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Abstract
In this paper, we prove the Hyers-Ulam stability of the following function inequalities:

X+y+z
K

X+y

K

1700 + Fy) + F@)| < HKf( )” (0< K| <3),

||f(X>+f(y)+Kf(z)||5HKf( +z)H 0<K+2)

in Banach spaces.
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1 Introduction and preliminaries

The stability problem of functional equations originated from the question of Ulam [1]
in 1940 concerning the stability of group homomorphisms. Let (G, -) be a group and let
(Ga, *) be a metric group with the metric d(:, -). Given € > 0, does there exist a §0 such that
if a mapping 4 : G; — G satisfies the inequality d(h(x - y), h(x) * h(y)) < 8 for all x,y € G,
then there exists a homomorphism H : G; — G, with d(h(x), H(x)) < € for all x € G;? In
other words, under what condition does there exist a homomorphism near an approximate
homomorphism? The concept of stability for a functional equation arises when we replace
the functional equation by an inequality which acts as a perturbation of the equation. In
1941, Hyers [2] gave the first affirmative answer to the question of Ulam for Banach spaces.

Let f : E — E’ be a mapping between Banach spaces such that

If @ +9) —fx) —fO)| <8

for all x, ¥ € E and for some § > 0. Then there exists a unique additive mapping T : E — E’
such that

If(x) = T()|| <8

for all x € E. Moreover, if f(¢x) is continuous in ¢ € R for each fixed x € E, then T is R-
linear. In 1978, Th.M. Rassias [3] proved the following theorem.
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Theorem 1.1 Let f : E — E' be a mapping from a normed vector space E into a Banach

space E’ subject to the inequality

If @ +9) —f @) —f )| < e(IxlI? + 1y117) (L.1)

forallx,y € E, where € and p are constants with € > 0 and p < 1. Then there exists a unique
additive mapping T : E — E’ such that

/@ - T <

Ilel" (1.2)

forall x € E. If p <0, then inequality (1.1) holds for all x,y # 0, and (1.2) for x # 0. Also, if
the function t — f(tx) from R into E' is continuous in t € R for each fixed x € E, then T is
R-linear.

In 1991, Gajda [4] answered the question for the case p > 1, which was raised by Th.M.
Rassias. On the other hand, J.M. Rassias [5] generalized the Hyers-Ulam stability result by
presenting a weaker condition controlled by a product of different powers of norms.
Theorem 1.2 [6, 7] If it is assumed that there exist constants © > 0 and p1,p; € R such

thatp = p1 + p #1, and f : E — E’ is a mapping from a norm space E into a Banach space
E’ such that the inequality

|G+ ) = f(x) = f )] < ellxllP |y[1”>

holds for all x,y € E, then there exists a unique additive mapping T : E — E' such that

/@) - T <

lelp

forall x € E. If, in addition, for every x € E, f (tx) is continuous in t € R for each fixed x € E,
then T is R-linear.

More generalizations and applications of the Hyers-Ulam stability to a number of func-

tional equations and mappings can be found in [8-11].

In [12], Park et al. investigated the following inequalities:

2f<x+y+z>

(23

in Banach spaces. Recently, Cho et al. [13] investigated the following functional inequality:

’

lf@) +f0) +f(@)] <
lf ) +f0) +f(2)| < |
If ) +f ) +2f(2) | <

xX+y+z

[f ) +f0) +f (@) <

Kf( >H (0 <1K| < 13])
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in non-Archimedean Banach spaces. Lu and Park [14] investigated the following func-
tional inequality:

N

Y fx)

i=1

I(f(Z’ 1(’“)) H (0<|K| <N)

in Fréchet spaces.

In this paper, we investigate the following functional inequalities:

X+y+z
[f ) +f) +f(2)] < 1<f( 2 > H (0<IK|<3), (1.3)
x+y
If @) +f) + Kf @) | < | KF - 7 (0<K #2) (1.4)
and prove the Hyers-Ulam stability of functional inequalities (1.3) and (1.4) in Banach
spaces.
Throughout this paper, assume that X is a normed vector space and that (Y, || - ||) is a

Banach space.

2 Hyers-Ulam stability of functional inequality (1.3)

Throughout this section, assume that K is a real number with 0 < |K| < 3.

Proposition 2.1 Letf: X — Y be a mapping such that

Kf<x+y+z>H (2.1)

forall x,y,z € X. Then the mapping f : X — Y is additive.

@ +/0)+f@)] <

Proof Letting x =y =z=01in (2.1), we get
[37©@] = |&F @]

So,f(0) =0.
Letting z = 0 and y = —x in (2.1), we get

lf@) +f ()] < | KF(0)] =

forallx € X. So, f(—x) = —f(x) for all x € X.
Letting z = —x — y in (2.1), we get

lf @) +fO)=fx+ 9] = [f60) +f0) + f(=x - 9)| < |KFO)] =
for all x,y € X. Thus,

Sx+y) =f(x) +f»)

for all x,y € X, as desired. O
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Theorem 2.2 Assume that a mapping f : X — Y satisfies the inequality

lr@+/0)+f@)] =

X+y+z
K]
()

where ¢ : X> — [0, 00) satisfies

39,2 Zw(; . ;) o

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

||A(x) —f(x) H < %5(4, —x,2x) + a(x, —x,0)

forallx e X.

+ ¢ (x,,2),

(2.2)

(2.3)

(2.4)

Proof Tt follows from (2.3) that ¢(0,0,0) = 0. Lettingx = y = z = 0 in (2.2), we get ||3f (0) | <

K7 (0)II + ¢(0,0,0) = IKf(0)]. So, f(0) =
Letting y = x, z = —2x in (2.2), we get

12/ (%) + £ (=2) | < B, %, —2:)

for all x € X. So,

(3

<4 X X
—_— 272’ x
for all x € X.

Letting y = —x and z = 0 in (2.2), we get

If @) +f(=x) | < p(x,~,0)

for all x € X. It follows from (2.5) and (2.6) that
x x
2l =) -2mf| =
(7))
m-1 x x
j j+1
<3 J2r(5)-2(55)|
j=1

,_.

m—

IA

j=l

=S |(5) 2 o(5%) -2 (55) -+ (5)
=2 [[a(5) (50| feor(5s) r ()]

1., -x 2x " -X
52” <2/+1 2}+1 2/+1> Zzﬁ <2}+1 2/+1’0>

(2.5)

(2.6)
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for all nonnegative integers m and [ with m > [ and all x € X. It means that the sequence
{2"f(37)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence {2"f(35)}
converges. We define the mapping A : X — Y by A(x) = lim, .o 2"f(55) for all x € X.
Moreover, letting [ = 0 and passing the limit m — oo, we get (2.4).

Next, we show that A(x) is an additive mapping.

() ()]

N S 2x  —2x
< lim =2 Q') 2”*1’W,0 =0

”A(x)+A(—x)H = lim 2"

o0

n—»o0 2

and so A(-x) = —A(x) for all x € X.
[A@®) + AQ) + A(=x - y)|

() () (5]

<2x 2y 2(x+y)>

||A(x) +A@y) -Alx+y) ||

lim 2"
n— 00

1
< lim =2"1¢ =

00 2 on+l’ gn+l’  gn+l

for all x,y € X. Thus, the mapping A : X — Y is additive.

Now, we prove the uniqueness of A. Assume that 7 : X — Y is another additive mapping

satisfying (2.4). Then we obtain
A(3) ()

27" 27

x x x x
Al = )-fl = W= )-fl =
)G ) G)l]
im | (25,252 s25( 2 2 0) | =0
=00 on’ on’ on on’ on’ -

for all x € X. Then we can conclude that A(x) = T'(x) for all x € X. This completes the

||A(x)— T(x)” = lim 2"

n—00

+

IA

n—00

lim 2”|:

IA

proof. g

Corollary 2.3 Let p and 6 be positive real numbers withp > 1. Let f : X — Y be a mapping
satisfying

lf @) +f) +f(2)| < + O (Il + 1P + l1z117)

X+y+z
Kj
%)
forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

2% +6 »
01|l
20 -2

lfx) - A <
forallx € X.

3 Hyers-Ulam stability of functional inequality (1.4)
Throughout this section, assume that K is a real number with 0 < K #2.
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Proposition 3.1 Letf : X — Y be a mapping such that

Kf(% + z) H 3.1)

forall x,y,z € X. Then the mapping f : X — Y is additive.

If () +f ) + Kf ()] <

Proof Lettingx =y =2z=01n(3.1), we get
(K +2)f(0)]| < |KF(0)].

So, f(0) = 0.
Letting z = 0 and y = —x in (3.1), we get

lf @) +f ()] < | KF(0)] =

for allx € X. So, f(—x) = —f(x) for all x € X.

Letting z = 52

in (3.1), we get
o101 (52 )] - oo +s00 1157 ( 222 )| < I - o
for all x,y € X. Thus,
Kf(m) = f () +£0) (3.2)
K
forall x,y € X. Letting y = 0 in (3.2), we get Kf (%) = f(x) for all x € X. So,
fla+y) = Kf<x it/ ) ~f () +£0)

for all x,y € X, as desired. O

Theorem 3.2 Let K be a positive real number with K < 2. Assume that a mapping f : X —

L)

X +
Kf| —
f( K

Y satisfies the inequality

If () +f ) + Kf ()] < +¢(x,9,2), (3.3)

where ¢ : X3 — [0, 00) satisfies
~ =2V ((KY (K [(KY
o(x,y,2) = ;(E) ¢((§) x, (5> 9y, (E) z) <00 (3.4)

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

a9 -] = 53(-5 - %

Kx) + ¢ (x,—x,0) (3.5)

forallx € X.
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Proof 1t follows from (3.4) that ¢(0,0,0) = 0. Letting x =y = z = 0 in (3.3), we get
1K +2)f (0)|I < [IKf(0)|l + ¢(0,0,0) = [[Kf(O)]I. So, f(0) = 0.
Letting y = —x, z = 0 in (3.3), we get

for all x € X. Letting x = y = Kx, z = —2x in (3.3), we obtain
f (Kx) + f(Kx) + f(=2%) || < ¢(Kx, Kz, —2x)

for all x € X. So,

H Kf(K > +f(=x)

- l¢ Kx Kx (3.7)
- —, —,—x .
- K 22

for all x € X. It follows from (3.6) and (3.7) that

[ (G))- G AE) )
G- AG) )
SGHE)- GG ]
GG =) GG ]
2[e(@)((5) () - ())
(&) A(5) = (5) )]

for all nonnegative integers m and / with m >/ and all x € X. It means that the se-

N

IA

j=l

IA

~.

_x)

)

-1

§

I
~

quence {(%)"f((%()”x)} is a Cauchy sequence for all x € X. Since Y is complete, the se-
quence {(%)"f((%()”x)} converges. So, we may define the mapping A : X — Y by A(x) =
limnﬁm((%)”f((g)”x)) forallx € X.

Moreover, by letting / = 0 and passing the limit m — oo, we get (3.5).

Next, we claim that A(x) is an additive mapping. It follows from (3.6) that

sl =t (i) ((5) ) () )|
i () o((5) =(5) o)
EHOR(GREIONCOD

0

1l
g

IA
3

and so A(—x) = —A(x) for all x € X.
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It follows from (3.3) that

|f (Kx) ~ Kf (o) | = [f (Kx) +£(0) + Kf ()| < (K, 0, )
for all x € X. Hence,

|AG) + A(y) - AGx +) |
= |A@) +AQ) + A(=x - ) |

—X —

- HA(x) +A(®y) +KA<¥> —KA( y) +A(—x—y)“

o5

+

< HA(x) +A®) +1<A<%)
() [(G) ) ((5))w((5) =)
(G )-w((G) =) ]
<im(7)((2)<(3)+(5) )
(5 5)72)-

for all x, ¥ € X. So, the mapping A : X — Y is an additive mapping.

Now, we show the uniqueness of A. Assume that 7': X — Y is another additive mapping
satisfying (3.5). Then we get

()5
- YT A
(A
SORGIMOROR
Y S((5))

for all x € X. Thus, we may conclude that A(x) = T'(x) for all x € X. This proves the unique-

|4 - TE]

= hm( )
n—oQ

ness of A. So, the mapping A : X — Y is a unique additive mapping satisfying (3.5). g

Corollary 3.3 Let p, 0 and K be positive real numbers withp >1and K <2.Letf:X — Y
be a mapping satisfying
Y, )

o))+ k1] = 1“2

+O(Ilx1” + Iy 17 + 112117) (3.8)
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forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

102
Ifx) - A)| < K((L

K
paved
K

forallx € X.

Theorem 3.4 Let K be a real number with K > 2. Assume that a mapping f : X — Y
satisfies inequality (3.3), where ¢ : X3 — [0, 00) satisfies

~ XKV 2V 2V [/2V
o(x,y,2) = (—) ¢>(<—> < )y,( ) ><oo (3.9)
; 2 K K K

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

”A(x H ¢ X, %, — 2 —x )+ 5(7) Ex,—Ex,O (3.10)
-2 K 2"\K K
forallx e X.

Proof 1t follows from (3.9) that ¢(0,0,0) = 0. Letting x =y = z = 0 in (3.3), we get
(K +2)f(0)]l < [Kf(0)]| +¢(0,0,0) = [IKf(0)]]. So, £(0) = 0.
Replacing x by I%x in (3.7), we get

o (29 hfen )

-G
NI OPROR(OR)
(VG ]
VG ] ()
ST 6))
()Y )

for all nonnegative integers m and / with m > [ and all x € X. It means that the se-
quence {(5)"f((2)"x)} is a Cauchy sequence for all x € X. Since Y is complete, the se-
quence {(5)"f((2)"x)} converges. So, we may define the mapping A : X — Y by A(x) =
limnﬁm((g)"f((%)”x)) forallx € X.

M3

§

IA

~.
I
~

)

-1

§

I
~
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Moreover, by letting / = 0 and passing the limit m — 0o, we get (3.10).
The rest of the proof is similar to the proof of Theorem 3.2. O

Corollary 3.5 Let p, 6 and K be positive real numbers withp >1 and K >2.Letf : X — Y
be a mapping satisfying (3.8). Then there exists a unique additive mapping A : X — Y such
that

I - A < KKV &
K

forallx € X.
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