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Abstract A description of a Lorentz—Gauss beam is made
directly starting with the Maxwell equations. Based on
the vector angular spectrum representation of the Maxwell
equations and the method of stationary phase, the analyti-
cal TE and TM terms of a Lorentz—Gauss beam have been
presented in the far field. The TE and TM terms are orthog-
onal to each other in the far field. The energy flux distrib-
utions of a Lorentz—Gauss beam and its TE and TM terms
are depicted in the far field reference plane. The influences
of the different parameters on the energy flux distributions
of a Lorentz—Gauss beam and its TE and TM terms are
discussed. Moreover, the vectorial structure of a Lorentz—
Gauss beam is also compared with that of a Gaussian beam.
This research is useful to the descriptions and applications
of highly divergent laser beams.

PACS 41.85.Ew - 42.25Bs

1 Introduction

Lorentz—Gauss beams have been recently introduced as a
new kind of realizable beams [1]. The Lorentz beam can be
regarded as a special case of Lorentz—Gauss beams. With
the spatial extension being the same, the angular spread-
ing of a Lorentz—Gaussian distribution is higher than that
of a Gaussian description [2]. Therefore, the Lorentz—Gauss
beam provides an appropriate model to describe some cer-
tain laser sources, e.g., double heterojunction Gaj_,Al,As
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lasers, which produce highly divergent fields [2, 3]. More-
over, the closed-form scalar representation of a Lorentz—
Gauss beam on a general transverse plane has been pre-
sented [1]. While the purpose of this paper is just to provide
a novel approach to reveal the vectorial composition of a
Lorentz—Gauss beam. Here, the description of a Lorentz—
Gauss beam is made directly starting with the Maxwell
equations. Moreover, the vector angular spectrum method
is used to resolve the Maxwell equations. As the vector an-
gular spectrum can be separated into two terms in the fre-
quency domain, the Lorentz—Gauss beam is decomposed
into the TE and TM terms. The TE term denotes the elec-
tric field transverse to the propagation axis, and the TM term
means the associated magnetic field transverse to the prop-
agation axis [4-8]. Since the divergence condition of the
electric field should be satisfied and the polarization direc-
tion of every plane wave component must be perpendicular
to its own wave vector, the TE and TM terms of a Lorentz—
Gauss beam is unique. The TE and TM terms are orthogonal
to each other in the far field. Meanwhile, some researches
and applications are conducted in the far field. By means
of the method of stationary phase, therefore, the analytical
expressions of the TE and TM terms will be presented in
the far field. The influences of the different parameters on
the energy flux distributions of a Lorentz—Gauss beam and
its TE and TM terms are discussed. The vectorial structure
of a Lorentz—Gauss beam is also compared with that of a
Gaussian beam.

2 Analytical vectorial structure in the far field

In the Cartesian coordinate system, the z-axis is taken to be
the propagation axis. In the present paper, the description of
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a Lorentz—Gauss beam is directly derived from the Maxwell
equations

Vx E(r)—ikH(r)=0, (1
V x H(r)+ikE(r)=0, 2)
V-Er)=V-H(@r)=0, 3)

where r = xi+ yj+ zk, and k =2 /A; E(r) and H (r) are
the propagating electromagnetic fields. When the Maxwell
equations are transformed from the space domain into the
frequency domain, (1)—(3) become

Lx E(p,q,2)—ikH(p,q,2) =0, (4)
LxH(p,q,2)+ikE(p,q,z) =0, Q)
L-E(p.q,2)=L-H(p,q,2) =0, (6)

where L = ikpi+ikqj+ 9/9zK, p/2 and g /A are the trans-
verse frequencies, and E(p, q,z) and E(r) are the spatial
Fourier transform pair [9-11]:

E(r) = / / E(p.q. 2 explik(px +qy)]dpdq. ()

H (p,q,z) and H(r) are also the spatial Fourier transform
pair:

H(r)= / / H(p,q,2)explik(px +qy)]dpdq. (8)

The solutions of (4)—(6) can be expressed in the form

E(p.q.2) = A(p.q) exp(ikmz), ©9)
od €0 .
H(p,q,2) = /%[s x A(p, q)]exp(ikmz), (10)

where A(p,q) is the vector angular spectrum, m = (1 —
p* — ¢*»'? for homogeneous waves and m = i(p> +
g — 1)/2 for evanescent waves, and s = pi + gj + mk. &g
and g are the electric permittivity and the magnetic perme-
ability in vacuum, respectively. The vector angular spectrum
A(p, q) reads as

A(p,q) =Ax(p, i+ Ay(p,q)j+ A;(p, k. (1D

The transverse components of the vector angular spectrum
Ax(p,q) and Ay(p, g) are given by the Fourier transform
of the input condition [12]

k 2 ro00 00
Ax(p,q>=(5)/ / Ex(x0. 0. 0)

x exp|—ik(pxo + qyo) ] dxo dyo, (12)
k 2 ro00 00
A,(p,q>=(—)f / E, (x0, %0, 0)
’ 1) Jo oo
x exp|—ik(pxo + qyo) ] dxo dyo, (13)
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where Ey(xo, y0,0) and Ey(xo, yo,0) are the input trans-
verse electric fields of a Lorentz—Gauss beam. The longitu-
dinal component of the vector angular spectrum A (p, q) is
given by the orthogonal relation s - A(p,q) = 0 and turns
out to be

A(p.q)=—[pA:(p.q) +qA,(p.q)]/m. (14)

In the frequency domain, two unit vectors e; and e, can be
defined by [4-8]

q. pP. pm, qgm,
- ) E l ’ 1
er=i—"j ey i+—j—0bk (15)

where b = (p® + ¢%)!/2. Thus, the three unit vectors s, e1,
and e; form the mutually perpendicular right-handed system

s xXep=ey, e; xey=s, e) X s=ej. (16)

In the frequency domain, the vector angular spectrum
A(p, g) can be decomposed into two terms:

A(p.q) =[A(p.q).e1]e1 +[A(p. q).e2]ex. (17)

Therefore, (9) and (10) can be rewritten as follows:

E(p.q.2) =[A(p.q).ei]ei exp(ikmz)

+ [A(p, q).ez]ez exp(ikmz), (18)
H(p.q.2) = [2{[Ap. ) e]es
o
—[A(p. q).e2]e1} exp(ikmz). (19)

Accordingly, the propagating electric field of a Lorentz—
Gauss beam can be decomposed into the TE and TM terms

E(r)=ETg(r) + Etm(r) (20)

with ETg(r) and E1ym(r) given by
o0 0
Ere(r) = / / [A(p. q).e1]er exp(ikr.s)dpdq. (21)
—0o0 J —0O0

Enn(r) = / f [A(p. q).e2lesexplikr.s)dpdq. (22)

Similarly, the propagating magnetic field of a Lorentz—
Gauss beam can also be expressed as the sum of the cor-
responding TE and TM terms

H(r)=Hg(r) + Hrm(r) (23)

with Htg(r) and H1ym(r) given by

HTE(r)=,/8—O/ / [A(p,q)-e1]e
Mo J—00 J -0

x exp(ikr.s)dpdgq, (24)
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feog [ [ q f
Hyv(r) = — —/ / A(p.q).e2ei +eXP(—> [1 —eff( (qi— pj)
Mmoo J—o00 —oo[ ] b y fy y 2f
x exp(ikr.s)dpdq. (25) x exp(ikr.s)dpdq, 29)
Now, we consider the special case that a Lorentz—Gauss 72
beam is polarized along the x — z plane and propagates to-  Etm(r) = 2P =2 + — / / m
ward the half free space z > 0. At the z = 0 source plane,
the input transverse electric field of a Lorentz—Gauss beam —p f p
takes the form [1] {GXP < 7. ) |:1 - eff(z - ﬁ)}
E (x0, ¥0,0)
o)1+ 2)
Jx
2 2
1 1 1 _x0+J’Q
— | woxwoy 14(xo/wox)? 14+(vo/woy)? exp( wi ) , (26) % {exp( C])I:l — erf(_ _ _>]
0 g g
where wo, and wy, are the parameters related to the beam + exp( )[l —erf ( f el ):H
widths in the x and y directions, respectively, and wy is fy fy o 2f
the waist 'of thfa Gau‘ssian' beam. The tirpe dep§ndent fac- % (pmi o gmj— bzk) exp(ikr.s)dpdg, (30)
tor exp(—iwt) is omitted in (26), and w is the circular fre-
quency. According to (12), the x component of the vector — p. .o
angular spectrum A, (p, g) turns out to be
2 X
erf(x) = — / exp(—s2)ds (31)
G by )

2 2 2
Av(p.q) = - exp(?2 +%>
x y
X {exp <—£> |:1 —erf(i — £>:|
Sx fo 2f
von(F)[1-en (£ 55
Aon(-)[1-en(£-57)]

f
O )

= 1/kwoy,

where

= 1/kwo, fy=1/kwoy.  (28)

The y component of the vector angular spectrum A, (p, ) is
verified to be zero. After lengthy calculation, the TE and TM
terms of the propagating electric field for a Lorentz—Gauss

SN
X%%;>P*%%-%ﬂ
reo ()17 27) )
Jon(G el 37

7[2
ETg(r) = —exp

is the usual error function [13]. Similarly, the corresponding
TE and TM terms of the propagating magnetic field for a

Lorentz—Gauss beam read as
f2 o0 [e'e) q
7))

B 0 712 f2
Htg(r) = \/%m exp(}c—x2 +
oo )= (5-5)]

Jx fo 2f
ren( ) [1-e( £+ 57
X {exp(—i> |:1 —erf(i — i>i|

Iy fy 2f

o, aq
+eXp<fv)[l_erf(f> 2f)”
X (pmi +gmj— bzk) exp(ikr.s)dpdq, (32)
_ 0 7T2 f2 f2 00 00 p
Hm(e) = ‘/ERP(? * f_> [
Aor(-F )1 -5 -5)]

Jx fx 2f
ron(f)[1-en( £+ 57
ol 3]

Sy Sy 2f
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el )

X (qi — pj)exp(ikr.s)dpdq. 33)

Here, the TE and TM terms denote that the longitudinal
component of the electric and the magnetic fields is equal
to zero, respectively. The Lorentz—Gauss beam can be de-
composed into the transverse and longitudinal components
in the spatial domain, while the decomposition of Lorentz—
Gauss beam into the TE and TM terms is carried out in terms
of the frequency domain.

When z is larger than several light wavelengths, the
evanescent waves have almost fallen down. As z is large
enough in the far field, the evanescent waves have com-
pletely disappeared. Thus, the integral in (29), (30), (32),
and (33) should be restrained within the range of 0 <
b < 1. In the far field regime, the condition kr = k(x2 +
y2+22)1/2 = oo is satisfied. By means of the method of sta-
tionary phase, therefore, the analytical propagating electro-
magnetic fields of the TE and TM terms in the far field can
be presented. According to the method of stationary phase
[14, 15], the surface integral of (29) is shown to have the
asymptotic value [16]

n .
€j

ir
Erg(r)=—) ————
r ; (lojBj — v}

_y_l)l/zM(Pj,t]j)
J

xexp[ikrF(pj,qj,x,y)] as kr - oo, (34)

where
2 £2 f2> qj
M(pi.g:)=—¢e
(Pj4q;) 422 (fx 1) pi+a;
x {exp<_pj>[l - erf(_ - ﬂﬂ
I foo 2f
+exp<%>[1 —er f( )]}
{exp( i )[l—erf( —q_]>i|
5 fro 2
+exp<fy>[1_ef< )}}
and

F(pj.qj.x.y)=[pjx+q;y+(1-pj - qj)l/2 ]/r.
(36)

n is the number of stationary points. The stationary points
(pj,q;) are solutions of the equations
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dF(p,q,x,y) 1 D —0
9 e =\ T A 2 T
p q=4; r ( Pj qj)
(37)
OF(p.q.x.y) 7 g _
P S O G R N
q P=Pj r ( Dj qj')
9=q;j
(38)

By solving (37) and (38), one can obtain

qr=y/r. 39)

There is only one stationary point, which meansn = 1. As a
result, the parameters o1, 81, y1, and & turn out to be

pr=x/r,

_9F*(p.q.x.y) —z
= 2 — 2_ 2
ap p=pir(l=p —gp)'/?
2 2
X
x(1+%>=—(1+—2>, (40)
1—-p7—q z
g — IF*(p.q.x.y) B —z
1= 9a2 - — 2 _ ,2\1)2
q b=ni Cr(1-p}—q?)
2 2
x<1+%)=—<1+y—2>, @1
l—pi—q z
)y — IF2(p,q,x,y) 2Ll
dpdq = (1 —p?— g3
xy
=5 42
3 2)
e =—1. @3)

Substituting (35)—(43) into (34), the analytical electric field
of TE term in the far field is found to be

iJszZ f2 f2
) = er(+ 1)
X {exp(—L) [l — erf(i - L)}
fxr fx o 2fr
X f X
+exp<fxr> [1 ) erf(fx 2fr>}
Ao = (-5
fy" fy 2fr
fo,y
+e""(fy )[1 _erf(f} 2fr>“
x (yi — xj)exp(ikr), (44)
where p = (x + y%)!/2. The corresponding magnetic field

of the TE term in the far field turns out to be

_in2yz E_Oex f2 f2
Do\ N\ 2T 2

Hrg(r) =
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Joel- 7)ol 557)]
rool )| -7 05
fer(7o )l el o7 )]
ronl )l 7]

x (xzi+ yzj — p°k) exp(ikr). (45)

Similarly, the analytical TM term in the far field reads as
i]sz <f2 f2>
AV
X X
X {exp(——) |:1—erf( i|
Sar Jx 2fr
X ¢ X
roe( g )[1-eo( )
X {exp(—ﬁ)[l —erf( 3 r :|
Y
" exp(fy )[1- erf( *27)

x (xzi 4 yzj — p°k) exp(ikr), (46)

in’x  [€ 2 f?
)= (5 )

Aol =557
con(g )1+ 57 )]
“loo(- 7 )t~ 27)]
con( ) 1=l + 57}

X (yi — xj) exp(ikr). @7

Etv(r) =

t\.)

27
!
27
!

[\

Apparently, the TE and TM terms are orthogonal to each
other in the far field. The exclusive condition under which
the method of stationary phase can be applied is kr — oo
and independent of the parameters wg, woy, and wgy. In
other words, the three parameters wg, woy, and woy in (44)—
(47) may take any values of physical meaning. Therefore,
the analytical TE and TM terms of a Lorentz—Gauss beam
obtained here are applicable not only to the paraxial case but
also to the non-paraxial case.

The propagating electric field of a Lorentz—Gauss beam

is given by
im 22 fo 2 f 2
2 fx fy

Joel- 7)ol 570)]

E(r) = E1g(r) + Etm(r) =

con() 1= 277

§ {exp<_ﬁ)[ B rf(fy 2fr )]
e 1= £ 577

x <i— gk) exp(ikr). 48)

In the paraxial case, the electric field is confined to the
paraxial realm. Therefore, the above equation can be further
simplified to be

E
Joel- 7l -7 570)]
reol )|l 057
fen(7o )l (5 o7 )]
rool )|z

x iexp(ikr). 49)

E(r)=

[\)

The closed-form scalar representation of a Lorentz—Gauss
beam on a general transverse plane has been presented as

follows [1]:
in? [ x24+y? ]
=———explikz — —5————
4rz wy(1+iz/l)

x | v+ al <
T\ I+iz/l 14iz/l

_ x
+V <1+zz/l 1+lZ/l)i|

E(r)

><|:V+(
1+iz/l’ 1+lz/

l
-
* (1+zz/z 1+lz/l>

(50)
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where [ = kw} /2, and V;(c, z) is given by N exp( ) |:1 B erf< f n _):| }2 (54)
. fyr fy 2f ’
Vie.2) = eXP<2—.(ch + ic)z) g0 mhx’z 2f2 2f2
1z (Sz>TM=,/—TeXP< 5 3 )
o 3202 p%r fi VK

Lozl e )

Sx 2fr
where ¢ = x or y. In the far field, (50) reduces to be

in? (f_+f_2> “Xp(fx )[l_erf< 7 )”2

B ot -5)
X 1exp| ——— -edl 55
oo ) [1-en(F 27 for fo2lr
x dexp( —— || 1 —erf( < —
fxz Lo 2

cen( )L 2] oGl o

Since the TE and TM terms are orthogonal to each other in
% { exp <_ R ) [1 _ (_ _2 ] the far field, the energy flux distribution of a Lorentz—Gauss
fyz fy  2fz beam yields

Sy 21 2f?
roo( £ ) i-et( L o) [} e (52 = (52me-+ (= [ exp f)

f2
As to the paraxial case,rz(zz—i—pz)l/z:z—i-%%z.ln < dexol = V|1 — erf S x
the paraxial case, therefore, the vector Lorentz—Gauss beam P far fx 2fr
obtained here is approximately equal to the scalar Lorentz— )
Gauss beam in the far field. + exp( > |:1 — erf( f i )] }
Sxr S 2fr
7T4Z 2 )
. . . . X ——| X + _y
3 Energy flux distributions in the far field 3202923 72
According to the above analytical electromagnetic represen- x {exp <_ L) |:1 — erf(i _ L)]
tations of the TE and TM terms, their energy flux distrib- fyr vy 2fr
utions can be investigated in the far field. The energy flux y f y 2
distribution at the plane z =const is described by the z com- + exp( > [1 —er f( )] } - (56)
. ) f y f y 2fr
ponent of the time-average Poynting vector
{ In the paraxial case, (56) reduces to be
— *
(8z) = ERC[E(") x H (r)]za (53) %0 e 2f2 2f2
. . (82) = _32A2r3 f2 + 7
where Re means taking the real part, and the asterisk denotes Ko
complex conjugation. Therefore, the energy flux distribu- X f X
tions of the TE and TM terms at the far field plane z = const {eXP< 7 > |:1 - erf(z - E)]
are given by
n X | ¢ f X 2
exp| — —er
(S)1E = B m'y'e exp 2/ 2f2 \er f 2fr
) o 320207 P\ T 7
y foy
X f X X y€Xp —ﬁ 1 —erf 7 — E
X {exp(——)[l—erf(— — —>:| ) Y
Sar fx o 2fr f 2
2 —i—exp( >|:1—erf< +—>:|} . (57)
+exp< )[l—erf<f al )“ fyr Iy  2fr
Sar fx o 2fr

For the sake of intuition, Figs. 1 and 2 show the en-
% { exp(— Yy ) [1 _ erf( i Yy )i| ergy flux distributions of the TE term, the TM term, and the
fyr whole beam of a Lorentz—Gauss beam at the far field plane

Iy 2fr
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Fig. 1 The energy flux distribution of a Lorentz—Gauss beam (the first, the second, and the third rows) and a TE Gaussian beam (the bottom row)
at the reference plane z = 1000A. wo = 0.5A. (a, d, g, j) The TE term. (b, e, h, k) The TM term. (c, f, i, 1) The whole beam. wg, = wpy = 0.254 in
(a)—(c), and wo, = woy = 1A in (d)—(f). In (g)—(i), wox = 0.254, and woy = 1A

z = 1000A. For simplicity, &9/ 40 is set to be unity. In Figs. 1
and 2, subfigures (a), (d), (g), and (j) represent the energy
flux distributions of the TE term, and subfigures (b), (e), (h),
and (k) the energy flux distributions of the TM term. Subfig-
ures (c), (), (i), and (1) refer to the energy flux distribution
of the whole beam. In Fig. 1, wg = 0.5, which corresponds
to the non-paraxial case. In Fig. 2, wg = 5A, which stands
for the paraxial case. wo, = wpy = 0.25A in Figs. 1(a)-
1(c), and woy = woy = 1A in Figs. 1(d)-1(f). In Figs. 1(g)-

1(1), wox = 0.254, and woy = 1A. wox = woy = 2.54 in
Figs. 2(a)-2(c), and woy = woy = 10X in Figs. 2(d)-2(f).
In Figs. 2(g)-2(i), wox = 2.54, and wo, = 10A. For compar-
ison, the energy flux distributions of a TE Gaussian beam,
its TE and TM terms are also depicted in Figs. 1(j)—1(1) and
2(j)-2(1). Apparently, the TE and TM terms are orthogonal
to each other in the far field. As to the TE term, the diver-
gence in the x-direction is smaller than that in y-direction.
While for the TM term, the divergence in the x-direction
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Fig. 2 The energy flux distribution of a Lorentz—Gauss beam (the first, the second, and the third rows) and a TE Gaussian beam (the bottom row)
at the reference plane z = 1000A. wo = 5A. (a, d, g, j) The TE term. (b, e, h, k) The TM term. (c, f, i, 1) The whole beam. wo, = woy =2.5X in
(a)—(c), and wo, = woy = 10A in (d)—(f). In (g)—(i), wo, = 2.5, and wo, = 101

is larger than that in y-direction. When wq, and wyg, are
both larger than wy, the divergence a Lorentz—Gauss beam
is slightly larger than that of a Gaussian beam. In this case,
the beam spot of a Lorentz—Gauss beam is close to that
of a Gaussian beam. When wo, and wq, are both smaller
than wy, the divergence of a Lorentz—Gauss beam is ap-
parently larger than that of a Gaussian beam. In the non-
paraxial case, the whole beam spot of a Lorentz—Gauss beam
is elliptical though woy = woy. If wox # woy, the whole

@ Springer

beam spot is elliptical. Moreover, the long-axis is located
along the direction where the corresponding value of wo,
or woy is smaller. The beam spot shape of a Lorentz—Gauss
beam depends on the choices of three parameters wo,, woy
and wyp. According to the practical conditions, therefore, the
three parameters should be optimized. The degree of parax-
iality has been introduced to evaluate the paraxiality of a
monochromatic light beam [17]. Since the length of the pa-
per is limited, the relation between the degree of parax-
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iality of a Lorentz—Gauss beam and the three parameters
wox, Woy, and wo will be reported elsewhere.

4 Conclusions

A description of a Lorentz—Gauss beam is made directly
starting with the Maxwell equations. According to the vecto-
rial structure of electromagnetic beam and the method of sta-
tionary phase, the analytical TE and TM terms of a Lorentz—
Gauss beam have been presented in the far field. The TE and
TM terms are orthogonal to each other in the far field. As
to the TE term, the divergence in the x-direction is smaller
than that in y-direction, while for the TM term, the diver-
gence in the x-direction is larger than that in y-direction. The
energy flux distributions of a Lorentz—Gauss beam, the TE
term and the TM term are depicted in the far field reference
plane, which distinctly reveals the vectorial composition of
the Lorentz—Gauss beam. The influences of the different
parameters on the energy flux distributions of a Lorentz—
Gauss beam and its TE and TM terms are discussed. More-
over, the vectorial structure of a Lorentz—Gauss beam is
also compared with that of a Gaussian beam. Compared
with the Gaussian beam, the Lorentz—Gauss beam provides
a better appropriate model to describe some certain laser
sources with high divergence. The method of decomposi-
tion of a Lorentz—Gauss beam used here is different from
that of [18], where the transverse electric fields are decom-
posed into two orthogonal components, and the longitudinal

component keeps invariable. This research is useful for de-
scriptions and applications of highly divergent laser beams.
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