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Abstract: A unified formula on multiplicity distributions of final-state particles is studied in this paper to describe a

variety of experimental data including multiplicity, mass, transverse mass, excitation energy, transverse energy, and

transverse momentum distributions. It is assumed that the sources of final-state particles are subjected to the multi-source

thermal model and the contributions of sources meet the Erlang distribution. Further the validity of the unified formula in

descriptions of different distributions is tested. Experimental data of proton-antiproton ðppÞ; positron–proton (e?p),

electron-proton (e-p), and nucleus-nucleus (AA) collisions are analyzed and found that the distributions of mentioned

quantities can be described by the multi-component Erlang distribution.
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1. Introduction

Intermediate and high energy collisions have become

indispensable parts of modern science and technology. The

investigation of nuclear collisions at high energy is one of

the major research topics in the modern nuclear physics.

This investigation offers unique possibility to understand

many significant problems, such as the internal structure of

particles, the mechanism of collision process, the elemen-

tary particles in compound matter, and so on.

Recently, the energy of nuclear collisions at the LHC has

already reached at a few TeV/nucleon which is higher than

the maximum energy (0.98 ? 0.98 TeV) at Fermilab, and is

much higher than the Dubna energy (a few GeV/nucleon), the

GSI energy (1–2 GeV/nucleon or 1–2 A GeV), the maxi-

mum SPS energy (200 A GeV), and the maximum RHIC

energy (100 ? 100 A GeV). More and more research-

ers concern the high energy collisions due to some new

interesting phenomena. Many theoretical models, such as the

Statistical Multifragmentation Model (SMFM) [1], the

Expanding and Emitting Source Model [2] or the Expanding-

Evaporating Source Model (ESS) [3], the Relativistic or

Ultrarelativistic Quantum Molecular Dynamics Model

(RQMD or UrQMD) [4–7], etc., are proposed. Some models

have been introduced and based on different considerations

of the course of nuclear collisions, some models [8–10] are

mainly proposed and focused on the dynamical mechanism,

and others [11–14] concern the theory of statistical physics.

A great number of experimental data are analyzed using

these and other models. In particular, the distributions

of final-state particles play a critical role in the field of

high energy collisions.

In experiments, some collaborations have reported new

and detailed experimental results [15–22]. In this paper, we

hope to use a unified formula to describe some different

experimental data in a wide energy range from GeV to

TeV. Experimental data of nucleus-nucleus (AA) collisions,

including the data of C?C collisions measured by the

spectrometer at GSI at 1–2 A GeV [15] and the result of

interactions of 8.8 GeV 4He with U and Bi nuclei using the

Makrofol polycarbonate track detector [16], will be studied

in the present work. Meanwhile, experimental data of

proton-antiproton ðppÞ [17], positron–proton (e?p) [18],

and electron-proton (e-p) [18] collisions at high energies

will be also analyzed. The data of pp collisions are

*Corresponding author, E-mail: fuhuliu@163.com

Indian J Phys (February 2013) 87(2):185–193

DOI 10.1007/s12648-012-0215-y

� 2012 IACS



collected with the detector at the Fermilab Tevatron at

center-of-mass energy of
ffiffi

s
p
¼ 1:96 TeV [17]. And for the

e?p and e-p collisions, the beam energies for positron,

electron, and proton are 27.6, 27.6, and 920 GeV, respec-

tively, corresponding to center-of-mass energy of 319 GeV

[18]. In a few TeV energy range [19, 22], some of the data

at the LHC are already analyzed [23, 24]. In this paper, to

avoid repeating representation, we shall not analyze the

data at the LHC energies.

2. The model

Now a days, various models are proposed to describe

phenomena of collisions based on different methods. It is

expected that a unified method is needed to explain more

experimental data. Recently, a multi-source thermal model

[25–29] is proposed and a unified formula (a multi-com-

ponent Erlang distribution) is obtained [27–29]. A few

experimental distributions are described by the unified

formula [23, 24, 27–30]. To test further the validity of the

unified formula, in the following discussions we introduce

briefly the formula and explain more experimental data

using it.

Generally, when a hard parton in projectile passing

through hot and dense quantum chromodynamics (QCD)

medium in target, it loses energy via medium induced gluon

emission. The medium effect could modify the parton frag-

mentation process. In the center-of-mass reference frame the

projectile and target have a symmetry property. The so-

called ‘‘energy sources’’, i.e. partons, nucleons and nucleon

clusters, in the framework of the multi-source thermal model

obtain gluons with different energies. Many energy sources

producing particles and fragments are expected to form in

intermediate and high energy collisions. We would like to

divide the sources into l groups according to the different

impact parameters (participant nucleon numbers) or the

different reaction mechanisms such as spallation, multi-

fragmentation, evaporation, absorbtion, etc. The ith source in

the jth group is assumed to obtain gluon energy. The prob-

ability distribution of gluon energy obtained by the source

obeys an exponential function. The source number in the jth

group and the weight of the jth group are denoted by mj and kj

respectively.

As it was done in our recent work [30], in the case of

considering different (X) distributions, we have the con-

tribution of the ith source in the jth group to be

fijðXijÞ ¼
1

hXiji
exp � Xij

hXiji

� �

; ð1Þ

where hXiji denotes the mean Xij contributed by the ith

source in the jth group. The X distribution of the concerned

particles contributed by the jth group is obtained to be an

Erlang distribution

fjðXÞ ¼
Xmj�1

ðmj � 1Þ!hXijimj
exp � X

hXiji

� �

ð2Þ

when the different sources in the jth group offer the same

contribution. Then, the X distribution contributed by all the

groups is given by a multi-component Erlang distribution

f ðXÞ ¼ 1

N

dN

dX
¼
X

l

j¼1

kjfjðXÞ: ð3Þ

Some physical quantities, such as multiplicity (n), mass

(M), transverse mass (MT), excitation energy (E*), transverse

energy (ET), and transverse momentum (PT) are regarded as

X in the present work to give a further test of the multi-

component Erlang distribution [23, 24, 27–30]. All calcu-

lations are performed by the Monte Carlo method.

3. Comparisons with experimental data

Figure 1 presents the multiplicity distributions of final-state

p ± produced in AA collisions (Fig. 1(a) and 1(b)) and jets

produced in pp collisions [Fig. 1(c)] at high energies. The

experimental data points for p ± shown in Fig. 1(a) and

1(b) given in terms of (1/N)dN/dn versus n are taken from the

C?C collisions at incident beam energies of 1 A and

2 A GeV respectively [15] using the High Acceptance Di-

Electron Spectrometer (HADES) [15, 31] at GSI, where N and

n denote the number of events and multiplicity respectively. In

the calculation for the two curves, there is only one group of

sources. The group contains three sources and the mean

multiplicity is 1.13 and 1.25 respectively. Comparing with the

C?C collisions, we also exhibit the multiplicity distribution

(data points in terms of events vs n) of jets observed from pp

collisions at a center-of-mass energy of
ffiffi

s
p ¼ 1:96 TeV [17]

collected with the Collider Detector at Fermilab (CDF II) [17,

31] at the Fermilab Tevatron. In the calculation for the curve,

we also have three sources forming a group, and take hXi1i to

be 0.70. The values of hXi1i and m1 obtained by fitting the

experimental data are given in Table 1 with the v2 per degree

of freedom (v2/dof). One can see that the experimental dis-

tributions of the numbers of final-state particles and jets are in

reasonable agreement with the results of the model.

Figures 2 and 3 show respectively the mass and transverse

mass distributions of final-state particles produced in pp col-

lisions at
ffiffi

s
p ¼ 1:96 TeV and e ± p collisions at

ffiffi

s
p ¼ 319

GeV. The points in Figs. 2, 3(a) and 3 (b) represent the

experimental data [17] collected by the CDF II detector from

pp collisions [17, 32–35], and those in Fig. 3(c) are measured

by the H1 [36] and ZEUS [18, 37] Collaborations at the

HERA from the e?p and e-p collisions. In Fig. 2, the
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secondary vertex (SV) masses are fitted in events containing

standard photons for (a) the control sample (CS) and (b) the

search sample (SS) respectively, where the standard photons

are photon candidates which are required to have no

associated track with transverse momentum PT [ 1 GeV/c

and at most one track with PT \ 1 GeV/c pointing at the

calorimeter cluster, good profiles of electromagnetic energy

measured in both transverse dimensions at the shower

(a) (b) (c)

Fig. 1 Multiplicity distributions of final-state p± measured in C?C

collisions at (a) 1 A GeV and (b) 2 A GeV, as well as (c) jets

observed in pp collisions at
ffiffi

s
p
¼ 1:96 TeV. The points represent the

experimental data quoted in [15] in terms of (1/N)dN/dn versus n (a,

b) and [17] in terms of events versus n (c) respectively. The curves are

our calculated results. For (a), (b), and (c), the normalization

constants are 1, 1, and number of events, respectively

Table 1 Values of hXiji;mj; kj;
and v2/dof corresponding to the

fits in Figs. 1–6

a We estimate the relative

errors of the experiment data

being 5 %
b The last point is not included

in the calculation of v2/dof
c The first point is not included

in the calculation of v2/dof

Figures hXi1i m1 k1 hXi2i m2 k2 hXi3i m3 v2/dof

1(a) 1.13 3 1 0.392a

1(b) 1.25 3 1 1.260a

1(c) 0.70 3 1 0.261

2(a) 0.185 5 0.758 0.240 7 0.242 1.512a

2(b) 0.2 4 0.833 0.5 6 0.167 0.286

2(c) 19.0 5 0.909 20.0 12 0.091 0.240

2(d) 21.3 6 0.741 34.0 8 0.259 0.715

2(e) 33.0 3 1 0.472

3(a) 2.4 23 0.474 8.0 3 0.197 8.0 12 1.080

3(b) 22.0 5 1 1.783b

3(c) 4.3 12 1 0.864c

4(a) 0.560 4 1 0.266c

4(b) 0.640 6 1 0.326c

4(c) 0.435 6 1 0.435c

4(d) 0.580 6 1 0.360c

5(a) 30.0 1 0.926 28.0 6 0.074 0.337

5(b) 18.0 2 0.860 28.0 5 0.140 0.309

5(c) 17.0 11 0.750 30.0 13 0.250 0.707b

5(d) 3.37 3 0.998 7.50 6 0.002 0.298b

5(e) 44.0 1 1 0.314

6(a) 8.0 4 0.600 4.5 2 0.400 0.682b

6(b) 7.5 4 0.432 5.0 1 0.568 0.493

6(c) 3.9 9 1 0.308b

6(d) 4.5 9 1 0.374b

6(e) 22.0 1 1 0.683

6(f) 21.0 1 1 0.299
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maximum and minimal leakage into the hadron calorimeter,

and the ratio of hadronic energy to electromagnetic energy

Ehad/Eem must be less than 0.055 ? 0.00045 Eem (GeV). The

CS is the photon ? b-tag sample in which the only selection

requirements are that there be at least one photon with pseu-

dorapidity |g| \ 1.1 and transverse energy ET \ 25 GeV and

one SV-tagged jet having |g| \ 2 and ET [ 15 GeV. The SS

is the photon ? b events obtained by subtracting the misi-

dentified photon plus b contribution from the CS and then

multiplying by an efficiency of 0.0123 ± 0.0025 which is

derived from the fraction of the photon ? b Monte Carlo

simulation events in the CS [17]. The distributions of the

masses of (c) the photon ? b-quark jet (c ? b), (d) the b-quark

jet ? 2nd jet (untagged jet) (b ? jet), and (e) the photon ? b-

quark jet ? 2nd jet (c ? b ? jet) are given respectively in

Fig. 2, too. In Fig. 3, the distributions of the transverse masses

of (a) the photon ? missing transverse energy (c ? ET
miss), (b)

the b-quark jet ? 2nd jet ? missing transverse energy

(b ? jet ? ET
miss) and (c) the lepton-neutrino (l ? m) are

given, where the lepton-neutrino transverse mass is calculated

using the vectors of the missing transverse momentum and

the isolated lepton [18]. In the calculation for the curves, the

values of hXiji;mj; kj; and v2/dof are given in Table 1, where

hXiji denotes hMijior hMTiji in units of GeV/c2. We see that the

model describes the experimental data under consideration.

The distributions of excitation energies for events with

different multiplicities MIMF
obs in AA collisions are given in

Fig. 4, where MIMF
obs varying from 0 to 3 denotes the

observed multiplicity of intermediate mass fragments. The

points represent the experimental data in the interactions of

8.8 GeV 4He with U and Bi nuclei examined using the

Makrofol polycarbonate track detector [16]. The curves are

our calculated results with l = 1 and different hXi1i and m1

presented in Table 1 with v2/dof, where hXi1i is in units of

GeV. One can see that the results calculated by the model

are in agreement with the experimental data.

(a) (b)

(c) (d) (e)

Fig. 2 Same as in Fig. 1, showing the mass distributions of final-state

particles produced in pp collisions at
ffiffi

s
p ¼ 1:96 TeV. The points

represent the experimental data quoted in [17]. The secondary vertex

(SV) masses are fitted in events containing standard photons for

(a) the control sample (CS) and (b) the search sample (SS). The

distributions of the masses of (c) the photon ? b-quark jet (c ? b),

(d) the b-quark jet ? 2nd jet (untagged jet) (b ? jet) and (e) the

photon ? b-quark jet ? 2nd jet (c ? b ? jet) are given. The curves

are the model fits using the multi-component Erlang distribution
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Figure 5 shows the transverse energy distributions of

final-state particles produced in pp collisions at
ffiffi

s
p ¼ 1:96

TeV. The points represent the experimental data collected

by the CDF II detector [17] and the curves are our calcu-

lated results. The distributions in (a) the photon ET, (b) the

b-jet ET, (c) the 2nd jet ET, (d) the missing transverse

energy ET
miss and (e) the scalar sum of the transverse

momenta of the c, jets, and ET
miss are displayed. The cor-

responding parameter values fitted by us are given in

Table 1, and hXiji is in units of GeV. Once more the results

calculated by the model are in agreement with the exper-

iment data.

Figure 6(a)–(e) give the transverse momentum distri-

butions (Events vs PT) for different selected quantities in

events with an isolated electron or muon and missing

transverse momentum in the e ± p, e?p, and e-p collisions

at
ffiffi

s
p ¼ 319 GeV, as well as Fig. 6(f) the single W pro-

duction cross section (drW/dPT) as a function of the

hadronic transverse momentum in the e ± p collisions at
ffiffi

s
p ¼ 317 GeV. From Fig. 6(a)–(e), the selected quantities

correspond to the hadronic (X) transverse momentum, the

missing transverse momentum (PT
miss), the transverse

momentum of the lepton (l), the hadronic (X) transverse

momentum in e?p collisions only, and the hadronic

(X) transverse momentum in e-p collisions only, respec-

tively. Different selected quantities correspond to different

integrated luminosities as shown in the figure. The points

represent a combined data analysis [18] of the H1 and

ZEUS Collaborations [36, 37] and the curves are our cal-

culated results. The corresponding values of hXiji;mj; kj;

and v2/dof are given in Table 1, where hXiji is in units of

GeV/c. We see that the results calculated by the model are

in agreement with the experimental data.

From Figs. 1–6 we see that the distributions of quanti-

ties including multiplicities, masses, transverse masses,

excitation energies, transverse energies, and transverse

momenta are selected for this study to give a wider and

further test of the multi-component Erlang distribution.

Some special selection requirements are presented due to

the reason of the experimental data sample given in the

related references. From Table 1 we see that the v2/dof are

much smaller than 1 in most cases, which raises the con-

cern that the model over-describes the data. This seems to

show that there are too many parameters in the model. In

fact, except a few cases, the free parameter numbers in

most cases are only 2. Another probability leaded to

smaller v2/dof is the large errors in the experimental data.

This is indeed the situation of a few figure panels.

4. Discussion

We see from the above figures that the results calculated by

the model are consistent with the quoted experimental data.

In the multiplicity distributions, our results calculated by

assuming three sources in only one group are in good

agreement with the experimental yields. The mass and

transverse mass distributions, as compared to the multi-

plicity distributions, are also satisfied to the multi-compo-

nent Erlang distribution. But some of our calculated curves

(a) (b) (c)

Fig. 3 Same as in Fig. 1, showing the transverse mass distributions

of final-state particles produced in pp collisions at
ffiffi

s
p ¼ 1:96 TeV

(a,b) and e± p collisions at
ffiffi

s
p
¼ 319 GeV (c). The points represent

the experimental data quoted in [17] (a), (b) and [18] (c). The

distributions of the transverse masses of (a) the photon ? missing

transverse energy (c ? ET
miss), (b) the b-quark jet ? 2nd jet ? missing

transverse energy (b ? jet ? ET
miss), and (c) the lepton-neutrino

(l ? m) are given, where the lepton-neutrino transverse mass is

calculated using the vectors of the missing transverse momentum and

the isolated lepton [18]. The curves are the model fits using the multi-

component Erlang distribution
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are more precise to meet the experimental data by

assuming two or three groups. We see also that the cal-

culated excitation energy and transverse energy distribu-

tions by the multi-component Erlang distribution are in

agreement with the available experimental data. The cal-

culated distributions of transverse momenta by the formula

are consistent with the experimental data, too.

In most cases, the group number is 1 or 2, and the source

number in a given group is not too large. Generally, we

regard partons or quarks and gluons as the energy sources.

Especially, the energy sources contributed to final-state

mesons are partons or quarks and gluons. For nuclear

fragments the energy sources could be nucleons or nucleon

clusters. Different distributions of multiplicities, masses,

transverse masses, excitation energies, transverse energies,

and transverse momenta described by a unified formula

render that the energy sources contributed to the mentioned

qualities are the same or similar. We think that these

sources are mostly partons or quarks and gluons. The same

or similar sources lead to the unified formula for different

distributions.

It is difficult to predict the parameter values in this paper

due to the limited data analysis on a given quantity. If we

analyze the distributions of a given quantity at different

conditions, we should obtain the dependence of parameter

values on some factors [27–29]. Recently, the multi-com-

ponent Erlang distribution is successfully used in the anal-

yses of event-by-event fluctuations in nucleus-nucleus

collisions at the SPS and the RHIC energies [30] and mul-

tiplicity distributions of charged particles in proton-proton

collision at the LHC energies [23]. Considering different

weights of different impact parameters or participant

nucleon numbers, the multiplicity distributions in nucleus-

nucleus collisions at GeV and TeV energies can be described

by the model [24]. In fact, the multi-component Erlang dis-

tribution satisfies a wide energy range from GeV to TeV.

The multi-component Erlang distribution, which is

widely used in the fields of stochastic processes is applied

(a) (b)

(d)(c)

Fig. 4 Same as in Fig. 1,

showing the excitation energy

distributions for events with

MIMF
obs = 0,1 (a), (c) and

MIMF
obs = 2,3 (b), (d) in 8.8 GeV

4He ? U and Bi reactions. The

points represent the

experimental data quoted in

[16]. The curves are the model

fits using the multi-component

Erlang distribution
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by us to many physical quantities of produced particles in

high energy collisions. Although we have published papers

[27–30] analyzing different data from different collision

systems and different energies with this model, the present

work is applied to more data obtained at different systems

and energies arguing the generality of the adopted

approach. The multi-component Erlang distribution is

indeed a common law in high energy collisions. Many

physical quantities in the fields obey this law. Especially, in

the case of component number being 1, the product m1hXi1i
determines the peak position of the distribution. A smaller

m1 and a larger hXi1i give a wide distribution, and the

reverse case gives a narrow distribution. A Gaussian-like

distribution can be obtained by a larger m1.

We notice that the multi-component Erlang distribution

can not describe the rapidity (or pseudorapidity) distribu-

tions of charged particles produced in high energy colli-

sions. As a longitudinal addition quantity in the Lorentz

transformation, for a given parton energy loss in collisions,

the rapidity is mainly determined by the incident energy.

However, the quantities described by the multi-component

Erlang distribution are mainly determined by the parton

energy loss, or the energy obtained by the source, or the

excited degree of the source. If the incident energies are

different and the parton energy losses are the same, the

multiplicity distribution should be the same and the

rapidity distributions should be different. In other words,

the multi-component Erlang distribution do describe the

distributions of quantities related to the parton energy loss

in collisions, and do not describe the distributions of

quantities related to the energy carried out by the incident

projectile. Generally, a large parton energy loss results a

high excitation of the source and a wide probability dis-

tribution. We may say that, as a probability distribution, the

multi-component Erlang distribution reflects a common

law existed in energy loss phenomenon.

(a) (b)

(c) (d) (e)

Fig. 5 Same as in Fig. 1, showing the transverse energy distributions

of final-state particles produced in pp collisions at
ffiffi

s
p ¼ 1:96 TeV.

The points represent the experimental data quoted in [17]. The

distributions in (a) the photon ET, (b) the b-jet ET, (c) the 2nd jet ET,

(d) the missing transverse energy ET
miss and (e) the scalar sum of the

transverse momenta of the c, jets, and ET
miss are displayed. The curves

are the model fits using the multi-component Erlang distribution
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The multi-component Erlang distribution is a flexible

representation on many distributions from the field of high

energy particle and nuclear collisions. These distributions

seem to concern various unrelated quantities, but all of the

distributions have the features from exponential to Gauss-

ian and their various superpositions. The multi-component

Erlang distribution is in fact a simple superposition of

Erlang functions. One component with m1 = 1 gives an

exponential distribution, and a large m1 (above 10) gives

the Gaussian-like distribution. From 1 to the large value,

different values of m1 show different distributions from

exponential to Gaussian. Multiple components with dif-

ferent mj can represent the distributions with abundant

structures. Intermediate and high energy collisions are a

complex process in which a lot of experimental data are

obtained [38–42] and analyzed [43, 44]. As a primary

analysis on common law, the present work is a wider and

successful attempt. More meticulous and painstaking work

which contains dynamical mechanisms is needed.

5. Conclusions

We have used a unified formula which is obtained in the

framework of the multi-source thermal model to describe

multiplicity, mass, transverse mass, transverse energy, and

transverse momentum distributions of final-state particles

in pp and e±p collisions, as well as excitation energy dis-

tribution for selected events in AA collisions at high ener-

gies. In the model, many energy sources are assumed to

form in collisions. According to different interacting

mechanisms or impact parameters, these sources are divi-

ded into l groups. The contribution of the ith source in the

jth group is an exponential function. As a folding result of

(a) (b) (c)

(f)(e)(d)

Fig. 6 Same as in Fig. 1, showing the transverse momentum

distributions (Events vs PT) (a)–(e) and the single W production

cross section (drW/dPT) (f) for different selected quantities in e?p and

e-p collisions at
ffiffi

s
p ¼ 319 (a)–(e) and 317 (f) GeV. The points

represent the experimental data quoted in [18]. From (a)–(e), the

selected quantities correspond to the hadronic (X) transverse momen-

tum, the missing transverse momentum (PT
miss), the transverse

momentum of the lepton (l), the hadronic (X) transverse momentum

in e?p collisions only and the hadronic (X) transverse momentum in

e-p collisions only, respectively. Different selected quantities corre-

spond to different integrated luminosities as shown in the figure. The

curves are the model fits using the multi-component Erlang

distribution
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many exponential functions, an Erlang distribution can be

obtained. The unified formula used by us is in fact a multi-

component Erlang distribution. By using the formula, the

mentioned distributions are described in the present work.
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