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Abstract

The numerical solution of the two-dimensional Burgers equation in unbounded domains is considered. By introducing a
circular artificial boundary, we consider the initial-boundary problem on the disc enclosed by the artificial boundary. Based on
the Cole—Hopf transformation and Fourier series expansion, we obtain the exact boundary condition and a series of approximating
boundary conditions on the artificial boundary. Then the original problem is reduced to an equivalent problem on the bounded
domain. Furthermore, the stability of the reduced problem is obtained. Finally, the finite difference method is applied to the reduced
problem, and some numerical examples are given to demonstrate the feasibility and effectiveness of the approach.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

The Burgers equation is frequently used as testing ground for flows governed by Navier—Stokes equations [1],
which also explains the different processes occurring in a wide range of physical phenomena. Therefore,
mathematicians, engineers and physicists are attracted and devoted to the study of the Burgers equations. For analytic
solution of the multidimensional cases, Steven Nerney et al. recapitulated the derivation of the solutions to the vector
Burgers equation and showed that the generalized Cole—Hopf transformation went through for quite general coordinate
systems (refer to [2] and the references therein), Frish et al. [3] extended the pole decomposition to multidimensional
Burgers equation with no force term and derived its exact solution with a finite number of time-dependent parameters
generated by the algebraic and trigonometric polynomial solutions of the heat equation in R”. For numerical solutions,
Han et al. discussed the one-dimensional Burgers equation on unbounded domain by the nonlinear artificial boundary
conditions [4], Nishinari et al. used the ultradiscrete method to derive the cellular automaton (CA) from the two-
dimensional Burgers equation and studied some exact solutions of the CA [5]. In this paper, we consider the numerical
solution of the Burgers equation with a source term on unbounded domains

u =Vu+2u-Viu+F(x,1), inR> >0, (1.1
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u(x, 0) =up(x), (1.2)

u— 0, when |x| > 400, (1.3)

where u = (u1, uz), V xu, the source term F(x, t) = (f1, f2) and initial data ug(x) vanish outside a two-dimensional
disc By = {x : |x| < R}, namely, the flow field is irrotational outside the disc By and

supp{F(x,t)} C By x [0, T], supp{ug(x)} C By. (1.4)

For the numerical solution of problem (1.1)—(1.3), we need to introduce artificial boundaries to make the
computational domain finite, find boundary conditions on the artificial boundaries, and reduce the original problem
to an equivalent problem on a bounded domain. Using the Cole—Hopf transformation, we transform problem (1.1)
into a heat equation outside the computational domain and find exact boundary conditions on the artificial boundaries
by considering the heat equation. Then by inverting the above transformation, the exact boundary conditions on the
artificial boundaries of the original problem are presented. This procedure is usually called artificial boundary method,
which is the most important and efficient method for numerical solution of PDEs in unbounded domain and has been
widely applied to elliptic and harmonic equations [6—10], wave equations [11-14], and the parabolic equation [15-19]
etc. The artificial boundary method is also called the natural boundary integral method, or Dirichlet to Neumann
mapping method. The exact boundary condition on the artificial boundary is just the natural integral equation, i.e. DtN
mapping. One can refer to the related books [20,21] written by Yu. For nonlinear problems, generally speaking, it is
difficult to use the artificial boundary condition directly. Recently, some nonlinear equations have been studied in
detail in [22-24], where some equations can be linearized outside the artificial boundary, and in [4,25], where the
transformation is used.

The brief organization of this article is as follows. In Section 2, we introduce the Cole—Hopf transformation and
present exact and approximate artificial boundary conditions of the two-dimensional Burgers’ equation. In Section 3,
we are devoted to the stability analysis. In Section 4, the finite difference discretizations and some iteration tactics are
given. Section 5 is to construct some numerical examples to show the effectiveness of our approach.

2. Artificial boundary conditions

Denote the artificial boundary by I" = 8 By, the exterior domain by £2, = R? \ By, and the computational domain
by {2 = By. In order to obtain boundary conditions on the artificial boundary I', we consider firstly the restriction of
the solution u on the exterior domain (2,. On the unbounded domain {2, the original problem (1.1)—(1.3) satisfies

w =Vu+2u-Viu, inf2 x(0,7T] (2.1)
Vxu=0, inf2 x (0,T] 2.2)
u(x,0) =0, inf2, (2.3)
u— 0, when |x| > 4o0. 2.4

Since u(x, t) is an unknown function, problem (2.1)—(2.4) is an incompletely posed problem. It can not be solved
independently. However, if we assume that the boundary values u(x, ¢)| are given, then (2.1)—(2.4) is a well-posed
problem. Furthermore, by the Cole-Hopf transformation [2], we can reduce the nonlinear Burgers’ equation to a linear
parabolic equation. In fact, according to the irrotational condition V x u = 0, we let

w(xy, x2,1) = —/ ui(§,xp,1)dé = —/ uz(x1, n, 1)dn,

X1 X2

then,
w; — (Vo)? — Aw = 0.
Let v = e¥ — 1, then v satisfies

vy =Av in 2, x (0, T], (2.5)
v(x,0) =0, (2.6)

v — 0, when |x| - 400, 2.7
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Vlyer = vlr. (2.8

In the polar coordinate, (2.5)—(2.8) can be written as

1 1 .
V= Uy + ;v, + r—zvgg in £2, x (0, T], 2.9)
v(r,6,0) =0, (2.10)
v— 0, whenr — +o00, (2.11)
v|r = v(R,0,1). (2.12)

We try to find the solution v(r, 8, ) in the form

o0
v(r,0,t) =vo(r,t) + Z Ay, (r,t)cosmO + by, (r, t) sinm0, (2.13)

m=1

with

1 2 1 2
a,(t) = ;/0 v(R, 0, t)cos(m)do, by () = ;/0 v(R, 0, t)sin(mO)db.

Substituting the above equality (2.13) into (2.9), we have

dvg  9%vy  1dvyg da, 0%a, 10a, m?

o _ 2 _ -7 Ztm 2 om 2 Z7Tmo T 0

ot ar? r or + 2 at ar? r or + r2 Gm. | COS T
bm  0%by  10b,  m? b )

9 92 19
o _ 2% Z9% (2.15)
ot or? r or

da, 0%a, 10da, m>

Gm _ O m _ 1 %m M, > 1, 2.16
ar 9r2  or T2 "= @16
by  02by  13by m?

o 2y Tabm=0 m=zL @17

Solving the above equations with the corresponding initial and boundary conditions, respectively, we have the
following exact boundary conditions on the artificial boundary I" (refer to [17] and the references therein):

dv(R,0,1) 1 /’/2” 8v(R,¢,r)d¢H0(t—r)d
= — T
or 2RV 73 Jo Jo aT Jt—T

1 /f > /2” v(R, $, 1) cosm(g 9)d¢Hm(t—r)dr

_ VISP T osm(d — Am 7 1)

RV73 Jo =i Jo ot JVi—t
00 2

L Zm/ V(R, ¢, 1) cosm(p — 0)dg (2.18)

Rm o 0
and
00 2
% = % Zm/() v(R, ¢, 1)sinm(¢p — 0)dg, (2.19)

m=1
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with
2
4t [ e Ht du
Va3 o R +Y2(R) w

where J;,,(-) and Y, () are two independent solutions of Bessel’s equation of order m, respectively, Y, (-) is called
Weber’s Bessel function of order m. To transform the boundary conditions (2.18) and (2.19) back into the original
variables u, we consider firstly

Hy, (t) =

(2.20)

dv dar n dv 060
ar dx; 90 dx;’
in fact, the first term of (2.21) is trivial, for the second term, by the irrotational condition V x u = 0, i.e. u1x, = U2y,
we have

Uy = vy, = v = e®w; = e®(ury, + sy, +ul +u), (2.21)

o0
w; = —/ uy(x1, x2, t)dxy
X

1
oo

- W ix,x; + Ulxgx, + 2u1U 1, + 2u2U1x,)dx
X1

(0.¢]
_/ (ulxlxl + U2xx) + 2”1“1)61 + 2u2u2x1)dx1
X1

= (U1x, + U2e, + Ui +u3) 2 G(x1, x2,1). (2.22)

Hence on the artificial boundary we have

t p2m Ho(f —
ew(R,@,l)ul(R’QJ‘) — |:_ / / ew(R’¢’r)G(R,¢,T)d¢MdT

1
2R3 JE—T

t oo
RF/ / e?RODG(R, ¢, T) cosm(p — 9)d¢M

d
Ji—t T

7T
— Z m/ e@®9D _ 1) cosm(p — 9)d¢} cos @
—— 0
m=1
1 o0 2
—> m/ e?®9D _ 1)sinm(¢p — 0)de sin 6
T m=1 0

1 topom Ho(t — 1)
_|_ (R.¢,7) 0
_[ ZRJ;/ / ) G ¢ Ddp= e
Hy (t — 1)

t oo
R\/_/ / e?RPDG(R, ¢, ) cosm(p — 9)d¢ﬁdr
L Z m/ e? BP0 cosm(¢p — 0)d¢i| cosé

F— 0

L Z / @ (R.$.1) sinm(¢p — 0)dep sin 0 (2.23)

27

noting that

2 2
/ sinm(¢ —0)d¢p =0 and / cosm(¢p —0)d¢ = 0.
0 0

Since the function w (R, 6, t) contains an infinite integral over {2, in the above boundary condition (2.23), it is rather
difficult to be used directly for computation. w(R, 9, t) can be greatly simplified as long as we integrate the both sides



246

X. Wu, J. Zhang / Computers and Mathematics with Applications 56 (2008) 242-256
of (2.22) term-by-term with respect to time 7, namely,

t
w(R,0,1) =/ G(R, 0, t)dt
0
/ (u1,(R,0,t)cosd —ui1p(R,0,t)—— + up, siné
0

+u—— +ui(R,0,7)* + uz(R, 0, 1))dt
Thus we have the first artificial condition

1 t p2m
ui(R,0,1) = e RO [——f / e?®IDG(R, ¢, T)do
2RV 73

Hy(t — 1)
d N dt
t °° H,(t —1)
w(R¢r)
R\/_f / G(R, ¢, t)cosm(¢p — 6)do N dr
o Zm/ e® (R0 cosm(¢—9)d¢:| cos 6
m=1 0
1

[I>

00 2
—oR.0.) N e?R-9:0 Ginm 60)d¢ sin 0
L > /0 @ — 0)dg

KIOO(MI(R9 ) ) MZ(R9 ) ) er(R,','),Mlg(R,',‘) u2r(R’ 5 ) M29(R, B ))(9 t)
Then we consider

(2.24)
dv or  dv 00 s 9
e“uy = vy, = FrT + 96 95" v = eV wy = e (Ulxy + Uy, +uj +u3), (2.25)
by the same argument as obtaining u (R, 0, t), we have the second artificial condition

1 LR Ho(t — 1)
ur(R,0,1) = e~ ROD [——/ / e?RIDG(R, ¢, T)do
2RV73

N
' oo
R\/_f / @ RIDG(R, ¢, 1) cos (g — 0)dp =D g

+—e

00 2
—o(R.0,1) m e?RD0 ginm 0)d¢ cos 6
o > /O @ — 6)d¢

- KZOO(MI(R9 ) ) MZ(R9 ) ) er(R, ) ')’ ule(Rs y ) u2r(R’ ) ) M29(R, '1 ))(97 t)
On the other hand, By using the relationships between the partial derivatives of v with respect to the pole coordinates
r, 6 and the Descartes coordination x;, x, we have

ov

JE—T
Zm/ e®RbD cosm(¢p — 0)de | sinb
T m=1 0

(2.26)
_ ov 8x1 + dv 0x2 ov _ ov 8x1 n ov 0xp
ar  ox; or | dxy or 30 9x; 90 | dxy 96

2.27)
Substituting (2.18), (2.19), (2.21) and (2.25) into (2.27), we obtain the equivalent conditions
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u1(R,0,1)cosé + ur(R, 0, t)sm9—|: 2RJ_/ / ?REIVGR, ¢, T )dqs%dz
R\/_ /t 3 / e?®RAIDG(R, ¢, 7) cosm(p — e)dqs%dr
Z f e cosmi¢p — e)d¢>} e @00
% i / RGN -0(ROD G (b 9)do
=/<loo(u1:(R,~,-),uz(R,~,-),u1r(R, ) uig(R, ), uzr(R, -, ), ue (R, -, )0, 1). (2.28)

— Ru|(R,0,1)sinf + Ruy(R,0,t)cosf = | — ! /tfzn e?®ODG(R, ¢ ‘L’)d¢Md‘L’
b 9 9 9 2Rﬁ 9 9 m

t oo
R«/_/ / e?RODG(R, ¢, T) cosm(p — 9)d¢>Mdr

Jt—1

1 00 2
~ 2 Z m/ e? BP0 cosm(¢p — O)dg | e RN

b 0

m=1
1 o0 2

+— > m/ e (RODN=0 RO sin (¢ — 6)dep

m=1 0

£ Kéoo(ul(Rv y ')s MZ(R, “y ')s er(R, y ')7 MIQ(R, y ')7 u2i’(Rv K ')7 M29(R, y ))(9’ t) (229)

Furthermore, taking the first few terms of the above summations, we obtain a series of approximating artificial
boundary conditions on [

_ a—0(R.6.0) @ (R.$,7) Hy(t —7)
u1(R,0,1) = e [ 2R«/_/ / G(R. ¢, T)dp———dr
Rd_f / e’ "PDG(R, ¢, 1) cosm(p — 9)d¢Mdr

Ji—T
1 2
— Z m/ e® R0 cosm(p — 0)dg | cos O
T m=1 0

1 M 2
— ——e 0 ROD Y m/ R0 sinm(¢ — 0)dg sin 6
Rm m=1 0

£ KIM(MI(Rv ‘s ')v Mz(R7 *y ')7 ulr(Rv ) ')9 M[@(R, ) ')9 M2V(R9 ) ')s u29(R9 ) ))(91 t)'

(2.30)
For brevity, the approximating conditions are written as

u(R,0,t) =xk1m(R, -, -)(0,1),

us(R,0,t) = kom(R, -, -)(0,1),

1 (R,0,1)cos0 + 1z (R, 0, 1)sinf = &}y, (R, -, )0, 1),
—Rui(R,0,1)sinf + Ruz(R, 0,1)cos = k5, (R, -, ) (0, 1).

Let n = (cos#, sinf) and s = (—sinf, cos &) denote the normal and tangential vectors along the artificial boundary
I', respectively, we have

ulp = (kim(R, - )0, 1), k2m(R, -, )(0,1)) (2.31)
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u-njp =«jy (R, )0, 0, (2.32)
Ru-s|p =iy (R, -, )0, 1). (2.33)

It is obvious that when M — 400, the approximating boundary conditions are exact. By the truncated boundary
conditions (2.31)—(2.33), the original problem (1.1)—(1.3) is reduced to the following approximation problem:

u =Vu+2u-Viu+F(x,1), inf,1>0, (2.34)
u(r, 0,0) =ug(r,0) in £, (2.35)
ulp = (kKim(R, -, )0, 1), koM (R, -, )(0,1)) or (2.36)
u-njr =« (R, 0,0, Ru-s|p =iy, (R, -, )0, 1). (2.37)

3. Stability analysis

For 0 <t < T we consider the stability analysis of Burgers equation with a source term on computational domains

u = Viu+ 2a-Vyu+F(x,1), inf) x (0,T], 3.1
u(x, 0) = up(x), 3.2)
uilr = g1, ulr = g2. 3.3)

Multiply the system (3.1) by (u1, u2), integrate over the domain {2 x [0, 7], respectively, then simplify by using
Green’s theorem we get

1
Sl = —||M10||9 +/ / —g1—| 115 (0.1
t
+—/ / dx2+2/ / UiuoUx, + f / fiui, 34
3 0o Jo
1 2
Elluzllg,. = —||uzollg + —gz u 2|ont
//u2dxl+2f/ UiUU2y, / / fouo, 3.5
where ug(x) = (u19, u20), here and below, || - || p is the standard L2-norm and

T T
i, =/ / v2(x,y,t)dxdydt=/ / 2
2x10.11 = | 0 A
2 ! 2 2 ! 2, 2
|U|Q,'><[O,T] =f / (Ux(-x’ y’t) + vy(xv yvt)> d-Xdydt =/ / (U)C + Uy> .
0 Qj 0 Qi

In order to simplify (3.4) and (3.5), we introduce an auxiliary problem on unbounded domain f2,:

u =Vu+2u-Viu+F(x, 1), inf2, x (0,T], (3.6)
u(x, 0) = (u10, uz0) =0, 3.7)
uilr = g1, u2|lp = g2. (3.8)

Multiply Eq. (3.6) by (u1, uz), respectively, integrate over {2, x [0, ¢], and integrate by parts, we obtain

i, = [ [ 2~ [ [ [ (39)
Sl == ——81— |u - = uidx UTUIU] 5, .
) L, o Jr on 81 12, x[0,¢] 3 )y Jr 19X2 o Jo, 1U2U Xy

1 ! 8u2 2 t t

5”142”%06 = _,/() : %gg — |u2|%(26><[0,tj — 5/0 /Fugdxl + 2f0 /;2 UIUIUDy, - (3.10)
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Combine (3.4), (3.5), (3.9) and (3.10) together, we have

ko = Shenty o, 2 [ f N
—|lu = —|\u — |u +2 UiuUly, + u
2|| 12 2|| 10lig, = lu1lga 0.1 | Jp, vt F 0 Jiug

! 2 ' 2 B L
< zlluwlp + (uiuz)” + =(fi +uy, (3.11)
2 o Jo Jre 0o Jo 2
1 2 1 2 2 ! !
§||u2||R2 = §||u20||0i - |u2|R2x[0,t] +2'/0 /RZ ULULUD Y, +/() /Q fouo
< Lunol? +/t/< )2+/t/ Lz ud) (3.12)
= —l|lU20 X uiuyp - Ur). .
2 %7 Jo Jre 0 Jo 27 2

If the value |uu>| is bounded in the domain R2, i.e., there exists a constant C such that |ujus| < C. From (3.11) and
(3.12) we derive

1 2 1 2 3 2 1 ! 2 2
S0l = S0l + (C+ 5 ) 100 +5 | | O+ 7D (3.13)

Using the abbreviations

y(0) = /0 /sz% )= a2, @0 = ol + /O /Q (F2+ 1D,
we have the differential inequality

V() < QC+3)y0) + @), 0<r<T,
Now Gronwall’s Lemma [26], formulated next, allows us to estimate the above y(¢).
Lemma 1. Suppose that y € C'[0, T1, ¥ € C[0, T] satisfy

Y) <cy®)+y(@), 0<t=<T,

for some ¢ > 0. Then

t
y(@) <e“ {y(0)+/ Iw(r)ldr}, 0<t<T.
0

Using Lemma 1 and noting that ||u||2Q_ [0.1 we obtain

2
<
] = ”u”sz[O,t]

Theorem 1. Assume that u solves the problem (3.1)~(3.3), |uiuz| < C, and u € L*(R?) x L%*(R?), then we
have

t
g, 0. < €€ (nuouzg,. + /0 ¢<r>dr) : (3.14)

4. Numerical approximation

In this section we discuss the numerical approximation of the reduced problem (2.34)—(2.37) by Crank—Nicholson
scheme, which is unconditionally stable. In the computational domain [a, R] x [0, 27], let Ar = (R — a)/I and
A6 = 27 /J be the spatial mesh sizes in r and 0, respectively, and let Az = T /N be the time step, where I, J and N
are positive integers. Let the grid points and temporal mesh points be

ri=a+iAr, 0j=jA0, t, =nAt,
wherei =0,1,...,1,j=0,1,...,J,n=0,1,..., N.
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For brevity, denote u = (u, v) and denote the approximation of u(r;, 0}, t,), v(r;, 0, t;) by u?j, vfj By the
second-order implicit Crank—Nicolson scheme, we have the following approximation of the two-dimensional Burgers
equation:

1 1 1 1 1 1 1 1
n+1 n I‘l+§ n+§ n+§ n+§ Vl+§ n+§ n+§ n+7
Uij —Hij  Wigg— 2up pt Ay W M Wy = U
At Ar? 2r; Ar rl.zA@Z
nJr2 n+% . n+% n+%
nt+d Wigrj “Mionj  SinGj Uy gy T oy
+2 | u; cos0; —
JJ 2Ar ri 246
. un-i—% Mn-‘rz 0 Mn-‘r% un—i—%
n+s5 | . i+1,j i—1,j COSU; % j+1 — i j—1
+ v,. 2 |sin6; + + fi(ri, 0i,t. 1),
ij J 2Ar r 240 N1l 0: 1,1 1)
1 1 1 1 1 1
n+1 n ”+z n+s n+s ”+z n+s nty o, nt3 n+s
i Vi Vil I R o B o e R e L S B
At Ar? 2r; Ar ri2A92
n+2 n+% . n+% n+%
n+d Vigr,j —Vie1,j  sin®; Vi jp1 — Vi
+2 | u; cos6; —
sJ 2Ar ri 2A0
1 1 1
1 n+12 vn+1§ cos 6 Un+§1 - vn+§1
n . Uiy J i—1,j Jj i j+ i,j—
+ v, 2 |sing; + + fa(ri, 0,8, 1)
L J 2AF ri 2A0 ’ ]7n+27
withi =1,...,1,j=1,...,J and the initial and boundary conditions
0 n n n
Mi’j =u0(ri’9j70)’ uu’j ZMO(CZ, ejvtn)v ui,ozlfti"]’
0 n n n
vl,j = vo(ri79j70)7 va,j =U()(a, ejatn)a Ui’()zl'{i"]’
where
1 1 1 1
n+s n+1 n n+s n+1 n
wijo =g g, v =S ).

Obviously, the above systems of equations cannot be solved uniquely since the equations are less than the unknowns.
Thus the two artificial boundary conditions are introduced to make the systems complete. Since the artificial boundary
conditions are nonlocal and very complicated, we need to deal with them carefully. On the artificial boundary I', we
use the trapezoid formula to discretize the integrals and manipulate the w (R, ¢, t) as follows which is very feasible,
one can refer to [4,25] for indications:

f / " IG(R, ¢, 7)dg (— XH:E Y (el G 4 el Gl ) " Holt Z )
[=0 s=0 7 Vin+1 — T ’
ff e?RPDG(R, ¢, T) cosm(p — Q)d(ﬁ%dr
T
n J—1

—ZZM z(e‘”“GlH—i-ew“G D[2cosm (6 — ;)
m

fi+1 Hy (tyy1 — 1)
— cosm(Bs41 —0;) — cosm (6 _1—9')]/ —F——dnr,
s+ J s J " /—tn+l —_
27 J—1
/ R cosm(p — 0)dgp = s€ el [2cosm (6 —0;)
0 s=0

— cosm (b1 — 0;) —cosm(bs—1 — 0;)],
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2 J—1
1 n+1
/ e?®PD sinm(p — 0)dp = > Ze‘“li [2sinm(6s — ;) — sinm(Oy41 — 0;) — sinm(bs—1 — 6;)],
0 = Aym

where

At
o =]+ = (G + Gl

and
1 l l I ] ]
u —u u —u v -
I+1, -1, I,s+1 Is—1 . I+1, I-1,s .
GIIS=¥COS¢S—¥SIH¢S+¥SIH¢S
' 2Ar 2R A0 2Ar
! I
Vrs+1 — YU

s—1
+ =2 cos b5 + (Ml]ys)2 + (vll,x)z’

2RAb

The above scheme is implicit, we need to use an iterative method to solve it numerically. Some strategies are given to
iterate the nonlinear term as references by

k+1
ntt ntl nti n+i (k+1)
n+l “i+12j - ui—lzj n+d ”i+12j - ui—lzj
up ;2 cos O ——d 0 — )T 0) | eosp; Tl 120 ,
i, ] 2AF L 2Ar
k+1
n+4 n+i n41 nti (E+1)
n+3y Uipyj —Uiy; n+g Uippj — Uiy
v 2sing; L) — ("KL sing; L) ’
Y 2Ar Y 2Ar

where the superscript k denotes the kth iteration to solve the nonlinear difference equations at each time step. The

initial iteration is given as (u:”;.’l)(o) =uj j (vz;rl)(o) =} j We can use the same strategy to cope with the iteration

on the artificial boundary by
n+1 1 n+1 1
e®lLs G'I"*s‘ = (e“Is )(k)(Gr;j YD)

The last difficulty is to handle the integral kernel

1 g, (1) 4 — 4 /oo ft§1+1 e—uzrdf d_li
p JT 73 Jo JZ(UR)+YZ(uR)

which decays so slow that it has a great influence on the computational efficiency. However the integral is independent
of the variables u and v, hence we can make some tables first to enhance the computational efficiency before starting
the numerical computing.

5. Numerical examples

In order to demonstrate the effectiveness of the artificial boundary conditions given in this paper, we present some
numerical examples in this section.
Example 5.1. Consider the following initial boundary value problem:
u, =Vu+2u-Vyu+F, inf, >0,
u(a,0,1) =g@0,1),
u(r,0,0) =0,
witha =2,F =0 and

(a cos 0—x()2 +(asin 6 —y()?
- 4t

(acosf — xqg)
(a cos 6—x)2+(a sin6—y)?
- 4t

€
g1(0,1) = —

’

(2te +212)
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Fig. 1. Errors of the difference solution |u(R, 6, 1) — up (R, 0, 1)| withxg =0,y =0, M =4 andt = 1.
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Fig. 2. Errors of the difference solution |v(R, 8, 1) — v;,(R, 6, 1)| withxg =0,y =0,M =4 andt = 1.

(a cos 9—x0)2+(a sinefyo)2
- ar

e (asinf — yp)
20, 1) = — X7,

(a cos —x)2 +(asin6—yp)?
- ar

(2te +212)

The exact solutions of the problem are

(r cos 9—x0)2+(r sin<97y0)2
- 4t

e (rcosf — xq)
u(r,0,t) = — —— > ,
_ (r cos —xq)“+(r sinf—yp)
(2te a + 2¢2)
(r cos §—x)2+(r sinf—y)? (rsin® )
e a rsind — yp
v(r,0,t) = — 4 .

(r cos 9—x0)2+(r sin07y0)2
- ar

(2te +212)
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Fig. 3. Errors of the difference solution u(R, 6, 1) — uy (R, 6, 1) with xg = 0.25, yg =0.25, M =4 andr = 1.

Table 1

L1-norms for different meshes and M at (xg = yg = 0.0) and (xg = yg = 0.25)

M IxJ Error M IxJ Error M I xJ Error M I xJ Error

0 4 x24 1.03e—2 0 4 x24 2.18e—2 3 4 x 24 6.57e—3 3 4 x24 6.86e—3
8 x 48 5.30e—3 8 x 48 2.03e—2 8 x 48 2.08e—3 8 x 48 3.20e—3
12 x 72 4.33e—3 12 x 72 1.90e—2 12 x 72 1.01-3 12 x 72 1.36e—3
16 x 96 3.72e-3 16 x 96 1.87e—2 16 x 96 5.77e—4 16 x 96 7.1le—4
24 x 144 3.09¢e—3 24 x 144 1.77e-2 24 x 144 2.92e—4 24 x 144 3.60e—4

1 4 x24 6.57e—3 1 4 x24 8.11e—3 4 4 x24 6.57e—3 4 4 x24 6.86e—3
8 x 48 2.08e—3 8 x 48 5.46e—3 8 x 48 2.08e—3 8 x 48 3.20e—3
12 x 72 1.01-3 12 x 72 3.95e-3 12 x 72 1.01e-3 12 x 72 1.17e—3
16 x 96 5.77e—4 16 x 96 3.72e-3 16 x 96 5.77e—4 16 x 96 7.06e—4
24 x 144 2.92e—4 24 x 144 3.53e-3 24 x 144 2.92e—4 24 x 144 3.49¢e—4

2 4 x 24 6.57e—3 2 4 x 24 6.89¢—3 5 4 x 24 6.57e—3 5 4 x24 6.86e—3
8 x 48 2.08e—3 8 x 48 3.30e—3 8 x 48 2.08e—3 8 x 48 3.20e—3
12x 72 1.01-3 12 x 72 1.36e—3 12 x 72 1.0le—3 12x 72 1.17e-3
16 x 96 5.77e—4 16 x 96 9.66e—4 16 x 96 5.77e—4 16 x 96 7.06e—4
24 x 144 2.92e—4 24 x 144 6.8le—4 24 x 144 2.92e—4 24 x 144 3.49¢e—4

Let the artificial boundary I' = {(r,0) : r = R,0 < 0 <2z} with R = 3. Taking Ar = Rl_“, J=6I,N=1,6 A8 =
27”, At = T/N, and denote the Li-norm E; by

1 y J J n n n n
BV = D0 4 D+ 1) 2 2 2100001 — i 0010317 = .

n=0i=0 j=0

Table 1 gives L errors for different M at points (xo = 0.0 and yg = 0.0) and (xo = 0.25 and yp = 0.25), respectively.
The numerical errors decrease fast with the increasing of M judged from Table 1. When xo = yg = 0 the exact
solution is reduced to

2

e % rcosf
u(r’07t) = _2—7
(2te” @ + 212)
2
e #rsind
v(r,0,1) = —

—
(2te” @ + 2t2)
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Fig. 4. Errors of the difference solution v(R, 6, 1) — v, (R, 6, 1) with xg = 0.25, y9g =0.25, M =4 andt = 1.
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Fig. 5. u(R,0,1) —up(R, 0, 1) for different M with mesh = 24 x 144 and xg = yg = 0.25.

For xo = yg = 0, the solution is relatively simple, and from Table 1, we can see that M = 1 would be enough for the
computation. For xo = yp = 0.25, the solution is relatively complicated. In this case, we need to take M = 4.

Figs. 1 and 2 plot the errors |u(R,0,1) — up(R,0,1)| and |v(R,0,1) — vy (R, 0, 1)| with different meshes
I = 8,12, 16, 24 on the artificial boundary at time t = 1, M = 4, xo = 0 and yp = 0, respectively. Figs. 3 and
4 plot the errors u(R, 0, 1) — un (R, 6, 1) with different meshes I = 8§, 12, 16, 24 on the artificial boundary at time
t =1, M =4, xo = 0.25 and yg = 0.25, respectively. Figs. 5 and 6 plot the errors u(R, 0, 1) — u,(R, 6, 1) and
v(R,0,1)—v,(R, 0, 1) for different truncated numbers M from 0 to 5 with mesh = 24 x 144 when x¢p = yp = 0.25.

6. Conclusion

By introducing an artificial boundary, we reduced the original problem to an equivalent problem defined on a
bounded domain. Based on the Cole—Hopf transformation and Fourier series expansion, we obtained exact boundary
conditions on the artificial boundary, and then provided a series of approximations to the artificial boundary conditions.
In addition, we presented the stability analysis of the analytic solution and the numerical approximation scheme.
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Fig. 6. |v(R, 0, 1) — v, (R, 0, 1)]| for different M with mesh = 24 x 144 and xo = yy = 0.25.

Finally, some numerical examples were given to demonstrate the effectiveness and feasibility of the artificial boundary
conditions.

Acknowledgements

The research is supported in part by RGC of Hong Kong and FRG of Hong Kong Baptist University. The authors
would like to thank the anonymous referees for their suggestions, which led to the improvement of the paper.

References

[1] U. Frisch, J. Bec, In new trends in turbulence, in: M. Lesieur, A. Yaglom, F. David (Eds.), Proceedings of the Les Houches Summer School,
Springer, New York, 2000, pp. 341-384.

[2] S. Nerney, E.J. Schmahl, Z.E. Musielak, Analytic solution of the vector Burgers equation. arXiv:solv-int/9410004 v1, 1 Nov. 1994.
[3] U. Frisch, M. Mineev-Weinstein, Extension of the pole decomposition for the multidimensional Burgers equation, Phys. Rev. E 67 (2003)
067301.

[4] Hou-de Han, Xiao-nan Wu, Zhen-li Xu, Artificial boundary method for Burgers’ equation using nonlinear boundary conditions, J. Comput.
Math. 24 (2006) 295-304.
[5] K. Nishinari, J. Matsukidaira, D. Takahashi, Two-dimensional Burgers cellular automaton. arXiv:nlin.SI/0102027 v1, 22 Feb. 2001.

[6] K. Feng, Differential vs. integral equations and finite vs. infinite elements, Math. Numer. Sin. 2 (1980) 100-105.

[7]1 K. Feng, D.H. Yu, Canonical integral equations of elliptic boundary value problems and their numerical solutions, in: K. Feng, J.L. Lions
(Eds.), Proc. of China-France Symposium on Finite Element Methods, Science Press, 1983, pp. 211-252.

[8] H. Han, X.N. Wu, Approximation of infinite boundary condition and its applications to finite element methods, J. Comput. Math. 3 (1985)
179-192.

[9] H. Han, X.N. Wu, The approximation of the exact boundary conditions at an artificial boundary for linear elastic equations and its application,
Math. Comput. 59 (1992) 21-37.

[10] D.H. Yu, Approximation of boundary conditions at infinity for a harmonic equation, J. Comput. Math. 3 (1985) 219-227.

[11] B. Engquist, A. Majda, Absorbing boundary conditions for the numerical simulation of waves, Math. Comput. 31 (1977) 629-651.
[12] M.J. Grote, J.B. Keller, On nonreflecting boundary conditions, J. Comput. Phys. 122 (1995) 231-243.

[13] T. Hagstrom, S.I. Hariharan, D. Thompson, High-order radiation boundary conditions for the convective wave equation in exterior domains,
SIAM J. Sci. Comput. 25 (2003) 1088-1101.

[14] J.B. Keller, D. Givoli, Exact nonreflecting boundary conditions, J. Comput. Phys. 82 (1989) 172-192.

[15] L. Greengard, P. Lin, Spectral approximation of the free-space heat kernel, Appl. Comput. Harmon. Anal. 9 (2000) 83-97.

[16] H.D. Han, Z.Y. Huang, A class of artificial boundary conditions for heat equation in unbounded domains, Comput. Math. Appl. 43 (2002)
889-900.

[17] H.D. Han, Z.Y. Huang, Exact and approximating boundary conditions for the parabolic problems on unbounded domains, Comput. Math.
Appl. 44 (2002) 655-666.

[18] J. Strain, Fast adaptive methods for the free-space heat equation, SIAM J. Sci. Comput. 15 (1994) 185-206.
[19] X.Wu, Z. Sun, Convergence of difference scheme for heat equation in unbounded domains using artificial boundary conditions, Appl. Numer.
Math. 50 (2004) 261-277.


http://arxiv.org//arxiv:solv-int/9410004
http://arxiv.org//arxiv:nlin.SI/0102027

256 X. Wu, J. Zhang / Computers and Mathematics with Applications 56 (2008) 242-256

[20] D.H. Yu, Mathematical Theory of the Natural Boundary Element Method, Science Press, 1993.

[21] D.H. Yu, Natural Boundary Integral Method and Its Applications, Kluwer Academic Publishers/Science Press, 2002.

[22] G.N. Gatica, S. Meddahi, A fully discrete Galerkin scheme for a two-fold saddle point formulation of an exterior nonlinear problem, Numer.
Funct. Anal. Optim. 22 (2001) 885-912.

[23] T. Hagstrom, H.B. Keller, Asymptotic boundary conditions and numerical methods for nonlinear elliptic problems on unbounded domains,
Math. Comput. 48 (1987) 449-470.

[24] H.D. Han, J.F. Lu, W.Z. Bao, A discrete artificial boundary condition for steady incompressible viscous flows in a no-slip channel using a fast
iterative method, J. Comput. Phys. 114 (1994) 201-208.

[25] Z. Xu, H. Han, X. Wu, Numerical method for the deterministic Kardar—Parisi—-Zhang equation in unbounded domains, Commun. Comput.
Phys. 1 (3) (2006) 479-493.

[26] H.-O. Kreiss, J. Lorenz, Initial-Boundary Value Problems and the Navier—Stokes Equations, III. Series: Pure and Applied Mathematics, vol.
136, Academic Press, 1989.



	Artificial boundary method for two-dimensional Burgers' equation
	Introduction
	Artificial boundary conditions
	Stability analysis
	Numerical approximation
	Numerical examples
	Conclusion
	Acknowledgements
	References


