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Asymptotic behavior of a differential
operator with discontinuities at two points

Qiuxia Yang®P*T and Wanyi Wang®

In this paper, we study a Sturm-Liouville operator with eigenparameter-dependent boundary conditions and transmis-
sion conditions at two interior points. By establishing a new operator A associated with the problem, we prove that
the operator A is self-adjoint in an appropriate space H, discuss completeness of its eigenfunctions in H, and obtain its
Green function. Copyright © 2010 John Wiley & Sons, Ltd.

Keywords: Sturm-Liouville problem; transmission conditions; eigenparameter-dependent boundary conditions; eigenvalues;

eigenfunction; Green function; completeness

1. Introduction

In recent years, more and more researchers are interested in the discontinuous Sturm-Liouville problem for its application in physics
(see [1, 2]). Various physics applications of this kind of problem are found'in many literatures, including some beundaryvatug with
transmission conditions that arise in the theory of heat and mass transfer (see [3-5]).

By using the techniques of [3, 6] and some new approaches, we define a new linear operator A associated with the problem in
appropriate Hilbert space H such that the eigenvalues of the problem coincide with those of A. We discuss its eigenvalues and
eigenfunctions, obtain asymptotic approximation formulas for eigenvalues, prove that the eigenfunctions of A are complete and
construct its Green function, promote and deepen the previous conclusions.

In this study, we consider a discontinuous eigenvalue problem consisting of Sturm-Liouville equation

lui=—(@0u’ )Y +qXut)=Aulx), xeJ m

where J=[a, &1)U(&q, E)U(E,, b], a(x):a% for xela, &), a(x):a% for xe (&, &5) and a(x):a% for xe (&5, b], a1>0, a;>0 and a3>0 are
given real numbers; the real value function g(x) e L'[J, R]; 1€ C is a complex eigenparameter; boundary conditions at the endpoints

husi= oqula)+ou (@) =0 (2)

lyu == A(Byub)— B5u’ (b)) + (B u(b) — Bou’ (b)) =0 (3)
and the four transmission conditions at the points of discontinuities x=¢; and x=¢&;

l3u:= u(&q +0)—azu(&q —0)— B3u’(E1 —0)=0 4

lau := U (€1 40) —oiqu(Eq —0) — B4/ (¢1 —0)=0 (5)

Isu = u(E;+0)—asu(éy—0)— Bsu' (¢, —0)=0 (6)

lou := u' (& +0) —agu(&r —0)— P’ (6, —0)=0 ?
where o, fi; and ﬁj/-(i:1,6,j:1,2) are real numbers. Here we assume that a$+a§¢o and

6= a3 f3 20, Gy a5 Ps 0 o B B 0
a4 Py % P By B2
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2. Operator formulation

In this section, we introduce the special inner product in the Hilbert Space H:=H; & C, where H; =(L2(J), (-, -)1), C denotes the Hilbert
space of complex numbers and a symmetric linear operator A defined on this Hilbert space such that (1)—-(7) can be considered as
the eigenvalue problem of this operator. Namely, we define an inner product in H by

(F.g =10 / fgdx+—= 02 f§dx+ 1 bfgdx+1r§ 8)
a3 Jz, a3 P
for
F:=(fr), G:=(gseH
In the Hilbert space H consider the operator A which is defined by
D(A)={(f(x),r) € HIf1,f; €ACioc((a, &1)), Fo, Fy €ACioc((E1, E)) F3, 5 € ACIoc ((E2, b))
If eHy, hf=I3f=l4f =Isf=lsf =0, r=p,f(b)— p5f (b)}
—(B1f(b)—Bof' (b)) for F=(f, B1f(b)— B,f’ (b)) € D(A)
For convenience, V(f,r) e D(A), let
N(f)=p1f(b)—Pof (b),  N'(F)=p}f(b)=p5f'(b)

Now we can rewrite the considered problem (1)-(7) in the operator form AF=AF.

Lemma 1
The eigenvalues and eigenfunctions of the problem (1)—(7) are defined as the eigenvalues and the first components of the corre-
sponding eigenelements of the operator A respectively.

Lemma 2
The domain D(A) is dense in H.

Proof
Let F=(f(x),r)eH, F LD(A) and Ego be a functional set such that

p1x),x€la, &)
P =1 @y(x),xe(&q, &)

p3(x),xe(&y, bl
for @100 €C5°la, £1), 92(x) € CC (€1, &2) and. g3(x) €C30(é2, b]. Since CI° @O0 C D(A)0€C), any U=(u(x),0)e C5° @0 is orthogonal to
F, namely

010, 02 1 b
(FU)= / fudx+ —= fzudx—l- f3udx:(f,u)1
az | 3

we can learn that f(x) is orthogonal to Ego in Hyq, this implies f(x)=0. So for all G=(g(x), s) e D(A), (F,G)=(1/ p)rs=0. Thus r=0 since
s=N'(g) can be chosen arbitrarily. So F=(0,0), which prove the assertion. O

Theorem 3
The operator A is self-adjoint in H.

Proof
Let F,GeD(A). By two partial integrations we obtain

(AF,G) = (F,AG) +0102(W(f,g; &1 —0) = W(£f g;a)) + 02(W(f,g; S5 —0) = W(£ g; &1 +0))

1 _ _
+W(f,g;b)-W(f,g; &, +0)— ;(N(f)N’(g) —N'(FIN(g))

where, as usual, by W(f,g;x) we denote the Wronskians f(x)g’ (x) —f (x)g(x). O
As f and g satisfy the boundary condition (2), it follows that W(f,g;a)=0. From the transmission conditions (4)-(7), we get
W(f,g;&i—0)=0;W(f,g; & +0)i=1,2)

. _______________________________________________________________________________________________________________|
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Further, it is easy to verify that
W(f,g;b)=N(F)N'(9)—N'(FN(g)

Then we have (AF,G) = (F,AG)(F, Ge D(A)). So A is symmetric.

It remains to show that if (AF, W)= (F,U) for all F=(fN'(f)) € D(A), then W e D(A) and AW =U, where W= (W(x) r) and U=(u(x),s),
ie. (i) wi,wj €ACioc(a, &1)), wo, Wh €ACIoc((Eq, £2)), w3, WS €ACIoc((E2, b)) and Iw e Hy; (i) r=pBiw(b) — fow/ (b); (iil) hw=Bw=law=
lsw=lgw=0; (iv) u=lw; (v) s=—Bw(b)+ B,w (b).

For an arbitrary point FEESO @®0C D(A) such that

_9192

b b
010 (lf) dx—|—6 (If)wdx+ (If)de_ f_d 92 fldx+ - f_dx

a1 a cl2 & a3 a1 a as a3

that is (If w)q =(f,u)q. According to normal Sturm-Liouville theory, (i) and (iv) hold. By (iv), equation (AF, W) =(F,U), VF € D(A),
becomes

: NS
(i why = (g + 0 MO
o
However
(IEwyr = {f,w)1 + 010, (W(Ew; & —0) = W(f, w;a))
+0(W(Ew; Ey —0)—W(Ew; &1 +0))+W(Ew, b)—W(f,w; £, +-0)
So
NAF  N(F3 _ _ _ _ _ _
_(p)’ + (fs =010W(EW; & —0)—W(Ew; a) + 0,(W(w; & —0) —W(E W, & +0) + W w, b) —W(Ew; {5 +0) ©)
By Naimark’s Patching Lemma [7], there is an FeD(A) such that f(a)=f'(a)=f(¢; —0)=f"(E1 —0)=F(E1 +0)=F/ ({1 +0)=F((H —0) =
(&) —0)=F(E +0)=F((5+0)= [)”2 and f’(b =p;. Thus N'(f)=0. Then from (9), equality (i) be true. Similarly one proves (v).
Next choose F e D(A )sothatf(b) f(E1—0)=F"(&1 —0)=F(éy—0)=F'(¢) —0)=0,f(a) =a3 and f'(a) = —aq. Then N’ (f)=N(f)=0.
So from (9), we get aqwia)+oow (a) 0 Let FeD( ) satlsﬁes fb)y=Ff(b)=Fla)=f"(a)=F(E1+0)=F((5 —0)=F'({5 —0)=f({5+0)=
f'(&2+0) 0 f(&1—0)=—B3, f'(&1—0)=03 and (&1 +0)=07. Then N'()=N(f)=0. By (9), we have w(é;+0)=uzw(é1—0)+
B3w’' (&1 —0). Similarly one prove law=/Isw=Ilgw=0.
Corollary 4

All eigenvalues of the problem (1)-(7) are real, and if 21 and 45 are two different eigenvalues, then the corresponding eigenfunctions
f(x) and g(x) of this problem are orthogonal in the sense of

010, [& 0, (2 1 b _ _
0% [Mrgax+ 2 [“rgaxr— [ rgdxt L U1 FO) =B ON(B19(6)— 35 6) =0
a; Ja as J& a3 J&

3. Simplicity of eigenvalues

Lemma 5
Let the real-valued function q(x) € Cla, b] be continuous on [g, b] and f(4), g() are given entire functions. Then for V1€ C Equation (1)
has a unique solution u=u(x;4) satisfying the initial conditions

For each fixed x €[a, b], u(x, 1) is an entire function of 1.
Let ¢4(x 4) be the solution of Equation (1) on the interval [g, &1), satisfying the initial conditions
pr(a D=0y @1l )=—ou (10)

By virtue of Lemma 5, after defining this solution we can define the solution ¢,(x, 2) of Equation (1) on the interval [&4, &) by the
initial conditions

@2(&1, D=0301(E1, D+P3071 (&1, 2, 95(Er, D=0a01(E1, D+ P4y (E1,2) amn
After defining this solution we can define the solution ¢3(x, ) of Equation (1) on the interval [£;, b] by the initial conditions

03(&2, AN =050x(E2, D+ P59y (E2, ) 95(Ea, A=0602(E2, A+ Pe 05 (82, 2) (12

Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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Analogously we shall define the solution y3(x, 4), x2{x, 4) and y;(x, 1) by initial conditions

130, 2) = A5+ B As(b, =B+ (13)
13(E2, A) — Bsya(Ea, A) (3(E, A) — a5 75(E2, A)
YolEard) = Bex3(&2 . Bsxz(&o e A= a6 x3(&2 006573 $) (14
b -0,
12(E1, A — B3 x5 (Eq, A) (&, D —a3y5(E1,A)
(e i) = Bar2(&s B3x5(&1 )= aqyz(&y 3)5(¢1 (15)

91 _01

Let us consider the Wronskians

(A=W, (9, 1i:X):=@jz; — i1 x €Qi(i=1,3)

which are independent of xe€Q;(i=1,3) and are entire functions, where Q1 =Ig, &), Qy=(&q,&3) and Q3=(&,,b]. This sort
of calculation gives w3(1)=0w)(1)=010,w1(7). Now we may introduce in consideration the characteristic function w(Z) as
o(A):=w1(4).

Theorem 6
The eigenvalues of the problem (1)-(7) consist of the zeros of function w(4).

Proof
Let ug(x) be any eigenfunction corresponding to eigenvalue 1g. Then the function ug(x) may be represented in the form

Cro1(x, 20)+Coxq (% Ag), x ela, &)
up(X)= 13 C3o(x, 40)+Caya(x, 2o), x €(&q,£2) (16)
Cs3(x, A0)+Cp 3%, 40), x€(&p, b]

where at least one of the constants ¢; (i=1,6) is not zero. O

Consider the true function

(o)}

I (ugx))=0,v=1,

as the homogenous system of linear equations in the variables ¢j(i=1,6) and taking into account (10)-(15), it follows that the
determinant of this system is

0 ©10io) 0 0 0 0
0 0 0 0 3(4o) 0
—<P/2(51,/10) —X/z(Q:h/lo) @/2(51,/10) X/2(51,/10) 0 0 — 03030 (i) =0
-5, 20)  —x5(ér.20) o5, A0 x5(Er o) 0 0
0 0 =p3(&2,40)  —13(2,20)  @3(&2,20)  x3(E2 A0)
0 0 —5(E2,70)  —x5E20)  @5(E2,70)  75(E2 20)

Definition 7
The analytic multiplicity of an eigenvalue A of the problem (1)-(7) is its order as a root of the characteristic equation w(4)=0.

Definition 8
The geometric multiplicity.of an eigenvalue 1 of the problem (1)-(7) is the dimension of its eigenspace, i.e. the number of its linearly
independent eigenfunctions.

Theorem 9
The eigenvalues of the problem (1)-(7) are analytically simple.

Proof
/
Let A=u+iv. For convenience, set o =0(x, 4), ¢1,= 05/;1 , go’u = a% etc. We differentiate equation Iy =1y with respect to 4 and have

Ly =2+ (17)
By integration by parts, we get

U220 901 = (201011 = 01020110y = 13,01)1a" +02012:P3 = 12,821 2

+(13,P3— 13,9312, (18)

. _______________________________________________________________________________________________________________|
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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Substituting (17) and /o = A¢ into the left side of (18), we have
A @+ L oh1 = (L Ao)r = (1 @)1 +2iv (1 o)

Moreover

. p b
0105(11,0 = 11, 0D1a" +02002,55 — 15, 02)| 2+ (13,05 — 13,93) ; = 01021 71,00, A)+e271 (0, ) +(B595(6, ) — B193(b, 2)

Note that
o' (A)=aq 11;(a, )»)—{—oczx’] ;@ )
So, (18) becomes
010200 (2)= (1, @)1 +2iv{x;, 9)1 — (B5905(b, 1) — B1P3(b, 1) (19)

Next, let i be arbitrary zero of w(Z). By Corollary 4, u is real. Since

P06 060

olp) =

P 061 7500 p)
We have ¢q(x, 1) =c171(x 1)(c1 #0), @20, ) =21 (X 1)(c2 #0) and @3(x, 1) =c33(x, u)(c3 #0), where ¢, ¢, ¢c3€C. From
@&, W=c1(o3x1(Er, W+ B35 (E1, ) =c1 12(E1, 1)
and
@3(&2, ) =205 72(E2, 1)+ B 15 (E2, 1) =Ca13(E2, 1)

we get ¢1 =cp =c3#0. Thus, a short calculation, (19) becomes

_ (0,05 [ 0, ré& 1 b
01020/ (0 = (—22 I ey R ey | |X3(X,,u)|2dX+P>
a1 a az & a3 &
Here 01>0, 0,>0, p>0 and ¢1>0, so '(4)#0. Hence the analytic multiplicity of u is one. By Definition 7, the proof is
completed. a
Theorem 10

All eigenvalues of the problem (1)-(7) are also geometrically simple.

Proof

If f and g are two eigenfunctions for an eigenvalue Zg of (1)=(7), then (2) implies that f(a)=cg(a) and f'(a)=cg’ (a) for some constant
ceR. By the uniqueness theorem for solutions of ordinary differential equation and the transmission conditions (4)-(7), we have
that f=cg on [a, &), (&1, &) and (&5, b]. Thus, the geometric multiplicity of 1g is one. d

Lemma 11
Let =52, s=g+it. Then the following integral-equations hold for k=0, 1:

k K K x Ak
d s(x=a)  ajoq d© | s(x—a) 1 ac . sx—y)
—@1(x, 1) = g — cos — —sin +— — sin——— , 2)d 20
dxkq)]( : "2 ik a s dxk ar a1 Jg dxk a W1t Ady 20
9 s 7) = (1300 (E1 A B s ) o SETED L2k a0, ) e sin S
— ,A) = (o , A — —(a s A —
dxkq’z 3P1¢&1 3(P] 1 ka s ZA NS 4(701 1 ka as
10X dk sx—y)
— — sin ——— , A)d 21
azs I, axk o qy)pa(y, Ady 21
dk , d  sx=&) a3 , d s—&)
— D= (o50(E2, 1)+ Ps goz(éz,)»))w cos + = (2602(82, A+ Fe 0 (&2 i))ﬁ sin
1 x dk sx—y)
—_— — sin ——— , A)d 22
ass )., axk & a3y, Ady (22)

Proof
Consider ¢4(x, 4) as the solution of the following non-homogeneous Cauchy problem:

{ a?u” (%) +s2u(x) =q(x)p (x, 1)
Q1(a, )=, goq (a,2)=—aq

]
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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Using the method of constant changing, ¢4 (x, 1) satisfies

sx—a) ajou . sx—a) 1 /X . Sx—y)
A= — — , Ad
@1(x, A) =0y cos a . sin a +a1s i sin p W) oqx, Ady
Then differentiating it with respect to x, we have (20). The proof for (21) and (22) are similar. O

Lemma 12
Let 4=5s2, Ims=t. Then for 2, %0

k k ~
d - x=a
W(M(X,)») Zazwc05u+o(ls|k—1em a )
d" x2f3s . s(&— s(x—£1) B \I( X q)
— 9206 2) = ——=sin cos s o
ok 72067 a a dxk az e
“ 2 C1— - k — 41 —a c2—§1 x—&y
d—k<P3(X,7y)= #23Pss sin s&1—a) sin s(S2 é1)d—kcos s(x 52 o(sktTe 1155 o T as ))
o naz a a,  dx as
whileif 55=0
o She— x—a
2 b =T i 0 261
f%@‘-%‘ ——uf cos =R " %é*'):,:@( 9Ie1_eTﬂ+é*:"'=F";§"))
xk i ? & d*k az
o 9&5?984 sté1=a) | sté=&1) dk she—E&3) &(H—%FQ G x4
—3be A= sin P =F9(-|-s-|»—e =)
d*k%“ @ at @ ik a

k=0, 1. Each of this asymptotic equalities hold uniformly for x as |4| — occ.

Theorem 1
Let .=s2, Ims=t. Then for oy %0 and [3/2 #0, the characteristic function w(Z) has the following asymptotic representation:

242 022

)

_ 225 B3 Bss” in s(¢1—a) sird s(&—¢&1) in s(b—¢&p)

2 f(Le
+0(s|%e It
aq 020391 92 a ar as

Proof
The proof is obtained by substituting the asymptotic equalities (dk/dxk)qo3(x, A) into the representation

0102(A)=(B1+1B7)03(b, ) — (B2 +2B5)95(b, 2)

Theorem 14@

Let ap #0, [3/2 0, the following asymptotic formulas hold for the eigenvalues and eigenfunctions of the boundary value transmission

problem (1)-(7):
ailn—"1)mw 1 ,  a2n—"T)m m_azln—"1)n 1
=m0 (5) V= o (5) V=2 o (5)

All these asymptotic formulas-hold uniformly for x.

Proof
By applying the known Rouche theorem, we can obtain these conclusions (cf. [8, Theorem 2.3]).

72 /5 =0-are-omitted-and-the-proof are-similar. O

4. Completeness of eigenfunctions

Theorem 15
The operator A has only point spectrum, i.e. 6(A)=ap(A).

Proof
It suffices to prove that if y is not an eigenvalue of A, then y € p(A). Here we investigate the equation (A—y)Y=F€H, where yeR,
=(f,n. g

. _______________________________________________________________________________________________________________|
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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Consider the initial-value problem

lu—yu=f, xeJ

aqu(a)+ou’ (a)=0
u(&1+0)=a3u(&y —0)+B3u’ (¢ —0)
U' (&1 +0)=aqu(Eq —0)+ B4u’ (€1 —0)
u(éy+0)=asu(éy —0)+ Bsu’ (6, —0)
u'(&+0)=apu(ér —0)+ feu' (£, —0)

(23)

Let u(x) be the solution of the equation lu—yu=0 satisfying the transmission conditions (4)—(7). In fact
u1lx),  xela &)
ux)=q ualx), xe(é, &)
uslx),  xe(éy, bl
where u1(x) is the unique solution of the initial-value problem

—a%u”+q(x)u:vu, xela &)

u(a):ocz, u’(a):—oq
uz(x) is the unique solution of the problem

—adu’ +qu=yu, x€(, &)

u(é1+0)=03u(é, —O)+ﬁ3u/(é1 -0)
U' (& +0)=a4u(y —0)+ B4u'(E1 —0)
and us(x) is the unique solution of the problem

—a3u” +qu=7u, X (&, b]

u(éy+0)=asu(éy=0)+Psu’ (¢, —0)
U (& +0)=06u(ly —0)+Beu(E2—0)
Let
wix), xela &)
wix)= 1§ walx), xe(&, &)
ws3(x), xe(&y, bl

be a solution of Iw—yw=f satisfying

aqwia)—oow (a)=0

W(E +0) = azw(Eg —0)+ 3w/ (E1—0), W (&1 +0)=aaw(&q —0)+Baw(E1 —0)
W(Ey+0) = asw(Ey —0)+ Bsw/(E2—0), W (Ex+0)=agw(Ey —0)+ W (E2 —0)
Then, (23) has the general solution
dui+ws, xé€la &)

yx)={ dup+wy, xe(&q,&) (24)
duz+ws, xe(éy, bl

where deC.
As 7 is not an eigenvalue of (1)-(7), we have
Bru3(b)— Bous (b)+7(Buz(b)— Byu3 (b)) #£0 (25)
The second component of (A—y)Y =F means the equation
B2y’ (b)—B1y(b)—(B1y(b)— By (b)) =r (26)

]
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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substituting (24) into (26), we get
(Bau3(0) — Bu3(b)+75u3(b) — 7 frus(b))d=r+ By w3(b) — f,w5(0) +7 7 w3 (b) —y w5 (b)

In view of (25), we know that d is uniquely solvable. So y is uniquely determined.
The above equation show that (A—y/)~" is defined on all of H. We get that (A—y/)~" is bounded by Theorem 3 and the closed
Graph Theorem. Thus y € p(A). Hence, a(A)=ap(A).

Lemma 16
The eigenvalues of the boundary value problem (1)-(7) are bounded below, and they are countably infinite and can cluster only
at oo.

Lemma 17
The operator A has compact resolvents, i.e. for each 6 e R/ op(A), (A—d)~" is compact on H (cf. [4, Theorem 6.3.3]).

By the above Lemmas and the spectral theorem for compact operator, we obtain the following theorem:

Theorem 18

The eigenfunctions of the problem (1)-(7), augmented to become eigenfunctions of A, are complete in H, i.e. if we let {®y=
(0n), N (pp);n €N} be a maximum set of orthonormal eigenfunctions of A, where {¢,(x);neN} are eigenfunctions of the problem
(1)(7), then for all FeH, F=Y 72 1 (F, ©n)®Op.

5. Green function

Let us consider the following differential equation:
—(@(u’ ()Y +q0ux) — Aul) ==f(x), xeJ (27)

where J=[a, &1)U(&4, &)U(E, b, a(x):a% for xela, &1), a(x):a% for xe(&q,£7) and a(x):a% for xe(&,,b], a1>0, a»>0 and az>0
are given real numbers; together with the eigenparameter-dependent boundary and transmission conditions (2)—(7).

We can represent the general solution (16) of homogeneous differential Equation (1), appropriate to Equation (27). By applying the
standard method of variation of constants, we shall search the general solution of the non-homogeneous differential Equation (27)
in the form

G, Ao 06 A +Colx, Dy (x4, xela, &)
U) =1 Gx, Dy (x, A+Calx, Ayax A, xe(&q, &) (28)
]

S o

Cs(x, D3, A+ Celx, y3x, A, xe(&y,

where the functions Cj(x, 1) (i=1,6) satisfy the linear system of equation

Cr 06 D106 A+ Cox Ay (6, 2) = 0
Ci 6 Dy (x, )+ Ch(x, Ay (%, A) = f(x)
for xela, &q),
G5, Ao (%, A+ Cylx, Dyp(x, ) =0
C5(x, A (%, A)+Cy(x, A)y5 (% 2) = F(x)

for xe (&4, &), and
Cs(x, 3%, A)+Cgx, Ayz(x ) =0
{Cg X A5 x, )+ Cg(x, D5 2) = f(x)
for x € (&;, b]. Because the characteristic function w(4)#0, the following relations can be easily obtained:

1
o(A)

‘I X
/ fordy+C, xelaéy)
(4) Ja

G A=

&
/ frdy+Cr, Cale )=
X [0)]

1 & 1 X
C3(x,/1):—/ frody+G, CGxA=—-= | fody+C, xe(&,&r)
() i w20 J,

1 b 1 X
C(x,z)z—/ fr3dy+Cs, C(X,/l)=—/ fosdy+Cs  xe(Enb]
5 o ). fBY+G G w3 [, s+ Go &

Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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Here, Ci(i=1,6) are arbitrary constants. Substituting the above equations in (28), the general solution of the non-homogeneous

differential Equation (27) are obtained as

M 11X, 4
q(x )/ fyrd 1106 2)
X

X
/ Foydy+Cro 06 +Cazy (6, x€la )
a

w(l) o(A)
») & N ”) X
v = | 22%7 / Frady+ 2% / foody+C30206 D +Cazalx D), x€(E,E2)
wa(4) Jx wa(4) Je,
P3(x,4)

b B304 X
/); fX3 dy+ 3()) /; f(p3 dy+C5(p3(X, )»)+C6X3(X, )»), xe(éz,b]
e

w3 (/) w

where Cj(i=1,6) are arbitrary constants. By differentiating (29) we have

w

/ £ /

A (& /0 7) X
al f fq dy+2 /f<P1dY+C1<p/1(x,?»)+sz’1(X,?»), x€la,&)
o) Jx (A) Ja

/ £ 7
o5 A) [<2 yo ) X

Uty 2)=1 -2 / frady+ -2 /f<pzdy+C3<p/2(x,)V)+C4X’2(x,z), x€elé, &)
wa(2) Jx w2(2) Je,
/ b ’ X
(p3(x,/1)/‘ 7306 2) / /

frzdy+ fo3dy+Csh(x, ) +Cexalx 2,  xe(&y, bl

w3() Jx 73 w3(7) Je, P3YTE593 673 &

By using the system of Equation (29) and the proof process of Theorem 6, the following equalities are obtained for /;(U), i=1,

h(U) =Cw(d)

h(U) = Csm(4)

<P2(f1+0,/1)/52’° 12(514_0,2)/51*0
= 2E0D (470 G t0d) (A0

—Crpy(E1+0,A)—Coya(E1+0,A)+C3py(E140,4)+Cax2(E1 40, )

/ Fy— / Fi—

@y(&1+0,2) 270 15&1+0,4) a0

27/ szdy—zif ¢1dy
wz()») 14 a

I4(U) =
4(U) o o)

—C195(E140, ) — G5 (E1 40, )+ C395(E1 40, 2) +Cary (140, 4)

p3(&+0,0) [P 73(E240,7) /62—0

Is(U) = 2222122 frady— 132724 foyd

> 3(4) &40 3Y 2(4) &40 P2y
—C303(&+0,2) —Cax3(En+0, )+ C503(E5 +0, ) +Cg x3(E2 40, A)
’ b T £—0
@3(62 +0,4) / X3(C2 +0,4) /Cz

lo(U) = 22 2 frady— 232727 foyd

° 0@ Joro BT o Jowo 2

—C305(E9+0, ) — Cars(E2+0,A)+Cs5905(E2+0,A)+Cor3(E2 40, 2)

(29)

(30)

S\

33)

(34)

35)

(36)

Because U(x, 4) is a solution and w(1) #0, from boundary condition (2) and equality (31) we have C; =0. Similarly from equality

(32) and boundary condition (3) we have C5=0.

On the other hand, by taking into account Equations (35), (36), and transmission conditions, the following linear equation system

according to the variables Cq, C3, C4 and Cg are obtained as:

. (&140,2) (270 1(E1+0,7) [0
G <P2(51+0,/1)—C3<P2(61+0,/1)—C4X2(C1+0,/1)=u/ szdy—L/ fo1dy
w2 (A) &40 w(A) a

/(z £ —0 / £ —0
©5(&1+0,4) [<2 15(E140,2) &

C105(E140,2) —C305(E1 40, ) —Cayh(E1 40, A)= —2———— fyydy— =5—-—— fo,d

190284 3¢5(E 475(E1 070 40 %2 dy o) i @1 dy

¢3(£240,4) /b frody_ 32407 /iz*o

w3)  Joio 2(2)  Je 40

! (z / Foy—i

95(4+0,2) (b 15(E240,4) (&0

C3§0/3(52+0,/1)+C4l/3(52+0,/1)—C6Z/3(52+0,7»)=73 2 / frady— 2————" 2 /

3(4) &40 3(4) &40

CG3p3(&+0,A)+Cay3(&+0,4)—Cey3(ér+0,A)= foydy

fppdy

]
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010
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1 By using the definitions of solutions ¢;(x,4) and y;(x,4) (i=1,2), the following relation is obtained for the determinant of this
linear equation system:

02081 +0,2)  —@a(81+0,4)  —y2(61+0,4) 0
P5E1+0,2)  —@5(E1+0,4)  —x5(E1+0,4) 0
. B} =—w2(Nw3(4)
0 03(&24+0,2) 3404 —yx3(E540,2)
3 0 P5(E24+0,2) 7562404 —x5(E2+0,4)

As this determinant is different from zero, the solution of (37) is unique. If we solve system (37), we get the following equality
for the coefficients Cq, C3, C4 and Cg:

b

C ! c“zf d 1 bf dy, C 1 fr3d
— " +— " A e — B
1 020) /61 129y 3 J:, V) 2 w3(/1)/;2 139y

o= [Mtordyr—— [Ctordy Com—— [t
= 4+ — 2 [
6 w(;b)/,, NI o ), 1Y wu)/a i
5 Finally, by substituting the coefficients C;(i=1,6) in (29), the following formulae are obtained for the resolvent U(x, A):
go1(x,x)/f1 x;b)/ ©106.2)
fi fyydy+ f dy, xela &)
o) ). ) LY+ . 13y, &
@2062) /fz / (x,7) /b 2(x 7) /
fro fr3 fody, xe(&4,&) (38)
() Jx : (A) P14y, C1c2
@3062) /b x;L) / 7306.2)
B2 s fordy+ f dy, xe(&y, bl
30) ) o ), o y 02 -, P2 dy, &
7  Let
p1(x), xela &) 1), xelay)
P)=1 0200, x€(&1,62) 10)=1 22, xe(&q, &)
p3(x),  xel(éy, bl 13X, xe(&y, bl
9 Then
o) /bf%l o[ =)
Ulx, 1) = —— —_— f , i=1,3 39
(x 4) o) Js o) ) ¢'ay, 39

11 Thus, the resolvent of the boundary-value transmission problem is obtained. We can find the Green function from the resolvent

(39). Namely, denoting %)
207X, A)
TELERD a<ysx<bx#&,E, y#&.E

Gl yi i) = w’%%j i
= oX (Y7

13 o) asx<sy<bx#&1,&,  y#E1,&

Il
-
s
w

We can rewrite the resolvent (39) in the next form

b
s Ulx, 1) = / G(x, y; )f(y)dy
a
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