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Multiatom entanglement dynamics and
entanglement transfer between remote cavities

via optical fibers

Qi-Liang He, Ye-Qi Zhang, and Jing-Bo Xu

Abstract: We investigate the entanglement dynamics of a system that consists of four single-mode cavities that are spatially
separated and connected by two optical fibers, with multiple two-level atoms trapped in each cavity. It is shown that the
phenomenon of entanglement sudden death and sudden birth appears in this system and is sensitive to the initial conditions
and the parameter 7. In addition, we also study the entanglement and entangled state transfer between the atoms and find
that a perfect transfer can be realized if the value of the parameter r satisfies a certain condition, established here.

PACS Nos: 03.65.Ud, 03.67.Mn, 03.67.Hk

Résumé : Nous étudions la dynamique d’intrication d’un systéme constitué de quatre cavités unimodales spatialement sépa-
rées et reliées par deux fibres optiques, avec plusieurs atomes a deux niveaux piégés dans chaque cavité. Nous montrons
que la disparition soudaine et 1I’émergence soudaine de I'intrication sont toutes deux possibles dans ce systeme et leur appa-
rition dépend des conditions initiales et du parametre . De plus, nous étudions aussi ’intrication et le transfert d’état intri-
qué entre les atomes et trouvons qu’un transfert parfait peut étre réalisé si la valeur du parametre r satisfait les conditions

établies.

[Traduit par la Rédaction]

1. Introduction

Quantum entanglement was first introduced by Einstein,
Podolsky, and Rosen (EPR) in their famous paper, published
in 1935 [1]. It is a special quantum correlation and plays a
key role in quantum information processing [2-5]. A funda-
mental feature of entanglement is that it is easily degraded
when the entangled system interacts with another system or
environment [6-11]. It is pointed out by Yu and Eberly [6,
11] that the entanglement between two qubits interacting
with uncorrelated reservoirs may disappear within a finite
time during the dynamics evolution. This phenomenon,
called entanglement sudden death (ESD), has been observed
in the lab for entangled photon pairs [12] and atomic ensem-
bles [13]. Recently, the quantum dynamics of a system con-
sisting of two cavities interacting with two independent
reservoirs has been studied [14]. It is shown that ESD in a
bipartite system independently coupled to reservoirs is related
to the entanglement sudden birth (ESB) [9, 10] and that the
ESB could occur after, simultaneously with, or even before
ESD.

On the other hand, the possibility of quantum information
processing realized via optical fibers has also attracted much
attention [15-18]. Generating and transferring the entangled
state of distant qubits has been recognized as a key element

of quantum computation and teleportation. Bose et al. pro-
pose a scheme to realize the effective quantum gates between
two atoms in distant cavities coupled by optical fibers [19].
The protocol for realizing the transfer of quantum informa-
tion on such a system has also been studied [20].

In this paper, we investigate multiatom entanglement dy-
namics, entanglement, and entangled state transfer of a sys-
tem consisting of two identical subsystems (see Fig. 1). Each
subsystem contains multiple two-level atoms that are trapped
in two distant single-mode optical cavities, which are con-
nected by two optical fibers. It is shown that the phenomena
of ESD and ESB may appear in this system and that the
amount of entanglement of the atoms, or the other bipartite
partitions of the system, depends on the initial state and the
parameter r. Moreover, we also study the entanglement and
entangled state transfer between the atoms. It is not difficult
to see that a perfect entanglement and entangled state transfer
can be achieved if we choose the appropriate value of the pa-
rameter r.

The present paper is organized as follows. In Sect. 2, we
introduce the model under consideration and the entangle-
ment dynamics. In Sect. 3, we use concurrence to study the
ESD and ESB in this quantum system. In Sect. 4, we inves-
tigate the entanglement and the entangled state transfer be-
tween the atoms. The final section is a summary.
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Fig. 1. This is the schematic diagram of the system investigated in
the present paper.
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2. The model and its solution

As shown in Fig. 1, we consider the system to be com-
posed of two identical subsystems [18]. Each subsystem con-
tains multiple two-level atoms that are trapped in two distant
single-mode optical cavities, and the cavities are connected
by two optical fibers. Here, we assume that the evolution of
each subsystem is independent and that the atoms in the
same cavity are separated enough that they have no direct in-
teraction with one another. In the short fiber limit [18], only
one resonant mode of the fiber interacts with the interrelated
cavity-mode. Therefore, for this case, the Hamiltonian of the
whole system can be written as (b = 1)

=3 (o) + 30)

=1 j=1

4
+ Z(gjlj_ajT + H.c.) + vy [by (a] +

=1

[ 8]

a}) +Hc]

+w[ba(af +a}) +He] (1)

where aj (a;) and b; (b)) are the creation and annihilation op-
erators of the jth cavity field and the jth fiber mode of fre-
quency o, respectively; g; is the coupling constant between
the mode of cavity j and the trapped atoms; v; is the coupling
strength of the jth fiber mode and its nelghbor cavities; H.c.
denotes the Hermitian conjugate; J; = Zl laz(]) with
oi(j) = (|ei)(ei| — |gi){gi|)/2 for atom { in cavity j; J and
J; are the collectively raising and lowering operators for the
atoms in cavity j (j = 1, 2, 3, 4) which are defined as

=S o) @
i=1

where N; is the number of atoms in cavity j, o; (j) = |gi){ei
and o] (j) = |e;)(gi| are the atomic spin flip operators for
atom i in cavity j, and Ig) and le) are the ground and excited
states of the atom, respectively. Here, we consider that the in-
teraction between the atoms and the cavity fields is on reso-
nance (w, = w). For simplicity, we set v; = v, = v, all the
atom—field coupling constants are equal, and the number of
atoms in each cavity remains the same throughout this paper.

We now investigate the dynamics of entanglement in this
system. First, we assume that the initial state of the whole
system at ¢t = 0 is prepared in
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¥(0)) = («

_1>1
)

where, o and S are complex numbers with the condition
lol? + 1812 = 1.

In (3), the state 10, N) represents that N atoms are all in the
ground state of the computational basis |0). Similarly, the
1, N — 1) represents that N — 1 atoms are in the ground
state and one atom is in the excited state of the computa-
tional basis I1).

In the interaction picture, it is not difficult to find that the
state of the whole system at time ¢ is

V(1)) = a[A1(1)[@1) + Bi(1)|¢2) + Ci(1)[@3) + Di(1)[¢s)
+E1(1)|¢s)] ® [A1(2)|¢s) + Bi(1)|#7) + Ci(1)|g)
+ D1(1)|¢g) + E1(t)10)]
+ B[l0, N)110, N)2[000) ;e

= 1)3 )1]0, N)3)
)4 © [000) ¢ 0, ® [000)csey,  (3)

)3
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A(r) = " COS (\th) - ( 2(11—:_2;2\)/Ngt)

1422

cos (\/ 1+ 2r2\/]T/gt)
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|4) = 10, N)1]0, N)2[001)c,c.p,
|¢5> > >2| 100>C1C22f1
|#6) = 10, N)3|L, N — 1)4]000) ;e
|¢7) = 1 N— 1> )41000) ¢,
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3. Entanglement sudden death and sudden
birth

In this section, we investigate the phenomena of ESD and
ESB in this system. To quantify the degree of entanglement,
we use the concurrence introduced by Wotters [21]. For a
two-qubit system, the concurrence can be defined as

C(p) = max {0, v/a1 = v/h2 = Vi3 = Vot | (6)

where A; (i = 1, 2, 3, 4) are the eigenvalues in decreasing or-
der of the magnitude of the “spin-flipped” density matrix op-
erator R = p(o, ® o0y)p* (0y ® 0,), where oy is the Pauli Y
matrix, and p* is the complex conjugate of p. Particularly, if
the density matrix, p, can be written in the form of X-states

a 0 0 f
0 b e O

=10 o ¢ 0 (7)
0 0 d

where a + b + ¢ + d = 1, the concurrence can be easily
computed as [22]

C(p) = 2max {O,

el = Vad, If| - v/be} (8)

Tracing over the other degrees of this system, we obtain
the reduced density matrix of atomic traps 1 and 3
oi3(t) =a(@®)|,N—-1)|[I,N—-1)(1, N —1|(1, N — 1]
1)1, N = 1)|0, N){1, N — 1[{0, N|
1|0, N)|I, N — 1)(0, N[{1, N — 1|
(£)|0, N)|0, N){0, N|{0, N|
+7(O|1,N = 1|1, N — 1){0, N|{0, N|

+ ()]0, N)|O, N)(I, N = 1|{L, N =1] (9)

(
(

+b
+c
d

with

a(r) = |e*|B1 (1)

b(1) = c(t) = la*|A1()Bi(1)]* + | |Bi(1)Ca (1)

+[al?[B1 (D1 (1) + e |B1 (1)E: (1)

d(1) = |aP|AT(0) + [oP|CF (0 + | D} (1) ?
+ a2 [EF(1)* + 2lel*[A1 (1) C1 (1) + 2|al*|A1 (1) D1 (1)
+ 2l + 2lal’|A1 (VE (1) + 2| |Ci (1)D: (1)
+20al’[Ci(E (1) + 2|a*|Di ()E (1) + |8

f(1) = ap'Bi (1) (10)

Combining (8) with the reduced density matrix, we find
that the concurrence of atomic traps 1 and 3 is

C13(1) = 2max {o, ()| - b(t)c(t)} (11)
Similarly, the reduced density matrix of two cavities ¢; and
c3 18
Pere; (1) = a1(1)]00){00] + by (£)|01)(01] + ¢1(r)[10)(10]
+di(@OD) ]+ £ ()]00) (L] + 7 (1)[11)(00] - (12)
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Fig. 2. The concurrences, C13 (solid line) and C,,., (dotted line), are
plotted as a function of rescaled time, \/ITJ gt, with lal> = 0.55 and
1B = 045. (@) r=1; b) r = V/15.

(a) 1.0

0.81

with
a(t) = |aPIAT ()] + |o*|B (1)]* + [a*|CF (1)
+ P D) P + 2[|Ai (1)B: (1)
+ 20?4 () Ci (1)]* + 2|a* A1 (1) D1 (1)
+ 2/ |Bi (1) Ci(1)]* + 2|a*[B1 (1) D1 (1)
+20alP[Ci(1)D ()] + |
by (1) = c1(t) = a*|A (VE (1) + [e*[B1 ()E: (1)
+aICLOEN(N) + [ [Di(1)E (1)
d (1) = |a’|EF ()]
fit) = B E (1) (13)

and the concurrence is
Cowe (1) = 2max {0, i ()] = Vb1 (er (1)} (14)

In Fig. 2, we plot the simultaneous concurrences, Ci;
(solid line) and C,,., (dotted line), as a function of rescaled

time, \/Ngt, for lal?2 = 0.55 and 1812 = 0.45 with two differ-
ent values of the parameter 7. From Fig. 2(a), we can see that
the concurrence Cj; (solid line) disappears suddenly and the
concurrence C,,., (dotted line) appears suddenly during the
dynamics evolution. This means that ESD (solid line) and
ESB (dotted line) may appear in this quantum system. Fur-
thermore, the values of entanglement concurrences Cy3 and
Cc,c, also vary with the parameter r. After calculation, we
find that the concurrence C;3 reaches a maximum if we

choose the value of parameter r to be around 4/ 1.5. The con-
currence C.,., becomes smaller when the value of parameter
r increases.
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Fig. 3. The concurrences, Ci3 (solid line) and C, (dotted line),

are plotted as a function of rescaled time, \/Ngt, with r = 4/ 1.5.

(@ lo> = 0.6 and AP = 0.4; (b) lo® = 0.8 and 182 = 0.2.
(a) 1.0¢

0.81

To illustrate the influence of the degree of initial entangle-
ment on ESD and ESB, Fig. 3 illustrates the simultaneous
concurrences Cj3 (solid line) and C., (dotted line) as a

function of rescaled time \/Ngt for r = \/ﬁ with two dif-
ferent initial entanglement degrees in terms of «. It is shown
that the smaller the initial degree of entanglement, the longer
the state stays in the separable state, which means that the
phenomena of ESD (solid line) and ESB (dotted line) are
sensitive to the degree of entanglement of the initial state.
The phenomena of ESD and ESB may simultaneously appear
if we choose certain initial states. However, ESB (C,,.,) dis-
appears if the value of the parameter « is large enough.

Next, we turn to study ESB between the two optical fibers,
f1 and f5. Tracing over the other degrees of freedom of the
system, we deduce that the reduced density matrix of the
two optical fibers is

Pri (1) = a2(1)|00){00] 4 b5 (1)|01) (01] 4 ¢2(2)[10){10]
+ ()1 (1] +£(0)[00) (1] + £7 (1)[11)(00] ~ (15)

with

a (1) = la*[AT(O) ] + |o?|B (1) [* + |o*|CF (1)
+ |oP|EFO) + 2laf*|A1(1)B) (1)
+ 20a|A1 () Ci (1) + 2|al*|A1 () E (1)
+2la*[B1(1)Cy (1)]* + 2|’ |Bi (1) Ex (1)
+2lal’|CH(OE (1) + |8
ba(t) = c2(1) = |a*|A (1)D1 (1) > + |a*[B1 (1) D1 (1)
+ |aP[CL()D (1) + || Ex (1) D1 (1)
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Fig. 4. The concurrence, Cy,y,, is plotted as a function of rescaled
time, v/Ngt, with lol? = 0.6 and 18? = 0.4. (a) r = 1; (b) r = \/2.
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(1) = oD (1)
f(t) = o "D (r) (16)

Inserting (15) into (8), we find that the concurrence of two
optical fibers is

G (1) = 2max {0, 15(1)| = VE2(0e2(1) | (17)

In Fig. 4 we plot the concurrence, Cy,, as a function of

rescaled time, \/ﬁgt, with lel2 = 0.6 and 1812 = 0.4 with two
different values of the parameter r. From Fig. 4, we can see
that the value of ESB (Cyy,) decreases with the increase of
the parameter r. It is worth noting that the ESB (Cy,,) disap-
pears if the parameter r is large enough.

4. Entanglement and entangled state transfer

In this section, we investigate the entanglement and en-
tangled state transfer between the atoms. We first study the
entanglement transfer between the atoms. Here, we adopt the
concurrence as the method to quantify the degree of entan-
glement transfer. The concurrence of atomic traps 1 and 3 is
introduced by (11). We now begin to calculate the concur-
rence between atomic traps 2 and 4. Tracing over the other
degrees of freedom of the system, we obtain that the reduced
density matrix of atomic traps 2 and 4 is

pau(t) = a3 ()L, N = LN = (LN = 1[{L, N — 1|

+b3(0)|1, N — 1[0, NY(1, N — 1]{0, N|
+e3(£)]0, NY|1, N — 1){0, N|(1, N — 1]
+ ds(£)[0, NY|0, NY (0, N| (0, N|
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Fig. 5. The concurrences, C3 (solid line) and Ca4 (dotted line), are
plotted as a function of rescaled time, \/]Vgt, with lel> = 0.6 and
B> = 04. (@) r = 1; (b) r = +/L5.

(a) 1.05

2 4 6 8 10

+AOILN - 1)

1,N —1)(0, N|(0, N|

+ £ ()0, N)|0, N)(1, N — 1|{L, N — 1| (18)
with
ax(t) = o212 (1)
b3(t) = ¢3(t) = |a*|A1 (0B (1)]* + |41 (1) Ci (1)

+ oA (D1 (O + laP|A1 (DE ()
ds(1) = |el’|BI(1)* + || CE (O + [e*[D} (1)
+aPIE ()P + 2lel’Bi () Ci (1)
+20a?[Bi()D1 () + 2|a’|B1 (1)E: (1)
+2lal|CL(ODL () + 2lal?|Ci (1)Ei (1)
+2laP D (E (1)) + B
f(0) = apA (1) (19)

~

Inserting the above density matrix into (8), we find that the
concurrence between atomic traps 2 and 4 is

Cas(1) = 2max {0, 1A, (1)] — Vb3 (Nes(1) } (20)

In Fig. 5, we plot the simultaneous concurrences of atomic
traps 1 and 3, C3 (solid line), and atomic traps 2 and 4, Cyy
(dotted line), as a function of rescaled time, \/IT/gt, with
lel2 = 0.6 and 18> = 0.4 with two different values of the
parameter r. It is shown that the entanglement of the trans-
ferred state oscillates periodically in both case. Comparing
Figs. 5a and 5b, it is not difficult to see that perfect entan-
glement transfer is implemented if we choose the value of

the parameter r to be around 1/ 1.5.
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Fig. 6. The concurrences, Ci3 (solid line) and C4 (dotted line), as a
function of rescaled time, \/ﬁgt, with r = v/1.5. (@) lal*> = 0.8 and
18> = 0.2; (b) lal> = 0.2 and 81> = 0.8.

(a) 1.0

08 N \

To illustrate the influence of the initial states on the entan-
glement transfer, the concurrences, C;; (solid line) and Cyy
(dotted line), are displayed as a function of rescaled time,

\/ﬁ gt, for r = \/ﬁ with two different initial states in terms
of o in Fig. 6. It is not difficult to see that the length of zero
entanglement time interval is dependent on the coefficient o
of the initial state. The larger the coefficient « of initial state,
the longer the state stays in the separable state. This means
that by tuning the coefficients of the initial states, it would
be possible to improve the transferred entanglement. It is
worth noting that for some initial states, the phenomenon of
ESD may completely disappear.

Next, we investigate the entangled state transfer between
atomic traps 1 and 3 and atomic traps 2 and 4. To quantify
the degree of entangled state transfer, we adopt the fidelity,
which is introduced by Nielsen and Paulina Marian [2, 23]

F(py, p2) = (¥1]p|¥1) (21)

From (3), we can find the target state |¢,) of the transmis-
sion is
@) = (LN — 1)2| LN — 1)4 + B|0, N)2|0, N)4) @ |0, N}y
®10, N)3 @1000)¢;cpy ©[000)cscyp,  (22)

Inserting (22) and (4) into (21), we can obtain the fidelity
of entangled state transfer between atomic traps 1 and 3 and
atomic traps 2 and 4 as follows

F(1) = |a*|AT(1)]* + |aB* (AT (1) + AT (1)) + |BI* (23)

In Fig. 7, we plot the fidelity, F(¢), as a function of re-

scaled time, \/Ngt, for lal? = 0.6 and |82 = 0.4 with three
different values of the parameter r. We find that the perfect

Published by NRC Research Press
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Fig. 7. The fidelity of quantum entangled state transfer, F(¢), is
plotted as a function of rescaled time, \/ﬁgt, for lel> = 0.6 and
IB2 = 0.4 with r = \/0.5 (dotted line), = 1 (dashed line), r =
V1.5 (solid line).
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Fig. 8. The fidelity of atomic traps 1 and 3 is plotted as a function
of rescaled time, \/lvgt, with 7 = /1.5 for lal?> = 0.6 and I8 = 0.4
(dotted line), lal*> = 0.8 and 181> = 0.2 (solid line).
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entangled state transfer can be implemented if we choose the

value of the parameter r to be around \/ﬁ From Fig. 7, it
is also obvious that the fidelity varies smoothly as a function
of the rescaled time. This feature is useful for switching off
the interaction between the atoms and the cavities fields us-
ing control pulses once the quantum entangled state transfer
is achieved. It is worth noting that the different choices of «
and B do not give qualitatively different results from the case
treated here.

Furthermore, it is interesting to compare the fidelity dy-
namics with the entanglement dynamics between atomic
traps 1 and 3. Using (3), (9), and (21), the fidelity of atomic

traps 1 and 3 is shown as a function of rescaled time, \/]Vgt,

for r = \/ﬁ with two different initial entanglement degrees
in Fig. 8. It is obvious that when the value of the state pa-
rameter, «, is increased, the fidelity decreases faster and the
state stays in the separable state longer. It is worth pointing
out that the different bipartite concurrences of the system
and the fidelity of the entangled state transfer in the case of
off-resonance are similar to the previous results, which are
obtained in the resonance case.

5. Summary

In the present paper, we investigate multiatom entangle-
ment dynamics, entanglement, and entangled state transfer of

Can. J. Phys. Vol. 89, 2011

a system consisting of two identical subsystems (as shown in
Fig. 1). Each subsystem contains multiple two-level atoms,
which are trapped in two distant single-mode optical cavities
that are connected by two optical fibers. It is shown that the
phenomena of ESD and ESB may appear in this system, and
the amount of entanglement of the atoms or the other bipar-
tite partitions of the system is sensitive to the initial states
and the parameter r. Particularly, we find that the concur-
rence Cj; reaches a maximum if we choose the value of pa-

rameter r to be around \/E, but the concurrences C,,., and
Cr,, become smaller when the value of parameter r increases.
In addition, we also study the entanglement and entangled
state transfer between the atoms and find that perfect entan-
glement and entangled state transfer can be achieved if we

choose the value of parameter r to be around \/ﬁ It is
worth noting that the fidelity varies smoothly as a function
of the rescaled time, and we can make use of this feature to
apply different methods (such as control pulses) to switch off
the interaction between the atoms and the cavity fields when
the entanglement and entangled state transfer are achieved. In
that way, the perfect long-time transmission of entanglement
and entangled state will be achieved. The approach presented
in this paper may have potential applications in quantum in-
formation processing.
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