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EXTENDED CESARO OPERATORS ON
BMOA SPACES IN THE UNIT BALL

ZHONG-SHAN FANG AND ZE-HUA ZHOU

(Communicated by S. K. Vodopyanov)

Abstract. Let g be a holomorphic map of B, where B is the unit ball of C". This paper
gives necessary and sufficient conditions for the extended Cesdro operators induced by g to
be bounded or compact on BMOA.

1. Introduction

Let f(z) be a holomorphic function on the unit disc D with the Taylor expansion

f(z) = ¥ a;z/. The classical Cesdro operator acting on f is defined by
Jj=0

CE) =3 (1% iak> J

In the past few years, boundedness and compactness of extended Cesaro operator
between several spaces of holomorphic functions have been studied by many authors.
It is well known that the operator % is bounded on the usual Hardy spaces H? (D) for
0 < p < e=. Basic results facts on Hardy spaces can be found in [5]. For 1 < p <
oo, Siskakis [19] studied the spectrum of €. As a by-product he obtained that € is
bounded on H?(D). For p = 1, the boundedness of ¢ was given also by Siskakis [21]
by a particularly elegant method, independent of spectrum theory. A different proof of
the result can be found in [8]. After that, for 0 < p < 1, Miao [17] proved ¥ is also
bounded. For p = e, the boundedness of ¢ was given by Danikas and Siskakis in [4].
It has been also shown that the operator ¢ ia also bounded on the Bergman space (in
[22]) as well as on the weighted Bergman spaces (in [2]). But the operator % is not
always bounded. In [24], Shi and Ren gave a sufficient and necessary condition for the
operator € to be bounded on mixed norm spaces in the unit disc, as well as Li and
Stevié’s papers [11, 12, 15, 16]. Recently, Siskakis and Zhao in [23] obtained sufficient
and necessary conditions for Volterra type operator, which is a generalization of %, to
be bounded or compact between BMOA spaces in the unit disc. It is a natural question
to ask what are the conditions for higher dimensional case.
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Let dv be the Lebesgue measure on the unit ball B of C" normalized so that
v(B) =1, and dt the Mgbius invariant measure on B. Let S denote the boundary
of B, and do denote the normalized surface measure. The class of all holomorphic
functions on B is denoted by H(B). For holomorphic function f in B we write

d d =
v = (42 DY Rete) - -3,

and
Vf(z) = V(£ .)(0).

A little calculation shows Z[f](z) = L = Jo f(t)(log 7+)/dt. From this point of
view, if g € H(B), it is natural to consider the extended Cesdro operator T, on H(B)
defined by

L)@ = [ reRe) s

It is easy to show that 7, maps H(B) into itself. In general, there is no easy way
to determine when an extended Cesdro operator is bounded or compact.

Motivated by [24], some authors [9, 10, 7, 13, 14, 29] discussed the extended
Cesdro operators on the mixed norm space, Bloch space, Zygmund space, Hardy space,
as well as Dirichlet space in the unit ball.

The space BMOA in the unit ball consists of those functions f € H?(B) for which
the set of Mobius translates {f o @,(z) — f(a)} is bounded in H?(B), that is,

p(f) = supfo pu(z) = fla)llye

1/2
~sup{ [IRAQP(1-12)(1~ o)) ax(a |

acB

) 1/2
~sup{/w (1-lo@P) ar@} <
acB

while VMOA contains those f for which

oJim_{1f o ¢a(z) = f(@)ll2 = 0.
BMOA is a Banach space under the norm ||f]|. = [f(0)| +p(f) and VMOA is the
closure of the set of polynomials in BMOA.
LMOA is defined to be the spaces of f € H(B) such that

log % )2
I/ iEmoa = sup {( 5 ) /Qr(é) IRf(2)]*(1— |Zz)dV(Z)} <o,

r>0,Ee8 F

Throughout this paper we define d(z,w) = |1 — (z,w)|"/? for z and w in the closed
unit ball B. For & € S and r,8 > 0 we let

0-(§) ={z€B:d(z,§) <r}
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and
Q(£.0)={nes:d(,n) <3}
It is obvious that Q(£,8) = S when § > V2. Moreover, o(Q(£,5)) ~ §*" and
0,(&) ~ r?t1) forall £ €S, § € (0,v/2) and r (Lemma 4.6,[31]).
In this paper, we discuss the extended Cesdro operator between the BMOA space

on the unit ball, and give some sufficient and necessary conditions for the operator to
be bounded and compact. The main results of the paper are the following:

THEOREM 1. T is bounded on BMOA if and only if ¢ € LMOA.

proclaimTheorem 2 T, is compact on BMOA if and only if

2

log 2
lim sup {(ngz) /Qr(é)Rg<z>2<1—|z2>dv<z>}=o

r=0,50¢¢s F

or equivalently

lim 1og1 / IRg(2)[2(1 = [22)2 (1 — |gu() ) "d(2) =

la|—1

2. Some Lemmas

In the following, we will use the symbol C to denote a finite positive number
which does not depend on variable z and may depend on some norms and parameters
n, f etc, not necessarily the same at each occurrence.

In order to prove the main result, we will give some lemmas first.

LEMMA 1. [31] (Th5.9) Let u be a positive Borel measure on B and 0 < p < oo.
Then u is a Carleson measure if and only if there exists a constant C > 0 such that

LIf@rau) < [1r@Ndo(e

LEMMA 2. [31] (ThS5.5) The following conditions are equivalent:
(1) f is in BMOA (VMOA);
(2) (1—1z»)|Vf(2)|?dv(z) is a (vanishing) Carleson measure;

(3) (1—z]»)|Rf(2)|?dv(z) is a (vanishing) Carleson measure;
(4) (1= 22"V f(2)]2dr(z) = %ZZTZV(Z) is a (vanishing) Carleson measure.

LEMMA 3. There is a constant C > 0, such that for all f € BMOA and z € B,
the estimate

[f(2)] < Clog { ‘Hfll*

-z
holds.
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Proof. First, recall that Bloch consists of those f in H(B) with sup(l — |z |Vf(z)| <

z€

oo, and whose norm is defined by || f||sioch = |f(0)| + sup(1 — |z|? )\Vf( )|. For all
z€B

f € Bloch and z € B, we have
1
QI < )+ [ T
2l dt
< 1 —
llmoen (15 [ 755)
1 4
< (14 zlog——
( + 3 og 1— ‘Z|2)Hf”Bloch
2
S Clog T— B |/1|Bloch
and the conclusion follows immediately by Theorem 3.19 in [31].

LEMMA 4. [31] (Page 49) If f is holomorphic in B, then

(1= PRI @) < (1= [PV ()| < VAR

LEMMA 5. Let g € BMOA. Then the seminorm ||g||Lmoa is equivalent to the
seminorm given by

(lelision)? = sup (log =r)* [ [Re(a) 1 = 1eP(1 = ) )" de(o).

Proof. On one hand, for r > 1, with g € BMOA and Lemma 2, the conclusion
is obvious. Without loss of generahty, we may assume 0 < r < 1. For & € S, let
a=(1-r*)E&, then

(log 2)°
B, R P

7 | o) REQIPA =P (1= lou)P)dx(2)

2
< C(log - \a|

C(tog 7=)* [ IReQIP(1 =122 (1~ [ou(@)P) 'dx(2)

where we have used the mequahty |Z‘ < C(1—|@a(2)]?) for z€ Q(E).
Conversely, for |a| < 2 the estlmate is trivial. Now, assume |a| > 3 , & = o and
for k > 0 define ry = 2"“(1 —lal), Ex=0, (&)= 0y ,(§),and E_; = ¢. Let N
be the smallest positive integer such that Q(&,ry) = S.
Since 1 — (a,w) =1 —|a| + |a|(1 — (§,w)) for k > 1 and w € E, it follows that

1= (a,w)| > 271 (1~ al),
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SO
-l 1-laP __ C
[—RP T (@gP S #FT(0—Ja)’

Then
/ Re() (1= (1= 0u(2) ) ()
—2 [, Re@F (= (1~ [u(@)P)"de(o)

< z e / Rg(2)2(1 — [z2)v(2)

|a\
Rl ) ypm——
S Z 2"k10g2 D) 81ILMOA
k=0 2K+ (1—]al)
< —lglvon
log =l
C
< 1 HgHLMOA
Og

The last inequality holds since logl_ila| < 2log 1+M for |a| > %. The proof of the
lemma is completed.

LEMMA 6. Let g € H(B), then

R[T,f](z) = f(2)Rg(2)
forany f € H(B) and z € B.

Proof. Suppose the holomorphic function fRg has the Taylor expansion

ng Z agz”

la|>1

Then we have

1 1
9=R [ JeREDT <R[ T autta S

la[>1

“R[Y Y2 ag® = (fRe)(2).

a1 1l la[>1

3. The Proof Of Theorem 1

We prove the sufficiency first.
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For a given f € BMOA, we will show F = T,(f) e BMOA.Let £ € S,1>r>0.
Then

5 [, o) RFQF( =P
- r2in /,@) FR)PIRg()[*(1 = [2*)dv(2)

2
1 Jo,(¢)

= |, o FOPIRP( = )b

20

=2J14+2/.

1/(2) = f )P |Rg(2) (1~ [2*)av ()

<

_|_

We estimate J; first. Consider the automorphism @,(z), which maps 0 to u,
where u = (1 —r?)& € B with 0 <r < 1. Forany z€ Q,(&),

L= (zu)| =[(1=r) (1= (&) +r2 < (1-r)r+r7 <27,

so it follows that
_yl? _ _
L=l () —fu]) 1= _ 1

11— (z,u)|> = 44 44 4r?
e (1= WP)(1=[P) _ 1=IeP
1—|ul")(1—]z 1—|z
1 — |y 2= >
.(2) 11— (z,u)P 472
With Lemma 4 and the Mdbius invariant of BMOA, we have
1 Vg(2)?
I = —/ £(2) - f)2 dv(z
1= 3 0 O TP v
<(4r2)" _ 21y 2(1 — 2\
o Q(é)lf(Z) F@)FIVe(@) " (1—eu(2)]*)"dT(2)

<€ [ 1£00uw) = 1) PV (g0 ) () P (1L = [w)dx(w)
< Cplgo9.) /S Fopu(n) — F(u)Pdo(n)
< CllglPIIfI
Next, we estimate J, .
2
POl / o RSP P

r2n
log*(5)

p2n

< ClfI2 /Q o [REQPO— )av(2)

2
< Cllgllimons
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where we have used Lemma 3. For the case 1 < r < /2, the proof is a modification of
thecase 0 <r<1.

Fix 0<ry<1,andset u= (1—r3)&. Then forany z € Q,(E) — Qy, (&), the case
2 € 0y, (&) is reduced to the case 0 < r < 1. Since

11— (zu)| = [(1=r5) (1= (2. &) + 15| < (L= rg)r? +15 <12,

it follows that

L= Q)1 —[u) _ 1—|u] 7
TGP~ r4 ZTa T a
and
(= JuP)1—P) B —|eP)
l_|(pM(Z)| - ‘1_<Z,u>‘2 > }"4 .
Therefore
1 Ve(2)|2
5= [, o o O~ FP S
(r4)n 215 2 2\n
< R o 0.6 O~ OPFEOPI @ PYa)
< [[1fo@) ~ FPI (g0 ) 00) (1~ wP)d(w)
< Co(gon.)’ /S Fo@u(n) — f(w)2da(n)
< Cllgl2IA12
and

u 2
2= [ g1~ eP)ave)

e Jog)
! [ IRg@P(1 = 2P)av(z)
* g\Z — |z v(zZ
r o)

<C
< C.
The last inequality holds because of g € BMOA, and the desired result follows.

Now, we prove the necessity.

Suppose T, : BMOA — BMOA is bounded. The result follows by g € BMOA for

r>1.Forthecase 0 <r<1, & €S weput fa(z)zlogm,where a=(1-r)E.

Since 2 < |1 — (z,u)| < 22 there is a constant C such that

1 2 2
EIOgr_z < |fa(2)] < Clogr—z
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forall z € O,(&). It follows that

log 2 )2
( = : L o ReQDP (= Par(a)
2
< rCT /Qr(é) fa (@) [Rg ()P (1 = |z|*)dv(z)
C2

< [, o BT P~ a0

<C|T,(fa)l2

2 2
< CITlPNfall?
< C||Tl.

This completes the proof of the theorem.

4. The Proof of Theorem 2

Now, suppose g satisfies the condition. We will show that T, is compact. It is well
known that the operator 7 is compact on BMOA if and only if every bounded sequence
{fm} in BMOA with f,, — 0 uniformly on compact subsets of B has a subsequence
{fm,} such that T, f,,, — 0 in BMOA. For any € >0, there is some r € (0, 1) such that

(1o 7=r0)” [ Re(@R (= 2P (1 = lou()P)'de(0) < e.r < o] < 1.

So we get

I Tefmll < sup B\fm(Z)Ileg(Z)lz(l —[2)? (1= |@a(2)|?) "d7(2)

+sup | | fu(@)PIRg(2)P(1 = [2)? (1~ [@a(2) )" d7(2)

|e|>r/B
< 3¢

if m is sufficiently large.

Conversely, we assume T is compact. Let 0 <r; <1 with r; — 0, and let
uj=(1—-r3)& with & € S. Denote

B 1 _ 1 (2 = Jog LT (28)
fj(z)_logm7 fo(z)—logm7 qj(z)—log1_<z7uj>.
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As in the proof of Theorem 1, we have for any j

(log )? . X
— [, R IaP)v(a
C
N /Q,,«:) 5@ P IRe (@ (1 ~[:)dv(z)
2C 2 2 2
< =5 i R 1-— d
5 [, o PRI 1 [a)in(a
2C
+ 5 [ U@PIRg@P(1— |Pav(2)
70 (8)
2C
<T@tz [ REGDPO - EP)),
J Ty

We just need to show the two terms above converge to 0.
Itis easy to check that g; is uniformly bounded and g; — O uniformly on compact
sets, so the compactness of T, implies lim ||T,(g;)|« = 0.
J e

For the second term, since VMOA** = BMOA, T;‘* =T, and T, compact on BMOA
implies weakly compact on VMOA, it follows that T7,(BMOA) C VMOA, so T;(fo) €
VMOA. By Lemma 2, [R(T,(fo))|*(1— |z|*)dv(z) is a vanishing Carleson measure, so
the second term converges to 0. The desired conclusion follows.
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