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1. Introduction

In this paper, we study the long-time behavior of solutions and nonlinear scattering theory for a Rosenau equation
utt � uxx þ uxxxx þ uxxxxtt ¼ f ðuÞxx ð1:1Þ
or, equivalently, the system of equations
d~u
dt
¼ A~uþ Nð~uÞ; ð1:2Þ !
where ~u ¼ u
v

� �
;A ¼

0 @x
I�@2

xð Þ@x

Iþ@4
x

0 ;Nð~uÞ ¼
0

@x

Iþ@4
x
ðf ðuÞÞ

� �
.

In the study of the dynamics of dense discrete systems, the case of wave-wave and wave-wall interactions cannot be de-
scribed using the well-known KDV equation. To overcome this shortcoming of the KDV equation, Rosenau [1,2] proposed the
so-called Rosenau equation. Two typical equations are
ut þ uxxxxt þ ux þ uux ¼ f ðuÞx ð1:3Þ
and
utt � auxx þ buxxxx þ cuxxxxtt ¼ f ðuÞxx: ð1:4Þ
The existence and the uniqueness of the solution for (1.3) was proved by Park [3]. In [4], Barreto et al. proved the existence of
solutions for the Rosenau Eq. (1.3) in domains with moving boundary. In [5], Liu discussed the asymptotic behavior of solu-
tions to the Rosenau–Burgers equation with a periodic initial boundary. The numerical approximation to the Eq. (1.3) in one
space dimension has been discussed by Chung and Ha [6] using finite element Galerkin methods, where they obtained opti-
mal H2-estimates and non-optimal estimates in the L2-norm. Shubin Wang [12] considers the existence and the uniqueness
of the solution for the Cauchy problem of the Rosenau Eq. (1.4).
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It should be noted that the Rosenau Eq. (1.4) becomes the ‘‘good’’ Boussinesq equation, if b = 0. Bona and Sachs [7] showed
local well-posedness of smooth solutions for the Cauchy problem of the Boussinesq equation with a smooth nonlinear func-
tion f(u) by Kato’s theory. Liu Yue [8–10] investigated the conditions for the finite-time blow-up of solutions, decay and scat-
tering of small solutions, and strong instability of a solitary wave with small speed of propagation for the Cauchy problem of
the Boussinesq equation with the generalized nonlinear term f(u). In [13,14], Ying Wang and Chunlai Mu considered the de-
cay, blow-up and scattering of solution for a generalized Boussinesq equation.

Our principal aim in the present work is to study the long-time behavior of small solutions of the problem (1.1). Through-
out this paper, we use the following notations. Let j � jp denote the norm in the Lebesgue space Lp;~uðtÞ ¼ ðuðtÞ; vðtÞÞ denote
the vector function x #~uðx; tÞ. Let k~uðtÞks;p ¼ kuðtÞks;p þ kvðtÞksþ1;p denote the norm of the space Xs;p ¼ Lp

s � Lp
sþ1, where

Lp
s ¼ J�sLp denotes the Bessel potential space with the potential Js ¼ ðI � @2Þ

s
2 whose norm will be denoted by k � ks,p = jJs�jp.

When p = 2 we will write Hs instead of L2
s , with norm k � ks instead of k � ks,2 and Xs = Hs � Hs+1 with the norm k~uks;2 ¼

kðu;vÞks ¼ kuks þ kvksþ1.
At first, we write (1.2) as an integral equation and treat the nonlinearity as a small perturbation of the linear part of the

equation. We use an estimate of the linearized equation and contraction mapping theory to obtain the following existence
theorem of global small amplitude solution.

Theorem 1.1. Let m P s > 1
2 with m an integer, and f 2 Cm(R) satisfy jf(s)j = O(jsjp) as s ? 0 with p > 2. Suppose (p � 2)h > 1 with
h ¼
2s�1

2ð3þ2sÞ ; for s 6 9
2 ;

4
3þ2s ; for s P 9

2 :

(

Then there exist d > 0 such that for any ~u0 ¼ ðu0;v0Þ 2 Xs

T
X0;1 satisfying
k~u0ks þ k~u0k0;1 < d ð1:5Þ
and a unique solution ~u ¼ ðu;vÞ to (1.2) in C1([0,1);Xs) with ~uð0Þ ¼ ~u0 and
sup
06t<1

½ð1þ tÞhjuðtÞj1 þ k~uðtÞks� 6 Cd;
where the constant C only depends on f.
Next, we shall construct the scattering operator S. Let S(t) be a C0 group of unitary operators for the linearized equation
~ut � A~u ¼ 0; ð1:6Þ
with ~uð0Þ ¼~u0 ¼ ðu0;v0Þ. We rewrite (1.2) in its integral form
~uðtÞ ¼ SðtÞ~g� þ
Z t

s
Sðt � sÞNð~uðsÞÞds; ð1:7Þ

~uðtÞ ¼ SðtÞ~gþ þ
Z t

s
Sðt � sÞNð~uðsÞÞds; ð1:8Þ
where~u is the solution of (1.2) with the different initial value~u�ðsÞ ¼ SðsÞ~g� at t = s. Formally letting s ? ±1, we get the fol-
lowing integral equations which relate ~u to ~g�
~uðtÞ ¼ SðtÞ~g� þ
Z t

�1
Sðt � sÞNð~uðsÞÞds; ð1:9Þ

~uðtÞ ¼ SðtÞ~gþ þ
Z t

þ1
Sðt � sÞNð~uðsÞÞds: ð1:10Þ
At last, define the space U ¼ ~u 2 CðR;X1;pþ1
T

X1Þjjj~ukU <1
� �

endowed with the normn o

k~ukU ¼ sup

t2R
ð1þ jtjÞh 1� 2

pþ1ð Þk~uðtÞk1;pþ1 þ k~uðtÞk1 :
Now, we have all the tools to get our scattering theory. We state the main result of this paper in the following.

Theorem 1.2. Let f 2 C1(R) satisfy jf(s)j = O(jsjp) and jf0(s)j = O(jsjp�1) as s ? 0, p satisfy h 1� 2
pþ1

� �
p > 1. Assume ~g� 2 X1 and

Sð�Þ~g� 2 U, there exists d > 0 such that if Sð�Þ~g�k kU < d, then there exists a unique solution ~u of (1.9) in C(R;X1,p+1
T

X1) and
k~u� SðtÞ~g�k1 ! 0 ð1:11Þ
as t ? �1. Furthermore, there exists a unique ~gþ 2 X1, such that
~u� SðtÞ~gþk k1 ! 0 ð1:12Þ
as t ? +1. In addition,
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kuðtÞk2
1 þ kvðtÞk

2
2 � 2

Z þ1

�1
FðuðtÞÞdt ¼ k~g�k2

1 ð1:13Þ
and
k~gþk1 ¼ k~g�k1; ð1:14Þ
where F0(s) = f(s) with F(0) = 0.
The plan of this paper is as follows. In the next section we introduce some preliminaries and the estimate of linearized

equation. In Section 3, we give the proof of Theorem 1.1. Section 4 contain the proof of Theorem 1.2.
2. Estimates for the linearized equation

In this section, we get the estimates of linear equation. Also, we give some lemmas which are needed in later sections.

Lemma 2.1 (see [15]). Let h be either convex or concave twice differentiable function on [a,b], with �1 6 a < b 6 +1. Then
Z b

a
eihðnÞdn

�����
����� 6 4 min

½a;b�
jh00j

	 
�1
2

;

if h00 – 0 in [a,b].
Lemma 2.2. For n, t > 1, 0 < e < 1, we have
sup
A2R

Z
jnj6n

eithðn;AÞ dn

���� ���� 6 Ct�
1
2 max e�1

2;n2
� �

þ 10e;
where hðn;AÞ ¼ n
ffiffiffiffiffiffiffiffi
1þn2
pffiffiffiffiffiffiffiffi

1þn4
p þ An, and C is a constant.

Proof. Let ‘0’ denote derivatives of h(n,A) with respect of n, then
h0ðn;AÞ ¼ 1þ 2n2 � n4

ð1þ n4Þ
3
2ð1þ n2Þ

1
2
þ A;

h00ðn;AÞ ¼ nð3n8 � 8n6 � 18n4 � 8n2 þ 3Þ
ð1þ n4Þ

5
2ð1þ n2Þ

3
2

;

h000ðn;AÞ ¼ �3ð4n14 � 15n12 � 62n10 � 55n8 þ 24n6 þ 39n4 þ 10n2 þ 1Þ
ð1þ n4Þ

7
2ð1þ n2Þ

5
2

:

Let h00(n,A) = 0, we can get five real single roots: x1, x2, x3, x4, x5. Furthermore, we have x1 = 0, x2 2 (�0.489,� 0.488), x3 2
(0.488,0.489), x4 2 (�2.056,� 2.055), x5 2 (2.055,2.056). For e 2 ð0; 1

5Þ, define
Ii ¼ fn 2 Rj � eþ xi < n < xi þ eg; i ¼ 1; . . . ;5;
then
 Z
Ii

eithðn;AÞdn

���� ���� 6 2e; i ¼ 1; . . . ;5:
Let D = {n 2 Rj e + x5 < jnj < n}, by Lemma 2.1, we have
Z
n2D

eithðn;AÞdn

���� ���� 6 4 t min
n2D

@2h

@n2

�����
�����

( )�1
2

6 4t�
1
2 max

@2h

@n2 ðx5 þ eÞ
�����

�����
�1

2

;
@2h

@n2 ðnÞ
�����

�����
�1

2

8<:
9=; 6 Ct�

1
2 max e�1

2;n2
n o

:

In other intervals, such as {n 2 Rj e < n < x3 � e}, the estimate is similar. Hence
sup
A2R

Z
jnj6n

eithðn;AÞ dn

���� ���� 6 Ct�
1
2 maxðe�1

2; n2Þ þ 10e: �
Lemma 2.3. If ~u0 2 Xs \ X0;1; s > 1
2 ;~uðtÞ be the solution to the linearized Eq. (1.6) with ~uð0Þ ¼ ~u0 ¼ ðu0;v0Þ, then ~uðtÞ 2 L1 � L1,

and
j~uðtÞj1 6 Cð1þ tÞ�hðk~u0ks þ k~u0k0;1Þ; ð2:1Þ
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where h ¼
2s�1

2ð3þ2SÞ if s 6 9
2 ;

4
3þ2s ; if s P 9

2 :

(

Proof. Taking Fourier transform with (1.6), we can get
ût ¼ inv̂
v̂ t ¼ ið1þn2Þn

1þn4 û

(
and

ûð0Þ ¼ û0

v̂ð0Þ ¼ v̂0:

	

Solve this ordinary differential equations, we have
~uðtÞ ¼
uðtÞ
vðtÞ

� �
¼ SðtÞ~u0 ¼

Z þ1

�1
eixn

cos nhni

ð1þn4Þ
1
2

t
� �

i ð1þn4Þ
1
2

hni sin nhni

ð1þn4Þ
1
2

t
� �

i hni

ð1þn4Þ
1
2

sin nhni

ð1þn4Þ
1
2

t
� �

cos nhni

ð1þn4Þ
1
2

t
� �

0BBB@
1CCCA û0

v̂0

� �
dn;
where hni = (1 + n2)1/2. To estimate ju(t)j1, it suffices to estimate
Z þ1

�1
û0 þ

ð1þ n4Þ
1
2

hni v̂0

�����
�����

 !
e�ith n;�xn

tð Þdn

�����
����� 6

Z
jnj>n
ðû0 þ jhniv̂0jÞdn

���� ����þ C
Z
jnj6n
ðû0 þ jhniv̂0jÞe�ith n;�xn

tð Þdn

���� ����
6 Ck~u0ks

Z
jnj>n
hni�2s dn

 !1
2

þ Cðju0j1 þ jJv0j1Þ
Z
jnj6n

e�ith n;�xn
tð Þdn

���� ����:
Lemma 2.2, we obtain
Using
juðtÞj1 6 Ck~u0ksn
1
2�s þ Ck~u0k0;1 eþ t�

1
2 max e�1

2; n2
� �� �

: ð2:2Þ
For t > 1, choosing e = (5t)�a and n ¼ ð5tÞ
a
4, we can get
juðtÞj1 6 C k~u0ks þ k~u0k0;1

� �
t� s�1

2ð Þa4 þ t�a þ t�
1�a

2

� �
:

Let 1
2� s
� 

a
4 ¼ a�1

2 , it follows that
juðtÞj1 6 C k~u0ks þ ðju0j1 þ jJv0j1Þð Þt�h; ð2:3Þ(

where h ¼

2s�1
2ð3þ2SÞ ; if s 6 9

2 ;
4

3þ2s ; if s P 9
2 :

For t 6 1,Z þ1

juðtÞj1 6 C

�1
jû0j þ jhniv̂0jð Þdn 6 Ck~u0ks: ð2:4Þ
Combining (2.3)with (2.4) yield
juðtÞj1 6 Cð1þ tÞ�hðk~uks þ k~uk0;1Þ: ð2:5Þ
The estimate of jv(t)j1 is similar. The proof of Lemma 2.3 is complete. h
Lemma 2.4. Under the assumption of Lemma 2.3, if ~u0 2 Xm;1 \ Xmþs for some s > 1
2 and m 2 R, then ~uðtÞ 2 Xm;1 and satisfies
k~uðtÞkm;1 6 Cð1þ tÞ�hðk~u0km;1 þ k~u0kmþsÞ: ð2:6Þ
Proof. Since � �
4 1

� �0 1

Jm~uðtÞ ¼ SðtÞJm~u0 ¼

Z þ1

�1
eixn

cos nhni

ð1þn4Þ
1
2

t i ð1þn Þ2
hni sin nhni

ð1þn4Þ
1
2

t

i hni

ð1þn4Þ
1
2

sin nhni

ð1þn4Þ
1
2

t
� �

cos nhni

ð1þn4Þ
1
2

t
� �BBB@ CCCA dJmu0dJmv0

 !
dn;
it follows that
k~uðtÞkm;1 6 C
X Z þ1

�1

dJmu0 �
ð1þ n4Þ

1
2

hni
dJmv0

 !
eith n;�xn

tð Þdn

�����
�����

6 C
X Z

jnj>n

dJmu0 �
ð1þ n4Þ

1
2

hni
dJmv0

 !
eith n;�xn

tð Þdn

�����
�����þ C

X Z
jnj<n

dJmu0 �
ð1þ n4Þ

1
2

hni
dJmv0

 !
eith n;�xn

tð Þdn

�����
�����

6 Ck~u0kmþs

Z
jnj>n

1þ n2� �s
dn

 !1
2

þ C
X

Jmu0

�� ��
1 þ Jmþ1v0

��� ���
1

� � Z
jnj6n

eith n;�xn
tð Þ dn

���� ����;

where the summation ð

P
Þ is over all two sign combinations. The rest of this proof is similar to Lemma 2.3, we omit it. h
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Lemma 2.5. Under the assumption of Lemma 2.3, if ~u0 2 Xmþs0þ1
2;1

for some s0 > 1
2 and m + s0 > 1, s0 > s, then ~uðtÞ 2 Xm;1 and

satisfies
k~uðtÞkm;1 6 Cð1þ tÞ�hk~u0kmþs0þ1
2;1
: ð2:7Þ
Moreover, the following inequality is valid,
k~uðtÞkm;pþ1 6 Cð1þ tÞ�h 1� 2
pþ1ð Þk~u0klðs0 ;mÞ;q; ð2:8Þ
where 1
pþ1þ 1

q ¼ 1;lðs0;mÞ ¼ ð1� kÞ s0 þmþ 1
2

� 
þ km; k ¼ 2

pþ1.
Proof. For s0 > s, m + s0 > 1, by Sobolev’s embedding theorem, we have L1
mþs0þ1

2
,!L2

mþs. via Lemma 2.4, (2.7) is true. Since the
linear operator S(t) is unitary in Xm for m 2 R, applying the interpolation theorem for the operator S(t) to (2.7), we get
(2.8). The proof of Lemma 2.5 is complete. h
Lemma 2.6 (see [11]). If f 2 Cm(R), f(0) = 0, m is an integer and 1 6 s 6m, then
k@xf ðuÞks 6
~f ðkuks�1 þ kuk1Þkuks 8u 2 HsðRÞ; ð2:9Þ
where ~f is a continuous function that depends only on f.
Lemma 2.7 (see [16]). If f ; g 2 HsðRÞ; s > 1
2, then
kfgks 6 Cðjf j1kgks þ jgj1kfksÞ: ð2:10Þ
3. Existence of global small amplitude solutions

In this section, we consider the existence of the global small amplitude solution for (1.2), and give the proof of Theorem
1.1 using the contraction mapping theorem.

Proof of Theorem 1.1. Define a metric space
X ¼ f~u ¼ ðu;vÞ 2 Cð½0;1Þ; XsÞ; jjj~ujjj 6 Mdg;
equipped with the norm
jjj~ujjj ¼ sup
tP0

ð1þ tÞhj~uðtÞj1 þ k~uðtÞks

h i
;

where d > 0 satisfies (1.5) and M > 0 is a constant to be determined later. It is easy to see that X is a complete metric space.
Consider a map as follows
Uð~uÞ ¼ SðtÞ~u0 þ
Z t

0
Sðt � sÞNð~uðsÞÞds:
Using Lemmas 2.4 and 2.7, it follows easily that
jUð~uÞj1 6 Cð1þ tÞ�hdþ C
Z t

0
ð1þ t � sÞ�h @x

I þ @4
x

f ðuðsÞÞ
�����

�����
sþ1

þ @xJ

I þ @4
x

f ðuðsÞÞ
�����

�����
1

( )
ds

6 Cð1þ tÞ�hdþ C
Z t

0
ð1þ t � sÞ�h jujp�1

1 kuks þ juj
p�2
1 jukuxj2

� �
ds

6 Cð1þ tÞ�hdþ
Z t

0
ð1þ t � sÞ�h ð1þ sÞ�hðp�1Þ þ ð1þ sÞ�hðp�2Þ

h i
jjj~ujjjpds 6 Cð1þ tÞ�hðdþ jjj~ujjjpÞ;
since (p � 2)h > 1 > h > 0. This implies that
ð1þ tÞ�hkUðtÞk1 6 Cdþ Cjjj~ujjjp: ð3:1Þ
Since linear operator S(t) is unitary in Xs for any s 2 R, it follows that
k~uðtÞks ¼ kSðtÞ~u0ks ¼ k~u0ðtÞks:
On the other hand, we have
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kUð~uÞks 6 k~u0ks þ
Z t

0
kNð~uðsÞÞksds 6 dþ

Z t

0

1
I þ @4

x

@xf ðuÞðsÞ
�����

�����
sþ1

ds 6 dþ C
Z t

0
juðsÞjp�1

1 kuðsÞksds

6 dþ Cjjj~ujjjp
Z t

0
ð1þ sÞ�hðp�1Þds 6 dþ Cjjj~ujjjp: ð3:2Þ
Therefore, combining (3.1) with (3.2) yields
jjjUð~uÞjjj 6 ðC þ 1Þdþ Cjjj~ujjjp: ð3:3Þ
Taking that M = 2C + 1 and d is enough small such that Mpdp�1 < 1, from (3.5) we know that U maps X into X. By using of
Lemma 2.7, for any ~u;~v 2 X, we have the following estimate� � � � !
jUð~uÞ �Uð~wÞj1 6
Z t

0
ð1þ t � sÞ�h @x f ðuÞ � f ðwÞð Þ

I þ @4
x

���� ����
sþ1

þ @xJ f ðuÞ � f ðwÞð Þ
I þ @4

x

���� ����
1

ds

6 C
Z t

0
ð1þ t � sÞ�h juðsÞj1 þ jwðsÞj1

� p�1kðu�wÞðsÞks þ kuðsÞks þ kwðsÞksð Þ juðsÞjp�2
1

�n
þjwðsÞjp�2

1

�
ðu�wÞðsÞj j1 þ juj

p�2
1 juj2kðu�wÞðsÞk1 þ j@xwj2 juj

p�2
1 þ jwjp�2

1

� �
ju�wj2

o
ds

6 Cð1þ tÞ�h jjj~ujjj þ jjj~wjjjð Þp�1jjj~u� ~wkk;

therefore
ð1þ tÞhjUð~uÞ �Uð~wÞj1 6 C jjj~ujjj þ jjj~wjjjð Þp�1jjj~u� ~wjjj: ð3:4Þ
On the other hand, we have � �

Uð~uÞ �Uð~wÞk ks 6 C

Z t

0

@xðf ðuÞ � f ðwÞÞ
I þ @4

x

ðsÞ
���� ����

sþ1

ds 6 C
Z t

0
juðsÞj1 þ jwðsÞj1
� p�1kðu�wÞðsÞks þ kuðsÞksð
n

þkwðsÞksÞ juðsÞj
p�2
1 þ jwðsÞjp�2

1

� �
jðu�wÞðsÞj1

o
ds 6 C jjj~ujjj þ jjj~wjjjð Þp�1jjj~u

� ~wjjj
Z t

0
ð1þ sÞ�hðp�1Þ ds 6 C jjj~ujjj þ jjj~wjjjð Þp�1jjj~u� ~wjjj: ð3:5Þ
Combining (3.4) and (3.5), we obtain
jjjUð~uÞ �Uð~wÞjjj 6 C jjj~ujjj þ jjj~wjjjð Þp�1jjj~u� ~wjjj: ð3:6Þ
Taking that d is enough small such that Cð2MdÞp�1
< 1

2, we know that U is strictly contractive. Using the contraction mapping
principle, the problem (1.2) have a unique solution u(x, t) on X. The proof of Theorem 1.1 is completed.
4. Decay and scattering of small solutions

In this section, we consider the scattering the small solution for (1.2), and give the proof of Theorem 1.2.

Proof of Theorem 1.2. We shall prove this theorem by four steps below.

Step1. First of all, we are going to show the existence of solution~u for any �1 6 s 6 +1. Consider a complete metric sub-
space Uðd1Þ ¼ ~u 2 Ujjj~ukU 6 d1

� �
of U and a map T defined as follows
T~uðtÞ ¼ SðtÞ~g� þ
Z t

s
Sðt � sÞNð~uðsÞÞds: ð4:1Þ
We want to verify the map is contraction. It follows from Lemma 2.5, that
kT~uðtÞk1;pþ1 6 kSðtÞ~g�k1;pþ1 þ C
Z t

s
ð1þ jt � sjÞ�h @x

I þ @4
x

Nð~uðsÞÞ
�����

�����
lðs0 ;1Þ;q

ds

������
������

¼ kSðtÞ~g�k1;pþ1 þ C
Z t

s
ð1þ jt � sjÞ�h @x

I þ @4
x

f ðuðsÞÞ
�����

�����
lðs0 ;1Þþ1;q

ds

������
������

6 kSðtÞ~g�k1;pþ1 þ C
Z t

s
ð1þ jt � sjÞ�h ~uðsÞk kp

1;pþ1ds
���� ����; ð4:2Þ
where 1
q þ 1

pþ1 ¼ 1. Therefore, we get
ð1þ jtjÞh 1� 2
pþ1ð ÞkT~uðtÞk1;pþ1 6 ð1þ jtjÞ

h 1� 2
pþ1ð Þ SðtÞ~g�k k1;pþ1 þ CIk~ukp

U; ð4:3Þ
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where
I ¼ sup
t;s2R
ð1þ jtjÞh 1� 2

pþ1ð Þ
Z t

s
ð1þ jt � sjÞ�hð1þ jsjÞ�hpð1� 2

pþ1Þ ds
���� ����:
Since h 1� 2
pþ1

� �
p > 1, the integral is O((1 + jtj)�h) as jtj?1, and I is bounded uniformly. On the other hand, we have
kT~uðtÞk1 6 kSðtÞ~g�k1 þ
Z t

s
Sðt � sÞ @x

I þ @4
x

Nð~uðsÞÞ
�����

�����
1

ds

�����
����� 6 SðtÞ~g�k k1 þ C

Z t

s

@x

I þ @4
x

f ðuðsÞÞ
�����

�����
1

ds

�����
�����

6 SðtÞ~g�k k1 þ C
Z t

s

~uðsÞk kp
1;pþ1ds

���� ���� 6 kSðtÞ~g�k1 þ C
Z þ1

�1
ð1þ jsjÞ�hð1� 2

pþ1Þdsk~ukp
U 6 kSðtÞ~g�k1 þ Ck~ukp

U: ð4:4Þ
Combining (4.3) with (4.4), we obtain
kT~ukU 6 kSð�Þ~g�kU þ CðI þ 1Þk~ukp
U: ð4:5Þ
If we choose d 6 d1
2 and d1 so small that CðI þ 1Þdp�1

1 6
1
2, then kT~ukU 6 d1 for any ~u 2 Uðd1Þ. That is, T:U(d1) ? U(d1).

On the other hand, if ~u;~v 2 Uðd1Þ;~u ¼ ðu; u1Þ;~v ¼ ðv ;v1Þ, then
kT~uðtÞk1;pþ1 6

Z t

s
ð1þ jt � sjÞ�h @x

I þ @4
x

ðf ðuðsÞÞ � f ðvðsÞÞÞ
�����

�����
lðs0 ;1Þþ1;q

ds

������
������

6 C
Z t

s
ð1þ jt � sjÞ�h k~ukp�1

1;pþ1 þ k~vk
p�1
1;pþ1

� �
k~u�~vk1;pþ1 ds

���� ����:

Hence
ð1þ jtjÞhð1�
2

pþ1ÞkðT~u� T~vÞðtÞk1;pþ1 6 CIðk~ukp�1
U þ k~vkp�1

U Þk~u�~vkU: ð4:6Þ
Now we estimate in X1,
kðT~u� T~vÞk1 6 C
Z t

s
jfxðuÞ � fxðvÞj2ds

���� ���� 6 C
Z þ1

�1
ðjujp�2 þ jvjp�2Þju� v j2ðpþ1Þ

p�1
juxjpþ1 þ jv j

p�1
2ðpþ1Þjux � vxjpþ1

���� ����ds

6 C
Z þ1

�1
ju� vj1juxjpþ1 juj

p�2
2ðpþ1Þðp�2Þ

p�1

þ jv jp�2
2ðpþ1Þðp�2Þ

p�1

� �
þ jv jp�1

2ðpþ1Þjux � vxjpþ1

� �
ds

6 C
Z þ1

�1
uðsÞk kp�1

1;pþ1 þ vðsÞk kp�1
1;pþ1

� �
ðu� vÞðsÞk k1;pþ1 ds 6 Cðk~ukp�1

U þ k~vkp�1
U Þk~u�~vkU: ð4:7Þ
Combining (4.6) and (4.7), we obtain
kðT~u� T~vÞkU 6 CðI þ 1Þðk~ukp�1
U þ k~vkp�1

U Þk~u�~vkU: ð4:8Þ
Therefore, if we choose d 6 d1
2 and d1 so small that CðI þ 1Þdp�1

1 6
1
2, then T is a contraction map on U(d1) and so there exists has

a unique solution of (1.9) in U(d1).

Step 2. Now we are going to show (1.12). We rewrite (1.7) as
~usðtÞ ¼ SðtÞ~u0;s þ
Z t

0
Sðt � sÞ~f ð~usðsÞÞds; ð4:9Þ
where ~u0;s ¼~g� �
R s

0 Sð�sÞ~f ð~usðsÞÞds. We find
k~u0;sk1 6 k~g�k1 þ
Z s

0
jfxðuðsÞÞj2ds 6 k~g�k þ Ck~ukp

U 6 Cd1 þ Cdp
1; ð4:10Þ
where the constant C is independent of s. If d1 is chosen sufficiently small, by the uniqueness of solution of (1.2), we have
k~usðtÞk2
1 � 2

Z þ1

�1
FðusðtÞÞdx ¼ k~usðsÞk2

1 � 2
Z þ1

�1
FðusðsÞÞdx ¼ kSðsÞ~g�k2

1 � 2
Z þ1

�1
FðSðsÞ~g�Þdx: ð4:11Þ
Using (2.8) in Lemma 2.5, we obtain
Z þ1

�1
FðSðsÞ~g�Þ

���� ���� 6 C
Z þ1

�1
jSðsÞ~g�jpþ1dx 6 C SðsÞ~g�k kpþ1

1;pþ1 6 C ð1þ jtjÞ�hð1� 2
pþ1Þ

h ipþ1
k~g�kpþ1

1;q ! 0 ð4:12Þ
as t ? ±1. Hence
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lim
s!�1

~usðtÞk k2
1 � 2

Z þ1

�1
Fð~usðtÞÞdx

� �
¼ k~g�k2

1: ð4:13Þ
On the other hand, let ~u be the solution of (1.7). Since k~uskU 6 d1 for �1 6 s 6 +1, and d1 is independent of s, we have
k~usðtÞ �~uðtÞk1 6

Z t

s
fxðusðsÞÞ � fxðuðsÞÞj j2ds

���� ����þ Z s

�1
jfxðuðsÞÞj2ds

6 C k~uskp�1
U þ k~ukp�1

U

� �
k~us �~ukU þ C

Z s

�1
ð1þ jsjÞ�hð1� 2

pþ1Þp dsk~ukp
U 6 Cdp�1

1 k~us �~ukU þ Cdp
1eðsÞ; ð4:14Þ
where eðsÞ ¼
R s
�1ð1þ jsjÞ

�hð1� 2
pþ1Þds! 0 as s ? �1, and
ð1þ jsjÞhð1�
2

pþ1Þk~usðtÞ �~uðtÞk1;pþ1 6 CI k~uskp�1
U þ k~ukp�1

U

� �
k~us �~ukU þ CgðsÞk~ukp

U; ð4:15Þ
where
gðsÞ ¼ sup
t2R
ð1þ jsjÞhð1�

2
pþ1Þ
Z s

�1
ð1þ jt � sjÞ�hð1� 2

pþ1Þð1þ jsjÞ�hð1� 2
pþ1Þpds; ð4:16Þ
where g(s) ? 0 as s ? �1. Hence we obtain
k~usðtÞ �~uðtÞkU 6 2Cdp�1
1 k~usðtÞ �~uðtÞkU þ Cdp

1ðeðsÞ þ gðsÞÞ: ð4:17Þ
Choosing d1 so small that 2Cdp�1
1 6

1
2, we obtain ~usðtÞ �~uðtÞk kU ! 0 as s ? �1. Also, we have
Z þ1

�1
ðFðusðtÞÞ � FðuðtÞÞÞrmdx

���� ���� 6 C
Z þ1

�1
jusðtÞjp þ juðtÞjp
� 

jusðtÞ � uðtÞjdx

6 C jusðtÞjppþ1 þ juðtÞj
p
pþ1

� �
jusðtÞ � uðtÞjpþ1 6 C k~uskp

U þ k~uk
p
U

� 
k~us �~ukU

6 2Cdp
1k~us �~ukU ! 0 ð4:18Þ
as t ? �1. Hence, taking the limit in (4.13) yields (1.12).
Step3. We are going to show asymptotic behavior (1.11). Since ~u 2 Uðd1Þ, we have
k~uðtÞ � SðtÞ~g�k1 6 C
Z s

�1
k~f ðuðsÞÞk1ds 6 C

Z t

�1
kuðsÞkp

1;pþ1ds 6 C
Z t

�1
ð1þ jsjÞ�hð1� 2

pþ1Þp dsk~ukp
U

6 Cdp
1

Z t

�1
ð1þ jsjÞ�hð1� 2

pþ1Þpds! 0 ð4:19Þ
as t ? �1, since h 1� 2
pþ1

� �
p > 1.

Step4. Finally, we are going to show the existence of ~g� 2 X1, (1.13) and (1.14). We define
~gþ ¼~g� þ
Z þ1

�1
Sð�sÞ~f ð~uðsÞÞds: ð4:20Þ
Since the solution of (1.9) is in U(d1), we have
k~gþk1 6 k~g�k1 þ C
Z þ1

�1
ð1þ jsjÞ�hð1� 2

pþ1Þp dsk~ukp
U 6 k~g�k1 þ 2Cdp

1: ð4:21Þ
This implies ~gþ 2 X1 by ~g� 2 X1.
To prove (1.13), first of all, we can show kSð�Þ~gþkU <

d1
2 . In fact, it follows from (4.21) that
ð1þ jsjÞhð1�
2

pþ1ÞkSðtÞ~gþk1;pþ1 6 kSð�Þ~g�kU þ CIk~ukp
U; ð4:22Þ
where I is defined as before. Hence by (4.21) and (4.22), we obtain
kSð�Þ~gþkU 6 kSð�Þ~g�kU þ CðI þ 1Þdp
1: ð4:23Þ
If we choose d < d1
4 and CðI þ 1Þdp�1

1 < 1
4, then
kSð�Þ~gþkU <
d1

2
: ð4:24Þ
Consider the integral equation
~usðtÞ ¼ SðtÞ~gþ þ
Z t

s
Sðt � sÞ~f ð~usðsÞÞds; ð4:25Þ



H. Wang, S. Wang / Applied Mathematics and Computation 218 (2011) 115–123 123
with �1 6 s 6 +1. Exactly in the proof of existence of ~us of (1.7), we can show that (4.25) has a unique solution~us 2 Uðd1Þ.
We rewrite it as
~usðtÞ ¼ SðtÞ~u0;s þ
Z t

0
Sðt � sÞ~f ð~usðsÞÞds; ð4:26Þ
where ~u0;s ¼~gþ �
R s

0 Sð�sÞ~f ð~uðsÞÞds. Hence exactly following the proof of (1.13), one can find
kuðtÞk2
1 þ kvðtÞk

2
2 � 2

Z þ1

�1
F uðtÞð Þdt ¼ ~gþk k2

1;
where ~u is the solution of (1.9). This implies (1.14). The proof of (1.11) is similar to (1.12). This completes the proof of
Theorem 1.2.
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