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1. Introduction

In this paper, we consider the following weakly damped non-autonomous wave equation involving mixed differential
quotient terms [12-14]

3

Uy + Bur — Au+ o> Diue + f(u) = g(x,t), xeQ,
i=1

Uy = 0, (1.1)

u(x,7) =u(x),  ue(x,7) = up(x),

here Q is a bounded domain in R* with smooth boundary, o, § are positive constants and the functions f and g satisfy the
following conditions:

feC(R), If(s)l<C+Isf), (1.2)

f(s)s —miF(s) > —my, (1.3)

g(x,t) € L(R; [*(Q)) (1.4)
and

g € Ly(R;L(Q)) with r > §, (1.5)

5

where m; and m, are positive constants. The number 2 is called the critical exponent, since the nonlinearity fis not compact
in this case. It is clear that the external forces g satisfying (1.4) and (1.5) is translation bounded but not translation compact
(the definition can be found in the beginning of the next section).
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In this paper, we consider the non-autonomous system (1.1) via the uniform attractors of the corresponding family of
processes {U,(t, 1)}, 0 € X, the feature of the model (1.1) is that: (i) the wave equation involves mixed differential quotient
terms, (ii) the nonlinearity f(u) has critical exponent, and (iii) the external forcing g(x,t) is not translation compact in
L2 (R; [2(Q)).

Let us recall some relevant research in this area. For the autonomous case, the global attractors for wave equations were
studied in [1-7,9] for the linear damping case and [17-19,21,23,24] for the nonlinear damping case. In the case of non-auton-
omous system, in Chepyzhov and Vishik [7], the authors obtained the existence of a uniformly attractor when g is translation
compact and nonlinearity fis subcritical. In Zelik [8], by use of a bootstrap argument together with a sharp use of Gronwall-
type lemmas, when g, 8,g € L*(R;L*(Q)), f € C*(R), f(0) = 0 and fis critical exponent, the author obtained some regularity
estimates for the solutions, which implies naturally the existence of a uniform attractor. Under the assumptions that g
and d,g are both in the space of bounded continuous functions C,(R;L?(£2)), Zhou and Wang [11] have proved the existence
of kernel sections and obtained the estimation of the Hausdorff dimension of the kernel sections. Caraballo et al. [10] have
discussed the pullback attractors for the case of subcritical nonlinearity.

The study of wave equations has attracted much attention and has made fast progress in recent years, the qualitative the-
ories for quasilinear hyperbolic equations with damping were considered in [25-29]. But few of the wave equations involv-
ing mixed differential quotient terms, especially for the non-autonomous case. For the autonomous case, recently, Kurt [12]
proved the existence of an absorbing set of (1.1) in Hy(Q) x L*() in the one-dimensional case. Subsequently, in [13], Zhang
and Zhong obtained the global attractor of (1.1) in Hy(£2) x L?(€2) for the one-dimensional case. In [14], Zhang showed the
global attractor for the problem (1.1) in H}(2) x L*(2) with subcritical nonlinearity. In the case of non-autonomous systems,
to our best knowledge, the problem is less clear. Therefore, it is necessary to extensively search. Our main goal in this paper is
to prove the existence of a uniform attractor for the problem (1.1)-(1.5) in H})(Q) x L?(Q) and improve the result of [12-14].
We state our main result in Section 4, namely Theorem 4.6.

This paper is organized as follows: in Section 2, we give some preparations for our consideration; in Section 3, we prove
the existence of an uniformly absorbing set in Hy(2) x L*(2); in the last Section, we derive uniform asymptotic compactness
of the corresponding family of processes {U,(t, )}, 0 € X generated by problem (1.1).

2. Preliminaries

In this section, we first recall some basic concepts about non-autonomous systems, we refer to [7] for more details.
Space of translation bounded functions in L (R;L*(€)), with r k > 1

loc

t+1 %
L (R L4(Q)) = {g et @)sup [ ([ 1sstax) as < oo}.
t Q

teR

Space of translation compact functions in L2 _(R;L*())

loc
(R [2(Q)) = {g €2 (R;I*(Q)) : For any interval [t;, ;] C R,
{g(x,h+5):h e R}, is precompact in L*(t;, tz;Lz(Q))}.
Let X be a Banach space, and X be a parameter set.
The operators {U,(t,7)}, 0 € 2 are said to be a family of processes in X with symbol space X if for any ¢ € ~
Us(t,s) o Uys(s,T) = Uq(t,T) VEZ=S2T, TER, (2.1)
Us(1,7) = Id(identity) V7 e R. (2.2)

Let {T(s)},>, be the translation semigroup on X, we say that a family of processes {U,(t,7)}, 0 € X satisfies the translation
identity if
Us(t+5,745) =Urse(t,7) Voel, t217, TeR, s> 0, (2.3)
T(s)Z=2 Vs=>0. (2.4)
By #(X) we denote the collection of the bounded sets of X, and R, = {t € R,t > T}.
Definition 2.1 [7]. A bounded set By € #(X) is said to be a bounded uniformly (w.r.t. ¢ € ) absorbing set for
{Us(t,7)},0 € 2 if for any 7 € R and B € #(X) there exists To = To(B, T) such that | J,.sUqs(t; T)B C By for all t > T,.

Definition 2.2 [7]. A set o/ C X is said to be uniformly (w.r.t ¢ € X) attracting for the family of processes {U,(t,7)},0 € X' if
for any fixed T € R and any B € 4(X)

lim <sup dist(Us(t; T)B; y/)) =0,

t=+00 \ gex

here dist(, -) is the usual Hausdorff semidistance in X between two sets.
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In particular, a closed uniformly attracting set .«/y is said to be the uniform (w.r.t. ¢ € X) attractor of the family of
processes {Uy(t,7)},0 € X if it is contained in any closed uniformly attracting set (minimality property).

Similar to the autonomous cases (e.g., see [23]), we have the following existence and uniqueness results, the proof is
based on the Galerkin approximation method (e.g., see [22]), the time-dependent terms make no essential complications.

Lemma 2.3. Let Q be a bounded domain of R* with smooth boundary, f satisfies (1.2) and (1.3), g € L*(R;L?()). Then for any
initial data (1%, ul) € HY(Q) x [?(Q), the problem (1.1) has a unique solution u(t) satisfies (u(t), ur(t)) € C(Ry; HY(Q) x [*(Q)) and
dreu(t) € L2 (Re; H1(Q)).

For convenience, hereafter, the norm and scalar product in L*(£2) are denoted by || - || and (, ), respectively. and C denotes a
general positive constant, which may be different in different estimates.

We use the notations as in Chepyzhov and Vishik [7]: let y(t) = (u(t), uc(t)), y, = 1, ul), Eo = Hy(2) x L*(2) with finite
energy norm

1
IVllg, = {1 Vul* + [uel 2.
Then system (1.1) is equivalent to the following system:
3
Oclly = Au — acZHDiut —Bur —f(u) +g(x,t) foranyt >t (2.5)
u‘@ﬂ = 07 U(X, T) = ug(x)7uf(xv T) = u‘]c (X)7

which can be rewritten in the operator form
0y =Asy(¥), Ve =Yo (2:6)

where o (s) = g(x,s) is symbol of Eq. (2.6).
We now define the symbol space for (2.6). Taking a fixed symbol 64(s) = go(x,5), g € L™ (R; L*(Q)) N W}"(R; L' (2)) for
some r > £ Set

Zo={(x,t)—go(x,t +h): heR} (2.7)
and

3 be the * — weakly closure of Xy in L™ (R;L*(Q)) n W} (R; L (Q)). (2.8)
Then we have the following simple properties:
Proposition 2.4. X is bounded in L**(R;L*(Q)) N W}"(R;L"(R)), and for any o € X, the following estimate holds:

HO-"LX(R:LZ(Q))HW;"(R;L’(Q)) < HgO”L’“(R;LZ(Q))HW;”(R;L'(Q))'

Thus, from Lemma 2.3, we know that (1.1) is well posed for all o(s) € X and generates a family of processes
{Uq(t,T)}, 0 € X given by the formula U,(t, T)y, = y(t), where y(t) is the solution of (1.1)-(1.6), and {U(t,7)}, 0 € X satisfies
(2.1) and (2.2). At the same time, by the unique solvability, we know {U,(t, 1)}, ¢ € X satisfies the translation identity (2.3).

In what follows, we denote by {U,(t, 1)}, 0 € X the family of processes generated by (2.6)-(2.8).

3. Uniformly (w.r.t. seX) absorbing set in E,

Theorem 3.1. Under assumptions (1.2)-(1.5), the family of processes {U,(t,T)},0 € X corresponding to (1.1) has a bounded
uniformly (w.r.t. ¢ € X) absorbing set By in E,.

Proof. From the definition of X we know that for all 0 € X
2 2
ol < lgol:- (3.1)

Without loss of generality, we assume that o = g = 1. Taking the scalar product with v = u; + u in L?, where 0 < 5 < o
which will be determined later, we get

;dt<HVH + |Vul? +2/F ) (1= 8)|[v|I* + 8| Vul* = 6(1 — 8)(u,v) (ZDu v> +6/f wudx = (g,v).
(3.2)

From (1.3) we know that there is Co > 0 such that

(f(u),u) = my | F(u)dx — Co

Q
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and we obtain the estimate by using Hoélder inequality and Young inequality
VIP + | Vu|? +/92F(u)dx > n(IvI* +IVul*) - G, 33)

where 7 is a positive constant and
2 2 2 1,2 96 2
(1= 9)[[vI* + oI Vull* = 8(1 =) (u,v) =5 > _Du,v | > S IVIT 5 1Vull™. (34)
i1

From (3.3) and (3.4) we obtain

1d

1 b 1
Sd (IIVH2 + |Vl +2 / F(U)dx) +35 IvI* + 3 [Vul® + omy / F(u)dx < 3Co + IvI? + lIgll?, (3.5)
Q Q

choose y = min{},d,om, }, set z(t) = [vII® + || Vul* + Jo 2F(u)dx, by Gronwall’s inequality, we get
V() < 2(t) < 2(2) exp(=y(t — 1) + (1+77) (26Co + 2]gly ) (36)
from (3.1), we know

gl < llgolly; forall g e .

Therefore, we obtain the uniformly (w.r.t. ¢ € X) absorbing set By in E,.
Bo = {y = w.u)llyll* < p3}.

where p, = 2(1+771)(26Co + 2\|go|\f§), i.e., for any bounded subset B in Ey, there exists a ty = to(7,B) > T such that
JUs(t,)BC By Vt>to. O

gex

4. Uniform (w.r.t. 6c) asymptotic compactness in E,

In this section, we will first give some useful preliminaries, then obtain some a priori estimates about the energy inequal-
ities on account of the idea presented in [15-21]. Finally, we use Theorem 4.5 to establish the uniform (w.r.t. ¢ € X) asymp-
totic compactness in Ey.

Hereafter, we always denote by B, the bounded uniformly (w.r.t. ¢ € X) absorbing set obtained in Theorem 3.1.

4.1. Preliminaries
Firstly, we recall the simply criterion developed in [16], the following results are similar to that in [20,21] for autonomous

cases.

Definition 4.1 [16]. Let X be a Banach space and B be a bounded subset of X, > be a symbol (or parameter) space. We call a
function ¢(-, ; -, ), defined on (X x X) x (2 x X), to be a contractive function on B x B if for any sequence {x,},-; C Band any
{on} C Z, there is a subsequence {xp, };>1 C {Xn}n—q and {on, };21 C {On},_; such that

’lim }im & (Xny, Xn); Ony» Ony) = 0.
K—00 |—00
We denote the set of all contractive functions on B x B by Contr(B, X).

Theorem 4.2 [16]. Let {U,(t, )}, 0 € X be a family of processes satisfies the translation identity 2.3, 2.4 on Banach space X and
has a bounded uniformly (w.r.t. ¢ € X) absorbing set By C X. Moreover, assume that for any ¢ > 0 there exist T = T(By,¢) and
¢7 € Contr(By, 2) such that

|Ug,(T,0)x — Uq, (T,0)y|| < e+ ¢r(X,y;01,02) VX, y €By V01,0, €.
Then {U,(t, 1)}, 0 € X is uniformly (w.r.t. ¢ € X)) asymptotically compact in X.
We will use the following Proposition on external forcing g from [16].
Proposition 4.3 [16]. Let g € L™ (R;L*(Q)) N W} " (R;L"(Q))(r > §). Then there is an M > 0 such that
s[gﬂg gt + )20 <M forallseR.
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Proposition 4.4 [16]. Let s; € R(i = 1,2,...), g € L*(R:; [*(Q)) "W, (R, L'(Q))(r > &), {un(t)|t = 0,n=1,2,...} is bounded in
H{(Q), and for any T, > 0, {u,(t) |n=1,2,...} is bounded in L*(0,Ty;L*(Q)). Then for any T > 0, there exist subsequences
{un 2o of {un}aZy and {sy 2y of {sn}aZy such that

T T
llm lim / / /(g(x, T+ Sn,) — &(X, T+ Sy,)) (Up, — U ) (T)dxdTds =0
s Q

k—o0 l—00

4.2. A priori estimates

The main purpose of this part is to establish (4.10)-(4.12), which will be used to obtain the uniform (w.r.t. ¢ € ) asymp-
totic compactness. Without loss of generality, we deal only with the strong solutions in the following, the generalized solu-
tion case then follows easily by a density argument.

For any (ui), vi)) € Bo, let (u;(t), u;, (t)) be the corresponding solution to ¢; with respect to initial data (uj, vi),i = 1,2, that is,
(ui(t), u;, (t)) is the solution of the following equation:

Uy + Pu; + o3°7  Ditty — Au + f(u(t)) = 0i(x, t),
Ulo =0, (4.1)
(u(0), ur(0)) = (uf, vb).

For convenience, we denote
gt)=oix,t), t=0, i=1,2
and
w(t) =t (t) — ua ().
Then w(t) satisfies

Wi + pWe + 0300 Diwe — Aw + f(u (8)) = f(ua(8)) = g, (t) — &5(8),
Wlae =0, (4.2)
(W(0),we(0)) = (ug, vg) — (U5, v5).

Eu(t) = / WO + 5 [ 1vwor

At first, without loss of generality, we assume that oo = = 1, multiplying (4.2) by w; and integrating over [s,T] x Q, we

get
E.(T) - / /\wf )| dxdr—i—/ /(f U1 (7)) — f(uz(7)))we(t dxdrf/ /g] we(t)dxdr,

where 0 < s < T. Then we have

Set

(4.3)

//|wt Jdxdr < //g] We(T)dxdT + En )7(/:/{;(f(m(‘c))7f(u2(r)))wt(r)dxd7:. (4.4)

Secondly, multiplying (4.2) by w and integrating over [0, T] x Q, we obtain

/ /|Vw |dxds_Z/ /watdxds+/ /\wt dedsﬁuw( )||2+%Hw(0)|\2+(wt(0),w(0))

—(wt(T)7w(T))—'/0 /Q(f(ul(s))f 2(8)) dxds+/ / — g,)wdxds. (4.5)

Using Young inequality, we tackle with 377 , .];JT Jo Diww, dxds.

3 T T
Z/ /Diwwtdxdsg/ 1 + 23wl | ds / /|VW (s)[2dxds + 2 / /\wt s)Pdxds.  (4.6)
= Jo Jo Jo \6 2

Z D,’W

3 2
i=1
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So from (4.4)-(4.6), we have
PR ", (9)ds <3 / [ (&~ goweaxds -3 / [ F1(5) — Flua(s) wis)ceds - 36,(0) — 5 WD) + 5 [w(O)

+ (w(0),w(0)) — (w¢ / Q(f Uy (s dxds+/ / — g,)wdxds. (4.7

Integrating (4.3) over [0,T] with respect to s, we obtain that

TEW(T)+/OT /ST/Q\Wt(‘E)fdxdrds:—/T /T /(f(ul(r))—f(uz(r)))wt(r)dxdrds
/ / / - g wtdxdrds+/ Eun(s (4.8)

Therefore, from (4.7) and (4.8), we have
1
TE,(T) < 3Ew(0) +§||w(0)||2 + (we(0),w(0)) — (w¢ +3/ / — g,)w;dxds

—3/ Q(f uq(s)) — f(ua(s wtdxds—s—/ / -8 wdxds—/ / Q(f u1(7)) — f(u2(1)))we(t)dxdtds

/ / / -g Wtdxdrds—/ /(f uq(8)) — f(uz(s)))wdxds. (4.9)

Set
Cum = 3Ew(0) + % [w(0)[* + (W (0), w(0)) — (Wi(T), w(T)), (4.10)
r((ud, v)), (W2, 12): 01, 02) / / _g, wdxds—/ / Q(f e (1)))we(t) dxdrds

+3/ / —g) wtdxds—3/ (Fun(5)) — () wededs

/ / / -8 W:dxdeS—/ /(f ui(s)) — f(ua(s)))wdxds. (4.11)
C

1
Ew(T) <+ 01((U5, 05). (U5, U5): 01,02). (4.12)

Then we have

4.3. Uniform asymptotic compactness

In this subsection, we shall prove the uniform (w.r.t. ¢ € X) asymptotic compactness in Hy() x [*(Q), which is given in
the following theorem:

Theorem 4.5. Assume that f satisfies 1.2, 1.3. If gy € L°(R; [*(Q)) N W;’r(R; L'(Q)) for some r > & and X is defined by (2.8), then
the family of processes {Us(t,T)}, 0 € X corresponding to (1.1), is uniformly (w.r.t. o € X) asymptotically compact in
HY(Q) x L2(Q).

Proof. Since the family of processes {U,(t,7)}o € X has a bounded uniformly absorbing set, by the definition of Cy, we know
that for any fixed ¢ > 0, we can choose T large enough, such that
CTM <eé.
Hence, thanks to Theorem 4.2, it is sufficient to prove that ¢;(-,-;-,-) € Contr(By, X) for each fixed T.
From the proof procedure of Theorem 3.1, we can deduce that for any fixed T, we have

|J Us(t,0)By is bounded in Eo (4.13)

oeX tel0,T)

and the bound depends on T.
Let (uy, up,) be the solutions corresponding to initial data (uf, vj}) € Bo with respect to symbol 6, € X,n=1,2,.... Then,
from (4.13), without loss of generality (at most by passing subsequence), we assume that
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U, —u * —weakly in [*(0, T; Hy(Q)), (4.14)

u, —u; * —weakly in L*(0,T; [*(Q)), (4.15)

U, —u in [*(0,T;Hy “(Q)) Vee (0,1], (4.16)

U,(0) — u(0) and u,(T) — u(T) in L¥(Q), ( )
for k < 6, where we use the compact embedding H(1)=—>L".

Now, we will deal with each term corresponding to that in (4.11) one by one.
At first, from Proposition 4.3 and (4.16), we can obtain that

lim lim /0 ' /Q (8,(%,5) — 8.,(%,5))(tn(5) — tim(s))dxds = O (4.18)

n—oo M—o0

and from Proposition 4.4 we can get that

T
lim fim [ [ (8(0,5) ~ g, 5) 1 (5) ~ t (5))dxcs =0, (4.19)
n—oo M—oo 0 Q
lim lim /T /T /(gn(x, T) — 8m(X, 7)) (Un, (T) — Up, (7))dxdTds = 0. (4.20)
n—oo M—oo 0 s Q

Secondly, from (4.16), we have

lim lim /0 /Q (F(Un(5)) — F(tn(5))) (tn(s) — tim(s))dxds = . (4.21)

Nn—oo M—oo

Finally, by the similar method used in the Proof of Lemma 2.2 in [21], we get

T
fim fim [ [ ((6)) ~ £ (5)) 1 (5)  t (9)xds =0, (422)
T T 3
lim lim / / / (f(un(1)) — f(Um(7))) (Un, (T) — Up, (7))dxdTrds = 0. (4.23)
n—oo m—oo fq s Jo

Hence, from (4.18)-(4.23) we get ¢;(-,-;+,-) € Contr(By, 2) immediately. O

4.4. Existence of uniform attractor

Theorem 4.6. Assume that f satisfy (1.2) and (1.3). If g5 € L*(R; I2(Q)) N W;‘r([Ri; L"(Q)) for some r > & and X is defined by (2.8),
then the family of processes {U,(t,T)}, 0 € X corresponding to (1.1) has a compact uniform (w.r.t. ¢ € X) attractor .o/ s.

Proof. Theorems 3.1 and 4.5 imply the existence of a uniform attractor immediately. O
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