PPAT i A e AT (6)

wherer; >0 (i =1,2,...,m), pz- (1=1,2,....,m; j = 1,2,....,n) are constants. As (71, T2, ..., Tm)
vary, the sum of the order of the zeros of P(\, e ™, ...,e=™) on the open right half-plane

can change only if a zero appears on or crosses the imaginary axis.

The associated characteristic equation of system (3) is
(A 4k X3 + 6K°02 + 4K3 N + kN e + B2 + 2kX + k2) + Ae™™ = 0. (7)

Let A = wi (w > 0) be the root of (7), separating the real and imaginary parts, then we

have

. 2Bkw (8)
SINWT =
wh 4 2k%w? + kA + AT

B(w? — k?)
CoswT = w4+ 2k20w2 4 kA 4+ A7 ©)

Then we can obtain

WS 4 hle —+ h2w4 + h3w2 + h4 = 0, (10)
where
hy = 4k%,  hy =6k 4 2A — B?,  hy = 4k® 4+ (4A - 2B*)k?, hy = (k' + A)? — B%k*.

If hi(i = 1,...;8) of equation (10) are given, it is easy to calculate the roots of (10). From

(9), we derive

) i[arccos B(w2 _ kQ)
T wh + 2k2w% + k4 + A

+2jn],k=1,2,..,8,5 =0,1,2, ... (11)

then +wyi are a pair of purely imaginary root of (7) with 7 = T,ij ). Define

(0) : (0)
=T = {lﬁgig}{ﬂf }, wo = Wro-



Let
A7) =&(7) + iw(T) (12)
be the root of (7) near 7 = 7 satisfying

&(10) =0, w(my) = wo. (13)

Theorem 2.1. Suppose (H1) (H2) holds. Then as T increases from zero, there is a value
To such that the positive equilibrium E* is locally asymptotically stable when T € [0,75) and
unstable when T > 14. Further, for system (3) the the positive equilibrium E* undergoes a
Hopf bifurcation when T = 1.

Proof We know that when (H2) holds, all the roots of (7) have negative real parts at 7 = 0.
Hence, when 7 = 0 the system (3) is asymptotically stable. Taking the derivative of A with

respect to 7 in (7), we have

dx, , P T
M _ o T 14
G =51 (14)
Where
P = (4\3 + 12kX% 4+ 12k% ) + 4K%)eM + B(2X + 2k), (15)
15

Q = —(\ 4+ 4EX3 + 6k2N2 + 4k3X + EHAT 4+ Ade .

Let A = +iwy at the roots of equation (7)at 7 = 79, we should compute W. By

calculated, we can get

d\ My +iMy, T

i), O ) Stk Sk 1
(dT) < Ny +iNy X (16)

Where

M = coswr(=12kw? + 4k*) + sin wr (4w® — 12k*w) + 2Bk,

(=

My = coswr(—4w? + 12k%w) + sinwr(—12kw? + 4k%) + 2Bw,
(_
(_

(17)
Ny = cos wr(—4kw? 4+ 4k3w?) + sinwr(w® — 6k%*w? + (K* 4+ A)w),
Ny = coswr(—w® + 6k%w3 — (k* — A)w) + sinwr(—4kw* + 4k30?).
So, we have
dRe(A(To)) dA 1 M1N1 + M2N2
— 7V — Re[(—= ey = ) 18
o = Rl Mo = (18)

dRe(X(10)
dr

Obviously, we know that ) # 0. The conditions of Hopf bifurcation theorem contain

%T(TO)) and A = +iwy. So Hopf bifurcation occurs at 7 = 7y in system (3), and when 7

7



passes through 7y, a family of periodic solutions appear in system (3). This completes the

proof. O

3. Direction and stability of Hopf bifurcation

In this section, we shall study the direction of the Hopf bifurcation and the stability
of bifurcation periodic solution of system (3). The using approach here is the normal-form
method and center manifold theorem introduced by Hassard et al. [1]. More precisely, we
will calculate the reduced system on the center manifold with the pair of conjugate complex,
purely imaginary solutions of the characteristic equation (7). We can determine the Hopf
bifurcation direction, i.e., to answer the question of supercritical bifurcation or subcritical
bifurcation whether the bifurcation branch of periodic solution exists locally.

We assume that f; € C*(R), i = 1,2,3,4,5,6. For convenience, let z; = u;(7t) and
7 =79 4 p, where 70) is defined by (11) and p € R, the the system (3) can be written as
an FDE in C = C([-1,0],R°) as

x(t) = Luxt + F(:uv xt)? (19)

where z,(0) € C, and L, : C = R, F': R x C = R are given, respectively, by

-k 0 a3 a4 0 0 0 0000 O
» I ) 092 00 ass ag
L@ =4 5 6 & % g 0 o+ @Vrm| anazooan e | e(-1)
0 0 as3 asa —k O 0 0 00 O O
0 0 ags ags 0 —k 0 0 00 O 0
and
F(p,¢) = (79 + p)A (20)

where A are defined by Appendix A.

From the discussions in Section 2, we know that if © = 0, then system (19) undergoes a
Hopf bifurcation at the zero equilibrium and the associated characteristic equation of system
(19) has a pair of simple imaginary roots =ir/)wy.

By the Riesz representation theorem, there exists a function 7(6, 1) of bounded variation

for 0 € [—1,0], such that

0
Lu0) = [ dn0.0000)  for e c (21)

8



In fact, we can choose

—k 0 ai3 a4 O
0 —k asg3 asg O

n0,) =D+ |5 0 F O
0 0 as3 asge —k
0 0 a3 ags 0 —k

OO0 O

where ¢ is defined by

Then (19) is satisfied.
Next, for ¢ € C'([—1,0],R?), we define the operator A(u) as

d¢

s 0 € [_170)7
do
A(p)o(0)=q o
| ano.woe). oo
and
07 b€ [_17 0)7
R(p)o(6) =
F(u, ¢), 0=0
Since 44 = 44 " (19) can be rewritten as

@(t) = A(p)rr + R(p)w:

where z; = z(t + ), forf € [—1,0], which is an equation of the form we desired.

e C'([-1,0], (R?)*), we further define the adjoint A* of A as

W
ds’

0
/ (=), s =0

s € (0,1],
A (p)(s) =

we define a bilinear form

0 0
(W(5), 6(0)) = DT (0)6(0) — / / BT (0)(E-0)dn(0)6(€)de.
0=—1.J¢=0

988 8
] 00
6(6)—(r+p) ( air ads 00 agy age ) o(6+1).
00 O
00 O

(22)

(24)

(25)

(26)

For

(28)

where n(#) = n(#,0). We have the following result on the relation between the operators

A= A(0) and A*.
Lemma 3.1 A = A(0) and A* are adjoint operators.



Proof. Let ¢ € CH[—1,0],R® and ¢ € C¥[0; 1], (R%)*). Tt follows from (28) and the
definitions of A = A(0) and A* that

(¥(s), A(0)(0)

—T(0)A 7 / B(E—0)dn(6) A0)b(€)de

=w/ dn(0 //i@f 0)dn(6) A(0)(€)de

=¢/ dn(6 / (E=0)dn(0 5o+//£od‘”g Daneroeae  (29)
/ B(—0)dn(0 / /£ 0 D= 01306)0(6)ae

— AB(0)6(0) — / L AT 0ano)o e

= (A%(s), 9(0))-

This shows that A = A(0) and A* are adjoint operators and the proof is complete. O
From the above analysis, we obtain that +iw, are the eigenvalues of A(0). Let ¢(f) be

eigenvector of A(0) corresponding to iwp, then we have
A(0)q(0) = iwoq(6). (30)

Since +iwy are the eigenvalues of A(0), and other eigenvalues have strictly negative real
parts, Fiwg are the eigenvalues of A*(0). Then we have the following lemma.

Lemma 3.2 The vector

q(0) = (1, p1,p2, p3, pa, ps)" €™, 60 € [~1,0].

where

kB B  E3 By  FEj
P11 = E"O2_ E,P3— E,P4— E"O5_ B

is the eigenvector of A(0) corresponding to the eigenvalue iwy, and

q*(0) = (1, p%, 3, p3. p5, p3) €00 0 € [0,1].

where

E} E} E; E;
=§70—E*79§ E*,pZ B0 P55 = T

10



is the eigenvector of A* corrésponding to the eigenvalue —iw,, moreover, (¢*(s), ¢(0)) = 1,

where

5
E:{1+Z pip; + (31 +prasa + pacizs + psorse ) phe 0T o
= 31

H a1+ proas + pacus + psaug)phe o™} L

Proof Since q(0) is eigenvector of A(0) corresponding to iwp, then we have

A(0)q(0) = iwoq(0)- (32)
So (28) can be rewritten as
in(0) .
10 g € [-7,0), (33

L(0)g(0) = iwoq(0), 6 =0.

Therefore, we have
q(0) = q(0)el«0?, 0 € [-,0]. (34)

in addition

—k 0 ajzais 0 0O 0 000 0 O
0 0—/€a2]20z240 0 0 0880 0
_ 0o 0 — 0O 0 O @31 (32 35 36 _
/ dn(@)q(@) =T0 0 0 0 —k 0 O Q(0)+T ag1 asg2 00 ay5 age q( 1)
-1 0 0 assass —k 0 0 0000 O
0 0 ags3 ags 0 —k 0O 0 00 0 O
= A(0)q(0) = iwoTog(0): (35)
that is
—k+ai3pataiaps iwo
—kp1+az3p2tazips _ ia1wo
—kpa+(as1+p1ase+paass+psase)e” <00 _ iazwo
—kps+(au1+p1aaz+pacas+psoue)e €070 lazwo
—kpatassp2tasaps lagwo
—kps+aesp2taeaps 1250
Therefore, we can easily obtain
P l P b P Es P b P b
1= /P2 —= (/—y9P3— /P4 — /P55 — (-
E’ E’ E’ E’ E
where F, E, sy, F5, Ey, F5 are defined by Appendix B.
On the other hand
—k 0 ajzaig 0 0O T 0 0000 O T
0 0—]430(2]20&240 0 0 0880 0
*( _ 0 0 — 0O 0 O * @31 Q32 Q35 36 *(_
/ q ( t)dn(t) =70 0 0 0 —k 0 O q (0)+T ag1 aq2 00 ags age q ( 1)
-1 0 0 assass —k 0O 0 0000 O
0 0 ag3 aga 0 —k 0O 0 00 0 O
* * . *
= A*(0)q"(0)70 = —iwo70q"(0). (36)

11



Namely

7k+a13p§+a14p§ —iwg

—k+ag3pi+azapy —iwopy

—kpS+(as1+as2p; +asspl+asepi)e” €070 - —iwop}

—kpi+ (a1 +aap] +ous pi+aaspl)e 719070 _?"JOPé

—kpj+as3ps+asips —?wop%

—kpt+as3ps+asspl —1wops

Therefore, we can easily obtain

* * * * *
_EBr . By . Es . By . Ej
pl_E*7p2_E*7p3_E*7p4_E*ap5_E*'

where E*, B, E5, E5, By, EX are defined by Appendix C.
In the sequel, we shall verify that (¢*(0),¢()) = 1. In fact, from (28), we have

<q*(‘9)7 Q(9)> = (Lﬁiﬁ;uﬁguﬁlﬁg)(:hp17p2’p37p4’p5)T
0 0
- /1/5 o(l’m’ﬁz’ﬁg’ﬁlﬁg)eﬂw”(f“”dn(e) X (L, p1s p2, p3, pa, p3) T €070 dE

S 0 - (37)
= D[1+Z piﬁ'};_/1(17p?vﬁ;aﬁ;)?ﬁjlvﬁg)eeleTedn(e) X (17p17p27p37p47p5)T]
i=1 -

5
= D{HY_ piprH{esrtprasztpacsstpsaiss)Bse O + (aur +p10a+pacuas + pscug)pe O™ ).

i=1
where

0 0 00 0 O
0 0 00 0 O
G = a3y azz2 0.0 azs ase
ag1 og2 0°0 ous oue
0 000 0 O
0 0 00 0 O

So, when

5
D={1+ Z piD; H(az1+p1as+ pacsstpsass)pae O™ + (a1 + p1ous + pacias + psoug ) pre O™} L
=1
(38)

we can get (¢*,q) = 1. On the other hand, since (¢, Ap) = (A*1), ¢), we can obtain
iwo(q",q) = (¢", A7) = (A"¢",q) = (—iwoq",q) = —iwo(q", Q)

Therefore; (¢, 7) = 0. This completes the proof. O

In the remainder of this section, by using the same notations as in Hassard et al. [1],
we first compute the coordinates to describe the center manifold center Cy at p = 0, which
is locally invariant, attracting three-dimensional manifold in Cj. Let u; be solution of (26)
when p = 0. Define

2(t) =(q", x1),

W(t,0)=u—zq—zq=x,—2Rez(t)q(0).

(39)

12



On the center manifold €y, we have

2 =2
W (z,7%,0) :WQO(H)%+W11(¢9)ZE+W02(¢9)%+- » (40)

z and Z are local coordinates of center manifold Cjy in direction of ¢* and g*. Note the W

is real if u; is real. We only consider real solutions.

2t) = (q"u) =(q", A(0)us + R(0)ur)
= (A%(0)q", ur) +77(0) F(ur, 0)

= iwpz(t) +7° (0)fo(2,2) (41)

We rewrite in abbreviated form as

Z(t) = iWOZ(t) + 9(272)7 (42)
where
2 =2 2=
4 V4 VA
9(2,%) =920 T 9NEZ + gorg T+ (43)

Hence we have

9(22) =77 (0) fo(2,2) = "7 (0)£(0,)

= D(l p17p27p37p47p5) (fl(()?xt)?fQ(vat)v"' 7f6(07xt))T7

where f1(0, ), f2(0, ), f3(0, ), f4(0, z), f5(0, z¢), f6(0, ;) are defined by Appendix D.
By (40), we have

(44)

x(0) = (B1s @265 T3¢, Tag, Tse, ver) = W (L, 0) + 2q(0) + Zq(0), (45)

and
Q(H) = (17p17p27p37p47p5)T€i6wOT(j)7 (46)
we can obtain
o (3) 22 (3) (3) z2 3
23¢(0) =zp2 + Zpy + Wy (0)_ + W11 (0)2Z + Wy, (0) +O(|(2,2)[°),
241(0)=2p2 + 775 + Wiy (0 w02z 4w 05 C o)),
o) O VEPTEAe) W, 2
(1) =ze 0™ pzei0m? L) (— ) + Wiy (=1)2Z + W, (—1)—+0(|(Za?)|3),

wor® L 1@y E @) @, 2 3
e +Woyy' (=1 ) + Wi (=1)2Z + Wyy' (—1 ) +0(|(2,2)]°),

zor(—1)=2p1 ¢l +Zp1
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N ) (5) 22 (%) ) 72
w5t(—1)=zpae 0T + Zpae 0T + Wy (— ) + W (=1)2Z + Wy (— ) +0(/(2,2)%),

2
. 1 . i z
zor(—L)=zpse 07" 4 25T L WD (< 1) T + WY (- 1)27 + Wiy (- D) +0(1 (2. 2)P).

From (42) and (43), we get the result of g(z,Z) (see Appendix E) and then we obtain

_ B B —giwer@
920 = D{[a1p3 + asp3] + pi[b1p3 + bap3] + D5l(c1 + espf + cspf + crpf)e 0T

+751(dy + dsp} + dsp? + dyp)e 2™ 4 Bilerpd + espd] + L1058 + F308])
g11 = D{[a1|p2|* + as|ps|] + Bi[b1]p2| + bs|ps|?]
+pslc1 + eslp1]? + eslpal® + czlps*] + P3ldy + dslp1|* + ds|pal® + drps ]
+7ilerlpa® + eslps|*] + p3[filp2l® + f3los*},
g02 = D{[a173 + asp3] + Pi[b173 + bs3] + Fs[(cr + 3P} + csp3 + crpi)e 20|
+75((dy + ds7? + dsph + drpR)e” 2™ 4 Bilerpd + esph] + BELA + f373))
g21 = E{[QGIPQWS)(O) + 2a3,03W1(f)(0) + alﬁQWQ(O)(O) + a3ﬁ2W2(o)(0)
+3as|p2*p2 + 3aalps|*ps] + 7126102 WY (0) + 2b3p3 W1 (0)
+b172 W35 (0) + bspa Wiy (0) + Bbalpa[2ps + 3bafps[2ps]
+p312e7 0™ (WY (< 1) + s (—D)pr o+ W (< 1)pa + WY (—1)ps)
+e0™ (e, Wi (<1) + es Wi (= 1) +esWiag) (= 1)y + exWig) (—1)7s)
+3e707 (ca + calpy 1 + colpal? pa+ cslps|*ps)]
+p32e 70 (WY (~ 1)+ ds W (= D)py + ds W) (=1)pa + dz WA (—1)ps)
+e wort (d Wz(l)( )+d3W2(0)( 1)py +d5W2(0)( 1)py +d7W2(0)( 1)ps)
+3¢707% (dy - dylprf?p1 + do|pal®pa + ds|ps|2ps)]
+75[2e102W7) (0) + 2e35W11) (0) + €17, Wae (0) + €35 Wag (0)
+3ea|pal*p2 + ealps2ps] + BE12f12 WS (0) + 2f303WY (0)

+ FipsWad (0) + fapa Wi (0) + 3falpa|?p2 + 3403|203}

In order to determine go1, in the sequel, we need to compute Wy () and Wi1(0). From

14



(26)"and (40), we have
W = iy —2q— 37 = A(0)us+R(0)us — (iwoz + g)q— (Hwoz+3)q
= A(0)u + R(0)u; — 2Re(gq)

{ A(O)W — 2Re(7*(0) foq(6)), 6 € [~,0),
A(0)W — 2Re(q*(0) foq(0)) + fo,0 = 0,

— AO)W + H(z,z,0).

where

=2
H(z,E,9):HQO(Q)%—FHH(H)ZE—FHOQ%—F' » (47)

On the other hand, note that on the center manifold Cy near to the origin,
W =W,z +W; + W= (48)

Substituting (28) and (42) into (48), and comparing the coefficients of the above equation
with those of (41), we get

(A(0) — 2iwo)Wao(0) = —Hao (),
A(0)W11 = —Hi1(0), (49)
(A(0) + 2i0) Wir (6) = — Hoa(6),

By (47), we know that for 8 € [~1,0),

H(z,%,0) = —2Re(g"(0) foq(0)) = —2Re(g(2,2)q(0)) = —9(2,2)q(0) — g(2,2)q(0)

22 Z2 22z 72 22 Z2z (50)

= —(9203 +91125+9023 + 9217)Q(9) - (?203 + 91125‘1'?02? +§217)§(9) e

Comparing the coefficients of the above equation with those in (47), it is obvious that

Hy(0) = —g20q(0) —Go2q(0),

Hi(0) = —guq(8) —9114(9). (51)
It follows from (27) and (49) that

Wao(0) = AWa(0) = 2iwgWag(0) — Hag(0) = 2iwoWao () + g20q(0) + Goa(6)

= 2iwoWao () + g20q(0)e0? + GyG(0)e 07,

15



Solving for W (0}, we can obtain

. 0) . (0 . .
W20(0) 1920(]( )€1w09 + 2902(]( )671w09 + G1621w09.

N Wo 3&)0
By similar way, we get

i 0) . 1iG,,G(0) .
Wi (0) = _7191;(]0( )6“”09 + Lli)( )e_WO‘9 + Gy

Where
R (claNeiuNe el aNe N Ol

and

Gy = (G),GP,GP.a80.aP T

(52)

(53)

are both constant vectors, and can be determined by setting 6 = 0 in H(z,z,0). In what

follows, we shall seek appropriate G; and G5. From the definition of A and (49), we obtain

2, dn(0,0)Wag(0) = 2iweWao(0) — Hao(0),

J2Ldn(0,0)W11 () = —Hi11(0).

where 1n(0) = 1(0,0). From (47), we have

Hao(0) = —g204(0) — Gaq(0) + (H1, Ha, -+, Hg)".

where
Hy = a1p3 + azp3, Hy = blp% + byp3, Hz = (c1 + c3pt + csp3 4 crp?)e
Hy = (dy + dsp? +dspi + drp)e 207" Hy = e1p3 + e3p3, Ho = f193 + f303,
H* = (Hy, Hy, H3; Hy, Hs, Hg)" .
and
Hi1(0) = —g119(0) — §119(0) + (P1, Py, -+, Bs)"
where

Py = ay|p2|? + aslps|?, Py = bi|pa|® + bs|ps|?, Py = 1 + cslp1|? + cs|pal® + erlps |,

Py = dy +ds|p1|* + ds|pal® + dr|ps|*. Ps = e1|pa|® + es|ps|*, Ps = filpo

P = (_P17 _P27_P37 _P47_P57 _PG)T-

16
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Substituting (52) and (55) into (54) and noticing that

0
(iwol — / 1 dn(0,0)e°%)q(0) = 0,

0
(—iwol — /_ dn(0,0)7)g(0) =

we can obtain

0
(inol—/ dn(0,0)e“°G, = (Hy, Hy,--- , Hg)T.
1

which leads to

(L(11)7L§2)7Lg3)7 L(14)7 L(15)7Lg6))G1 =H".

where L(ll), LgQ), Lf’), L(14), L(15), L§6)cde1 are defined by Appendix F.

Similarly, substituting (53) and (57) into (54), we can get

@, L2 LY LW L LG, pr.

where L(Ql), LgQ), Lg?’), L(24), L(25), ng)(deg are defined by Appendix G.

(61)

(62)

Thus, we can determine Wog(6) and Wi1(0) from lemma 3.1 and (68). Furthermore, we

can see that each g;; in (50) is determined by parameters and delays in system (3). Thus,

we can compute the following quantities.

/ 1 2
01(0) :2—%(920911—2’911‘2— \g(;)g\ )+%,
_(Refa(0))
H2 =7 RN ()}

ﬁg :2R6{01(0)},

7 — Im{c(0)} + ,Uzgfm{/\/(To)}.

Theorem 3.1. In (51), the following results hold:

(63)

(i) The sign of us determines the direction of the Hopf bifurcation: if s > 0 (uz < 0), then
the Hopf bifurcation is supercritical (subcritical) and the bifurcation periodic solutions exist

for T > 7% (1 < 79);

(ii) The sign of By determines the stability of the bifurcating periodic solution: the bifurcation

periodic solutions are stable (unstable) if By < 0 (By > 0);

(iii) The sign of Ty determines the period of the bifurcating periodic solutions: the period

increase (decrease) if Ty > 0 (Ty < 0).

17



4. Numerical examples

In this section, we give some numerical results of system (3) to support the analytic

results obtained above. We consider the following system as:

i1 (t) = —0.721(t)— 0.5 tanh y; (£)+0.6 tanh 5 (1),

@a(t) = 0.72(t) — 0.8 tanh yy (£) + 1.4 tanh yo(t),

§1(t) = —0.7y () + 0.6 tanh(z1 (t — 7)) — 0.8 tanh(za(t — 7))
+0.6tanh(z1 (t — 7)) — 1.8 tanh(zo(t — 7)),

Ga(t) = —0.Tys(t) + 0.7 tanh(zy (t — 7)) — 1.5 tanh(za(t — 7))
+0.9tanh(zy(t — 7)) — LAtanh(za(t — 7)),

21(t) = —0.721(t) + 0.6 tanh y1 (¢) — 1.5 tanh ya(¢),

Z9(t) = —0.722(t) + 1.2 tanh y; (¢) — 2 tanh ya(¢)

Obviously, the system have the equilibrium (0,0,0,0,0,0), from section 2. we compute
that wp = 0.9009, from (11) we can obtain 7 = 1.7546, where 7= 71 + 73 = 75 + 74. From
Theorem 3.1, we know that the zero steady state of system (64) is asymptotically stable
7 € [0,1.7546). This is illustrated by the numerical simulation shown in Figs.2 and 3 in
which 7 = 1.3. Further, when 7 is increased to the critical value 1.7546, the origin losses its
stability and Hopf bifurcation occurs (see Figs.4 and 5). By Theorem 3.1, the bifurcation
is supercritical and the bifurcating periodic solution is asymptotically stable (see Figs.6 and

7).
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Finally, from section 4, we compute the direction of Hopf bifurcation. Noting that tanh”(0) =
0, we can easily obtain g9, go2, g11. Thus we can calculate the following values: C1(0) =

9.1486 + 2.8498:. pe = —3.3078, By = 18.2972, T, = —12.7765.
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5. Conclusions

This paper studies a three-layer neural network model with six neurons. So far, the
research in this area has been less fruitful. The main reason is that the three-layer neural
network is more complex than other neural network models, and the it is difficult to describe.
In general, the three-layer neural network has many neurons, and the more neurons in neural
network, the more close to the actual neural network. As the BP neural network has many
outstanding advantages, so it is necessary to study on it.

In this paper, we have investigated local stability of the equilibrium and local Hopf bifurca-
tion in a three-layer neural network model with delays. We have showed that if the condition
(H1) (H2) hold, the equilibrium of system (3) is asymptotically stable for all 7 € [0, 7y) and
unstable for 7 > 7. We also have showed that, if the condition (H1) (H2) hold, as the
delay 7 increases, the equilibrium loses its stability and a sequence of Hopf bifurcations oc-
cur at (0,0,0,0,0,0), i.e., a family of periodic orbits bifurcates from the positive equilibrium.
Then, the direction of Hopf bifurcation and the stability of the bifurcating periodic orbits
are discussed by applying the normal form theory and the center manifold theorem. At last,
a numerical example illustrated the obtained results.

Appendix A

A = (Ly, Lo, L3, Ly, Ls, Lg) ™.

L1 = a163(0) + a2¢3(0) + as¢3(0) + as¢i(0) + h.o.t.

Lo = b1$3(0) + ba3(0) + b33 (0) + ba3(0) + h.o.t.

Ly = c161(=1) 4 €267 (—1) + c3¢3(—1) + a3 (—1)
+esdr(—1) + cepp(—1) + crga(—1) + g (—1) + h.o.t.

Ly = di¢f(—1) + dag(—1) + d3¢3(—1) + dagp3(—1)
+d5¢2(—1) + ded3(—1) + drdZ(—1) + dsgi(—1) + h.o.t.

Ls = e1¢3(0) + e2¢93(0) + e3¢5 (0) + eq¢3(0) + h.o.t.

L = f105(0) + f2¢3(0) + f363(0) + f163(0) + h.o.t.

and ¢(9):(¢1 (0)7 ¢2(9)a ¢3(0)7 ¢4(9)a ¢5(0)7 ¢6(9))T € Ca a; = Clmfikm(o)/k‘a bz = Cmeka(O)/k'7
Cj = C3nf2§n(0)/k'7 dj - C4nféi€n(0)/k'7 € = C5mfflfm(0)/k'7 fz - C6mfé€m(0)/kll =1,...,4
1=1..8k=23m=3,4n=1,2,5,6.
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Appendix B

E =|F,Fy, F3, Fy, F5, |, By =| A, Fy, F3, Fy, F5, |,
E2 :| F17A7F37F47F57|7E3 :| F17F27A7F47F57|7

E4 :| F17F27F37A7F57 |7E5 :| F17F27F37F47A7| .
where
. i —i T . T
Fi = (—k — iwg, azge” 07 aype 070 0,0)" , Fy = (a3, —k — iwp, 0, as3, av63) ",

F3 = (a24707 —k — iWO7Oé54, a64)T7 F4 = (0707 07 —k— iWO, y O)Tu

F5 = (0,0,0,0, —k — iwg)T, A = (0, —az1e 7“7, —aye 07 0,0)7.

Appendix C

E” :| Ff7F57F§7FZ7ng|7ET :| A*7F57F§vFI7Fg’|7
E3 :‘ Ff,A*,Fg,FI,Fg,LE; =] Ff,F;,A*,FI,Fg,‘,
B} =| F{', F3 F5, A% Fy | ES =] FY B Py By, A ]
where
Ff=(—k-Hwo, a3, aaq,0,0)", Fy=(azae 070 ~kHiw, 0, agse “0™ agge™ o)1

i . 3 b ; T . T
F3=(0u2e ™, 0, —k+Hwy, agse” 070 auge” “070)", Fy=(0, as3, a5, —k+Hwy, 0)"

F5*:(07 ag3, g4, 07 _k+iw0)T7 A*:(Oa —a3, —Q14, 07 O)T

Appendix D

f1(0,2¢) = a123,(0) + agz3,(0) + azz?,(0) + asz3,(0) + h.o.t.
f2(0, ) = byx3,(0) + boa3,(0) + bga,(0) + byz,(0) + h.o.t.
£3(0,2¢) = crafy (=1) + caafy(—1) + 3w (—1) + cady (1)
tcexs,(—1) + crad (—1) + crad,(—1) 4 cgzg (—1) + h.o.t.
fa(0,2¢) = dlx%t(_l) + dﬂi(_l) + d395§t(_1) + d495§t(_1)
+dgrd (—1) + dyad,(—1) + drad,(—1) + dgzd, (—1) + h.o.t.
f5(0,2¢) = elxgt((]) + 62$§t(0) + €3Iit(0) + 64xit(0) + h.o.t.

f6(0,20) = f123,(0) + f223,(0) + f3273,(0) + faz3,(0) + h.o-t.
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Appendix E

9(z,2) =7 fo(2,2)

= E[fl (07 xt) + ﬁTfQ(Ov xt) + ﬁ;f?)(ov .I't) + ﬁ§f4(07 xt) + ﬁjlf5(07 xt) + ﬁgfﬁ(oa xt)]

SD{la103 + aspd] + Dilbip3 + bopd) + Bil(er + eagd + s+ cape 2
+75((dy + d3p? + dsp3 + drp?)e” 50T ) 4 Bilerph + espd] + 5Lf10d + fapd]}e?
+D{[a1|p2]? + as|ps|’] + Bi[b1lp2|® + bs|ps|?] + Bsler + cslp1]? + cslpal® + e7lps|]
+p5[dy + dslpr|* + ds|pal® + drlps|’] + Pilerlp2l” + eslps|] + D5 filp2l + f3lps|?]}2Z
45Dz} + aspd] + Biug3 + bs73) + Bl(er + csp? + sk + erpd)e )

+751(d1 + dsp? + dsp? + dip)e ™| 4 Bilerdd + espd] + BELAPS + 3731}

5 D{20p W (0) + 23952 (0) + aap, W5 (0) + a2, W35 (0)

+3az|p2[2p + 3aulps|ps] + Bi[2b1p2 W (0) + 2633 WY (0)

+b17, Wy (0) + b3, Wag (0) + 3ba|pal® p2 + 3bal o3| 3]

+75(2¢ 0™ (WP (<1) + es WP (= Dp1 + esWAY (—Dpa + Wiy (~1)ps)

+e 0™ (e Wi (—1) + esWio (= 1)py + esWiag) (—D)pa+ esWag) (—1)55)

+3¢7 07 (e + el p1 o1 + colpal®pa + cslpsl?ps)]) + B52e ™ (WY (<) + ds W (1)
+ds Wi (~1)ps + de Wi (~1)ps) + 0™ Xy Wiy (—1) + dsWigp) (—1)py

+d5W2(0)( 1)py + d7W2(0)(— 1)ps) + 3¢ o™ (do + da|p1|?p1 + ds|pal® pa

+ds|ps *p5)) + 5 [2e102W,5 (0) 4 2e3p3WY (0) + e Wiy (0) + esp,Wio) (0)

+3espa|2p2 + 3ealps|2ps) # BEI2F102 W (0) + 230311 (0)

+ 1172 Ws3) (0) + f3psWag) (0) + 3falpa[2p2 + 3fulpsl?ps]} 222 + - -

Appendix F
L(l) (2iwo +k, 0, —azpe” 20T —qyyeme0rld) 0, 0)7,
LgQ) (0, 2iw +k, —azze” 2907 —qype=2w0Td) ,OaO)T,
ng) (—aus, —ao3, 2iwg+k, 0, —as3, —aes)” = (—a14, —01, 2iwo+k, 0, —ass, —aa) "
L = (0,0, —agse29070) | _q 56207 2’M0+k,0)T7
Lgﬁ) = (0,0, —agge 2@0() | _q g~ 20T 0 2wy +k)7.
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¢l ]-[* [2 [3 [4 [5 [6 2 ]-[1 [* [3 [4 [5 [6
gl)_ [1‘ 5)7 g)v §)7 5)7 g)v g)‘7G§)_ [1‘ g)v g)v §)7 5)7 g)v §)|7
33 1[1 [2[* [4 [5 [6 4 1[1 [2 [3 [* [5 [6
g)_ [1‘ §)7 §)7 (1)7 §)7 §)7 (1)‘7G(1)_ [1‘ §)7 (1)7 (1)7 §)7 §)7 (1)|7
el 1[1 [2 [3 [4 [* [6 6 1[1 [2 [3 [4 [5 [*
55)_ [1‘ 5)7 g)v §)7 5)7 g)v g)‘7G§)_ [1‘ g)v g)v §)7 5)7 g)v §)|

where

L= 120,200,200, 100, 10,19).

Appendix G

LY = (=k,0,as1, aa1,0,0)T, L = (0, —k, asa, aua, 0,0)7

ng) = (3, 123, —k,07a53,a63)T,L§4) = (o4, 24,0, =k, a4, ags) L,

L = (0,0, as, aus, —k, 0)7, LY = (0,0, vz, ouag, 0, — k)T
6 = L) 12 10,10, 10, 191 650 — 100, 10,89 19 10,1,
6 = L 1219, 10,10, 191650 — LD 19 110,10,
650 = L 12, 19,1010, 191 6 S D). 1 19 9. 10,10,

where

Ly = ‘Lgl)’ L§2)v Lg3)v L(24) ) Lg5)7 Lg6) ‘
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