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The generalized Gause model of Predator–Prey system is proposed with an introduc-
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tion. By using the comparison theorem and constructing suitable Lyapunov function,
we study such modified Predator–Prey system with almost periodic coefficients. Some
sufficient conditions are obtained for the existence of a unique almost periodic solution.
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response on predator population has a destabilizing effect on the persistence of such
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1. Introduction

After the seminal models of Vito Volterra and Alfred James Lotka in the mid
1920s for Predator–Prey interactions, mutualist and competitive mechanisms
have been studied extensively in the recent years by researchers. The Preda-
tor–Prey system becomes an important field of study in mathematical ecology
and has been studied in [1]. Similarly, epidemiological models have also been re-
ceived much attention from scientists. Relevant references are vast, we can see
the book [2]. Both mathematical ecology and mathematical epidemiology are
major fields of study in their own right. The study including ecology and epide-
miology is now termed as eco-epidemiology. The study of eco-epidemiology has
great ecological significance. Scientists have paid lots of attention to theoretical
studies. Many good results can predict useful implications in both dynamics and
control, we can refer to the book [3] and the references cited therein.

The importance of transmissible disease in Predator–Prey system arouses
the interest of scientists. Theoretical studies have been carried out in eco-epide-
miology where the effect of viral infection has been explored. Lots of good re-
sults have already been obtained (see [4–7] and the references therein). In [4],
the authors studied the following eco-epidemiological system

_x1ðtÞ ¼ rðx1 þ x2Þð1� x1þx2

K Þ � bx1x2 � gd1ðx1Þy;
_x2ðtÞ ¼ bx1x2 � cðx2Þy � cx2;

_yðtÞ ¼ yðecðx2Þ þ egd1ðx1Þ � dÞ.

8><
>:

In the above eco-epidemiological system, the authors assume that the sound
prey population grows according to a logistic law involving the whole prey
population (sound and infected). The disease is spread among the prey popu-
lation only and that disease is not genetically inherited. The infected popula-
tion does not recover or becomes immune. The predator population predates
mostly the infective prey and the functional response is of Holling-type II. Per-
sistence and extinction conditions of the system are obtained.

In Predator–Prey theory and related topics in mathematical ecology, an
important and ubiquitous problem concerns the long term coexistence of spe-
cies. The Predator–Prey system has been studied extensively in [8–13] and the
references therein. In their literature, the following Predator–Prey system with
linear growth was considered,

_x1ðtÞ ¼ x1ðtÞ½b1ðtÞ � a11ðtÞx1ðtÞ � a12ðtÞx2ðtÞ � c11ðtÞyðtÞ�;
_x2ðtÞ ¼ x2ðtÞ½b2ðtÞ � a21ðtÞx1ðtÞ � a22ðtÞx2ðtÞ � c21ðtÞyðtÞ�;
_yðtÞ ¼ yðtÞ½�r1ðtÞ þ d11ðtÞx1ðtÞ þ d12ðtÞx2ðtÞ � e11ðtÞyðtÞ�.

8><
>: ð1:1Þ
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Some sufficient conditions were obtained for the uniform persistence and exis-
tence of a unique globally attractive periodic (almost periodic) solution for the
Predator–Prey system (1.1).

According to the culture figure that obtained by Ayala on the studying of D.
Psendoobscura and D. Serrata, the growth rate of species doesn�t correspond
with that of the Lotka–Volterra model (see Chen [1]). The reason is due to
the linearize in mathematics and the linearize makes many important factors
neglected, such as the effect of toxic (see [14,15]), the age-structure of a popu-
lation (see [16]) and anorexia response (see [17]). And now lots of literature
consider feedback controls and fuzzy control, we can refer to [18–24]. If these
important factors are to be considered, then more complex models should be
introduced. In 1975, Dubois introduced the following autonomous anorexia
system,

_x ¼ k1x½1� ax� � kðxÞy;
_y ¼ y½�k3 þ bkðxÞ�;

�
ð1:2Þ

where

kðxÞ ¼
k2x; x 6 s;

k2s; x > s.

�

Later, Yang [17] considered the following anorexia system,

_x ¼ x ða� bxÞ � ay
1þ xxþ bx2

� �
� G;

_y ¼ y �cþ kax
1þ xxþ bx2

� �
;

8>>><
>>>:

where anorexia response function /ðxÞ ¼ a
1þxxþbx2. It then naturally leads one to

incorporate the anorexia response into Predator–Prey system.
In Predator–Prey system, when a certain virus comes, infected prey may

died, but it also can survive and give birth to next generation (see [4]). As pred-
ator, it eats all the prey, including sound prey(susceptible) and infected
prey(infective). The infection weakens the prey, it also does harm to the pred-
ator and makes the predator feel uncomfortable with the infected prey. It
means that the more infected prey, the less it wants to eat. When the density
of infected prey amounts to a certain degree, the quantity of the preyed de-
creases. It is so-called anorexia response. We can take anorexia response func-
tion (see [25]) as

hðxÞ ¼
cðtÞxðtÞ; xðtÞ 6 s;

cðtÞs2

xðtÞ ; xðtÞ > s.

8<
:
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For more background and biological adjustment, one can refer to [17,25] and
the references cited therein.

However, most of works concern about Predator–Prey system with con-
stant coefficients or periodic coefficients with a common period. If the various
constituent components of the temporally nonuniform environment are
with incommensurable (nonintegral multiples) periods, then one has to con-
sider the environment to be periodic or almost periodic since there is no a priori
reason to expect the existence of constant circumstance. If we want to make
the models suitable to the environment and reality, the assumption of period-
icity or almost periodicity of parameters is realistic and important (e.g.
seasonal effects of weather, food supplies, mating habits, harvesting etc.).
In this paper, we consider a Predator–Prey system with almost periodic
coefficients.

Stimulated by system (1.1) and (1.2) and works [4–7,17,25] and the refer-
ences cited therein, We introduce the following modified Predator–Prey model.
1.1. The modified Predator–Prey model

Let us consider a generalized Gause Model (see [26]) for Predator–Prey
interactions, e.g.,

dx
dt
¼ xgðxÞ � ypðxÞ;

dy
dt
¼ y½�cþ qðxÞ�;

where g(x) is the specific growth rate of the prey in the absence of any predator
and p(x) is the predator response function for the predator with respect to that
particular prey. But the role of disease in such systems cannot be ignored and
we like to build the Gause type Predator–Prey model with viral infection on
prey population only. We shall now modify the Gause Predator–Prey model
by introducing infection on prey population (see [7]) and replacing p(x) with
anorexia response function h(x).

The following basic assumptions are made:

(1) In the presence of viral infection, the prey population is divided into two
classes, namely, susceptible prey, denoted by x1(t) and the infected prey,
denoted by x2(t). The prey population grows according to a logistic law
involving the whole prey population(susceptible and infected). But the
disease is genetically inherited.

(2) The transmission rate among the sound prey population and the infected
prey population follows the simple law of mass action, that is
b(t)x1(t)x2(t), where b(t) is the transmission rate. The infected prey does
not recover or becomes immune, the death rate of infected prey is d2(t).
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And the virus weakens the prey, but it does not cause the predator to
have any disease. Denote the predator by y(t).

(3) The predator eats the whole prey, including sound prey and the infected
prey. The predator population predates the sound prey according to Hol-
ling-type II (see [27]), predates the infected prey with Anorexia response
(see [25]).

Based on the above assumptions, the modified Gause model can be written
as:

_x1ðtÞ ¼ x1ðtÞ a10ðtÞ � a11ðtÞx1ðtÞð Þ � bðtÞx1ðtÞx2ðtÞ

� c1ðtÞx1ðtÞ
d1ðtÞ þ x1ðtÞ

yðtÞ¼M F 1ðt;X Þ;

_x2ðtÞ ¼ x2ðtÞ a20ðtÞ � a21ðtÞx2ðtÞð Þ þ bðtÞx1ðtÞx2ðtÞ
�hðx2ÞyðtÞ � d2ðtÞx2ðtÞ¼

M

F 2ðt;X Þ;

_yðtÞ ¼ yðtÞ �a30ðtÞ � a31ðtÞyðtÞ þ k1ðtÞ
c1ðtÞx1ðtÞ

d1ðtÞ þ x1ðtÞ
þ k2ðtÞhðx2Þ

� �

¼M Gðt;X Þ;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ðEÞ
where

hðx2Þ ¼
c2ðtÞx2ðtÞ; x2ðtÞ 6 s;

c2ðtÞs2

x2ðtÞ
; x2ðtÞ > s.

8<
:

x1(t) is the density of sound prey species, x2(t) is the density of infected prey
species, y(t) is the density of predator species, predator anorexia response func-
tion is h(x2) and index s denotes the anorexia degree of the predator y(t) to the
infected prey x2(t), X(t) = (x1(t),x2(t),y(t)). If we consider the effects of the
instinct factors, the assumption of anorexia response is more realistic, more
important and more general. To the best of the author�s knowledge, this is
the first paper considering the almost periodic solutions of the Predator–Prey
system with infection and anorexia response. By using the comparison theorem
and constructing suitable Lyapunov function, some sufficient conditions are
obtained for the existence of a unique almost periodic solution of system (E).

This paper is organized as follows. In next section, by using comparison the-
orem, we shall obtain that there exists a bounded solution of system (E) on R.
In Section 3, by constructing a suitable Lyapunov function, some sufficient
conditions are obtained for the existence of a unique almost periodic solution
of system (E). In Section 4, to illustrate the generality of our results, we shall
further our discussion for the value of anorexia index s. Finally, a suitable
example is given to perform numerical simulations of Predator–Prey system.
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Our observations lead one to value the effect of anorexia response and viral
infection on persistence of eco-epidemiological Predator–Prey system.

Throughout this paper, we shall use the following notations, unless other-
wise stated:

• We always use i = 1, 2, 3, j = 1, 2.
• If f(t) is an almost periodic function defined on (�1, +1), we set

f i ¼ inf
t2ð�1;þ1Þ

f ðtÞ; f l ¼ sup
t2ð�1;þ1Þ

f ðtÞ.

• Moreover, we set

p1 ¼
al

10

ai
11

; p2 ¼
al

20 þ blp1

ai
21

; q ¼ kl
2cl

2p2 þ kl
1cl

1p1ðdl
1Þ
�1 � ai

30

ai
31

;

a1 ¼
ai

10 � blp2 � cl
1qðdl

1Þ
�1

al
11

; a2 ¼
ai

20 � dl
2 þ bia1 � cl

2q
al

21

;

b ¼ ðal
31Þ
�1 ki

1ci
1a1

dl
1 þ p1

þ ki
2ci

2a
2
2

p2

� al
30

� �
.

• Denote mean value mðf ðtÞÞ ¼ limT!1
1
T

R T
0

f ðtÞdt. When f(t) is a x-periodic
function, then mðf ðtÞÞ ¼ 1

x

R x
0

f ðtÞdt.

Throughout this paper, we suppose that the following conditions are
satisfied:

• (H1): b(t), dj(t), kj(t), ai0(t), ai1(t), cj(t) are all nonnegative almost periodic
functions defined on t 2 (�1, +1).

• (H2): We always assume ai
i1 > 0; d i

1 > 0 and m(a10(t)) > 0.
2. Existence of bounded solutions

First, we consider that anorexia index satisfies a2 < s < p2. In the following,
we will state some lemmas which will be used in the proving of Theorem 2.1.

For any given initial condition of system (E)

xj0 ¼ xjð0Þ > 0; y0 ¼ yð0Þ > 0;

it is not difficult to see that the corresponding solution X(t) = (x1(t), x2(t), y(t))
exists for all t P 0 and satisfies

xjðtÞ > 0; yðtÞ > 0; for t P 0.

Now we consider the almost periodic Logistic equation

_xðtÞ ¼ xðtÞ½bðtÞ � aðtÞxðtÞ�; ð2:1Þ



Z. Huang et al. / Appl. Math. Comput. 175 (2006) 1455–1483 1461
where b(t) and a(t) are continuous almost periodic functions with ai > 0 and
m(b(t)) > 0.

We introduce Lemma 2.1 which improves Theorem 1 in [28].

Lemma 2.1. If ai > 0 and m(b(t)) > 0, then system (2.1) has a unique globally

attractive positive almost periodic solution ~xðtÞ with ~xðtÞ 6 bl

ai . Moreover, let
~xiðtÞ; ði ¼ 1; 2Þ be the unique positive almost periodic solution of (2.1) with

b(t) = bi(t), a(t) = ai(t), (i = 1, 2), respectively. If b2(t) > b1(t) and a2(t) 6 a1(t),

then ~x2ðtÞ > ~x1ðtÞ.
Lemma 2.2 (Fink [29], Theorem 6.2). Let _x ¼ f ðt; xÞ have a solution u which is

bounded on [t0,1). If f(t, x) is almost periodic in t uniformly for

x 2 K ¼ fuðtÞ : t P t0g, then there is a solution of the equation on all of R with

values in K.

We shall make some preparations before stating our Theorem 2.1.
If (H1) and (H2) hold, from Lemma 2.1, we know

_x1ðtÞ ¼ x1ðtÞ½a10ðtÞ � a11ðtÞx1ðtÞ�
has a unique positive globally attractive almost periodic solution x�1ðtÞ with
0 < x�1ðtÞ 6 p1.

If (H1), (H2) and
(H3): mða20ðtÞ þ bðtÞx�1ðtÞÞ > 0;

from Lemma 2.1, we know

_x2ðtÞ ¼ x2ðtÞ a20ðtÞ � a21ðtÞx2ðtÞ þ bðtÞx�1ðtÞ
� �

has a unique positive globally attractive almost periodic solution x�2ðtÞ with
0 < x�2ðtÞ 6 p2.

If (H1), (H2) and

ðH 4Þ: m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

	 

> 0,

from Lemma 2.1, we know

_yðtÞ ¼ yðtÞ �a30ðtÞ � a31ðtÞyðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �
has a unique positive globally attractive almost periodic solution y*(t) with
0 < y*(t) 6 q.

If (H1), (H2) and

ðH 5Þ: m a10ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞ
d1ðtÞ

y�ðtÞ
	 


> 0;
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from Lemma 2.1, we know

_x1ðtÞ ¼ x1ðtÞ a10ðtÞ � a11ðtÞx1ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞ
d1ðtÞ

y�ðtÞ
� �

has a unique positive globally attractive almost periodic solution x*1(t) with
x�1ðtÞP inf t2Rx�1ðtÞP a1 > 0.

If (H1), (H2) and
(H6): m(a20(t)�d2(t)�c2(t)y*(t) + b(t)x*1(t)) > 0,

from Lemma 2.1, we know

_x2ðtÞ ¼ x2ðtÞ a20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞ � a21ðtÞx2ðtÞ½ �

has a unique positive globally attractive almost periodic solution x*2(t) with
x�2ðtÞP inf t2Rx�2ðtÞP a2 > 0.

If (H1), (H2) and
ðH 7Þ: m �a30ðtÞ þ k1ðtÞ c1ðtÞx�1ðtÞ

d1ðtÞþx�
1
ðtÞ þ k2ðtÞ

c2ðtÞa2
2

p2

	 

> 0;

from Lemma 2.1, we know

_yðtÞ ¼ yðtÞ �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞ

c2ðtÞa2
2

p2

� a31ðtÞyðtÞ
� �

has a unique positive globally attractive almost periodic solution y*(t) with
y�ðtÞP inf t2Ry�ðtÞP b > 0.

Let

mj ¼ inf
t2R

x�jðtÞ; n ¼ inf
t2R

y�ðtÞ; Mj ¼ sup
t2R

x�j ðtÞ; g ¼ sup
t2R

y�ðtÞ.

Clearly, mj > 0, n > 0, Mj > 0, g > 0.
Denote

S ¼ x1ðtÞ; x2ðtÞ; yðtÞð Þjmj 6 xjðtÞ 6 Mj; n 6 yðtÞ 6 g
� �

.

Theorem 2.1. If (H1)�(H7) hold, then system (E) has at least one positive

(componentwise) solution defined on R with value in S.
Proof. It is obviously that h(x2) 6 c2(t)x2(t). If x2(t) 6 s, one obtains

hðx2Þ ¼ c2ðtÞx2ðtÞP c2ðtÞa2 P c2ðtÞ
a2

2

p2

.
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If x2(t) > s, one obtains

hðx2Þ ¼
c2ðtÞs2

x2ðtÞ
P

c2ðtÞs2

x�2ðtÞ
P c2ðtÞ

a2
2

p2

.

From the above simple comparison, one obtains

c2ðtÞ
a2

2

p2

6 hðx2Þ 6 c2ðtÞx2ðtÞ. ð2:2Þ

From the first equation of system (E), one obtains

_x1ðtÞ 6 x1ðtÞ a10ðtÞ � a11ðtÞx1ðtÞ½ �. ð2:3Þ
From (H2), using comparison theorem on (2.3), we have

0 < x1ðtÞ 6 x�1ðtÞ; for t P 0. ð2:4Þ
where x1(t) is a solution of system (E) which satisfies 0 < x1ð0Þ 6 x�1ð0Þ.

From the second equation of system (E) and (2.4), one obtains

_x2ðtÞ 6 x2ðtÞ a20ðtÞ � a21ðtÞx2ðtÞ þ bðtÞx�1ðtÞ
� �

. ð2:5Þ

From (H3), using comparison theorem on (2.5), we have

0 < x2ðtÞ 6 x�2ðtÞ; for t P 0. ð2:6Þ
where x2(t) is a solution of system (E) which satisfies 0 < x2ð0Þ 6 x�2ð0Þ.

From the third equation of system (E), (2.2), (2.4) and (2.6), one obtains

_yðtÞ 6 yðtÞ �a30ðtÞ � a31ðtÞyðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �
. ð2:7Þ

From (H4), using comparison theorem on (2.7), we have

0 < yðtÞ 6 y�ðtÞ; for t P 0; ð2:8Þ
where y(t) is a solution of system (E) which satisfies 0 < y(0) 6 y*(0).

The first equation of system (E), (2.6) and (2.8) imply that

_x1ðtÞP x1ðtÞ a10ðtÞ � a11ðtÞx1ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞ
d1ðtÞ

y�ðtÞ
� �

. ð2:9Þ

From (H5), using comparison theorem on (2.9), we have

x1ðtÞP x�1ðtÞ; for t P 0; ð2:10Þ
where x1(t) is a solution of system (E) which satisfies x1(0) P x*1(0) > 0.

The second equation of system (E), (2.2), (2.8) and (2.10) imply that

_x2ðtÞP x2ðtÞ a20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞ � a21ðtÞx2ðtÞ½ �. ð2:11Þ
From (H6), using comparison theorem on (2.11), we have

x2ðtÞP x�2ðtÞ; for t P 0; ð2:12Þ
where x2(t) is a solution of system (E) which satisfies x2(0) P x*2(0) > 0.
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The third equation of system (E), (2.2), (2.4) and (2.10) imply that

_yðtÞP yðtÞ �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞ

c2ðtÞa2
2

p2

� a31ðtÞyðtÞ
� �

.

ð2:13Þ

From (H7), using comparison theorem on (2.13), we have

yðtÞP y�ðtÞ; for t P 0; ð2:14Þ

where y(t) is a solution of system (E) which satisfies y(0) P y*(0) > 0.
Therefore system (E) has a bounded solution X(t) = (x1(t), x2(t), y(t)) � S

for t P 0. Since Fj(t, X), G(t, X) (defined in (E)) are almost periodic in t
uniformly for X(t) = (x1(t), x2(t), y(t)) � S. Hence, by Lemma 2.2, system (E)
has at least one bounded solution Y(t) = (u1(t), u2(t), v(t)) � S for all t 2 R.
This completes the proof of Theorem 2.1. h
3. Existence of a unique almost periodic solution

Now we state a definition and a lemma which will be used in the proving of
our main results.

Definition 3.1. A bounded positive solution Y(t) = (u1(t), u2(t), v(t)) of system
(E) with Y(0) > 0 is said to be globally attractive, if for any other solution
X(t) = (x1(t), x2(t), y(t)) of system (E) with X(0) > 0, we have
lim
t!þ1

jxjðtÞ � ujðtÞj ¼ 0; lim
t!þ1

jyðtÞ � vðtÞj ¼ 0.

A consequence of such a global attractivity of a bounded positive (compo-
nentwise) solution of system (E) on R is that there cannot be another positive
(componentwise) bounded solution of system (E) on R.

Lemma 3.1 (Fink [29], Theorem 10.1). Consider system _x ¼ f ðt; xÞ, suppose

f(t, x) is almost periodic in t uniformly for x in K, K compact in En. If each

equation _x ¼ gðt; xÞ; g 2 Hðf Þ (where H(f) is the hull of f) has a unique solution

on R with values in K, then these solutions are almost periodic with module
contained in mod(f).
Theorem 3.1. If system (E) satisfies

(H1)�(H7) and

(H8): There exist positive constants sj, x and ej, d such that



s1c1ðtÞy�ðtÞ xk1ðtÞc1ðtÞ
8>
 s1a11ðtÞP ðd1ðtÞ þ x�1ðtÞÞd1ðtÞ

þ s2bðtÞ þ
d1ðtÞ þ x�1ðtÞ

þ e1;

s2a21ðtÞP s1bðtÞ þ 2xk2ðtÞc2ðtÞ þ 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ
þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

>>>>>>>><
>>>>>>>>>:

Then system (E) has a unique positive bounded solution X(t) = (x1(t), x2(t),
y(t)) � S on R, which is globally attractive.
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Proof. From Theorem 2.1, system (E) has at least one solution X(t) = (x1(t),
x2(t), y(t)) � S for all t 2 R. Let Y(t) = (u1(t), u2(t),v(t)) be any other solution
of system (E) with Y(0) > 0.

Consider the following Lyapunov function

V ðtÞ ¼
X2

k¼1

skj ln xkðtÞ � ln ukðtÞj þ xj ln yðtÞ � ln vðtÞj; t 2 R.

Denote

k ¼ min
j
fsj;xg; K ¼ max

j
fsj;xg.

Calculating the upper right derivative D+V(t) of V(t) along the solution of (E),
one obtains

DþV ðtÞ ¼
X2

k¼1

skDþj ln xkðtÞ � ln ukðtÞj þ xDþj ln yðtÞ � ln vðtÞj

¼ s1 sgnfx1ðtÞ � u1ðtÞg
�
�a11ðtÞðx1ðtÞ � u1ðtÞÞ � bðtÞðx2ðtÞ � u2ðtÞÞ

� c1ðtÞyðtÞ
d1ðtÞ þ x1ðtÞ

� c1ðtÞvðtÞ
d1ðtÞ þ u1ðtÞ

� ��
þ s2 sgnfx2ðtÞ � u2ðtÞg

�
�
�a21ðtÞðx2ðtÞ � u2ðtÞÞ þ bðtÞðx1ðtÞ � u1ðtÞÞ

� hðx2ÞyðtÞ
x2ðtÞ

þ hðu2ÞvðtÞ
u2ðtÞ

�
þ x sgnfyðtÞ � vðtÞg

�
�
�a31ðtÞðyðtÞ � vðtÞÞ þ k2ðtÞðhðx2Þ � hðu2ÞÞ

þ k1ðtÞc1ðtÞx1ðtÞ
d1ðtÞ þ x1ðtÞ

� k1ðtÞc1ðtÞu1ðtÞ
d1ðtÞ þ u1ðtÞ

�
.
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From simple calculation,we have

vðtÞ hðu2Þ
u2ðtÞ

� yðtÞ hðx2Þ
x2ðtÞ

¼ hðu2Þ
u2ðtÞ

vðtÞ � yðtÞð Þ þ yðtÞ hðu2Þ
u2ðtÞ

� hðx2Þ
x2ðtÞ

� �
;

c1ðtÞyðtÞ
d1ðtÞ þ x1ðtÞ

� c1ðtÞvðtÞ
d1ðtÞ þ u1ðtÞ

¼ c1ðtÞ
d1ðtÞ yðtÞ � vðtÞð Þ þ x1ðtÞ yðtÞ � vðtÞð Þ þ yðtÞ u1ðtÞ � x1ðtÞð Þ

d1ðtÞ þ x1ðtÞð Þ d1ðtÞ þ u1ðtÞð Þ ;

k1ðtÞc1ðtÞx1ðtÞ
d1ðtÞ þ x1ðtÞ

� k1ðtÞc1ðtÞu1ðtÞ
d1ðtÞ þ u1ðtÞ

¼ k1ðtÞc1ðtÞd1ðtÞ
x1ðtÞ � u1ðtÞ

d1ðtÞ þ u1ðtÞð Þ d1ðtÞ þ x1ðtÞð Þ .

Denote

D1 ¼ hðx2Þ � hðu2Þ; D2 ¼
hðu2Þ
u2ðtÞ

� hðx2Þ
x2ðtÞ

.

Then there are four cases for us to compare x2(t) and u2(t) with anorexia re-
sponse index s.

(1) If x2(t) 6 s and u2(t) 6 s, one obtains

jD1j ¼ c2ðtÞjx2ðtÞ � u2ðtÞj; jD2j ¼ 0.

(2) If x2(t) 6 s and u2(t) > s, one obtains

jD1j ¼ c2ðtÞx2ðtÞ �
c2ðtÞs2

u2ðtÞ












6
c2ðtÞ
u2ðtÞ

js u2ðtÞ � sð Þ þ u2ðtÞðx2 � sÞj

6 c2ðtÞ x2ðtÞ � sð Þ þ s u2ðtÞ � sð Þ
u2ðtÞ












6 2c2ðtÞjx2ðtÞ � u2ðtÞj;

jD2j ¼
c2ðtÞs2

u2
2ðtÞ

� c2ðtÞ











6 c2ðtÞ

sþ u2ðtÞð Þ s� u2ðtÞð Þ
u2

2ðtÞ












6 2
c2ðtÞ
u2ðtÞ

jx2ðtÞ � u2ðtÞj

6 2
c2ðtÞ
x2ðtÞ

jx2ðtÞ � u2ðtÞj.
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(3) If x2(t) > s and u2(t) 6 s, one obtains

jD1j ¼
c2ðtÞs2

x2ðtÞ
� c2ðtÞu2ðtÞ












¼ c2ðtÞ
s s� u2ðtÞð Þ þ u2ðtÞ s� x2ðtÞð Þ

x2ðtÞ












6 c2ðtÞ
s s� u2ðtÞð Þ

x2ðtÞ
þ s� x2ðtÞð Þ












6 2c2ðtÞjx2ðtÞ � u2ðtÞj;

jD2j ¼ c2ðtÞ
s2

x2
2ðtÞ
� c2ðtÞ












¼ c2ðtÞ
s s� x2ðtÞð Þ

x2
2ðtÞ

þ s� x2ðtÞ
x2ðtÞ












6 c2ðtÞ
s

x2
2ðtÞ
þ 1

x2ðtÞ

� �
jx2ðtÞ � u2ðtÞj

6 2
c2ðtÞ
x2ðtÞ

jx2ðtÞ � u2ðtÞj.

(4) If x2(t) > s and u2(t) > s, one obtains

jD1j ¼ c2ðtÞ
s2

x2ðtÞ
� s2

u2ðtÞ












¼ c2ðtÞs2

u2ðtÞx2ðtÞ
jx2ðtÞ � u2ðtÞj

6 c2ðtÞjx2ðtÞ � u2ðtÞj;

jD2j ¼ c2ðtÞs2 1

u2
2ðtÞ
� 1

x2
2ðtÞ












¼ c2ðtÞs
s

u2ðtÞ
þ s

x2ðtÞ

� �
1

u2ðtÞ
� 1

x2ðtÞ

� �










6 c2ðtÞ
2s

x2ðtÞu2ðtÞ
jx2ðtÞ � u2ðtÞj

6 2
c2ðtÞ
x2ðtÞ

jx2ðtÞ � u2ðtÞj.

From (1)–(4), one obtains

jD1j ¼ jhðx2Þ � hðu2Þj 6 2c2ðtÞjx2ðtÞ � u2ðtÞj;

jD2j ¼
hðu2Þ
u2ðtÞ

� hðx2Þ
x2ðtÞ










 6 2

c2ðtÞ
x2ðtÞ

jx2ðtÞ � u2ðtÞj.
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By simplifying, we have

DþV ðtÞ6�s1a11ðtÞjx1ðtÞ� u1ðtÞjþ s1bðtÞjx2ðtÞ� u2ðtÞjþ s1c1ðtÞ

� d1ðtÞþ x1ðtÞð ÞjyðtÞ� vðtÞjþ yðtÞjx1ðtÞ� u1ðtÞj
d1ðtÞþ x1ðtÞð Þ d1ðtÞþ u1ðtÞð Þ � s2a21ðtÞ

� jx2ðtÞ� u2ðtÞjþ s2bðtÞjx1ðtÞ� u1ðtÞjþ s2c2ðtÞjyðtÞ� vðtÞj

þ s2yðtÞ2c2ðtÞ
x�2ðtÞ

jx2ðtÞ� u2ðtÞj�xa31ðtÞjyðtÞ� vðtÞj

þxk1ðtÞc1ðtÞd1ðtÞjx1ðtÞ� u1ðtÞj
d1ðtÞþ x1ðtÞð Þ d1ðtÞþ u1ðtÞð Þ þ 2xk2ðtÞc2ðtÞjx2ðtÞ� u2ðtÞj

6 �s1a11ðtÞþ
s1c1ðtÞy�ðtÞ

d1ðtÞ d1ðtÞþ x�1ðtÞð Þþ s2bðtÞþ xk1ðtÞc1ðtÞ
d1ðtÞþ x�1ðtÞ

� �

� jx1ðtÞ� u1ðtÞjþ s1bðtÞ� s2a21ðtÞþ 2xk2ðtÞc2ðtÞþ 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ

� �

� jx2ðtÞ� u2ðtÞjþ
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ�xa31ðtÞ
� �

jyðtÞ� vðtÞj

6�e1jx1ðtÞ� u1ðtÞj� e2jx2ðtÞ� u2ðtÞj� djyðtÞ� vðtÞj

6�c
X2

i¼1

jxiðtÞ� uiðtÞjþ jyðtÞ� vðtÞj
 !

;

where

e1 ¼ inf
t2R

s1a11ðtÞ �
s1c1ðtÞy�ðtÞ

d1ðtÞ d1ðtÞ þ x�1ðtÞð Þ � s2bðtÞ � xk1ðtÞc1ðtÞ
d1ðtÞ þ x�1ðtÞ

� �
;

e2 ¼ inf
t2R

s2a21ðtÞ � s1bðtÞ � 2xk2ðtÞc2ðtÞ � 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ

� �
;

d ¼ inf
t2R

xa31ðtÞ �
s1c1ðtÞ
d1ðtÞ

� s2c2ðtÞ
� �

; c ¼ minfe1; e2; dg.

Then V(t) is decreasing on [0,1), thus 0 6 V(t) 6 V(0), and limt!þ1V ðtÞ ¼
V � P 0.

Now we prove that V* = 0 and X(t) is globally attractive. Since X(t) � S,
then lnxj(t), lny(t) are bounded. As

j ln ujðtÞj 6 j ln ujðtÞ � ln xjðtÞj þ j ln xjðtÞj 6
1

sj
V ðtÞ þ j ln xjðtÞj;

j ln vðtÞj 6 j ln vðtÞ � ln yðtÞj þ j ln yðtÞj 6 1

x
V ðtÞ þ j ln yðtÞj:

So, uj(t), v(t) are bounded. Hence, Y(t) = (u1(t), u2(t), v(t)) is bounded. From
the mean-value theorem, there are positive constants q1, q2 such that
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X2

k¼1

k
q1

jxkðtÞ � ukðtÞj þ
k
q2

jyðtÞ � vðtÞj

6 V ðtÞ 6
X2

k¼1

K
q1

jxkðtÞ � ukðtÞj þ
K
q2

jyðtÞ � vðtÞj.

Take q3 ¼ maxfq1

k ;
q2

k g; q4 ¼ minfq1

K ;
q2

Kg, we have

1

q3

X2

k¼1

jxkðtÞ � ukðtÞj þ jyðtÞ � vðtÞj
" #

6 V ðtÞ 6 1

q4

X2

k¼1

jxkðtÞ � ukðtÞj þ jyðtÞ � vðtÞj
" #

; ð3:1Þ

thus D+V(t) 6 �cq4V(t). We claim V* = 0. Otherwise V* > 0, and we have
V(t) P V* > 0, it follows D+V(t) 6 �cq4V*, which implies

V ðtÞ 6 V ð0Þ � cq4V �t! �1; ðt!1Þ.
This contradicts with the positivity of V(t), so V* = 0. From (3.1), we have

0 6 lim
t!þ1

X2

k¼1

jxkðtÞ � ukðtÞj þ jyðtÞ � vðtÞj
" #

6 lim
t!þ1

q3V ðtÞ ¼ 0;

which implies

lim
t!þ1

jxjðtÞ � ujðtÞj ¼ 0; lim
t!þ1

jyðtÞ � vðtÞj ¼ 0.

Thus X(t) = (x1(t), x2(t), y(t)) is the unique positive bounded solution of system
(E) contained in S for all t 2 R, which is globally attractive. This completes the
proof of Theorem 3.1. h

Now we consider the system

_x1ðtÞ ¼ x1ðtÞ a�10ðtÞ � a�11ðtÞx1ðtÞ
� �

� b�ðtÞx1ðtÞx2ðtÞ �
c�1ðtÞx1ðtÞ

d�1ðtÞ þ x1ðtÞ
y;

_x2ðtÞ ¼ x2ðtÞ a�20ðtÞ � a�21ðtÞx2ðtÞ
� �

þ b�ðtÞx1ðtÞx2ðtÞ � h�ðx2Þy � d�2ðtÞx2ðtÞ;

_yðtÞ ¼ yðtÞ �a�30ðtÞ � a�31ðtÞyðtÞ þ k�1ðtÞ
c�1ðtÞx1ðtÞ

d�1ðtÞ þ x1ðtÞ
þ k�2ðtÞh�ðx2Þ

� �
;

8>>>>><
>>>>>:

ðE�Þ
where

h�ðx2Þ ¼
c�2ðtÞx2ðtÞ; x2ðtÞ 6 s;

c�2ðtÞs2

x2ðtÞ
; x2ðtÞ > s.

8<
:
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For some sequence {tm} with tm!1 as m!1, one has

djðt þ tmÞ ! d�j ðtÞ; ai0ðt þ tmÞ ! a�i0ðtÞ; ai1ðt þ tmÞ ! a�i1ðtÞ;
kjðt þ tmÞ ! k�j ðtÞ; cjðt þ tmÞ ! c�j ðtÞ; x�j ðt þ tmÞ ! u�j ðtÞ;
y�ðt þ tmÞ ! w�ðtÞ; x�jðt þ tmÞ ! u�jðtÞ; b�ðt þ tmÞ ! b�ðtÞ;

uniformly for all t 2 R; as m!1;

where x�j ðtÞ; x�jðtÞ; y�ðtÞ are defined in Section 2. It is not difficult to obtain
that

lim
m!1

a20ðtþ tmÞþbðtþ tmÞx�1ðtþ tmÞ
� �

¼ a�20ðtÞþb�ðtÞu�1ðtÞ; ð3:2Þ

lim
m!1

�a30ðtþ tmÞþ k1ðtþ tmÞ
c1ðtþ tmÞx�1ðtþ tmÞ

d1ðtþ tmÞ
þ k2ðtþ tmÞc2ðtþ tmÞx�2ðtþ tmÞ

� �

¼�a�30ðtÞþ k�1ðtÞ
c�1ðtÞu�1ðtÞ

d�1ðtÞ
þ k�2ðtÞc�2ðtÞu�2ðtÞ; ð3:3Þ

lim
m!1

a10ðtþ tmÞ�bðtþ tmÞx�2ðtþ tmÞ�
c1ðtþ tmÞ
d1ðtþ tmÞ

y�ðtþ tmÞ
� �

¼ a�10ðtÞ�b�ðtÞu�2ðtÞ�
c�1ðtÞ
d�1ðtÞ

w�ðtÞ; ð3:4Þ

lim
m!1

a20ðtþ tmÞ� d2ðtþ tmÞ� c2ðtþ tmÞy�ðtþ tmÞþbðtþ tmÞx�1ðtþ tmÞf g

¼ a�20ðtÞ�d�2ðtÞ� c�2ðtÞw
�ðtÞþb�ðtÞu�1ðtÞ; ð3:5Þ

lim
m!1

�a30ðtþ tmÞþ k1ðtþ tmÞ
c1ðtþ tmÞx�1ðtþ tmÞ

d1ðtþ tmÞþ x�1ðtþ tmÞ
þ k2ðtþ tmÞ

c2ðtþ tmÞa2

p2

� �

¼�a�30ðtÞþ k�1ðtÞ
c�1ðtÞu�1ðtÞ

d�1ðtÞþu�1ðtÞ
þ k�2ðtÞ

c�2ðtÞa2

p2

. ð3:6Þ

Note that k�j ðtÞ; a�i0ðtÞ; a�i1ðtÞ; u�j ðtÞ; u�jðtÞ; d�j ðtÞ; w�ðtÞ; c�j ðtÞ; b�ðtÞ are also
almost periodic in t.

Lemma 3.2. Suppose (H1)�(H8) hold, then system (E*) has a unique bounded

solution u(t) = (u1(t), u2(t), w(t)) 2 S on R, which is globally attractive.
Proof. By the definition of mean value, the assumptions (H1)–(H7) and (3.2)–
(3.6), it follows that mða10ðtÞÞ ¼ mða�10ðtÞÞ,

mða20ðtÞ þ bðtÞx�1ðtÞÞ ¼ mða�20ðtÞ þ b�ðtÞu�1ðtÞÞ;

m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �

¼ m �a�30ðtÞ þ k�1ðtÞ
c�1ðtÞu�1ðtÞ

d�1ðtÞ
þ k�2ðtÞc�2ðtÞu�2ðtÞ

� �
;
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m a10ðtÞ � bðtÞx�2ðtÞ � y�ðtÞ c1ðtÞ
d1ðtÞ

� �

¼ m a�10ðtÞ � b�ðtÞu�2ðtÞ � w�ðtÞ c�1ðtÞ
d�1ðtÞ

� �
;

mða20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞÞ
¼ mða�20ðtÞ � d�2ðtÞ � c�2ðtÞw

�ðtÞ þ b�ðtÞu�1ðtÞÞ;

m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞ

c2ðtÞa2
2

p2

� �

¼ m �a�30ðtÞ þ k�1ðtÞ
c�1ðtÞu�1ðtÞ

d�1ðtÞ þ u�1ðtÞ
þ k�2ðtÞ

c�2ðtÞa2
2

p2

� �
.

And (H8) leads to
ðH �8Þ There exist positive constants sj, x and ej, d such that

s1a�11ðtÞP
s1c�1ðtÞw

�ðtÞ
d�1ðtÞ d�1ðtÞ þ u�1ðtÞ

� �þ s2b�ðtÞ þ xk�1ðtÞc�1ðtÞ
d�1ðtÞ þ u�1ðtÞ

þ e1;

s2a�21ðtÞP s1b�ðtÞ þ 2xk�2ðtÞc�2ðtÞ þ 2
s2c�2ðtÞw

�ðtÞ
u�2ðtÞ

þ e2;

xa�31ðtÞP
s1c�1ðtÞ
d�1ðtÞ

þ s2c�2ðtÞ þ d.

8>>>>>>>>><
>>>>>>>>>:

From Theorem 3.1, u(t) = (u1(t), u2(t), w(t)) � S is the unique bounded solu-
tion of system (E*) on R, which is globally attractive. This completes the proof
Lemma 3.2. h

By Lemma 3.2, it follows that for each h(t, X) 2 H(f(t, X)), the hull equation

_x ¼ hðt;X Þ
has a unique bounded solution on R with value in S. Hence, from Lemma 3.1,
these unique solutions are all almost periodic. Therefore, by the global attrac-
tivity, X(t) is the unique almost periodic solution of system (E) contained in S.
Thus our main results follows:

Theorem 3.2. Suppose (H1)�(H8) hold, then system (E) has a unique positive
(componentwise) almost periodic solution X(t) = (x1(t), x2(t), y(t)) � S on R,

which is globally attractive.
Corollary 3.1. In addition to (H1), if system (E) satisfies

(H9): ai
10 > 0, d i

1 > 0, b > 0 and aj > 0.
(H10): There exist positive constants sj, x and ej, d such that
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s1a11ðtÞP
s1c1ðtÞq

d1ðtÞ d1ðtÞ þ a1ð Þ þ s2bðtÞ þ xk1ðtÞc1ðtÞ
d1ðtÞ þ a1

þ e1;

s2a21ðtÞP s1bðtÞ þ 2xk2ðtÞc2ðtÞ þ 2 s2c2ðtÞq
a2
þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>>><
>>>>>>:

Then system (E) has a unique almost periodic solution Y(t) = (u1(t), u2(t),

v(t)) � S on R, which is globally attractive.
Proof. From (H10), we have ai
i1 > 0. From the discussion in Section 2, we have

aj 6 x�j ðtÞ 6 pj and b 6 y*(t) 6 q, which imply

m a10ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞy�ðtÞ

d1ðtÞ

� �
P ai

10 � blp2 �
cl

1q
d i

1

¼ al
11a1 > 0;

m a20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞð Þ
P ai

20 � dl
2 � cl

2qþ bia1 ¼ al
21a2 > 0;

m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �
P �al

30 þ ki
1

ci
1a1

dl
1

þ ki
2ci

2a2

P �al
30 þ ki

1

ci
1a1

dl
1 þ p1

þ ki
2

ci
2a2

p2

¼ al
31b > 0;

m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞ

c2ðtÞa2
2

p2

� �

P �al
30 þ ki

1

ci
1a1

dl
1 þ p1

þ ki
2

ci
2a

2
2

p2

¼ al
31b > 0.

Since m a10ðtÞð ÞP ai
10 > 0 and m a20ðtÞ þ bðtÞx�1ðtÞ

� �
P ai

20 þ bia1 > 0, it is obvi-
ously that (H9) and (H10) lead to (H2)–(H8), by Theorem 3.2, Corollary 3.1
holds. h

Now consider system (E) with periodic coefficients, i.e, b(t), kj(t), dj(t), ai0(t),
cj(t), ai1(t) are nonnegative x-periodic functions defined on R with
ai

i1 > 0; d i
1 > 0.

Theorem 3.3. If system (E) satisfies

(H11):
R x

0
a10ðtÞdt > 0;

R x
0
ða20ðtÞ þ bðtÞx�1ðtÞÞdt > 0,

(H12):
R x

0
�a30ðtÞ þ k1ðtÞ

c1ðtÞx�1ðtÞ
d1ðtÞ

þ k2ðtÞc2ðtÞx�2ðtÞ
	 


dt > 0,

(H13):
R x

0 a10ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞ
d1ðtÞ

y�ðtÞ
	 


dt > 0,

(H14):
R x

0 a20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞð Þdt > 0,
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(H15):
R x

0
�a30ðtÞ þ k1ðtÞ c1ðtÞx�1ðtÞ

d1ðtÞþx�
1
ðtÞ þ k2ðtÞ

c2ðtÞa2
2

p2

	 

dt > 0,

(H16): There exist positive constants sj, x and ej, d such that

s1a11ðtÞP
s1c1ðtÞy�ðtÞ

d1ðtÞ d1ðtÞ þ x�1ðtÞð Þ þ s2bðtÞ þ xk1ðtÞc1ðtÞ
d1ðtÞ þ x�1ðtÞ

þ e1;

s2a21ðtÞP s1bðtÞ þ 2xk2ðtÞc2ðtÞ þ 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ
þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>>>><
>>>>>>>:

Then system (E) has a unique x-periodic solution in S, which is globally

attractive.
Proof. From the proof of Theorem 3.2, since b(t), kj(t), dj(t), ai0(t), cj(t),ai1(t)
are all x-periodic, we can take

e1 ¼ inf
t2½0;x�

s1a11ðtÞ �
s1c1ðtÞy�ðtÞ

d1ðtÞ d1ðtÞ þ x�1ðtÞð Þ � s2bðtÞ � xk1ðtÞc1ðtÞ
d1ðtÞ þ x�1ðtÞ

� �
;

e2 ¼ inf
t2½0;x�

s2a21ðtÞ � s1bðtÞ � 2xk2ðtÞc2ðtÞ � 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ

� �
;

d ¼ inf
t2½0;x�

xa31ðtÞ �
s1c1ðtÞ
d1ðtÞ

� s2c2ðtÞ
� �

.

Let X(t) be the unique positive almost periodic solution of system (E), but in
the periodic case, X(t + x) is also an almost periodic solution of system (E).
By the uniqueness of almost periodic solution, it follows that X(t) = X(t + x)
for all t 2 R. This completes the proof of Theorem 3.3. h

Take similar proof as Corollary 3.1, from Theorem 3.3, one obtains

Corollary 3.2. In addition to (H11)�(H15), if system (E) satisfies

(H17): There exist positive constants sj, x such that

s1a11ðtÞP
s1c1ðtÞq

d1ðtÞ d1ðtÞ þ a1ð Þ þ s2bðtÞ þ xk1ðtÞc1ðtÞ
d1ðtÞ þ a1

;

s2a21ðtÞP s1bðtÞ þ 2xk2ðtÞc2ðtÞ þ 2
s2c2ðtÞq

a2

;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ.

8>>>>>>><
>>>>>>>:

Then system (E) has a unique x-periodic solution in S, which is globally

attractive.
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4. Further discussions

The modified Predator–Prey system is constructed by an introduction of vir-
al infection on the prey population and anorexia response on the predator pop-
ulation. Stability behavior of such modified system is carried out to observe the
dynamics of the system. Under the force of viral infection and instinct anorexia
response, the existence of almost periodic solutions supports the coexistence of
the complex system. But there are three cases for us to further discussion.

Discussion 4.1. In Sections 2 and 3, we only consider anorexia index satisfies
a2 < s < p2. If anorexia index s > p2, From the proof of Theorems 2.1, 3.1 and
3.2, it is easy for us to have the same results.
Theorem 4.1. If (H1)�(H7) hold, then system (E) has at least one positive (com-

ponentwise) solution defined on R with value in S.
Theorem 4.2. If system (E) satisfies (H1)�(H7) and

(H8): There exist positive constants sj, x and ej, d such that

s1a11ðtÞP
s1c1ðtÞy�ðtÞ

d1ðtÞ d1ðtÞ þ x�1ðtÞð Þ þ s2bðtÞ þ xk1ðtÞc1ðtÞ
d1ðtÞ þ x�1ðtÞ

þ e1;

s2a21ðtÞP s1bðtÞ þ 2xk2ðtÞc2ðtÞ þ 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ
þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>>>><
>>>>>>>:

Then system (E) has a unique almost periodic solution X(t) = (x1(t), x2(t), y(t)) �
S on R, which is globally attractive.
Note 1. To prove the Theorem 4.2, similarity to Theorem 3.1, If s > p2, we
only consider x2(t) 6 s and u2(t) 6 s, or x2(t) 6 s and u2(t) > s. Thus the proof
is the same to that of Theorem 3.1.
Discussion 4.2. If anorexia index s < a2, we have c2ðtÞs2

p2
6 hðx2Þ 6 c2ðtÞx2ðtÞ. We

take

ðH 7Þ: m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞ

c2ðtÞs2

p2

� �
> 0;

b ¼ ðal
31Þ
�1 ki

1ci
1a1

dl
1 þ p1

þ ki
2ci

2s
2

p2

� al
30

� �
.
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From the proof of Theorems 2.1, 3.1 and 3.2, it is easy for us to have the same
results.
Theorem 4.3. If (H1)�(H7) hold, then system (E) has at least one positive (com-

ponentwise) solution defined on R with value in S.
Theorem 4.4. If system (E) satisfies (H1)�(H7) and

(H8): There exist positive constants sj, x and ej, d such that

s1a11ðtÞP
s1c1ðtÞy�ðtÞ

d1ðtÞ d1ðtÞ þ x�1ðtÞð Þ þ s2bðtÞ þ xk1ðtÞc1ðtÞ
d1ðtÞ þ x�1ðtÞ

þ e1;

s2a21ðtÞP s1bðtÞ þ 2xk2ðtÞc2ðtÞ þ 2
s2c2ðtÞy�ðtÞ

x�2ðtÞ
þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>>>><
>>>>>>>:

Then system (E) has a unique almost periodic solution X(t) = (x1(t), x2(t), y(t)) �
S on R, which is globally attractive.
Note 2. To prove the Theorem 4.4, similarity to Theorem 3.1, if s < a2, we
only consider x2(t) > s and u2(t) 6 s or x2(t) > s and u2(t) > s. Thus the proof
is the same to that of Theorem 3.1.
Discussion 4.3. Now we consider anorexia index s =1, that is, the predator
has no anorexia response, h(x2) = c2(t)x2(t), system (E) is reduce to
_x1ðtÞ¼ x1ðtÞ a10ðtÞ�a11ðtÞx1ðtÞð Þ�bðtÞx1ðtÞx2ðtÞ�
c1ðtÞx1ðtÞ

d1ðtÞþx1ðtÞ
yðtÞ;

_x2ðtÞ¼ x2ðtÞ a20ðtÞ�a21ðtÞx2ðtÞð ÞþbðtÞx1ðtÞx2ðtÞ�c2ðtÞx2ðtÞyðtÞ�d2ðtÞx2ðtÞ;

_yðtÞ¼ yðtÞ �a30ðtÞ�a31ðtÞyðtÞþk1ðtÞ
c1ðtÞx1ðtÞ

d1ðtÞþx1ðtÞ
þk2ðtÞc2ðtÞx2ðtÞ

� �
.

ð4:1Þ
We shall make some preparations before stating our Theorem 4.3.

In the following, we suppose that (H1)�(H2) hold, Unless otherwise stated,
and we use the following notations:

p1 ¼
al

10

ai
11

; p2 ¼
al

20 þ blp1

ai
21

; q ¼ kl
2cl

2p2 þ kl
1cl

1p1ðdl
1Þ
�1 � ai

30

ai
31

;

a1 ¼
ai

10 � blp2 � cl
1qðdl

1Þ
�1

al
11

; a2 ¼
ai

20 � dl
2 þ bia1 � cl

2q
al

21

;

b ¼ ðal
31Þ
�1 ki

1ci
1a1

dl
1 þ p1

þ ki
2ci

2a2 � al
30

� �
.
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From Lemma 2.1, we know

_x1ðtÞ ¼ x1ðtÞ½a10ðtÞ � a11ðtÞx1ðtÞ�
has a unique positive globally attractive almost periodic solution x�1ðtÞ with
0 < x�1ðtÞ 6 p1.

If ðA1Þ: m a20ðtÞ þ bðtÞx�1ðtÞ
� �

> 0;

from Lemma 2.1, we know

_x2ðtÞ ¼ x2ðtÞ a20ðtÞ � a21ðtÞx2ðtÞ þ bðtÞx�1ðtÞ
� �

has a unique positive globally attractive almost periodic solution x�2ðtÞ with
0 < x�2ðtÞ 6 p2.

If ðA2Þ: m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �
> 0;

from Lemma 2.1, we know

_yðtÞ ¼ yðtÞ �a30ðtÞ � a31ðtÞyðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �

has a unique positive globally attractive almost periodic solution y*(t) with
0 < y*(t) 6 q.

If ðA3Þ: m a10ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞ
d1ðtÞ

y�ðtÞ
� �

> 0;

from Lemma 2.1, we know

_x1ðtÞ ¼ x1ðtÞ a10ðtÞ � a11ðtÞx1ðtÞ � bðtÞx�2ðtÞ �
c1ðtÞ
d1ðtÞ

y�ðtÞ
� �

has a unique positive globally attractive almost periodic solution x*1(t) with
x�1ðtÞP inf t2Rx�1ðtÞP a1 > 0.

If ðA4Þ: mða20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞÞ > 0;

from Lemma 2.1, we know

_x2ðtÞ ¼ x2ðtÞ a20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞ � a21ðtÞx2ðtÞ½ �
has a unique positive globally attractive almost periodic solution x*2(t) with
x�2ðtÞP inf t2Rx�2ðtÞP a2 > 0.

If ðA5Þ: m �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ

� �
> 0;

from Lemma 2.1, we know

_yðtÞ ¼ yðtÞ �a30ðtÞ þ k1ðtÞ
c1ðtÞx�1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ k2ðtÞc2ðtÞx�2ðtÞ � a31ðtÞyðtÞ

� �
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has a unique positive globally attractive almost periodic solution y*(t) with
y�ðtÞP inf t2Ry�ðtÞP b > 0.

Let

m�j ¼ inf
t2R

x�jðtÞ; n� ¼ inf
t2R

y�ðtÞ; M�
j ¼ sup

t2R
x�j ðtÞ; g� ¼ sup

t2R
y�ðtÞ.

Clearly, m�j > 0; n� > 0; M�
j > 0; g� > 0. Denote

S� ¼ x1ðtÞ; x2ðtÞ; yðtÞð Þjm�j 6 xjðtÞ 6 M�
j ; n

�
6 yðtÞ 6 g�

n o
.

Similar proof as Theorem 2.1, by using comparison theorem and Lemma 2.2,
we have the following results.

Theorem 4.5. If (A1)�(A5) hold, then system (4.1) has at least one positive

(componentwise) solution defined on R with value in S*.

Construct the following Lyapunov function:

V ðtÞ ¼
X2

k¼1

skj ln xkðtÞ � ln ukðtÞj þ xj ln yðtÞ � ln vðtÞj; t 2 R.

Similar proof as Theorem 3.1, by calculating the upper right derivative D+V(t)
of V(t) along the solution of (4.1), one obtains

Theorem 4.6. If system (4.1) satisfies (A1)–(A5) and (A6): There exist positive

constants sj, x and ej, d such that

s1a11ðtÞP
s1c1ðtÞy�ðtÞ

d1ðtÞðd1ðtÞ þ x�1ðtÞÞ
þ s2bðtÞ þ xk1ðtÞc1ðtÞ

d1ðtÞ þ x�1ðtÞ
þ e1;

s2a21ðtÞP s1bðtÞ þ xk2ðtÞc2ðtÞ þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>><
>>>>>:

Then system (4.1) has a unique positive bounded solution Y(t) = (u1(t), u2(t),

v(t)) � S* on R, which is globally attractive.

By Lemma 3.2 and Theorem 4.6, we have

Theorem 4.7. If system (4.1) satisfies (A1)�(A6), then system (4.1) has a unique

almost periodic solution Y(t) = (u1(t), u2(t), v(t)) � S* on R, which is globally

attractive.

Similarity to Corollary 3.1, we have the following theorem.

Theorem 4.8. If system (4.1) satisfies (A7): ai
10 > 0, d i

1 > 0, b > 0 and aj > 0.

And there exist positive constants sj, x and ej, d such that
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s1a11ðtÞP
s1c1ðtÞq

d1ðtÞðd1ðtÞ þ a1Þ
þ s2bðtÞ þ xk1ðtÞc1ðtÞ

d1ðtÞ þ a1

þ e1;

s2a21ðtÞP s1bðtÞ þ xk2ðtÞc2ðtÞ þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>>>><
>>>>>>>:

Then system (4.1) has a unique almost periodic solution Y(t) = (u1(t), u2(t),

v(t)) � S* on R, which is globally attractive.

Now we consider system (4.1) with periodic coefficients, i.e., b(t), cj(t),
ai0(t), dj(t), kj(t), ail(t) are nonnegative x-periodic functions defined on R with
ai

i1 > 0; d i
1 > 0. Similar proof as Theorem 3.3, we have the following results.

Theorem 4.9. If system (4.1) satisfies

(i)
R x

0
a10ðtÞdt > 0;

R x
0

a20ðtÞ þ bðtÞx�1ðtÞ
� �

dt > 0.

(ii)
R x

0
�a30ðtÞ þ k1ðtÞ

c1ðtÞx�1ðtÞ
d1ðtÞ

þ k2ðtÞc2ðtÞx�2ðtÞ
	 


dt > 0.

(iii)
R x

0
a10ðtÞ � bðtÞx�2ðtÞ �

c1ðtÞ
d1ðtÞ

y�ðtÞ
	 


dt > 0.

(iv)
R x

0
a20ðtÞ � d2ðtÞ � c2ðtÞy�ðtÞ þ bðtÞx�1ðtÞð Þdt > 0.

(v)
R x

0
�a30ðtÞ þ k1ðtÞ c1ðtÞx�1ðtÞ

d1ðtÞþx�
1
ðtÞ þ k2ðtÞc2ðtÞx�2ðtÞ

	 

dt > 0.

(vi) There exist positive constants sj, x and ej, d such that

s1a11ðtÞP
s1c1ðtÞq

d1ðtÞðd1ðtÞ þ a1Þ
þ s2bðtÞ þ xk1ðtÞc1ðtÞ

d1ðtÞ þ a1

þ e1;

s2a21ðtÞP s1bðtÞ þ xk2ðtÞc2ðtÞ þ e2;

xa31ðtÞP
s1c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d.

8>>>>>><
>>>>>>:

Then system (4.1) has a unique x-periodic solution in S*, which is globally

attractive.
5. Example and remark

From the results obtained in Sections 3 and 4, we can see that conditions of
existence of almost periodic solutions in Corollary 3.1 are less easy to satisfy
than that of Theorem 4.8. Under circumstance of viral infection and anorexia
response, the persistence of Predator–Prey system is relatively difficult to ob-
tain. The following example will reveal the truth.
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Example. Consider the following Predator–Prey system with viral infection
and anorexia response.

_x1ðtÞ ¼ x1ðtÞ 11þ cos 2t� 2x1ðtÞ½ � � x1ðtÞx2ðtÞ�
x1ðtÞ

4þ x1ðtÞ
yðtÞ;

_x2ðtÞ ¼ x2ðtÞ 11þ sin 5t� 2x2ðtÞ½ � þ x1ðtÞx2ðtÞ� hðx2ÞyðtÞ� x2ðtÞ;

_yðtÞ ¼ yðtÞ �3þ sin 3t
8

þ
1

3
x1ðtÞ

4þ x1ðtÞ
þ 1

3
hðx2Þ� 2yðtÞ

2
64

3
75;

8>>>>>>>><
>>>>>>>>:

ð5:1Þ

where anorexia response function is

hðx2Þ ¼

1

3
x2ðtÞ; x2ðtÞ 6 s;

1

3
s2

x2ðtÞ
; x2ðtÞ > s.

8>>>><
>>>>:

Corresponding to system (E), we have a10ðtÞ ¼ 11þ cos 2t; a20ðtÞ ¼ 11þ
sin5t; d1ðtÞ ¼ 4; a11ðtÞ ¼ a21ðtÞ ¼ 2; a30ðtÞ ¼ 3þsin3t

8
; a31ðtÞ ¼ 2; k1ðtÞ ¼ 1

3
; k2ðtÞ ¼

c2ðtÞ ¼ 1
3
; bðtÞ ¼ c1ðtÞ ¼ d2ðtÞ ¼ 1; s ¼ 0:1. It is easy to verify that system

(5.1) does not satisfy the results obtained in Section 3.
Without anorexia response, we consider the following reductive Predator–

Prey system.

_x1ðtÞ ¼ x1ðtÞ 11þ cos 2t � 2x1ðtÞ½ � � x1ðtÞx2ðtÞ �
x1ðtÞ

4þ x1ðtÞ
yðtÞ;

_x2ðtÞ ¼ x2ðtÞ 11þ sin 5t � 2x2ðtÞ½ � þ x1ðtÞx2ðtÞ �
1

3
x2ðtÞyðtÞ � x2ðtÞ;

_yðtÞ ¼ yðtÞ � 3þ sin 3t
8

þ
1

3
x1ðtÞ

4þ x1ðtÞ
þ 1

9
x2ðtÞ � 2yðtÞ

2
64

3
75:

8>>>>>>>>>><
>>>>>>>>>>:

ð5:2Þ
In fact,

(I) p1 ¼ 6; p2 ¼ 9; q ¼ 5
8
; a1 ¼ 27

64
; a2 ¼ 1769

384
.

(II) Take s1 ¼ s2 ¼ 1; x ¼ 1; e1 ¼ 2
849
; e2 ¼ 2

9
; d1 ¼ 1

12
, we have

s1a11ðtÞ ¼ 2 > s1

c1ðtÞq
d1ðtÞðd1ðtÞ þ a1Þ

þ s2bðtÞ þ x
k1ðtÞc1ðtÞ
d1ðtÞ þ a1

þ e1 ¼
315

683
;

s2a21ðtÞ ¼ 2 > s1bðtÞ þ xk2ðtÞc2ðtÞ þ e2 ¼
4

3
;

xa31ðtÞ ¼ 2 > s1

c1ðtÞ
d1ðtÞ

þ s2c2ðtÞ þ d ¼ 2

3
.

8>>>>>><
>>>>>>:
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Thus by Theorem 4.8, there exists a unique positive almost periodic solution
of system (5.2). In fact, if we take x1(0) = x2(0) = 1 and y(0) = 3, predator
population of system (5.1) is extinct, predator population of system (5.2)
0 1 2 3 4 5 6 7 8 9 10
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Predator–Prey System With Anorexia Response

Sound Prey Density
Infective prey Density
Predator Density

Fig. 1. The extinction of predator population.
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Predator–Prey System With Anorexia Response

Fig. 2. The persistence of predator population.
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persists. we can see Figs. 1 and 2. If we take x1(0) = x2(0) = 1 and y(0) = 0.5,
dynamics of infective prey population and predator population are showed by
Figs. 3 and 4.
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Fig. 3. The dynamics of infective prey and predator population.
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Fig. 4. The dynamics of infective prey and predator population.
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Remark. In this paper, we investigate an eco-epidemiological Predator–Prey
system in which an important factor such as anorexia response of predator
is considered simultaneously. By constructing a suitable V-function, the
conditions which guarantee the existence of a unique almost periodic solution
(periodic solution) can be obtained and easy testified. To the same eco-
epidemiological Predator–Prey system, persistence does not always exist under
the effect of anorexia response on predator population. So our results about the
anorexia response are new, realistic, important. Hence the study with Preda-
tor–Prey system with anorexia response may be useful to have some insight
on realistic ecology.
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