
Chaos, Solitons and Fractals 20 (2004) 609–617

www.elsevier.com/locate/chaos
A series of new explicit exact solutions for the coupled
Klein–Gordon–Schr€oodinger equations

A. Darwish a, E.G. Fan b,*

a Department of Mathematics, Faculty of Science, Helwan University, Cairo, Egypt
b Institute of Mathematics, Key Lab of Mathematics for Nonlinear Science, Fudan University, Shanghai 200433, PR China

Accepted 31 July 2003
Abstract

We devise an algebraic method to uniformly construct a series of explicit exact solutions for the coupled Klein–

Gordon–Schr€oodinger equations.
� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

We consider the following coupled Klein–Gordon–Schr€oodinger (K–G–S) equations in three space dimension
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WðX ; tÞ þ DWðX ; tÞ þ qWðX ; tÞUðX ; tÞ ¼ 0;

o2

ot2
UðX ; tÞ � DUðX ; tÞ þ l2UðX ; tÞ � qjWðX ; tÞj2 ¼ 0; t 2 R; X 2 R3;

ð1Þ
which describes a system of conserved scalar nucleons interacting with neutral scalar mesons. Here, W represents a

complex scalar neucleon field and U a real scalar meson field. The real constant l describes the mass of a meson, and q
is a coupling constant. The first study for the coupled K–G–S equations was done by Fukuda and Tsutsumi. By using

Galerkin method, they proved the existence of global strong solutions under the condition of initial boundary value [1].

Afterwards, much work has been done on the existence of global solutions, asymptotic behavior and stability for the K–

G–S equations [2–7], but explicit exact solutions are still unknown to our knowledge. In this work, we are interested in

solitary wave solutions and Jacobi doubly periodic wave solutions of K–G–S equations by using an algebraic method

proposed recently [8,9]. Compared with the existing tanh methods and Jacobi function method [10–15], our method

further exceeds their applicability in obtaining a series of exact wave solutions including the solitary wave, rational,

triangular periodic, Jacobi, and Weierstrass doubly periodic solutions. More importantly, the method provides a

guideline for the classification of the solutions based on the given parameters. The proposed method not only give an

unified formulation to construct various travelling wave solutions, but also provides a rule to classify the types of

solutions according to the given parameters. Furthermore, the proposed method is readily computerizable in solving

equation by using symbolic software like Mathematica or Maple. In the following Section 2, we simply describe the

proposed method, and then illustrate its application to the coupled K–G–S equations.
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2. Explicit exact solutions for coupled K–G–S equations

Let recall our proposed method whose main steps are outlined as follows [8,9]:

Step 1. For a given equation
Hðu; ut; ux; uxx; . . .Þ ¼ 0; ð2Þ
we first use wave transformation uðx; tÞ ¼ UðnÞ ¼ Uðxþ ctÞ, and change Eq. (2) into an ordinary differential equation

(ODE) as:
HðU ;U 0;U 00; . . .Þ ¼ 0: ð3Þ
Step 2. We introduce a new variable u ¼ uðnÞ which is a solution of the following first-order ODE:
u0 ¼ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼0

cjuj

vuut ; ð4Þ
where e ¼ �1. The derivatives with respect to the variable n become the derivatives with respect to the variable u as
d

dn
! e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼0

cjuj

vuut d

du
;

d2

dn2
! e2

1

2

Xm
j¼1

jcju
j�1 d

du

"
þ
Xm
j¼0

cju
j d2

du2

#
; . . .
By virtue of the variable u, we expand the solution of Eq. (2) or (3) as the following series:
uðx; tÞ ¼ UðnÞ ¼
Xn
i¼0

aiui: ð5Þ
Balancing the highest derivative term with the nonlinear terms in Eq. (3) will give a relation for the positive integers n
and m, from which the different possible values of n and m can be determined. These values lead to the series expansions

of the exact solutions for Eq. (2). For example, in the case of KdV equation
ut þ 6uux þ uxxx ¼ 0; ð6Þ
we have
m ¼ nþ 2: ð7Þ
If we take n ¼ 1 and m ¼ 3 in (7), we obtain the following series expansion of an exact solution of the KdV equation

(6) as
u ¼ a0 þ a1u; u0 ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0 þ c1uþ c2u2 þ c3u3

p
:

Similarly, if we take n ¼ 2, m ¼ 4 in (7), we have
u ¼ a0 þ a1uþ a2u2; u0 ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0 þ c1uþ c2u2 þ c3u3 þ c4u4

p
:

Step 3. Substituting the expansion (5) into Eq. (3) and setting the coefficients of all powers of ui and ui
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm

j¼0 cju
j

q
to

zeros, we obtain a system of algebraic equations, from which the constants c, ai, cj (i ¼ 0; 1; . . . ; n, j ¼ 0; 1; . . . ;m) can
be found explicitly.

Step 4. Substituting the constants cj (j ¼ 0; 1; . . . ;m) obtained in Step 3 into Eq. (4), we can then obtain all the possible

solutions. We remark here that the travelling wave solutions of Eq. (3) depend on the explicit solvability of Eq. (4). The

solution of the system of algebraic equations will be getting tedious with the increase of the values of n and m. When

m ¼ 4, Eq. (4) gives a series of interesting solutions such as solitary wave, rational, triangular periodic, Jacobi and

Weierstrass doubly periodic wave solutions. We then consider only the case m ¼ 4 in this paper and hence
u0 ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0 þ c1uþ c2u2 þ c3u3 þ c4u4

p
: ð8Þ
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We have the following results:

Case A. If c3 ¼ c4 ¼ 0, Eq. (8) possesses:

two polynomial type solutions
u ¼ e
ffiffiffiffi
c0

p
n; c1 ¼ c2 ¼ 0; c0 > 0 ð9Þ
and
u ¼ � c0
c1

þ 1

4
c1n

2; c2 ¼ 0; c1 6¼ 0; ð10Þ
a exponential type solution
u ¼ � c1
2c2

þ expðe ffiffiffiffi
c2

p
nÞ; c0 ¼

c21
4c2

; c2 > 0; ð11Þ
a triangular type solution
u ¼ � c1
2c2

þ ec1
2c2

sinð ffiffiffiffiffiffiffiffi�c2
p

nÞ; c0 ¼ 0; c2 < 0 ð12Þ
and a hyperbolic type solution
u ¼ � c1
2c2

þ ec1
2c2

sinhð2 ffiffiffiffi
c2

p
nÞ; c0 ¼ 0; c2 > 0: ð13Þ
Case B. If c3 ¼ c1 ¼ 0, Eq. (8) admits:

a bell shaped solitary wave solution
u ¼
ffiffiffiffiffiffiffiffiffi
� c2
c4

r
sechð ffiffiffiffi

c2
p

nÞ; c0 ¼ 0; c2 > 0; c4 < 0; ð14Þ
a kink shaped solitary wave solution
u ¼ e

ffiffiffiffiffiffiffiffiffiffiffi
� c2
2c4

r
tanh

ffiffiffiffiffiffiffiffiffi
� c2

2

r
n

� �
; c0 ¼

c22
4c4

; c2 < 0; c4 > 0; ð15Þ
two triangular type solutions
u ¼
ffiffiffiffiffiffiffiffiffi
� c2
c4

r
secð ffiffiffiffiffiffiffiffi�c2

p
nÞ; c0 ¼ 0; c2 < 0; c4 > 0 ð16Þ
and
u ¼ e

ffiffiffiffi
c2
c4

r
tan

ffiffiffiffi
c2
2

r
n

� �
; c0 ¼

c22
4c4

; c2 > 0; c4 > 0; ð17Þ
a rational type solution
u ¼ � effiffiffiffi
c4

p
n
; c0 ¼ c2 ¼ 0; c4 > 0; ð18Þ
three Jacobi elliptic doubly periodic type solutions
u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�c2k2

c4ð2k2 � 1Þ

s
cn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

2k2 � 1

r
n

� �
; c4 < 0; c2 > 0; c0 ¼

c22k
2ð1� k2Þ

c4ð2k2 � 1Þ2
; ð19Þ

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�k2

c4ð2� k2Þ

s
dn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

2� k2

r
n

� �
; c4 < 0; c2 > 0; c0 ¼

c22ð1� k2Þ
c4ð2� k2Þ2

ð20Þ
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and
u ¼ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c2k2

c4ðk2 þ 1Þ

s
sn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� c2
k2 þ 1

r
n

� �
; c4 > 0; c2 < 0; c0 ¼

c22k
2

c4ðk2 þ 1Þ2
; ð21Þ
where k is a modulus. The Jacobi elliptic functions are doubly periodical and possess properties of triangular functions:
sn2nþ cn2n ¼ 1; dn2n ¼ 1� m2sn2n;

ðsnnÞ0 ¼ cnndnn; ðcnnÞ0 ¼ �snndnn; ðdnnÞ0 ¼ �m2snncnn:
When k ! 1, the Jacobi functions degenerate to the hyperbolic functions, i.e.
snn ! tanh n; cnn ! sechn:
When k ! 0, the Jacobi functions degenerate to the triangular functions, i.e.
snn ! sin n; cnn ! cos n:
As k ! 1, the Jacobi doubly periodic solutions (19) and (20) degenerate to the solitary wave solutions (14), and the

solution (21) degenerates to (15).

Case C. If c4 ¼ 0, Eq. (8) admits:

a bell shaped solitary wave solution
u ¼ � c2
c3
sech2

ffiffiffiffi
c2

p

2
n

� �
; c0 ¼ c1 ¼ 0; c2 > 0; ð22Þ
a triangular type solution
u ¼ � c2
c3

sec2
ffiffiffiffiffiffiffiffi�c2

p

2
n

� �
; c0 ¼ c1 ¼ 0; c2 < 0; ð23Þ
a rational type solution
u ¼ 1

c3n
2
; c0 ¼ c1 ¼ c2 ¼ 0 ð24Þ
and a Weierstrass elliptic doubly periodic type solution
u ¼ }

ffiffiffiffi
c3

p

2
n; g2; g3

� �
; c2 ¼ 0; c3 > 0; ð25Þ
where g2 ¼ �4c1=c3, and g3 ¼ �4c0=c3 are called invariants of Weierstrass elliptic function.

Case D. If c0 ¼ c1 ¼ 0, Eq. (8) admits:

a solitary wave solution
u ¼
c2sech

2 1
2

ffiffiffiffi
c2

p
n

� �
2e

ffiffiffiffiffiffiffiffi
c2c4

p
tanh 1

2

ffiffiffiffi
c2

p
n

� �
� c3

; c2 > 0 ð26Þ
and a triangular type solution
u ¼ �
c2 sec2 1

2

ffiffiffiffiffiffiffiffi�c2
p

n
� �

2e
ffiffiffiffiffiffiffiffiffiffiffiffi�c2c4

p
tan 1

2

ffiffiffiffiffiffiffiffi�c2
p

n
� �

þ c3
; c2 < 0: ð27Þ
In the case when c4 ¼ 0, the solution (26) and (27) degenerate to the solution (22) and (23) respectively. As

c3 ¼ 2e
ffiffiffiffiffiffiffiffi
c2c4

p
, the solution (26) degenerates to the following solution
u ¼ 1

2
e

ffiffiffiffi
c2
c4

r
1

�
þ tanh

1

2

ffiffiffiffi
c2

p
n

� ��
;

which is the same kind of solution with (13).
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Remark. The other types of travelling wave solutions such as cscn, cot n, cschn, and coth n can also be obtained by

considering the different values of cj (j ¼ 0; 1; . . . ; 4) in Eq. (8). These solutions appear in pairs of the functions sec n,
tan n, sechn and tanh n. In this paper we also omit all singular solutions which consist of cscn, cot n, cschn, and coth n
and rational solution (24).

Now we consider the K–G–S equations (1). Let X ¼ ðx; y; zÞ and rewrite the Eq. (1) as
iWt þWxx þWyy þWzz þ qWU ¼ 0;

Utt � ðUxx þ Uyy þ UzzÞ þ l2Uþ qjWj2 ¼ 0:
ð28Þ
In order to obtain the travelling wave solutions of system (28), we make the transformation
W ¼ UðnÞ expðigÞ; U ¼ V ðnÞ;
where n ¼ xþ cy þ dzþ et, g ¼ pxþ qy þ rzþ st and reduce system (16) to the following system of ODEs:
ð1þ c2 þ d2ÞU 00 � ðsþ p2 þ q2 þ r2ÞU þ qUV ¼ 0;

ðe2 � 1� c2 � d2ÞV 00 þ l2V � qU 2 ¼ 0;

eþ p þ qcþ dr ¼ 0: ð29Þ
Suppose that
U ¼
Xn1
i¼0

aiui; V ¼
Xn2
i¼0

biui
and u satisfies (4). Balancing the highest linear term with the nonlinear terms in (29) gives
n2 � 2þ m ¼ 2n1; n1 � 2þ m ¼ n1 þ n2:
By choosing m ¼ 4, n1 ¼ n2 ¼ 2 we have
U ¼ a0 þ a1uþ a2u2; V ¼ b0 þ b1uþ b2u2: ð30Þ
Substituting (30) into (29) leads to the following system of algebraic equations
�2qa20 þ 2l2b0 þ 4e2ðe2 � 1� c2 � d2Þb2c0 þ e2ðe2 � 1� c2 � d2Þb1c1 ¼ 0;

�4qa0a1 þ 2l2b1 þ 6e2ðe2 � 1� c2 � d2Þb2c1 þ 8e2ðe2 � 1� c2 � d2Þb2c2 ¼ 0;

�2qa21 � 4qa0a2 þ 2l2b2 þ 8e2ðe2 � 1� c2 � d2Þb2c2 þ 3e2ðe2 � 1� c2 � d2Þb1c3 ¼ 0;

�4qa1a2 þ 10e2ðe2 � 1� c2 � d2Þb2c3 þ 4e2ðe2 � 1� c2 � d2Þb1c4 ¼ 0;

�2qa22 þ 12e2ðe2 � 1� c2 � d2Þb2c4 ¼ 0;

�2ðsþ p2 þ q2 þ r2Þa0 þ 2qa0b0 þ 4e2ð1� c2 � d2Þða2c0 þ a1c1Þ ¼ 0;

�2ðsþ p2 þ q2 þ r2Þa1 þ 2qða1b0 þ a0b1Þ þ 6e2ð1� c2 � d2Þða2c1 þ a1c2Þ ¼ 0;

�2ðsþ p2 þ q2 þ r2Þa2 þ 2qða2b0 þ a1b1 þ a0b2Þ þ 8e2ð1� c2 � d2Þða2c2 þ a1c3Þ ¼ 0;

2qða2b1 þ a1b2Þ þ e2ð1� c2 � d2Þð10a2c3 þ 4a1c4Þ ¼ 0;

2qa2b2 þ 12e2ð1� c2 � d2Þa2c4 ¼ 0:
Since e ¼ �1 implies that e2 ¼ e, we may eliminate the variable e from the above system. With the aid of Math-
ematica, we obtain two kinds of solutions, namely,
c1 ¼ c3 ¼ a1 ¼ b1 ¼ 0; a0 ¼
l2b2
qa2

;

b0 ¼
l2b22
qa22

; c2 ¼
l2ðb22 � a22Þ

4a22e2
; c4 ¼

qða22 � b22Þ
6e2b2

;

ð31Þ
where a2, b2, c, d, e, p, q, r and s being constants satisfying



Fig. 1
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c2 þ d2 ¼ a22 þ b22ðe2 � 1Þ
b22 � a22

; sþ p2 þ q2 þ r2 ¼ l2b22
a22

; eþ p þ qcþ rd ¼ 0 ð32Þ
and
c2 ¼ c4 ¼ a2 ¼ b2 ¼ 0; a0 ¼
l2b1
2qa1

;

b0 ¼
l2b21
2qa21

; c1 ¼
l4b1ðb21 � a21Þ

4qe2a41
; c3 ¼

2qða21 � b21Þ
3e2b1

;

ð33Þ
. The solitary wave solutionW1ðx; y; z; tÞ, where parameters satisfy (32). (a) The real part; (b) the imaginary part; (c) the modulus.



Fig. 2. The Jacobi doubly periodic solution W2ðx; y; z; tÞ, where parameters satisfy (32). (a) The real part; (b) the imaginary part; (c) the

modulus.
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where a1, b1, c0, c, d, e, p, q, r and s being constants satisfying
c2 þ d2 ¼ a21 þ b21ðe2 � 1Þ
b21 � a21

; sþ p2 þ q2 þ r2 ¼ l2b21
a21

; eþ p þ qcþ rd ¼ 0: ð34Þ
By using (14), (19) and (31), we obtain two kinds of travelling wave solutions, namely, a bell-shaped solitary wave

solution
W1 ¼
l2b2
qa2

expðigÞ 1

�
� 3

2
sech2 l

2ea2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 � a22

q
n

� �	
;

U1 ¼
l2b22
qa22

1

�
� 3

2
sech2 l

2ea2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 � a22

q
n

� �	
;

ð35Þ



Fig. 3. The Weierstrass doubly periodic solution W3ðx; y; z; tÞ, where parameters satisfy (34). (a) The real part; (b) the imaginary part;

(c) the modulus.
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two Jacobi doubly periodic wave solutions
W2 ¼
l2b2
qa2

expðigÞ 1

(
� 3k2

2ð2k2 � 1Þ cn
2 l

2ea2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 � a22
2k2 � 1

r
n

 !)
;

U2 ¼
l2b22
qa22

1

(
� 3m2

2ð2k2 � 1Þ cn
2 l

2ea2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 � a22
2k2 � 1

r
n

 !)
;

ð36Þ
where n ¼ xþ cy þ dzþ et, g ¼ pxþ qy þ rzþ st, among them all parameters satisfy (31) and (32). As k ! 1, the Jacobi

doubly periodic wave solutions (36) degenerates to the solitary wave solution (35).
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In the case of (33), by using (25), we obtain a Weierstrass elliptic doubly periodic wave solution
W3 ¼ expðigÞ l2b1
2qa1

�
þ a1}

ffiffiffiffi
c3

p

2
n; g2; g3

� �	
;

U3 ¼
l2b21
2qa21

þ b1}
ffiffiffiffi
c3

p

2
n; g2; g3

� �
;

where n ¼ xþ cy þ dzþ et, g ¼ pxþ qy þ rzþ st, g2 ¼ �4c1=c3 and g3 ¼ �4c0=c3, among them all parameters satisfy

(33) and (34). Since U1, U2 and U3 have similar properties with the modulus of W1, W2 and W3, we only draw some

figures for the solutions W1, W2 and W3 (see Figs. 1–3).
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