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ABSTRACT. In this paper we prove the existence of homoclinic orbits for the
first order non-autonomous Hamiltonian system

2=JH:(t,2),

where H(t,z) depends periodically on t. We establish some existence results
of the homoclinic orbits for weak superlinear cases. To this purpose, we apply
a new linking theorem to provide bounded Palais-Samle sequences.

1. Introduction and main results. In this paper we are interested in the exis-
tence of homoclinic orbits of the Hamiltonian system

i=JH.(t,z), (HS)
wherez:(p,q)eRNxRN:R2N,J:( (1) I(J)V ),andHecl(RxRW,R)
—4IN

is of the form
1
H(t,z) = EB(t)z-z—l—R(t,z), (1.1)

with B(t) € C(R,R*N") being a 2N x 2N symmetric matrix valued function, and
R € CY(R x R?N R) is superlinear in z. Here by a homoclinic orbit of (HS) we
mean a solution of the equation satisfying z(¢) # 0 and z(t) — 0 as [t| — oo.

Establishing the existence of homoclinic orbits for system like (H.S) is a classical
problem. Up to the year of 1990, there is a few of isolated results. In very recent
years, many authors devoted to the existence of homoclinic orbits for Hamiltonian
systems via critical point theory. For example, see [9, 10, 11, 12, 13, 14] for the
second order systems, and [2, 4, 5, 6, 15, 16, 17, 18, 19, 20, 22, 26] for the first
order systems. Usually, for superlinear case, one needs the following condition due
to Ambrosetti-Rabinowitz [3];

Ipu>2,0<puR(t,z) <R,(tz)z, Vz#O0. (1.2)
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Generally speaking, the role of (1.2) is to ensure the boundedness of all (PS)(or
(PS*)) sequences for the corresponding functional. Without (1.2), it is very dif-
ficulty to get the boundedness of (PS)(or (PS*)) sequences. The purpose of
this paper is to apply some linking theorem to deal with superlinear Hamilton-
ian system (HS) when the nonlinearity R doesn’t satisfy the condition (1.2). Let
A= —(J4 4 B(t)) be the self-adjoint operator acting in L?(R,R*Y) and o(A)
denote the spectrum of A. As we all know, the information of o(A) are very impor-
tant in finding the homoclinic orbits. For example, if 0 is an essential spectrum of
the operator A, then the operator A can not lead the behavior of the equation at
0, which brings difficulty in the usual variational arguments. So in the early results
[16, 18, 19, 20, 22, 26], the authors assume
(J) B(t) = B is independent of t such that sp(JB) NiR = 0,

where sp(J B) denotes the set of all eigenvalues of 7 B. Clearly, the condition (7)
implies that there exists 3 > 0 such that o(A) N (=43, 3) = 0. That is, 0 is not a
spectrum of A, which is important for variational arguments. Recently, the above
condition (J) is weakened by Ding and Willem [2], and they allow 0 to be an es-
sential spectrum of A. Assume

(J1) B(t) depends periodically on t with period 1, and there is & > 0 such that
a(A) N (0,«a) = 0.

Under the superlinear condition (1.2) and some additional conditions, the paper
[2] proved that the system (H.S) has at least one homoclinic orbit. We underline
that, under the condition (1), 0 may be an essential spectrum of A, which brings
difficulty in such case. To overcome this difficulty, they proved an embedding the-
orem as a compensation. Later, under the superlinear condition (1.2), Ding and
Girardi [6] also considered the case when 0 may be an essential spectrum of A.
The authors proved that the system (HS) has infinitely many homoclinic orbits
provided R(t, z) is even in z. In [2, 6], the condition (1.2) is important for them to
get the boundedness of the (P.S)-sequence. When zero is a continuous spectrum of
the operator A, in this paper we shall prove a similar results as in [2] under some
weaker conditions than (1.2). As far as we know, there were no results of existence
of homoclinic orbit in this case. In order to state the main results, we assume that
R(t, z) satisfies the following conditions:

(J2) R(t,z) € CLR x R*V R) is 1-periodic in ¢; there exist positive
constants ¢y, co and v > 2 such that

cilz]V < R.(t,2)z < colz|”, VY (t,2) € R x RV,
(J3) R.(t,2)z — 2R(t,2) > 0 for all t € R and z € R?V \ {0}.
(Ja) There exists p9 > 2 such that

.. Rt 2)z
AN et
M R S
uniformly for te R.
(J5) There exists ¢g > 0 such that

lim i R.(t,2)z — 2R(t, 2)

|z|—o0 |Z|ﬁ = 0

v(r—2)
v—1 °

uniformly for ¢t € R, where v > 3 > v* :=
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Remark 1. In [27, 28], the conditions (J2) — (J5) have been used to weaken the
Ambrosetti-Rabinowitz superlinear growth condition (1.2) for Schrodinger equation.

Remark 2. It is easy to check that the classical Ambrosetti-Rabinowitz superlinear
growth condition (1.2) implies (J3) — (J5). But the converse proposition is not
correct. Here we given the following example, and this example was first given in
[27, 28].

Example 1. R(t,2)=a(t)(|z]" + (v — 2)|2|*~ sin®( ‘ZE
2,v —v*}, where a(t) > 0 and is 1-periodic in t.

‘ €

), v>2,0<e<min{r—

Clearly, (J3) — (J5) hold with pp = v and § = v —e. However, similar to Remark
1.2 of [27]. Let z, = (e(nm + ‘%’))éLgN, where Loy = (1,0,---,0). Then for any
v > 2, one has

|2n|®

Re(t,zn)2n = YR(t, 20) = a(®)[(v = Vlzal” + (v = 2)(v — € = 7)|za]" 7% sin®(—)

+ (v = 2)|z,|" sin 2(@)]

v—=2)(v—ec—17) sinz(@)

|zn|®

= a(®)|zn|"2 =7 +

]

— —00 as n — oo.
That is, the condition (1.2) can not be satisfied for v > 2.

Now we state the main result of this paper.

Theorem 1.1. Let (J1)-(Js) be satisfied. Then (HS) has at least one homoclinic
orbit.

Remark 3. If there exists @ > 0 such that (—a,0) N o(A) = 0 and R(t,2) :=
—R(t, z) satisfies the assumptions (J2) — (J5), then the same conclusion of Theorem
1.1 remains valid.

Throughout the paper we shall denote by ¢ > 0 various positive constants which
may vary from lines to lines and are not essential to the problem.

2. Embedding theorem. In order to establish a variational setting for the system
(HS), in this section we shall study the spectrum of a Hamiltonian operator.

Recall that A := —(J4 + B(t)) is a self-adjoint operator in L*(R,R*") with
domain D(A4) = HY(R,R?Y). Let 04(A) and 0.4s(A) be, respectively, the discrete
spectrum of A and the essential spectrum of A. By Proposition 2.2 of [2], 0 is at
most a continuous spectrum of A, so we only need to consider the case 0 € g.s5(A).
Let | - |, denote the usual L%-norm, and (-,-)2 be the usual L?-inner product. Set
H = L2,

Let {E(N) : A € R} be the spectral family of A. We have A = U|A]|, called the
polar decomposition, where U = I — E(0) — E(—0). Clearly, H has orthogonal
decomposition

H=H"&H,
where H* = {z € H;Uz = +2}. For each z € H, we will write z = 2z~ + 2T, where
2t e HE
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Let E be the completion space of D(JA|2) under the norm
1
Izl = [A]> z]2.
F is a Hilbert space with the inner product
1 1
(21, 22) B = (|A|2 21, ] Al 2 22)2.
By Lemma 7.2 in Appendix, we have that for all z € D(|A|%)7

allzll 3 < lzlle +alzle < coflzll 4 + 2alz)2, (2.1)

where ¢1, ¢ > 0 and a > 4sup,cp | B(t)].

Let B+ := H*ND(]A|2). Since the spectrum of A on E™ is bounded away from
0, thus we have

+oo
lul|% = (Au,u)s = / M(E(Nu,u)y > alul3, Yue ET.

[0}

Together with (2.1), it follows that E7 is a closed set and

I-lle~1-ll,s on ET, (2.2)
where the notation “ ~ 7 denotes the equivalence. Then FE has an orthogonal
decomposition

E=E"oE,
with
E~ D H ND(A|?). (2.3)
However, since 0 may belong to a spectrum of A, then || - ||z may not be equivalent

to H2-norm on E—. T herefore, in the following we use the spectrum family of A
to sperate o(A) N (—o0, 0] into two segments. That is, for any € > 0, set

H = E(—e)H,
and E- = H- ND(|A]2) = HZ NE~. Let HZ = H™ N (cln(Urc_ EQAH))L,

where cly(B) denotes the closure of the set B in H. Similarly to ET, since the
spectrum of A restrict to E is bounded away from 0. Thus,

-l ~1-ll3 on E-. (2.4)
However, 7:18_ is not complete with respect to the norm || - || g, thus it is reasonable
to introduce a new norm. Define
1 1
Izl = (1AI= 2[5 + [2[) > (2.5)
Let E_, be the completion of H- under the norm || - ||,.

Now let E, denote the completion of D(A)NH~ with respect to the norm || - ||,
Since Hz is continuously embedded in L? for any p € [2,00), by (2.4), EZ is a
closed subspace of E, . Moreover, noting that £Z, C E~, it is orthogonal to E_
with respect to (-, ) g, we have ’

E, =E & E_,. 2.6
v € e,V

Lemma 2.1. E_,, C H} _(R) and is embedded compactly in L3S, and continuously
in LP for all v < p < +00.
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Proof. The proof was actually given in [2]. We state it here for reader’s convenience.
By the spectral theory of self-adjoint operators, HZ C D(A) = H'. Let {2,} C H_
be Cauchy sequence with respect to || - ||,. Then

0
Al = )l = [ RO — 2

—€

< —5/0 MIEO) (2 — 2m) 2 (2.7)

—c
=el| A (2n — 2m)3 — 0,
as n,m — oo. For any finite interval I C R, one has
/ 2 — zm[2dt < |T)% |2 — 2|2 — 0.
I
Together with (2.7), we have
/;'2" Pt = /1 A(zn — 2m) + B(t) (2 — 2m)|2dt

<20 — 2+ 2 [ |BO) e — )Pt =0,
I

as n,m — oo. Therefore the limit z of {z,} with respect to || - ||, belongs to H} (R).
Moreover, since H'(I) is compactly embedded in L°°(I) for any finite interval I,
one sees that £, is compactly embedded in L>(1).

By (2.7), {Az,} is a Cauchy sequence in L?. Hence Az, — w in L?. Since
Az, — Az in L? , w= Az, ie. Az € L?. Note that for any finite interval I C R

locy

/|2|2dt = / |Az 4+ Bz|*dt < 2/(|Az|2 + |Bz|?)dt.
I I I

2 1—% ZU%'
SC(/I|AZ| iy (/1' ”)%)

z2(1) = z(t) + /tT 2(s)ds, for T € R.

(2.8)

Obviously, we have

Integrating from 7 — % to T+ % in the above equality, one has

‘r+% L TJr% .
j2(r)] < ( / 2|7ty ® + / 12[2dt)*. (2.9)
1 F_1

2 2

Since z € H and Az € H, (2.8) and (2.9) show that
[z2(T)| = 0 as |7| — oc.

That is, z € L*. Therefore z € L N L* and so z € LP for any p > v. Replacing
z by zp, — 2z in (2.8) and (2.9) one sees that E_, is continuously embedded in L>®

e, v
and so is in L? for any p > v. O

Let E, denote the completion of the set D(A) under the norm || - ||,. It follows
from (2.2), (2.4), (2.6) and Lemma 2.1 that £, and E™ are closed set. Moreover,
since E, C E, and using the decomposition of F, it is easy to check that F, NET =
{0}, and so

E,=E, @ E*. (2.10)
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We now come to the following embedding theorem.

Theorem 2.2. Suppose (J1) is satisfied, and E, is defined in (2.10). Then E, is
embedded continuously in LP for all p > v and compactly in L]  for any q > 2.

loc

Proof. By (2.2), (2.4), (2.10) and Lemma 2.1, one can easily get the desired con-
clusion. O

3. Linking theorem on Banach space. In this part, we shall state an abstract
critical theorem, which is first established in Hilbert space by Szulkin and Zou [4].
Recently, Willem and Zou [27] generalized it to Banach space. See also [7, 25] for
the earlier results on that direction.

Let (Z,] - ||) denote a reflexive Banach space with the direct sum decomposition
E=XaY. For z € =, we write z =z +y, where x € X and y € Y. Assume X
has a Schauder basis {e1, ez, - -}. We define || - ||; : £ — [0, 00) by

o0

1
2]l := max{|lyll, > ilei @l
i=1
for z = 37, ¢j(x)ej +y € E. Then || - |7 is a norm on =. Below the topology
generated by || - ||~ will be called the 7-topology. Clearly, for z =z +y € =

Iyl < llzll- < lI=]l-

Therefore the 7-topology is weaker than the original one: any sequence {z,} C =
such that z, — z(in E) converges to the 7-topology(z, — z in 7). Moreover, for
any bounded sequence {z,},

Zn — 2 in T<<=x,—x and vy, — Y.

Recall from [7] that a homotopy h = I —g: [0,1] x A — =, where A C =, is called
admissible if:

(i) h is T-continuous, i.e. h(vy, zy,) = h(v, z) whenever v, — v and z, > z;

(ii) g is 7-locally finite-dimensional, i.e., for each (v, z) € [0, 1] x A, there exists
a neighborhood U of (v, z) in the product topology of [0,1] and (Z,7) such that
g(UN([0,1] x A)) is contained in a finite-dimensional subspace of =.

Let A be a closed subset of =. We say that a map G : A x [0, 1] is an admissible
homotopy if it is 7-continuous and for each (u,t) € Ax|0, 1], there is a neighborhood
W(.+) in the product topology of (=, 7) x [0, 1] such that the set {v—G(v,s) : (v, s) €
We..yN(Ax[0,1])} is contained in a finite-dimensional subspace of Z. Observe that
admissible map is continuous. On bounded subsets of = the T-topology coincides
with the product topology of Xycqr and Ysirong. We call the vector Vi N — Zis 7-
locally 7-Lipschitzian, where N is 7-open, if for any z € N, there is a 7-neighborhood
U such that ||V (z1) — V(22)|l» < L.||z1 — 22| for all 21,22 € U and some L, > 0.

Lemma 3.1. [7, Proposition 2.2] Let V : O — EZ be a vector field, where O is
a 7- open set. Assume that V is T-locally T-Lipschitzian and locally Lipschitzian,
and for each z € O, there exists a T- neighborhood W, which is mapped by V into
a finite-dimensional subspace of E. Let F' C O be a closed set. Assume that the
solution of the Cauchy problem

d

En =V(n), n(z0)=z¢€F,
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n(z,t) exists on [0,1] for each z € F. Then the map n : F x [0,1] — = is an
admissible homotopy.

Let ) € CY(E,R), R >7 >0, and z9 € Y with ||z0]| = 1 be given and define
M ={:=x+pz:|z]| <R, p>0}, Ni={z€Y:|z|| =1},
A:={h e C([0,1] x M,Z) : h is admissible, h(0,z) = z and
s — (®x(h(s,2))) is non-increasing},
And for any a,k € R and a < k, @5, = {2 € Z;P5(2) > a}, Pk = {z € ;P (2) <
k}, @’;a = @kaﬁ@’/{. ®,, is said to be T-upper semi-continuous if @), is 7-closed, and
@/, is said T-weak sequentially continuous in ®§  if ®)(z,) — ®,(z) when 2z, — 2
in 7 in ®§_. So the following theorem holds.
Theorem 3.2. [27, Theorem 2.2] Let = = X @Y be a reflexive Banach space. A
functional ®5 € C*(Z,R) has the form
Dy(z) :=A(z) — AB(z), 1 <A< 2.
We suppose that

(i) B(z) = 0
(ii) A(z) — 0o or B(z) — o0 as ||z]| — oo;
(iii) @ is T-upper semi-continuous, and P is T-weakly sequentially continuous
on ® fora,k € R and a < k;
(iv) There exist R >1r >0,b>0 and z0 €Y, ||20]| = 1, such that Px|n > b >
0> supyy @r and d == sup,ep; Pa(z) < oo for all X € [1,2].
Then for almost every A € [1,2], there exists a bounded sequence {z,} such that
@’ (zn) — 0 and Oy (2,) — va, where

d> vy = élelf sup ®x(h(1,2)) > b > 0.
AzeMm

The proof of this theorem was given in [27], so we omit its details.

4. Properties of the functional. From now on, we consider the system (HS) on
Banach space F, defined in Section 2. Set = := E, = E; ® E*, where Y = ET,
X = E,. Tt is not difficult to check that || - ||, is uniformly convex, so F, is a
reflexive Banach space.

/ R(t, z)

Let
By assumptions and Theorem 2.2, ¥(z) € C'(E,,R) and

V' (z)v = / R.(t,z(t))v(t)dt,Vz,v € E,.
R
Define ) \
0y(2) 1= Sl - Sl I - M) <A<,

for z =27+ 27 € E,. Then ®) € C'(E,,R). In order to obtain the boundedness
of the (PS).-sequence, we shall apply Theorem 3.2 to the functional ®y. So we first
study the properties for the functional ®,. If A = 1, we have

1 1, -
B(2) i= @1 (2) = 515" % = 51127 I — ¥()
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Thus, for ¢ € C3°(R)
D' (2)y = /(—Jé — Bz — R,(t,2),)dt. (4.1)
R

It follows that critical points of ® are solutions of (HS). Moreover, if z is a solu-
tion of (HS), by Theorem 2.2, R,(t,2z) € L*(R,R*Y) for s € [2,00). A standard
argument shows that z is also a homoclinic orbit of (HS)(see [2]).

Lemma 4.1. Assume (J1) — (Js) hold. If z(t) # 0 is a critical point of ®(z) in
E,, then z is a homoclinic orbit of (HS).

Lemma 4.2. There exists a positive constant r > 0 such that

b:= inf ®,(z) >0,
z€EN

where N :={z € E*:|z|, =r}.
Proof. For all z € E*, by Theorem 2.2 and (J2), we have

1 1 ,
B(:) = gl = A [ At > 50 el

1
> Slzl1% - ell=lz.

Now the desired result follows. O

Lemma 4.3. Let zo € E* and ||20]|, =1, OM = {z =z~ + pz¢; ||z, = R and p >
0 or ||z]l, < R and p =0}. Then there exist R > r > 0 such that

(i) Pxlomr <05

(1) d == sup,cp Pa(z) < o0,

where r > 0 is given in Lemma 4.2.

Proof. Noting that ®5(z) < ®(z) for any z € E and A € [1,2], it suffices to prove
that ®|spr < 0. Since R(t,z) > 0, by (J2), for z =z~ + pzo, we have

2
P Lo - v
8() < Dol — 3l 1% — e [ 1o+ paolat.
R

There exists a continuous projection from the closure of £, &Rz in L” to Rzg(see
[7]), thus, |pz], < ¢|z™ + pzo|, for some ¢ > 0. Hence

o1
2 2
It follows that ®(z~ + pzp) — —o0 as ||z~ + pzol|ly — o0. Since ® <0 on E,, , the
conclusion (i) hods for R sufficiently large. Moreover, since the set M is bounded,
it follows d < oo. O

P(z) < 2711 — cp”.

5. Existence of homoclinic orbit. In this section, we will establish Theorem
1.1. Recall that the functional

1 1
O = 5=t % = MGl IIE + / R(t,z)dt), z=z"+z" € E,
R

defined in Section 4. By (J2), it is easy to check that A(z) — oo or B(z) — oo if
212 = |27 1% + |27 ||% + |2|2 — o0 and B(z) > 0. Together with Lemmas 4.2-4.3,
we know that the conditions (i), (¢¢) and (iv) of Theorem 3.2 are satisfied. So we
have the following lemma.
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Lemma 5.1. For almost every A\ € [1,2], there exists a bounded sequence {z}
(Iznlly < C") such that @\ (z,) — 0 and ®x(z,) — v, where vy € [b,d].

Proof. Let a € R. Assume that z,, € ®, with 2, — 2z in 7. Then a < 3|25 [% —
(311zmll% + A¥(2,)). Since z, — 2+, we have ||z} £ is bounded. Moreover, it
follows from 3|z, 1% < &[5 1% — a that ||z,,|| is bounded. By (), one has

lzmly +a < a+ 2 amlh 4 M) < Sl
Thus, |zm|, is bounded and so ||zp||,. Therefore, z,, — z which implies z,, — z
in L} (p> 2) and along a subsequence z,,(t) — z(t) a.e. t € R. Consequently, by
the weakly semi-continuous of norm and Fatou’s lemma we get a < ®(z). Now let
Zym — 2z in 7(in ®% ). Similar to above arguments, we know that ||z, ||, is bounded,
and s0 zy, — z in E,. Then z, — zin L} and R.(t,zm) — R.(t,2) in Lfo/c(pfl).
Hence @) (2p,)1) — @, (2)¢ for ¢ € E,. So the condition (iii) of Theorem 3.2 is
satisfied. By Theorem 3.2, it follows that the results of this lemma holds. O

In order to prove that ®(z) has non-zero critical point, we need the following
definition.

Definition 5.2. Let {z,} C E, be a bounded sequence. Then, up to a subsequence,
either

(1) there exist v > 0, R > 0 and y,, € R such that lim,_,~
or

(2) limy, o0 SUP, g f;jlf |zn|?dt = 0 for all 0 < R < oo.

In the cases (1) and (2), we say that {z,} is non-vanishing and vanishing, re-
spectively. The definitions are introduced in [4]

Yyn+R

v R |zn|2dt >~ > 0,

Since the Palais-Samle conditions is not satisfied due to the unboundedness of
the domain R, then we need the following lemma as a compact compensation. This
lemma is first established by P. L. Lions [24].

Lemma 5.3. Let a >0 and {z,} C Hz be bounded. If
(+%) swp [ [zt 0.0 o,
yeR J B(y,a)

where B(y,a) is the interval (y — a,y + a), then z, — 0 in L*(R) for 2 <t < oo.
Particularly, if {z,} C E™T is bounded and satisfies (xx), then z, — 0 in L*(R) for
2<t<o0.

Proof. Usually, this lemma is stated for z, C H!(see [21, 24]). However, a simple
modification of the argument of Lemma 1.21 in [21] shows that the conclusion
remains valid in Hz. Moreover, since the norms | - ||, and || - ||H 4 are equivalent in

E7, then the second conclusion follows. |
Lemma 5.4. Let \ € [1,2] be fized. If a bounded sequence {z,} C E, satisfies
nh_)n;o Dy (z,) € [b,d] and nh_}ngo )\ (2,) =0,
then there exist k,, € Z such that, up to be a subsequence, w, = z,(t + k) satisfies
up, = ux #0, 0< ®y(uy) <wvy and D)\ (uy) =0.
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Proof. Since sup ||z, ||, < 400, then sup 2,7, < o0, where z, = 2, + 2., 2, €
E; and z} € E*T. If {2} is vanishing, i.e.,

lim sup/ |2 |2dt = 0,
B(y,a)

by Lemma 5.3, one has 2,7 — 0 in LY(R) for 2 < t < oo. Therefore, by (J2),
Theorem 2.2 and Holder inequality, one sees that

|/ R.(t,2n)2,}dt] < c/ |z 2 |dt < ezt || znll ! — 0. (5.1)
R R

Since ®4(z,) — 0 and @) (z,)z} = ||z7|% — A [z R(t, z0) 2} dt, we know that
Izl — 0 and

Dx(zn) < |2y lle — 0,
a contradiction. Thus, {z;} is non-vanishing. That is, there exist v > 0, ¢ > 0 and

Un € R such that
Jntt
lim |zF|2dt > v > 0.
n— o0 Gn—t
Hence we can find k,, € Z such that, setting u,, := z,(t + k),
+1
lim lu|?dt > v > 0, (5.2)

n—oo -1
where u;t = zF(t + k). Since ||z, = ||tnly, then {u,} is still bounded,

lim ®y(up) =vx €[b,d] and nlirgo D\ (uy,) = 0. (5.3)

n—oo

Therefore, up to a subsequence, u, — uy and u,(t) — ux(t) a.e. t € R, for some
uy € E,. Since u, — uy in L? (R, R?*Y), it follows from (5.2) that uy # 0. Recall
that ¥’ is weakly sequentially continuous. Therefore @) (u,) — ®)(ur) and by
(5.3), @4 (ur) = 0.

Finally, by (J3) and Fatou’s lemma,

1
vy = lim (®y(uy) — 5@’)\(un)un)

n—oo

— Jim A / (%Rz(t,un)un—R(t,un))dt
R

2 0 [ (SRt s — Rt )it = Ba03) > 0.
R
O

Lemma 5.5. There exists a sequence {\,} C [1,2] and {z,} C E, \ {0} such that
A= 1, 0<®y (20) <d and @)\ (z,)=0.

Proof. This is a straightforward consequence of Lemmas 5.1 and 5.4. O

Lemma 5.6. The sequence {z,} obtained in Lemma 5.5 is bounded in E, .

Proof. We modify an arguments of Lemma 4.26 in [28]. For z, € E,, set z, =
2, + 2t where 2, € E,;, 27 € ET. Since ®) (2,)2, = 0, by (J2),

HZ;F”QE - )‘n”Z;”QE = /\n/RRZ(ta Zn)zndt > C|Zn|zlj (5.4)
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Therefore, |12 |3 < 154113, [2al? < cllzH13 and [2al, < 512"
prove the boundedness of ||z,7]|%.
By (J1) and (J5), let g9 > 0 such that ug —eo > 2, then there exist Ry > Ry > 0
such that

. It suffices to

R.(t,z)z > (po — €0)R(t, 2),Vt € R, |z] < Ry, (5.5)
and

R.(t,2)z — 2R(t,2) > co|2|°,Vt € R, |2| > R;.
Furthermore, by (J3), we can choose € > 0 small enough such that

R.(t,2)z — 2R(t, z) > €|z|°, ¥t € R, |z| > R. (5.6)
Since @, (2,) < d and @ (z,) =0, we have

1 1 1
(I)/An (Zn)zn =(5—

Z;f 2 — M\nllz, 2
o — 0 3 o= 60)(II Iz 2 %)
1
R MO — €0

Hence, by (5.5) and (J2) — (J3), we get that

I = Mnllzalfy < e e [ (Rt ) = TRt )zt
R Ho — €o
1

=c+ c(/ +/ Y(R(t, zn) — R.(t, 2n)2,)dt
|zn|>Ro |zn|<Ro Ho —¢€o

<c+ c/ (R(t, zn) — R.(t, zy)2,)dt
|zn|>Ro

Ho — €0
1

)/ R.(t, zp)zpdt
/'LO —¢o IZnIZRO

< c+c/ |2 |V dt.
|Zn|ZR0

1
§c+c(§—

(5.7)

Moreover, ®y, (2,) — 3P4 (2n)zn < d, (J3) and (5.6) imply that

1
¢> /(—Rz(t,zn)zn CR(tz) 2 f/ |zl Pl (5.8)
R 2 2 Jjzn12Ro
Choose t € (58525, +) C (0,1). Since v4=% = v* < § < v, then, by (5.8), Holder
inequality and Theorem 2.2, we have
/ |2n ¥ dt = / |20 | 2| P it
‘Zn‘ZRO ‘Zn‘ZRO
< (/ |Zn|ﬁdt)tu(/ |Zn|(11 trBU)Vd )1—tu

|zn|>Ro |zn|>Ro (59)

< elzalps ™" < cllzall {0

< c<||z+||E + 1z |15 + [2a]s) 71
1 t 2(1—t
<cllzHIS T 4 el

3
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where p* = =¥ 1, Consequentl , (5.4), (5.7) and (5.8) imply that
p* — q y ply

/ el < 1% — Al |3 < c+c/ ot
R |zn|>Ro
1 t 2(1—¢
<c+dlzt | ST 4 o)zt

That is, |z |, < c+c||zj{||E7tﬁ)+c||z,f||g(l_tﬁ). On the other hand, ®) (z,)z, =0
and (J2) imply that

Il = [ Rttzstie < e [ fenatlar
R R

- 1-t 2(1-t8)\v—
< clzaly oty < cletdllzt Il B+C||Z+||ﬁ; ) Hztle

1—t8)(v— D1— tﬁ)-‘rl
< cllatls + ez SO L
Since (1 —t8)(v — 1) + 1 < 2, we have that ||z, ||p < +oc. O

Lemma 5.7. The sequence {z,} obtained in Lemma 5.5 is non-vanishing.
Proof. 1t suffices to show that ||z;}||g > ¢1 > 0. Indeed, if {z,} is vanishing, since
)\ (zn)zt =0, similar to (5.1) of Lemma 5.4, we have

I = 2w [ Rettn)zdt —0,

R

as n — oo, a contradiction. In the following we shall show that ||z} ||z > ¢ > 0.
Since ® (25)zn = 0, we have

lzn 1% < cllz B 2nly < cllzf I
Therefore, by (J2) and Holder inequality,

|/Rz(t,zn)z:{dt| gc/ |||t
R

< elznly et < ellztln ™ 1zl

1

= cllz I

It follows from @) (z,)z; = 0 that

12 =\, [ R.(t Lt < el T
24l = An s 2t zn) 2 dt < cllz,f || :

Noting that ( U > 1, then there exists ¢; > 0 such that ¢; < ||z} &. O

Proof of Theorem 1.1. We have shown that there exist A\, — 1 and a bounded
sequence {z,} such that 0 < ®) (z,) < d and @) (2,) = 0. Therefore,

(I)/(Zn) = (I)IAn (2n) + (An — 1)(27: + \I]I(Zn)) = (A0 —1)(2, + \IJ/(ZH)) — 0.
It follows from Lemma 5.7 that {z,} is non-vanishing. By Lemma 5.4, there exists
kn € Z such that if z,(t) := z,,(t + ky), then z,(¢t) — z(t) # 0 and ®’(z) = 0. This
is the desired result. O

Corollary 1. Let H(t,z) be the form of (1.1). Assume that A = —(J % + B(t))
satisfies the conditions of Remark 3. Then (HS) has at least one homoclinic orbit.

It follows from the Remark 3 and Theorem 1.1.
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6. Some examples of matrices. In this section, we shall give some examples of
matrix satisfying the condition (7). Therefore, some preliminary results is needed,
which due to Ding and Willem in [2].

Definition 6.1. Let S(t) € C(R;R*N”) be a symmetric matrix valued function,
and let F'(t) be the fundamental matrix with F(0) = I for the equation

#(t) = TS(t)x,
S(t) is said to have an exponential dichotomy if there is a projector P and positive

constants K, & such that

t “(s)| < Ke s\t if s <t
|F(t)(I — P)F~'(s)] < Ke €671 if s > ¢, '

(see [1]).

Definition 6.2. A continuous symmetric matrix valued function B(t) will be called
right (resp. left) dichotomic if there is > 0 such that Bs(t) := B(t) + 0 has an
exponential dichotomy for each § € (0, 0] (resp. § € [—0,0)).

Lemma 6.3. If B(t) is right dichotomic, then it satisfies (7).

Proof. The proof was actually given in [2]. We state it here for reader’s convenience.
Noting that
&t =JB(t)x <= A.x +cx =0,
where
d
A = —(JE + B.(t) =A—=e.

By Lemma 7.1 in Appendix, for any ¢ € (0, €], there are a. < 0 < b., both a. and b,
being in o(A;), such that (a.,b.) C p(A:) := C\ o(A:). Let x := min{&, bs}. Then
since € € o(A) if and only if 0 € o(A.), we see that (0,x) C p(A). The desired
conclusion follows. O

Remark 4. In the same way, one can check that if B(t) is left dichotomic then
there is @ > 0 such that (—«,0) C p(A).

The following two matrix satisfy (J1).

Example 1. Let
_sinrey+1 (11
Clearly, we have that
5 — €| sin(7t)|+1 _e|sin(7rt)|+1 >

Bis(t) := Bu(t) + 012 = < _lsin(rt)l+1 5 _ olsin(rt)|+1

and
ev(TBis) = {As1 =, = Aun = H((=6% + 28elsn(m0I+1y3 Y

where ev(B;) denotes the set of all eigenvalues of By. Therefore, By is right di-
chotomic if 0 < § < 2e.
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Example 2. Let M(t) be l-periodic continuous symmetric matrix valued func-

tion and
M, ._/ M(t)dt

be its mean value. Similar to example 2 of [2]. Set Mj. := M; + ¢ and let
N(E) = aj(0) + i5(e), = 1+, 2N
denote the eigenvalues of JMj.. Assume that there is £ > 0 such that
ar(e) < <an(e) <0< anyi(e)
<< aan, Ve € (0,€](c € [¢,0)).

Then M (t) is right(left) dichotomic. In particular, if

My = diag(M\,- -+, dan)
with Ay < -+ < An(t) <0< Any1 < -+ < Ao, then M(¢) is right dichotomic.

7. Appendix. Recalling that A:—(j% + B(t)) is a self-adjoint operator in H.
By (J1), we have D(|A|2) = Hz, where |A|2 denotes the square root of |A|. In this
Appendix, we mainly refer to the paper [2]. For reader’s convenience, some of the
results, together with the proofs, will be provided here. Set W1* := Whs(R, R?V)
fors>1, H .= Wl2 and H? := H%(R, R2N). For a self-adjoint operator A in H,
we denote by | 4| its absolute value. Now we have

Lemma 7.1. Suppose that S(t) has an exponential dichotomy and s > 1. Then the
following conclusions hold:
(1) The operator

d

By : LS DOWY — L* s —(ja +St)u,

has a bounded inverse By satisfying with some d = d(s,o) >0
|B; 2|, < d|2|s, V2 € LF,

forallo > s;
(2) B := By is s self-adjoint, and there are b > 0, by > 0, by > 0 such that
o(B)N[=b,b] =@ and

billz||lmr < |Bzlz < bollz|lgr for all ze HY;
(3) D(|B|z) = H=, and there are dy, dy > 0 such that

dilzll 3 < I|B|2 2|3 < da)|2 I3 for all zeH.
Proof. For any z € L®, s > 1, there is a unique v € W'* satisfying
d
—(Ja +Shu==z

given by
t
t):/ F(t)PF~'(s szs—/ F(t)(I — P)F~!(s)J »ds.

Set
1, ifs>0,
0, ifs<0.
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Then
u(t) = / F(t)PF Y (s)AT(t — )T zds
R

— / F(t)(I — PYF Y (s)A™ (t — 8)J zds
R

= u(t) + ua(?),
and by Eq. (6.1)

(0] < & [ eI 1= 5)|zlds
R
and
ua (t)| gK/e—ﬂs—f)x(t_s)Ws.
R

Setting fT(7) = e " AT (1) and f~(7) = €57 A~ (7), one has
lur ()] < K(fF #[2)(t) and Jua(t)] < K(f~ *[2])(1),

where * denotes the convolution. Observe that
1
LI = [l =g Yoz and |-t
R R §o
By the convolution inequality, for any ¢ > 1 satisfying % = % + % -1,
|uj|19 < K(fo’)_l/0|z|s, j=12

andfor%+i—1,s>1

ujloe < K (&) |2l 5 =1,2,
and also
[ujloo < Kz, if s=1, j=1,2.

Therefore,
e 111
luly < K (o) |zls, ¥,8,0>1 and 52——1———1. (7.1)
s o

Now the conclusion (1) follows from Eq. (7.1).

It is easy to verify that B = By is self-adjoint. Note that if there is a sequence of
positive numbers b,, — 0 such that o(B) N [=by,b,] = &, then there is a sequence
{zn} C D(A) with |z, |2 = 1 and |Bz,|2 — 0, contradicting (7.1). That is, 0 &€ o(B).
The inequality of (2) is clear by (7.1).

We now verify (3). Let ' := —;—;. Then D(I') = H2. By an interpolation theory
(see [2](page 764, line 15) or [23](see section 2.5.2))

(D(I%),D(I"))g2 = (H,H?)po=H*, 0<6<1.
On the other hand (see [2](page 764, line 17) or [23](see section 1.18.10))
(D(r°), D(1))p.2 = D(I).
Consequently,
D(I’) = H*
equipped with the norm

2y = [+ X )ELE = ol + [P
0
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where {Ey; —00 < A < 0o} is the spectral family of T'. In particular, let § = 1/4,
Hz =D(T%), |lul?, < |25+ T3,

Since [T''/2z|y = ||z < ¢1]Bz|s for z € H' by the conclusion (2), one has (I''/?z, 2),

< ¢3(|B|z, 2)2(see Theorem 4.12 in [8]), and so |[T'/4z|y < co||B|'/?2|o. Together

with Eq. (7.1), it follows that the first inequality of (3) holds. Similarly, considering

the operator I := j% + 1, one can check the second one of (3). O

Lemma 7.2. Under the assumption of (J1), we have
arllzll gz < |A|7 2]2 + alzls < callzl| s + 2alz]a,  for z € H?,
where ¢; > 0, (1=1, 2) and a > sup,cgp |B(t)|.

Proof. Now we consider the matrix B, := B(t) 4+ aB, where a > 0, B(t) satisfies

(J1) and B = ( (1) (1) > Clearly a7 B has the eigenvalues \; = --- = Ay = a and
AN41 == dan = —a, and its fundamental matrix is F, = exp(at ( _01 (1) ))

Therefore aB has an exponential dichotomy. By the roughness of the exponential
dichotomy, for any
a > 4sup|B(t)], (7.2)

teER
B, also have an exponential dichotomy(see [1]). In Eq. (7.2), we fix an a. Consider
the self-adjoint operator

d -
Aa = — —_ Ba — A - B
(jdt + B,) a
Since for z € D(A)
|Aaz]a = [(A — aB)z|y < |Az|s + alz|s,
by Lemma 7.1,
cill2lFne < (|4alz,2)2 < (JAlz, 2)2 + al2]3
< ca|lll3p2 + alzl3.
By Proposition III 8.12 of [8], we have
ezl e < A2 22+ alz]z < calz] /2 + 20z,
for all z € H2 = D(|A|2), where ¢; > 0, (i=1, 2). O
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