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1. Introduction

On afiltered probability space (£2, #, ()., P), we consider the following stochastic differential equation driven by Lévy
process

dX[ =U[th+bt+st, X() =X, t € [0, 1] (1.1)
where b is a constant, W is a standard Brownian motion and 0 < o, € [*(R*, dt). Moreover, L is a compound Poisson
process independent of W:

Nt
L= Y, telo1]
i=1

where Y; are i.i.d. real random variables having law %v with the Lévy measure v of L and N is a Poisson process, independent
of each Y; and with constant intensity A.

Assume that o; is unknown and we want to estimate it from discrete observations {xo, Xeys oo Xey } of the process X with
t; = i/n. Exactly, we want to estimate the unknown quadratic variational process of X¢ which is the continuous part of X,

t
[XC][‘ - / ngdsv te [07 1]7
0
which is also called integral volatility in the financial econometric literature.
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In the case that X have no jumps, this question has been well investigated. Florens-Zmirou (1993) studied it both from
the parametric and nonparametric point of view, and she obtained the consistency and the central limit theorem of her
estimators. Djellout et al. (1999) obtained large and moderate deviations. For further references, one can see Avesani and
Bertrand (1997), Bertrand (1997), Bercu and Dembo (1997) and Bercu et al. (1997).

If X has jumps defined by (1.1), in order to estimate [X];, the first problem is how to disentangle the jump part from
the diffusion part, since the latter provides information on [X];, while the jump part introduces noise. By the method of
threshold criterion, Mancini (2006) provided the following threshold estimator

[nt]
ViX) = Z(Xfi _Xti—1)21{(xti—xti_1)zsr(l/n)}’
i=1
where r(1/n) satisfies that
logn

lim r(1/n) =0, im =
n—oo n—oo nr(1/n)
He has shown that V/'(X) is consistent estimators of [X];, and has some asymptotic normality respectively (c.f. Mancini,
2006, 2008). Furthermore, when o; = o, Mancini (2008) studied the large deviation of the threshold estimator. For more
references, one can see Mancini (2004). In our article, by the method as in Mancini (2008) and Djellout et al. (1999), we
consider moderate deviations and functional moderate deviations for estimators V;*(X).

More precisely, we are interested in the estimations of

P(l;([) (v X) — fotafds> eA),

where A is a given domain of deviation, (b(n),n > 0) is some sequence denoting the scale of deviation. When b(n) = 1,
this is exactly the estimation of central limit theorem. When b(n) = +/n, it becomes the large deviations. Furthermore,
when b(n) — oo and b(n) = o(+/n), this is the so called moderate deviations. In other words, the moderate deviations
investigate the convergence speed between the large deviations and central limit theorem.

Let us first recall some basic definitions in large deviations theory (c.f. Dembo and Zeitouni, 1997). Let {ur, T > 0} be
a family of probability on a topological space (5, 5) where 4§ is a o-algebra on S and let A(T) be a nonnegative function on
[1, +00) suchthatlim,_, o, A(T) = +oco.Afunctionl : S — [0, +o00] is said to be a rate function if it is lower semicontinuous
and it is said to be a good rate function if its level set {x € S : I(x) < a} is compact foralla > 0. {ur, T > 1} is said to satisfy
a large deviation principle (LDP) with speed A(T) and rate function I (x) if for any closed set F € §

limsup —— log ur(F) < —infl(x)
T—00 ( ) xeF

and for any open setG € 4,

llm 1nf log ur(G) > —infI(x).
( ) xeG

Throughout this paper, let b(n), n > 1 be positive numbers satisfying

b(n)

b(n) > o0 and —= — 0 asn — oo.
n

Theorem 1.1. Given (X;) by (1.1). Assume a e 1%([0, 1], dt), r(1/n) = o( ) and o satisfy:

Jrb(n)
r(1/n)
k/n
(log bz(n)) max -[(k—1)/n o2ds

1<k=<n
Then

(5 (- ) <)oo

satisfies the large deviations with speed b*(n) and rate function given by
2

4 [y odds

Remark 1.1. (1) Under the conditions of Theorem 1.1, we have

— +00. (1.2)

L (x) =

k/n
/nb(n) max / o2ds — 0, n— oo.

1=k=n J (k—1)/n
(2) Letting r(1/n) = n=%°, b(n) = n=%3, 6; = 1, the conditions of Theorem 1.1 are satisfied.
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(3) If for some p > 2, o; € I[P([0, 1], dt), then max<x<n f<k 1/ 05 o2ds = ( %7 ) Consequently, taking r(1/n) =

T
n P

0 ( l‘l’g" ) we can easily obtain the conditions of Theorem 1.1. O

Let Do[0, 1] be the space of real right continuous functions x with left limit on [0, 1] and x(0) = 0, equipped with the
uniform topology. B° is the o -field generated by the coordinates {x(t),0 <t < 1}.

Theorem 1.2. Given (X;) by (1.1). Assume atz € 1%([0, 1], dt) and (1.2) holds. Then in the space (Dy[0, 1], B%),

{P(b(«[)(V(X) /(;'gszds>e.>’05t§1’n21}

satisfies the large deviations with speed b*(n) and rate function given by

e , .

4 2 I{t D'[>0}dt lf dx <« (o dt;
0

—+00, otherwise, O

J) =

where dx < o,*dt means that dx is absolutely continuous with respect to the measure o/'dt.

2. Moderate deviations of V' (X)
We first calculate the logarithm moment generating function of V;*(X):

Lemma 2.1. Forany 0 € R, set A.(n,6) = logE exp (ﬁb(n)@ (V[’(X) - for afds)). Under the conditions of Theorem 1.1,
we have

1 t
lim —— A;(n, 6) _92/ 4ds.
n— 00 bZ( ) 0

Proof. Since the process X has independent increments, we have

1 n t
rEre log E exp (ﬁb(n)@ (Vr X) — /0 afds))

[nt]
b2( ) ( fb(n)ef olds+ ) " logE exp (ﬁb(n)@(Xn _Xti—l)zli(xt.—xt‘ )2<m/n)}>>.
i i i-17 =

Then
Eexp (ﬁb(n)e(xt,.—xt,._l)zl{(x . )2<(1/)}>
t—A_q ) =r/n

=E (exp (\/ﬁb(n)O(th. _Xfifl)z) I{(xt.fxt. )2<r(1/n)}) +P ((X[i - Xfi—])z > r(l/n)) )

Hence

E exp (ﬁb(n)@(xr,- _Xfx‘—l)zl{(x X )2 f“/”)})
=Xt ) =
& b)?
_; (eﬁb(w(ﬂ"’l asdw5+,1) ‘N[i ~ Ny, = O> P(N;, —N;,_, =0)

£ b\?
_E <e\/ﬁb(n)6(ﬁilosdws+n) I

{(ft 1(73dWs+ ) >T(1/n)} Nt; 1= 0) P(N[i — th] = O)

( «/ﬁb(n)e(xf.fxp_])z
+E|e o I

2
{(Xr,‘—xt,-,l) Sr(l/”),Nti—Nti17&0}>

2
ti b
+ P (/ USdWS + ) > r(l/n) N[i — Nti*l =0 P(Nti - Nti*l = 0)
ti1q n

i—
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2
ti b
+P (/ oldWs + Ly, — Ly, + n) > r(1/n)| Ny, = Ny_, # 0 | P(N,, — Ny,_, # 0)
ti—1

1 1 1 1 1
=M |i,—)—My|i,— ) +Ms|i,— ) +Myli,—)+Ms|i—]).
n n n n n

Since N is independent of W, for n large enough, we have

1 1 b(n)b%6 /n?
M; <i, ) — e Mn exp( /nb(n) /qn . ) . (2.1)
n J1—20mbe [ ozds  \1—2/mbm0 [l o7ds
By the maximal inequality of martingales,
) 2 b2
1 f b r(1/n) — =
M, (i, 7) =e M1p / oldWs+ =) >r(1/n) | <eexp —# (2.2)
n ti—1 n 2'/;1_:1 O'Szds
and
o1 —a/n
Ms (i, =) <P(N, =N, , #0)=1—e/", (2.3)
n
Now, we estimate M, (i, %) as follows: In the case & < 0,
2 2
1 t b r(i/m) — 5%
M, (i, 7> = e *"p / odWs +— | >r(1/n) | <e*"exp _t_7n2 )
n ti1 n 2 fil—l o2ds
In the case & > 0, by Holder inequality withp > 1,q > 1and :—) + % = 1, we have for n large enough
ti 2
M, (i, 1) — e MnE e‘/ﬁb(”)e(ft,-,1 Udes+%) I, . 2
n {(.[[iilasdeW) >r(1/n)}
2 % 2
A b b 1 b b
< e n | Eexp | +/nb(n)pd / o.dW, + - P / o.dW, + o r(1/n)
ti_1 i1
e r(1/m — % Jab(n)b20 /n?
= . 7 P\ Tog [T g2ds T 1= 2 /mb(nypd [ o2ds )
(1 —2/mbmypé [" agds) qf,,02ds 1—2y/nb(mpb [! olds
Therefore,
e—k/n
b o\ /P
(1 —2/ab(mpé [ o ds)
2
1 r(i/m) — & b(n)b% /n?
M, (1, f) <1 xexp (— /q 2”2 + Vb /g — |, ifo>o, (2.4)
n 4q frm o/ di 1 — 24/nb(n)pé f[H o2ds
r(1/n) — %
e " exp (—/[12”2> , ifo <o0.
4f[l_71 olds

Then, we only have to estimate Ms(i, %). In fact,

Ms (i 1 _ E [ eVmbmo®—Xq_? 2
" h {(Xu'*xtiq) fr“/")'Nfz‘*Nfi—l#O}

— E [ eVmbmoc—Xy_ ,
(x[i 7x[H) <r(1/m). Ny —Ng_, #0.L Ly, :0}
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1 E [ evmbmoc—X_?| 5 .
{(xfi _Xti—l) =r(1/m).Ng=Ny_; #0.Lg—Ly;_4 ;éo}

By the estimation of My (i, 1) and M, (i, 1), we have

2
E eﬁb(n)e(xti—x[i_l) | .
{ (X =Xy ) =r(/mNy—Ne_y 20, —Lg;_, :0}

. 2

e (fi | osdws+2)
<Ele i1 "I, P(N, —N; , #0
- ( (f;f‘,lasdws+2)2sr<1/n)} (N = Neey #0)

= (Ml <i, 1) -M, (i, 1)) (e —1).
n n

Furthermore, for 6 > 0 and n large enough,

E (eﬁbm)e (xq X 4 )2 I

2
{ (Xt =Xy ) =r(/mNy—Ne_y #0.Le~Le;_, #0}>

= eﬁb(n)er(l/n)P ((X[,' - Xt,'_l)z = T(1/n), Nti - Nt,'_1 # Ov Lti - Lti_l 7é 0)

VMO i p ((xf,. — Xy ) < r(n), Ly — Ly, | > s)
£—0
ti b
/ osdWs 4+ —| > ¢ — /r(1/n)
fi—1 n

b2
< eVIbmOr(/m o (_r(l/n) + 112>
=< p Pyl
2 ftm olds

e—0

< eﬁb(n)ér(l/n) lim P (

For 6 < 0, similar to the case of & > 0, we have

b?
E (eﬁbm)"(xrﬁxriq) » r(1/n) + 5 )
. .

—Xt;_)2=<r(1/n),Ng;—N;_; 70, Ly —Le;_ 1;&0}) EXP( m
ti_q S

By the above estimations, we can easily follow from (1.2) and the fact thatr(1/n) = o (m)

n I\/Ij(l 1)

’n

max b2(n) M, (i, 1)

—-0, n—>o00,j=2,3,4,5.

Therefore, by Taylor formula, we can obtain that

[nt]
lim 5 b2( ) ( fb(n)@/ olds — meg (1 —2/nb(n)d /1_1 aszds))
[nt] t 2
lim 62 (1 + n(m)n (/ ajds> ,
e tic1

where |1(n)| < C|6|y/nb(n) max; i, ff,l o2ds.
Next, we show that:

[nt] t 2 t
don / olds| — / olds, n— oo.
i=1 ti—q 0

Indeed, by Jensen’s inequality

[nt] 2 i 52ds\ 2 t
1 ! olds

E n / olds =E - ft”lis 5/ olds.
—~'n 1/n 0

A¢(0)

1301

(2.5)
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On the other hand, denote by o' = zint, 0<i<2"andg(s) = fos ojdu. By the convergence of martingales,

2" n _ n
‘ﬁn(s) = Z wl[aiﬁ,alﬂ)(s) — g'(s) = 0'52, a.s.

i=0 2n

with Fatou lemma,

t t [nt] ti 2
/ afds = / (g'(s))*ds < lim sup/ [y" (s)|?ds < limsup Z (/ oszds) .
0 0 n— 00 n—oo ti_q

Therefore, (2.5) holds. O

Proof of Theorem 1.1. By Lemma 2.1, this theorem can be obtained by Gatner-Ellis theorem. O

3. Functional moderate deviations

In this section, we prove the functional moderate deviation theorem (Theorem 1.2). It is well known that the LDP of finite
dimensional distributions

\/ﬁ S1 Sk
P(b— (vg(X)—/ olds, ..., Vi (X) — f ajds», O<si<--<s<1k>1
n 0 0

and the following exponential tightness: for any s € [0, 1] and n > O,
> 1;) = -0

1 ﬁ
lim lim sup log P sup
810 nsoo b?(n) b(n) S<t<s+8

are sufficient for the large deviation of {V}, t € [0, 1]} (cf. Dembo and Zeitouni, 1997; Wu, 1997).

t
VI(X) — VI(X) — / oldu
N

Lemma 3.1. Under the assumption of Theorem 1.1, we have

Jn
lim —— sup
n—00 b(1) tefo,1]

t
EV}(X) — f olds| =
0

Proof. Since N is independent of W, we have

[nt]

EVM(X) = El X —X. )2l
t( ) Z (( tj txfl) {(Xti—Xti1)2§r(1/n),Nfi—Nti;£O}>

i=1

[nt] 4 b 2
+ ;E ( ft ) ogdW; + n) 1{ (i Usdwﬁg)zsru/m7NtH:0}

Therefore,

[nt] 4 b\’
EV(X) < E o dWs + — | 1 )
(X = ; /t 1 T {(f'r?q Usdw5+%)25r(1/n)’Nti_N[i—l#O’Lti_"fifl:0}

i
[nt]

+ Y El X — X )%
Z ( f ti-1 {(X[i—Xrl;l)2§r(l/n),N[i—Nti717£0,L[1.—L[].717é0}

i=1

[nt] i 2
+ ) E / o dW; + ), N 2 e H/m
— . n {(jtig1 osdws+2) zr(l/n)}

i—1

[nt] I b\’
+ZE /1USdW5+H e H/m,

By Chebyshev inequality,

ti b 2
E osdWs + =) Iy, ..
/f,. L7 {(fégl asdws+%)zzr<1/n>}



J. Hui / Statistics and Probability Letters 80 (2010) 1297-1305

1/2 2 1/2

4
t b G b
<|E / o dW, + — P / o dWs + - | >r(1/n)
ti—1 n ti1 n
2
b r(i/n) — 5%
<6 / olds | exp —# .
tioq 8 ftil—l o2ds

n n
im Y S E

n—oco h(n)

Then
i=1 i1

And

[nt] 2 2 t ti
n i b 1 i
lim r sup E / osdWs + — —/ ol2ds| < lim —— max / otds — 0.
n—00 b(n) te[0,1] i=1 ti_q n 0 =00 b(n) 1=i<n ti—q
Furthermore,

[nt]

tj b 2
E osdWs + — | I, .
; /fi—l T {(ft?_l ”5dW5+%)25’(1/“)’Nfi*Nfi—l#”Lfi*Lfiﬂ:OI

2
tj b
< E (/ osdWs + ) P(Nti - Nt,-_1 #0)
i ti—1 n

2
tj b
tOE (fri_l oxdWs n) I{(fé"_l frsdws+%)zzr<1/n)} PN =Nt 0)

Therefore,

[nt] ti
n i b
lim i sup E E / o dWs + — | I, .. 2 =0.
n—o0 b(n) tefo,11 45 t n {(fti’_1 agdWS) sr(l/n),N[i—er;l7&0,L[1.—L[i71:0}

By the same method as in Lemma 2.1, we have

[nt]

2
su E| (X — X I
te[OPl]; <( 0 i) {(xti—xt,._l)Zsr<1/n),Nti—Nti_1;éo.in—Lq_ﬁéO})

[nt]
2
< r(1/n sup S P (% =X ) = r(1/m), Ny = N, #0, L — Ly, #0)
te[0,1] 55

< r(1/mb*(n).

Consequently,

. \/ﬁ 2 .
lim —E | (X — X;, I < lim +/nb(n)r(1/n) = 0.
n—oco b(n) ( f tlil) {(Xti—xri,l)25T(1/”),Nr,‘—Nt,‘,1#O,Lt,v—l-ti,1¢0} - ”_’00[ (mr(1/my

By the above estimations, we complete the proof of this lemma. O

Lemma 3.2. Forany0 =5y <s; <--- < <1,k>1,

«/ﬁ $1 Sk
P(b—n v;(X)—fO oszds,...,VS"‘((X)—/O olds) ),

satisfies large deviation with rate b?(n) and rate function given by
k

Xk — xk1)*

I (x1...xk):E _—
15055k ’ ’ Sk 4

i=1 4/5,(,1 Os ds

where xo = 0.

2
ti b ti
/ odWs + =) Iy, e < /6 lim /nb(n) max/ olds| =0
o n {(f[illade5+ﬁ) zr(l/n)} n—>o0 1<i<n

1303
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Proof. For n large enough we have 1 < [nt;] < --- < [nt,] < n, so by applying the homomorphism
r: (x1,x2,... Xk) = (X1, X2 — X1, - ooy Xk — Xk—1)
Zy = (V“ X) — 2ds L Ve X)) — 2ds) can be mapped to the random vector U, = [I'Z, with independent

components. Then we consider the large dev1atlons of W (U,, — EU,). Similar to the proof of Theorem 1.1, one can get
that forany 8 = (65, ..., 6) € R¥,

1 ) k si
_ (m)/n0{A,Un—EUn) _ 2 4
Aspsn.s(®) = im s log e =X f ot
By Gartner-Ellis theorem,

:P <b£(un — EUn(s1,52, ..., 8)) € ->,n z 1}

n

satisfies the large deviations in R¥ with the speed —— and the rate function

bz( )
*
Asl S2s- Z 4d$

Then by the inverse contraction principle,

:P <b£(Zn —EZ,) € -),n > 1}

satisfies large deviations with speed b?(n) and the rate function I s..5(). O

> n) = —00.

Lemma 3.3. Forany s € [0, 1] and n > 0,

log P <‘/H sup

b(n) s<t<s+448

lmlms
1 lnﬁotolp bz( )

t
VI(X) — VI (X) — f oldu

Proof. By Lemma 3.1, we only have to show that
Vvn )
lim lim su lo sup |ALVM(X) —EALV'(X)| > n) = —c0 3.1
i sup 5 logP (b(n) S0P, 1AV — EAVM 00| > G-
where ALV (X) = V['(X) — V(X).
In fact, (V}(X) — EV['(X)) is a Fin)/n-martingale. Then

exp (6 (V/(X) — EV/'(X)))

is a submartingale. By the maximal inequality, we have

! (t:(/nﬁ) sup , (4:V"(0) —EAV(0) > ”) < e OIE exp (b(n) /B A (V' (X) — EV"(X))..
s<t<s+3§

By Theorem 1.1, we have

limlims
50 lnﬁolip bz(n)

IA

s+6
lim inf :—en +92/ ajdul
N

810 6>0

logP < Vi sup (AWV'(X) —EAWV'(X)) > n)
b(n) s<t<sts
2

1m =
510 [ST0 _a
o 07 oddu

Similarly,
NI
lim li logP | —~— f (A'V"(X) —EALVM(X —n ) =—o0c.
510 mnal B2(m) (b(n) 0, (4700 = EAVI(0) < =1 >

Hence (3.1) follows from the above estimations. O
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Proof of Theorem 1.2. By Lemmas 3.2 and 3.3,

t
P */ﬁ(v[“(X)—/ ajds> e-].n>1
b(n) 0 tef0,1]

satisfies the large deviations with the speed bﬁ and the rate function

Jeo = sup {I;, 5 (x(s1), ..., X(5K)); 0 =359 <51 < --- <5 < 1,k >0}, xe€Dg[0, 1].

It is enough to prove that j(x) = J(x). For x € Dgl[O0, 1], set F(t) fot 05‘11{5;[,5>0)du fors € [0,1].If J(x) < +o0, then

for0=s9 <s$1 <--- <58, <1,

k 2 k 2
(K(s) — x5 07 1 o (x(s;)—x(sj-1>>
j; 4f7 ofdu 4 ; (F@s) —F(s-0) F(sj) — F(5-1)

1 1 S X' (u)
= 3 266 ~Fo) (e / e

u
2
1 1 (X ()
= */ (7)I{t:a[>0}dt
0

4
4 o,

which implies that J(x) < J(x).

On the other hand, suppose f(x) < 4o00. Denote by o = zi,, 0 < i < 2" Ifdx <« o/dt, by the convergence of
martingales,
2n n n /
X(o; — X(o; X (t
wn(s) = Z M’[a,ﬂ,a?)(t) N ¥’ dF-a.s.
i—o Y1 T Y O¢

By Fatou lemma,

1 / 2 1
: / <@> dF(©) < + limsup / [ OFPAF(©) <J®) < +oo.
4 Jo Ot 4 > Jo

Therefore, J(x) :](x). O
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