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a b s t r a c t

In this study, a fuzzy stochastic two-stage programming (FSTP) approach is developed for water
resources management under uncertainty. The concept of fuzzy random variable expressed as param-
eters’ uncertainties with both stochastic and fuzzy characteristics was used in the method. FSTP has
advantages in uncertainty reflection and policy analysis. FSTP integrates the fuzzy robust programming,
chance-constrained programming and two-stage stochastic programming (TSP) within a general opti-
mization framework. FSTP can incorporate pre-regulated water resources management policies directly
into its optimization process. Thus, various policy scenarios with different economic penalties (when the
promised amounts are not delivered) can be analyzed. FSTP is applied to a water resources management
system with three users. The results indicate that reasonable solutions were generated, thus a number of
decision alternatives can be generated under different levels of stream flows, a-cut levels and different
levels of constraint-violation probability. The developed FSTP was also compared with TSP to exhibit its
advantages in dealing with multiple forms of uncertainties.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Water resources management is related to many technical,
social, environmental, institutional, political and financial factors
(Zarghaami, 2006). However, in the 21st century, the available
water resources are becoming over utilized and there is an urgent
need to develop sound management plans (Wheida and
Verhoeven, 2007). The competitions for water among municipal,
industrial and agricultural users have been intensifying. The
disparate groups of water users need to know how much water
they can expect in order to make appropriate decisions regarding
their various activities and investments. If the promised water
cannot be delivered due to insufficient supply, users will have to
either obtain water from higher-priced alternatives or curb their
development plans (Maqsood et al., 2005).
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In water resources management, uncertainties that exist in
many system parameters could intensify the conflict-laden issue of
water allocation among competing municipal, industrial and agri-
cultural interests (Huang and Chang, 2003). The above complexities
could become further compounded through not only interactions
among the uncertain parameters but also combinations of the
uncertainties as presented in multiple formats. In analyzing water
resources systems, inexact optimization methods were considered
useful for planning water resources systems under uncertainty
(Huang and Loucks, 2000; Maqsood et al., 2005; Jung et al., 2006; Li
et al., 2006; Dessai and Hulme, 2007; Wu et al., 2007; Guo and
Huang, 2009). Two-stage stochastic programming (TSP) is effec-
tive for problems where an analysis of policy scenarios is desired
and when the right-hand side coefficients are randomwith known
probability distributions. The advantage of TSP is its capability of
guiding corrective actions after a random event has taken place. In
TSP, a decision is firstly undertaken before values of random vari-
ables are known; then, after the random events have happened and
their values are known, a second decision is made in order to
minimize “penalties” that may appear due to any infeasibility. The
TSP methods were widely explored over the past decades (Kall,
1979, 1982; Wang and Adams, 1986; Beraldi et al., 2000; Dai
et al., 2000; Huang and Loucks, 2000; Luo et al., 2003; Ahmed
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et al., 2004; Maqsood et al., 2005; Guo et al., 2008a). Fuzzy opti-
mization is a flexible approach that permits an adequate solution of
real-world problems in the presence of vague information. The
fuzzy programming (FP) method considers uncertainties as fuzzy
sets and is effective in reflecting ambiguity and vagueness in
resource availabilities (Li et al., 2007). The chance-constrained
programming (CCP) method was used to deal with random
uncertainty information. CCP required that all of the constraints be
satisfied in a proportion of cases under given probability levels
(Loucks et al., 1981). Previously, a number of research works for FP
and CCP methods were undertaken (Huang, 1998; Huang et al.,
2001; Liu and Iwamura, 1998; Debjani, 2002; Cooper et al., 2004;
Yang and Wen, 2005; Guo et al., 2008b, c, 2009).

However, a remarkable limitation of the aforementioned
methods is their incapability in reflecting parameter’s multiple
uncertainties presented as combinations of fuzzy and probability
distributions. In many real-world problems, a number of parameters
can hardly be expressed in conventional fuzzy or stochastic formats;
instead, they may have characteristics of both probability distribu-
tions and fuzzy sets (Luhandjula, 2004). The concept of fuzzy random
variable (FRV) was first defined by Kwakernaak (1978, 1979). When
the parameters have characteristics of both randomness and fuzzi-
ness, the fuzzy random variables would be included in the model.
Through the fuzzy random variables, the parameters’ multiple
uncertainties could be expressed. Therefore, to address fuzzy and
probabilistic uncertainties, both fuzzy programming and stochastic
programming can be integrated within a general optimization
framework (Luhandjula and Gupta, 1996; Luhandjula, 2004, 2006;
Liu,1997, 2001; Katagiri et al., 2005; Liu and Liu, 2005; Huang, 2006).

One potential approach for accounting for various uncertainties in
the constraints’ left- and right-hand sides is to integrate the fuzzy
robust programming (FRP), chance-constrained programming (CCP),
and two-stage stochastic programming (TSP) within a general opti-
mization framework. This research aims to develop a fuzzy stochastic
two-stage programming (FSTP) method for water resources
management under uncertainty. FSTPcanhandle uncertainties in left-
hand sides presented as fuzzy sets and those in right-hand sides as
probability distributions and fuzzy random variables. The developed
FSTPwill then be applied to a case of water resourcesmanagement to
demonstrate its applicability. FSTP can incorporate pre-regulated
water resources management policies directly into its optimization
process. Thus, various policy scenarios with different economic
penalties (when the promised amounts are not delivered) can be
analyzed. The developed FSTP will also be compared with TSP to
exhibit its advantages in dealingwithmultiple forms of uncertainties.

2. Modeling formulation

2.1. Problem formulation

The water manager is responsible for allocating the scarce water
supply to the competing users within multiple periods. The future
availability of this water supply is uncertain. The manager needs to
create a plan to effectively allocate the uncertain supply of water to
the three users in order to maximize the overall system benefit
while simultaneously considering the system disruption risk
attributable to the uncertainties. Based on the regional water
management policies, an allowable flow level to each user must be
regulated. If this level is satisfied, it will result in a net benefit to the
system. However, if it is not satisfied, the shortage will lead to
a decreased net system benefit. Under such a situation, the shortage
amount will be the targeted allocation minus the actual allocation
amount. Uncertainties of seasonal water flows presented as prob-
ability distributions should also be reflected. The distribution of
each seasonal water flow can be converted into an equivalent set of
discrete values (Huang and Loucks, 2000). This leads to a two-stage
stochastic programming (TSP) problem as follows:

max f ¼
Xm
i¼1

BiWi �
Xm
i¼1

Xn
j¼1

pjCi
�
Wi � Aij

�
(1a)

subject to

Xm
i¼1

Aijð1þ xÞ � qj; cj (1b)

[water availability constraints],

Aij � Wi � Wi max; ci (1c)

[allowable water-allocation constraints],

Aij � 0; ci; j (1d)

[non-negativity and technical constraints]
In model (1), the water-allocation targets (Wi) must be set at the

first stage before the stream flows (qj) are known. The water-allo-
cation plan (Aij) will thus be determined during the second stage
when the stochastic stream flows are known. x is the loss rate of
water process during transportation. The

Pm
i¼1 BiWi is the first-

stage decision. The
Pm

i¼1
Pn

j¼1 pjCiðWi � AijÞ is the second-stage
recourse when the random event has happened (Kall, 1979). Model
(1) can reflect uncertainties in stream flows presented as proba-
bility density functions. However, in many real-world problems,
the quality of the uncertain information may be more complex,
especially, in large-scale models.

2.2. Methodology

The fuzzy robust linear programming (FRLP) involves the opti-
mization of a precise objective function in a fuzzy decision space
delimited by constraints with fuzzy coefficients and capacities
(Inuiguchi and Sakawa, 1998). Consider a FRLP problem as follows
(Leung, 1988):

min fyCX (2a)

subject to

AX(B (2b)

X � 0 (2c)

where C˛fRg1�n and X˛fRgn�1; {R} denote a set of numbers;
A˛fRgm�n and B˛fRgm�1 are fuzzy sets; symbols x and ( present
fuzzy equality and inequality; Let cj be the jth element of C, ~aij be
the ith row and jth line element of A, ~bi be the ith element of B, xj be
the jth element of X, and f be the objective’s aspiration level.

A1x14A2x24/4Anxn(B (3)

where Aj (j¼ 1, 2, ., n) and B are fuzzy subsets, and symbol 4
denotes the addition of fuzzy subsets. Fuzziness of the decision
space is due to uncertainties in the coefficients Aj and B. Letting Ue j
and Ve be base variables imposed by fuzzy subsets Aj and B, we have:

mAj
: Ue j/½0;1� (4a)

mB : Ve/½0;1� (4b)

where mAj
indicates the possibility of consuming a specific amount

of resource by activity j, and mB indicates the possible availability of
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resource B. Fuzzy subset N can be expressed as follows (Dubois and
Prade, 1978):

mNðxÞ ¼
8<
:

FL
�
m�x
a

�
; if �N < x < m; a > 0

1; if x ¼ m
Fr
�
x�m
d

�
; if m < x < þN; d > 0

(5a)

where FL and Fr are membership functions under different x levels
(Fig. 1). Based on the nature of water resources management
systems, fuzzy set N in (5a) can be simplified as a linearmembership
function that has the following general format (5b) (Liu et al., 2003).

mNðxÞ ¼
8<
:

0; if x < a or x > a

1; if x ¼ m

1� 2jm�xj
a�a ; if a < x < a

where ½a ; a� is a interval imposed by fuzzy subsetN. To state precisely
the fuzzy restrictions on the corresponding base variables Ue j and Veimposed by fuzzy subsets Aj and B, fuzzy constraints in (3) can be
regarded as fuzzy inclusive constraints as follows (Leung, 1988):

A1x14A2x24/4Anxn4B (6)

Based on the concept of a level set (fuzzy a-cut) and the
representation theorem, constraints in (3) can be represented as
follows (Negoita et al., 1976):

�
Ae 1

�
a
x14

�
Ae 2

�
a
x24/4

�
Ae n

�
a
xn4Be a; a˛½0;1� (7a)

where

�
Ae j

�
a
¼

n
aj˛Ue j

���mAj

�
aj
� � a

o
(7b)

�
Be
�
a
¼ �

b˛Ve
��mBðbÞ � a

�
(7c)

Assume that the fuzzy subsets in (6) are finite and have the
following characteristic:

n
mAj

�
aj
�jaj˛Ue j

o
¼ fa1;a2;.;asg (8)

where 0 � a1 � a2 � / � as � 1. Then, for each as (k¼ 1, 2, ., s),
constraints in (7a) become:

�
Ae 1

�
as

x14
�
Ae 2

�
as

x24/4
�
Ae n

�
as

xn4Be as ; as˛½0;1� (9)

where ðAe jÞas
(j¼ 1, 2,., n; k¼ 1, 2,., s) and Beas constitute convex

and non-empty fuzzy sets. Then, fuzzy constraints in (9) can be
replaced by the following 2s precise inequalities, inwhich s denotes
1

m x

( )L

m x
F

a

−
( )r

x m
F

δ
−

Membership 
  grade

Fig. 1. L/R fuzzy membership function.
s levels of a-cut (Soyster, 1973; Leung, 1988; Luhandjula and Gupta,
1996).

ak1x1 þ ak2x2 þ/þ aknxn � b
k
; k ¼ 1;2;.; s (10a)

ak1x1 þ ak2x2 þ/þ aknxn � bk; k ¼ 1;2;.; s (10b)

where

akj ¼ sup
�
akj
�
; akj ˛

�
Ae j

�
as

(10c)

akj ¼ inf
�
akj
�
; akj ˛

�
Ae j

�
as

(10d)

b
k ¼ sup

�
bk
�
; bk˛Be as (10e)

bk ¼ inf
�
bk
�
; bk˛Be as (10f)

where sup(t) denotes the superior limit value among t, and inf(t)
represents the inferior limit value among t. Therefore, for a water
resources management system with m fuzzy constraints, the deci-
sion space, together with the decision variables, can be delimited
by the following fuzzy inclusive constraints (Liu et al., 2003):

Ai1x14Ai2x24/4Ainxn4Bi; i ¼ 1;.;m (11)

Represented in terms of level sets, fuzzy constraints in (11)
become:

Ae i1
�
as

x14
�
Ae i2

�
as

x24/4
�
Ae in

�
as

xn4Be ias
;

i ¼ 1;2;.;m; as˛½0;1� (12a)

where

n
mAij

�
aij

����aij˛Ue ij
o

¼
n
ai1;ai2;.;ais

o
(12b)

0 � ai1 � ai2 � / � ais � 1; i ¼ 1;.;m (12c)

Then, following the arguments in (7a)e(10f), the decision space for
problem (12a) can be delimited by the following deterministic
constraints (Liu et al., 2003):

Xn
j¼1

�
akijxj

�
� b

k
i ; i ¼ 1;2;.;m; k ¼ 1;2;.; s (13a)

Xn
j¼1

�
akijxj

�
� bki ; i ¼ 1;2;.;m; k ¼ 1;2;.; s (13b)

xj � 0; j ¼ 1;2;.;n (13c)

For fuzzy robust programming with fuzzy randomvariables in B,
constraints (13a) and (13b) become (Luhandjula and Gupta, 1996):

Xn
j¼1

�
akijxj

�
� b

k
i ðuÞ; i ¼ 1;2;.;m; k ¼ 1;2;.; s (14a)

Xn
j¼1

�
akijxj

�
� bki ðuÞ; i ¼ 1;2;.;m; k ¼ 1;2;.; s (14b)
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When uncertainties of some elements in B can be expressed as
probability distributions, methods of chance-constrained program-
ming (CCP) canbeused todealwith them. In termsofuncertainties in
B, consider a general stochastic linear programming (SLP) problemas
follows (Charnes et al., 1972; Charnes and Cooper, 1983):

min CX (15a)

subject to

AX � BðuÞ (15b)

X � 0 (15c)

where BðuÞ are sets with random elements defined on a probability
space U, u˛U. The problem can be converted into a deterministic
version through: (1) fixing a certain level of probability ðri˛½0;1 Þ�
for each constraint (i), and (2) imposing the condition that the
constraint is satisfied with at least a probability of 1� ri. The
solution set is thus subject to the following constraints (Charnes
et al., 1972; Charnes and Cooper, 1983):

Pr½fujAiX � biðuÞg� � 1� ri

Ai˛A; biðuÞ˛BðuÞ; i ¼ 1;2;.m (16)

Constraint (16) is generally nonlinear, and the set of feasible
constraints is convex only for some particular cases, one of which
exists when the left-hand side coefficients (aij) are deterministic,
and the right-hand-side variables (bj) are random. This leads to an
equivalent linear constraint that has the same size and structure as
a deterministic term, and the only required information about the
uncertainty is the ri for the unconditional distribution of bi. Thus,
constraint (16) becomes linear (Charnes et al., 1972; Charnes and
Cooper, 1983; Huang, 1998):

AiX � biðuÞ
ðpeiÞ

; ci (17)

where biðuÞ
ðreiÞ ¼ F�1

i ðre iÞ, given the cumulative distribution func-
tion of bi (i.e., Fi(bi)), and the probability of violating constraint i ðre iÞ.However, linear constraints can only reflect the case when A is
deterministic. If both A and B are uncertain, the set of feasible
constraints may become more complicated.

When uncertainties of some elements in the constraints can be
expressed as fuzzy random variables and denoted as fuzzy
stochastic constraints, methods of fuzzy stochastic programming
can be used for dealing with them (Leung, 1988; Inuiguchi and
Sakawa, 1998). When the multiple uncertainties in the parame-
ters having fuzziness and randomness features at the same time,
fuzzy random variables can be used (Luhandjula and Gupta, 1996).
To address a linear program with fuzzy random variables, a fuzzy
robust chance-constrained programming (FRCP) model associated
with fuzzy random variables can be formulated (Loucks et al., 1981;
Huang, 1998; Liu et al., 2003; Luhandjula, 2006):

min f ¼
Xn
j¼1

cjxj (18a)

subject to
Xn
j¼1

�
akijxj

�
�

�
b
k
i

�ðriÞ
; i ¼ 1;2;.;m; k ¼ 1;2;.; s (18b)

Xn
j¼1

�
akijxj

�
�

�
bki
�ðriÞ

; i ¼ 1;2;.;m; k ¼ 1;2;.; s (18c)

xj � 0; j ¼ 1;2;.;n (18d)
The FRCP model can deal with left-hand coefficients pre-
sented as fuzzy sets and right-hand ones as fuzzy random
variables.

A two-stage stochastic linear programming (TSP) model can be
formulated as follows:

max f ¼ CX þ EðDYÞ (19a)

subject to

A1X þ A2Y � BðtÞ (19b)

X � 0 (19c)

Y � 0 (19d)

where A1˛fRgm�n, A2˛fRgm�n, C˛fRg1�n, D˛fRg1�n, X˛fRgn�1

and Y˛fRgn�1; {R} denote a set of real numbers; B(t) are
random variable with known distribution functions. When
uncertainties of some elements in A1 and A2 can be expressed as
fuzzy sets, and those in B can be expressed as probability
distributions and fuzzy random variables, then a fuzzy stochastic
two-stage programming (FSTP) model can be formulated
through incorporate model (18) with two-stage stochastic
programming:

max f ¼ CX þ EðDYÞ (20a)

subject to

Ae 1X þ Ae 2Y � BeðtÞ (20b)

X � 0 (20c)

Y � 0 (20d)

where A1 and A2 are fuzzy sets in left-hand side of constraints; X
and Y are non-negative decision variables; B(t) are fuzzy random
variables with known distribution functions. Let cj be the jth
element of C, dj be the jth element ofD, ae

0
ij be the ith rowand jth line

element of A1, aeij be the ith row and jth line element of A2, be i (i ¼ 1,
2, ., m, i˛M), be the ith element of B which is a fuzzy random
variablewith a known distribution function, xj be the jth element of
X, and yj be the jth element of Y.
2.3. Modeling for water resources management

In water resources management systems, fuzzy random
variables are introduced into the TSP framework to facilitate
communication of the uncertainties into the optimization
process, resulting in a fuzzy stochastic two-stage programming
(FSTP) model. For example, uncertainties in stream flows may
be presented as fuzzy random variables; FSTP can then be used
to solve this type of problem. FSTP is an integration of fuzzy
robust programming, chance-constrained programming and
two-stage programming methods. It can be presented as
follows:

max f� ¼ Objective function ¼ A� B (21a)

where A is the benefit from the pre-regulated water allocated,

Xm
i¼1

BiWi
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Fig. 2. Fuzzy random information for seasonal flow.
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B is the economic loss due to the amount of water not delivered,

Xm
i¼1

Xn
j¼1

pjCi
�
Wi � Aij

�

subject to
Water availability constraints:

Xm
i¼1

Aij

�
1þ x

k
j

�
�

�
qkj
�ðrhÞ

; cj; k (21b)

Xm
i¼1

Aij

�
1þ xkj

�
�

�
qkj
�ðrhÞ

; cj; k (21c)

Allowable water-allocation constraints:

Aij � Wi � Wi max; ci (21d)

Non-negativity constraints:

Aij � 0; ci; j (21e)

where f is the net system benefit ($); Bi is the net benefit to user i
per m3 of water allocated ($/m3) (first-stage revenue parameter);
Wi is the target water allocation that is promised to user i (m3)
(first-stage decision variable); Ci is the loss to user i per m3 of water
not delivered, Ci > Bi ($/m

3) (second-stage cost parameter); Aij is
the allocation of water to user i under flow level j (m3) (second-
stage decision variable; when Aij<Wi, the amount by which Wi is
not met while the seasonal flow is qj); x is the loss rate of water
during transportation; ðqe jÞðrhÞ is the amount of seasonal flow under
flow level j (m3) (fuzzy random variables); Wi max is the maximum
allowable allocation amount for user i (m3); pj is the probability of
occurrence of flow level j;m is the total number of water users; n is
the total number of flow levels; i is thewater user (in the study case,
m¼ 3 and i¼ 1, 2, 3, with i¼ 1 for the municipality, i¼ 2 for the
industrial user, and i¼ 3 for the agricultural sector); j is the flow
level (in the study case, n¼ 3 and j¼ 1, 2, 3, with j¼ 1 representing
low flows, j¼ 2 representing medium flows, and j¼ 3 representing
high flows); rh is the probability of violating constraint i.

Both two-stage programming and chance-constrained program-
ming are dealt within the proposed method for the probability
distribution. The distribution for the two-stage programming is
addressed for the seasonal flow (qj) under flow level j and the prob-
ability of occurrence of flow level j (pj). Let each seasonal flow takes
value qjwith probability pj, where j is denoted as the level of seasonal
water flow rate (for j¼ 1, 2, 3 corresponding to low level, medium
level and high level); In this problem, a decision of water-allocation
target needs to bemade at the beginning facing future uncertainties
of river flow; at a future time, when the uncertainties of water flow
are disclosed, a recourse action can then be taken. Thus, water allo-
cation at the beginning is called the first-stage decision, and the plan
for recourse actions is named the second-stage decision. The distri-
bution for the chance-constrained programming are addressed for
violating ofwater availability constraints corresponding to the lower
bound and upper bound under each a - cut level and each level of
seasonal flow ððqe jÞðrhÞÞ (Fig. 2).

2.4. Algorithm to solve the problem

The fuzzy random variable is a more general definition for
uncertainties than fuzzy set and random variable. The significance
of this concept is its capability in reflecting more complex uncer-
tainties. Fig. 2 shows the fuzzy random information of the seasonal
flows ½ðqe jÞðrhÞ� that have both fuzzy and random characteristics.
Fig. 3 gives the framework of the FSTP model.

The solutions present as intervals for the objective function
value and decision variables under different levels of seasonal flows
and rh levels. They can be interpreted for generating multiple
decision alternatives. Model (21) can be solved based on Huang and
Loucks (2000), Liu et al. (2003), Maqsood et al. (2005), and Guo
et al. (2008c). The detailed solution process can be summarized
as follows:

Step 1: Acquire the economic information of water allocated and
not delivered.

Step 2: Define the target of water allocation that is promised to
user.

Step 3: Acquire distribution information for the seasonal flows in
system constraints.

Step 4: Acquire fuzzy information for water loss rate and seasonal
flow rates under different a-cut levels.

Step 5: Acquire distribution information of stream flows under
different combinations of rh and a-cut levels.

Step 6: Formulate the FSTP model.
Step 7: Solve the FSTP model to obtain solutions of Aij opt under

each rh level and different levels of seasonal flows.
3. Case study

Consider a region where a manager is responsible for allocating
water in a dry season from an unregulated reservoir to three users.
In the study system, there are three users, including a municipality,
an industry and an agricultural sector. The stream flows vary
temporally with random features. The net benefit to user i per m3

of water allocated and the loss to user i per m3 of water not
delivered also vary temporally and spatially. Table 1 shows the
maximum allowable water allocation ðWi maxÞ (in 106 m3), the net
benefit to user per m3 of water allocated (Bi) (in $/m3), the loss to
user per m3 of water not delivered (Ci) (in $/m3), and water-allo-
cation target (Wi) (in 106 m3). Table 2 presents values of fuzzy
subsets for water loss rate (x) and seasonal flow rates (qj) under
different a-cut levels. Assume that the standard deviations are 4%
of the expected values; the relevant normal distributions can then
be obtained. Table 3 shows expected values and variances of qjðtÞ
and qjðtÞ. Table 4 gives stream flow distributions (in 106 m3) under
different combinations of rh (probability of constraint violation)
and a-cut levels.

The decision variables represent probabilistic water-allocation
flows from the reservoir to user i under flow level j (denoted as Aij).
The objective is to maximize net system benefits through
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Fig. 3. Framework of the FSTP method.
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effectively allocating thewater flows from the reservoir to the three
users; the constraints involve all relationships among the decision
variables and the water-allocation conditions. Because uncer-
tainties exist in a variety of system components and a linkage to the
pre-regulated policies as formulated by local authorities is desired,
the FSTP method is considered to be a suitable approach for tack-
ling this management problem.

Fig. 4 shows the structure of thewater management system. The
system consists of a reservoir and three users (Municipality,
Industry and Agricultural sector). The expected net system benefit
include the net benefit to user per m3 of water allocated, the loss to
user per m3 of water not delivered and water-allocation target. The
problem under consideration is to maximize the net system benefit
through effectively allocating the water flows from the reservoir to
the three users; the constraints involve relationships among the
decision variables and the seasonal flow rates under different
conditions.

Table 5 presents the solutions of the FSTP model under different
rh levels and those of the TSP model under optimized water-allo-
cation targets (in 106 m3). Solutions for the objective function value
Table 1
Water-allocation targets (in 106 m3) and the related economic data (in $/m3).

Activity User

Municipal
(i¼ 1)

Industrial
(i¼ 2)

Agricultural
(i¼ 3)

Maximum allowable allocation (Wi max) 7 7 7
Water-allocation target (Wi) 2.5 5.3 6.8
Net benefit when water demand

is satisfied (Bi)
90 45 28

Reduction of net benefit when demand
is not delivered (Ci)

220 60 50
and decision variables are deterministic values. In case of insuffi-
cient water, allocation should firstly be guaranteed to the munici-
pality, secondly to the industry, and lastly to the agriculture. This is
because municipal use brings the highest benefit when water
demand is satisfied and is subject to the highest penalty if the
promised water is not delivered; in comparison, the industrial and
agricultural uses correspond to lower benefits and penalties. The
flow allocation patterns vary among different users with uncertain
characteristics. This is due to the uncertainties of the inputting Wi

(policies), Bi (benefits), Ci (costs), qjðuÞ (stream flows), x (loss rate of
water) and u (random variable) as well as the complexities of their
interactions.

In Table 5, the solutions of A11¼2.5�106 m3, A21¼2.11�106 m3,
and A31¼0 (under rh¼ 0.1) indicate that, under low stream flow
levels, there would be no shortage of water (in reference to the
optimized water-allocation target of 2.5�106 m3) for municipal
water use. However, some shortages of 3.19�106 and 6.8� 106 m3

may exist (in reference to the optimized water-allocation targets of
5.3�106 and 6.8� 106 m3) for industrial and agricultural uses,
Table 2
Values of fuzzy subsets for water losses and seasonal flows (qj).

a cut levels Water loss Seasonal flow (qj)

x x Low (j¼ 1) Medium (j¼ 2) High (j¼ 3)

p ¼ 0.2 p ¼ 0.6 p ¼ 0.2

ðqjÞa ðqjÞa ðqjÞa ðqjÞa ðqjÞa ðqjÞa
a¼ 0 0.1 0.2 3 7 7 12 12 22
a¼ 0.2 0.11 0.19 3.4 6.6 7.5 11.5 13 21
a¼ 0.5 0.125 0.175 4 6 8.25 10.75 14.5 19.5
a¼ 0.75 0.1375 0.1625 4.5 5.5 8.875 10.125 15.75 18.25
a¼ 1 0.15 0.15 5 5 9.5 9.5 17 17



Table 3
Expected values and variances of qjðtÞ and qjðtÞ.

Flow level a-cut level

a ¼ 0.2 a ¼ 0.5 a ¼ 0.75

ðqjÞaðtÞ ðqjÞaðtÞ ðqjÞaðtÞ ðqjÞaðtÞ ðqjÞaðtÞ ðqjÞaðtÞ
Low (j¼ 1) Expected value 3.4 6.6 4 6 4.5 5.5

Standard deviation 0.136 0.264 0.16 0.24 0.18 0.22
Variance 0.019 0.07 0.026 0.058 0.032 0.048

Medium
(j¼ 2)

Expected value 7.5 11.5 8.25 10.75 8.875 10.125
Standard deviation 0.3 0.46 0.33 0.43 0.355 0.405
Variance 0.09 0.212 0.109 0.185 0.126 0.164

High
(j¼ 3)

Expected value 13 21 14.5 19.5 15.75 18.25
Standard deviation 0.52 0.84 0.58 0.78 0.63 0.73
Variance 0.27 0.706 0.336 0.608 0.397 0.533
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respectively, with the probability of occurrence being 20%. The
results of A12¼ 2.5�106 m3, A22¼ 5.3�106 m3 and
A32¼ 0.69�106 m3 (under rh¼ 0.1) indicate that, under medium
flows, there would be no shortages of water for municipal and
industrial uses. However, there would be shortages of 6.11�106 m3

for agricultural water use with the probability of 60%. Likewise, the
solutions of A11¼2.5�106 m3, A21¼5.3�106 m3 and
A31¼6.8� 106 m3 (under rh¼ 0.1) indicate that, under high stream
flow levels, therewould beno shortage ofwaterwith a probability of
20%. The results under rh¼ 0.25 would be similar to those under
rh¼ 0.1.

A number of decision alternatives under different rh levels were
also generated through the FSTPmodel. Willingness to accept a low
level of constraint-violation probability would guarantee a high
system benefit but a high risk of violating the allowable criterion;
a strong desire to acquire a low risk level (of violating the criterion)
would run into a low system benefit. A lower rh level should be used
under advantageous conditions, and a higher rh level would
correspond to relatively demanding conditions. Therefore, FSTP
allows decision makers to incorporate implicit knowledge within
the optimization process and thus obtain satisfactory decision
alternatives.

Solutions of the FSTP model provide desired water-allocation
patterns. The complexities associated with water allocation arise
mainly from limited supply and increasing demand. Therefore, the
observed variations in the values of Wi could reflect different
policies for water resources management. A too optimistic policy
corresponding to a high system benefit may be subject to a high risk
of system disruption; a too conservative policy may lead to a waste
of resources. The solutions can provide ranges of decision variables
and objective function value under different levels of stream flows,
a-cut levels, and rh levels. They can be easily interpreted for
generating multiple decision alternatives.

If the fuzzy random variables in seasonal flow constraints are
substituted by conventional random numbers, the study problem
can then be converted into a two-stage stochastic programming
Table 4
Stream flows (in 106 m3) under different combinations of rh and a-cut levels.

rh level Flow level a

a¼ 0.2

½ðqjÞaðtÞ�rh ½ðqjÞaðtÞ�rh
rh ¼ 0.1 Low (j¼ 1) 3.57 6.26

Medium (j¼ 2) 7.88 10.91
High (j¼ 3) 13.67 19.92

rh ¼ 0.25 Low (j¼ 1) 3.49 6.42
Medium (j¼ 2) 7.7 11.19
High (j¼ 3) 13.35 20.43
(TSP) model. From Table 5, the solution of A21¼1.85�106 m3

(allocation to industry under low stream flow levels) from TSP is
less than those from FSTP (A21¼2.11�106 m3 and
A21¼2.0�106 m3 under rh¼ 0.1 and 0.25). This is because
a number of multiple uncertainties were neglected in the TSP
model.

The stream flows have multiple uncertainties. Firstly, the stream
flow (q) is expressed as qj [i.e., 5, 9.5 and 17 (106 m3)], under low
(probability¼ 20%), medium (probability¼ 60%) and high (proba-
bility¼ 20%) stream flow levels, respectively); secondly, qj are
presented as ðqe jÞa [fuzzy sets, i.e., [3.4, 6.6], [4, 6] and [4.5, 5.5]
(106 m3) for low stream flow levels (with a probability of 20%)
under a¼ 0.2, 0.5 and 0.75, respectively]; thirdly, ðqe jÞa are
expressed as ½ðqe jÞaðtÞ�rh [fuzzy randomvariable, i.e., [3.57, 6.26] and
[3.49, 6.42] (106 m3) for low stream flow levels (with a proba-
bility of 20%) under a ¼ 0.2 and rh ¼ 0.1 and 0.25, respectively].

Fuzzy random variables (FRV), such as ½ðqe jÞaðtÞ�rh , are useful for
presenting fuzzy sets and random variables. Both fuzziness and
randomness can thus be reflected. Fuzzy stochastic optimization
methods were proposed to solve the associated decision problems.
Fuzzy robust programming is suitable for handling fuzzy coefficients
in both left- and right-hand sides of the constraints. Chance-con-
strained programming is helpful for dealing with right-hand-side
parameters with known probability distributions. To address fuzzy
random variables, fuzzy robust programming was firstly used to
convert fuzzy random constraints into random ones. Then, chance-
constrained programming methods were used to treat the random
constraints. Two-stage stochastic programming was useful for
dealing with stochastic complexities in water resources planning.
Thus, incorporation of the two-stage stochastic programming,
fuzzy robust programming and chance-constrained programming
within a general setting is advantageous for deal with multiple
uncertainties in water resources management.

In general, FSTP has the following advantages: (a) since fuzzy
sets are used for reflecting uncertainties in left-hand-side coeffi-
cients of the constraints and fuzzy random variables are used for
tackling uncertainties in ½ðqe jÞaðtÞ�rh of the right-hand-side
constraints, implications of the constraints are extended; (b) FSTP is
applicable to practical problems since the solution methods of
fuzzy robust programming and chance-constrained programming
do not lead to more complicated intermediate submodels; (c) it
provides bases for identifying desired water-allocation plans with
reasonable benefit and risk levels.

FSTP can effectively reflect multiple uncertainties described as
fuzzy sets and probability distributions in the modeling parameters
and the associated impact factors. FSTP can directly incorporate
uncertainties within its optimization framework. Its solutions are
presented as deterministic values and probability distributions, and
thus offer flexibilities in result interpretation and decision-alter-
native generation. Moreover, solutions of the FSTP model also
contain information of system disruption penalties under varying
water resources management conditions.
a¼ 0.5 a¼ 0.75

½ðqjÞaðtÞ�rh ½ðqjÞaðtÞ�rh ½ðqjÞaðtÞ�rh ½ðqjÞaðtÞ�rh
4.2 5.69 4.73 5.22
8.67 10.2 9.33 9.61

15.25 18.5 16.56 17.31
4.11 5.84 4.62 5.35
8.47 10.46 9.11 9.85

14.89 18.97 16.17 17.76
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Fig. 4. Structure of the water management system.

Table 5
Solutions of the FSTP and TSP models (in 106 m3).

User (i) Level (j) rh ¼ 0.1 rh ¼ 0.25 TSP

Wi Aij Wi Aij Wi Aij

Municipal Low 2.5 2.5 2.5 2.5 2.5 2.5
Industrial Low 5.3 2.11 5.3 2 5.3 1.85
Agricultural Low 6.8 0 6.8 0 6.8 0
Municipal Medium 2.5 2.5 2.5 2.5 2.5 2.5
Industrial Medium 5.3 5.3 5.3 5.3 5.3 5.3
Agricultural Medium 6.8 0.69 6.8 0.48 6.8 0.46
Municipal High 2.5 2.5 2.5 2.5 2.5 2.5
Industrial High 5.3 5.3 5.3 5.3 5.3 5.3
Agricultural High 6.8 6.8 6.8 6.8 6.8 6.8

f ($106) 364.39 356.83 354.3
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4. Conclusions

Fuzzy random variables are presented as a type of more
extensive uncertainties than fuzzy and random variables. Such
parameters can be described through incorporating fuzzy and
probabilistic uncertainties. Fuzzy stochastic programming is
introduced to deal with such uncertainties. Two-stage program-
ming (TSP) is useful for reflecting recourse in order to minimize
“penalties” that may appear due to any infeasibility, which choose
corrective actions after a random event has taken place. A fuzzy
stochastic two-stage programming (FSTP) method under multiple
uncertainties is thus developed based on fuzzy robust program-
ming (FRP), chance-constrained programming (CCP), and two-
stage stochastic programming (TSP) approaches.

FSTP is applied to a case of water resources management where
a reservoir and three water users exist. FSTP has advantages in
uncertainty reflection and policy analysis. It can provide decision
makers with decision support for water resources management
under uncertainty and recourse. This involves (1) providing
a linkage between pre-defined water policies and the associated
economic implications, (2) extending the range of uncertainty
which expressed as multiple uncertainties with both fuzziness and
randomness characteristics, (3) communicating uncertainties into
the optimization process under different stream flows, a-cut levels
and levels of constraint-violation probability, and (4) providing
a number of alternatives for decision makers to ascertain the
schemes for allocating water resources to the users.
According to relative low, medium and high stream flows and
different policies for water resource management, the decision
maker can evaluate maximize system benefit for allocating water;
an optimistic policy may be subject to a high risk of system failure
penalties while a policy which is too conservative may lead to
a waste of resources. Uncertainty presented as fuzzy random vari-
ables, fuzzy membership functions and probability distributions
can be tackled by the FSTP method. In addition to its application to
water resources management, FSTP can also be extended to other
problems of resources and environmental management.
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