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Abstract In this paper, we apply a variant of the famous Mountain Pass Lemmas of Ambrosetti—
Rabinowitz and Ambrosetti-Coti Zelati with (PSC)_ type condition of Palais-Smale-Cerami to study
the existence of new periodic solutions with a prescribed energy for symmetrical singular second order
Hamiltonian conservative systems with weak force type potentials.
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1 Introduction and Main Results

In 1975 and 1977, Gordon [1, 2] firstly used variational methods to study periodic solutions of
2-Body problems, later, many authors (see [3-26]) used variational methods to study singular
Hamiltonian systems. Specially, in [7], Ambrosetti-Coti Zelati studied the periodic solutions of
a fixed energy h € R for Hamiltonian systems with singular potential V € C?(R™\{0},R):

§+V'(g) =0, (1.1)
;|Q\2+V(Q) = h. (1.2)

Using Ljusternik—Schnirelmann theory with classical (PS)™ compact condition, they got the

following theorems:
Theorem 1.1 ([7]) Suppose V € C?(R™"\{0},R) satisfies
(A1) 3V'(z) -z + V'(z)x -2 #0,Vz € Q =R"\{0};
(A2) V'(z) -z >0,V € O
(A3) Ja € (0,2), such that
V'(z) -z >—-aV(z), Vze;
(A4) 36 € (0,2) and r > 0, such that
Vi(z) -2 <=6V (x), VO<|z|<r;
(A5) liminf ;o0 [V(2) + 5V (2) - 2] > 0.
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Then VY h < 0, the system (1.1)—(1.2) has at least a non-constant weak periodic solution which

satisfies (1.1)—(1.2) pointwise except on a zero-measurable set.
Theorem 1.2 ([7]) Let Dy, be the connected component of Q, = {x € Q|V(z) < h} such that
0 € Dy, and let 0Dy, = {x € Dy |V (x) = h}. Let h < 0 be given. Suppose that Dy, is compact
and V : Q — R satisfies (A4') and

(Alp) V € C*(R™\{0},R) and 3V'(z) -2+ V"(z)x-x > 0,Yx € Dp;

(A2h) V/(SC) cx >0,V € Dp;

(A3}) 30 < o/ <2 such that

V'(z) -z > —a'V(z), V€& Dy;
(A6y,) V € C*in a neighborhood of D), and

dax [V(§)¢- €] <0.

Then the system (1.1)—(1.2) has at least a weak periodic solution for any h < 0.

In [8], Ambrosetti-Coti Zelati used Mountain Pass Lemma with the (PS)" condition to
study the existence of weak solutions for symmetrical N-Body problems with a fixed energy
h <0:

mi.fli/—vaiV(CCl,IQ,...,mN):0, 1SZSN7
1 o (Ph)
5 D mila () + V(21 (), 22(t), ..., an (L) = h.

They got
Theorem 1.3 ([7]) Suppose V(z) = ézlgi;&jSN Vij(xi — x;) and Vi; € CY(R™"\{0},R) sat-
isfies

(V1) Vi; () = Vii(§), V€ € 2 = R™\{0};

(V2) Ja € [1,2), such that

VVij(€) - £ = —aVi;(§) >0, VEe
(V3) 36 € (0,2) and r > 0, such that
VVi(§) - € < =0Vi;(§), VO< [ <

(V4) Vi;(§) = 0, as €] — +o0.
Then ¥ h < 0, the problem (Ph) has a periodic solution.

Theorem 1.4 ([8]) Suppose V satisfies (V1),(V3),(V4) and
(V2) Ja € (0,2), such that

VVii(§)-€> —aVi;(§) >0, VEeQ;
(V5) V;; € C*(,R) and
3VVi;() - €+ V(£ -€> 0.

Then ¥ h < 0, (Ph) has a weak periodic solution.

Motivated by these two papers, we have the following theorem:
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Theorem 1.5 Suppose V € CH*(R™\{0},R) satisfies
(V1) V(=q) = V(g);
(Vo) There exists a constant 0 < o < 2 such that
(V'(q),q) > —aV(q) >0, VYqeR"\{0}
(V3) 36 € (0,2),r > 0, such that
(V'(9),q) < —0V(g), YO<|g| <r;

(V4) V(g) — 0, as |q] — +o0.
Then for any given h < 0, the system (1.1)—(1.2) has at least a non-constant weak periodic

solution which can be obtained by Mountain Pass Lemma.

Corollary 1.6 Suppose 0 < a =46 < 2 and
Vi) = —l|™".
Then for any h < 0, (1.1)—(1.2) has at least one non-constant weak periodic solution with the

given energy h.

Remark 1.7 We guess (V5) in Theorem 1.4 can be deleted by combining the arguments of
this paper and [7, 8].

2 Some Lemmas
Lemma 2.1 ([7]) Let f(u) = éfol || dt fol(h — V(u))dt and @ € H' be such that f' (@) =0
and f (@) > 0. Set
1 [ (h—V(@)dt
Y N R
Then ¢(t) = u (t/T) is a non-constant T-periodic solution for (1.1)—(1.2).

(2.1)

Lemma 2.2 ([27]) Let o be an orthogonal representation of a finite or compact group G in
the real Hilbert space H such that forVo € G,

flo-x) = f(z),

where f € C1(H,R).

Let S={x € H|ox =x,Yo € G}. Then the critical point of f in S is also a critical point
of fin H.

Let

Ao ={u€ H = WH(R/Z,R™),u(t +1/2) = —u(t),u(t) # 0}.

By Lemmas 2.1-2.2 and (V1), we have
Lemma 2.3 ([7]) Ifa € Ay is a critical point of f(u) and f(@) > 0, then q(t) = u(t/T) is a
non-constant T-periodic solution of (1.1)—(1.2).

Cerami [13] introduced the following (CPS), condition:
Definition 2.4 ([13]) Let X be a Banach space, {qn} C X satisfy

flan) = e 1+ llanlD £ (gn) — 0. (2.2)
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Then {q,} has a strongly subsequence, then we call that {q,} satisfies Cerami—Palais—Smale
condition at level ¢, we denote it by (CPS),. If (CPS), holds for all ¢, we call f(q) satisfies the
(CPS) condition.

Combining the different forms of the Mountain Pass Lemmas in [8, 10, 28, 29|, it is not
difficult to get

Lemma 2.5 Suppose f € C*(Ag,R) and

(ARq) 3p,8 >0, s.t. f(u) > B,YVu € Ao, ||u||lg = p,

(ARQ) Jug,ur € AO with HUOHHI <p< HU1HH1 s.t. max {f(UO), f(ul)} < ﬂ
Let

C= Plgp Jnax f (P(8)),

where
Iy ={P € C([0,1],%,) [ [P(O) |z = p, P(1) = ua},
Yp ={u € Ao [lullgr = p}-
Then there exists {un} C Aoy such that
flun) = €, (14 Junl)f (un) — 0.
Furthermore, if f satisfies (CPS) . condition, that is {u,} has a convergent subsequence. If
fup) — 400, Yu, = u € dAg,

then C' is a critical value of f, so there exists u € Ag such that f'(u) =0, and f(u) =C > 3> 0.

Lemma 2.6 ([1]) Let V satisfy the so called Gordon’s strong force condition: There exists a
neighborhood N of 0 and a function U € C1(R™"\{0},R) such that
(i) limg—o U(z) = —o0;
(ii) =V (z) > |U'(x)|* for every x € N\ {0}.
Let
ONo = {u € H' = W'3(R/Z,R™), u(t + 1/2) = —u(t), Ito, u(ty) = 0}.
Then we have

1
/ V(up)dt — —o0, Yu, — u € dAo.
0

Lemma 2.7 (Sobolev—Rellich—Kondrachov, Compact Imbedding Theorem [30, 31])
W*(R/TZ,R") C C(R/TZ,R")

and the embedding is compact.

Lemma 2.8 (Eberlein-Shmulyan [32]) A Banach space X is reflexive if and only if any

bounded sequence in X has a weakly convergent subsequence.

Lemma 2.9 ([30]) Let g€ WY3(R/TZ,R™) and fOTq(t)dt = 0. Then we have

(i) Poincare—Wirtinger’s inequality:

[Ciwraz () [ aora
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(i) Sobolev’s inequality:

\/T T ) 1/2
= < ] :
s o) = lalle < o/ o ( [ o)

It is not difficult to prove
1
/ u(t)dt = 0.
0

By Lemmas 2.9 and 2.10, Vu € Ay, ||ul| = fo [u|2dt)'/? is equivalent to the H' = W12(R/Z,

R™) norm:
1 1
ull s = (/ |u|2dt) + (’/ udtD
0 0

3 Proof of Theorem 1.5
In singular Hamiltonian systems, in order to apply Mountain Pass Lemma for the variational

Lemma 2.10 Yu € Ay, we have

1/2 1/2

functional defined on Ag (an open set of Banach space), we need a complete condition:
f(un) — +00, u, — 0Ny, (3.1)

which can guarantee that the critical point is in Ag, not on its boundary. But the assumptions
of Theorem 1.5, we do not have the strong force condition, so we need to revise the potential
Vas V.,

SLoy>2 (3.2)

Ve(u) = V(u) + We(u), We(u) = — luf?

We also need to revise the functional f(u

/|u| dt/ (h—V.( (3.3)

Remark 3.1 Different from earlier papers, here we use W, (u) with v > 2 not v = 2 to perturb

V in order that f. satisfies (3.1) and we can verify all conditions of Mountain Pass Lemma.

After we apply Mountain Pass Lemma to the variational functional f. to get the critical
point u., we let € — 0 to get the limit point, which is a weak solution satisfying (1.1)—(1.2)
except on a Lebegue’s zero-measurable set.

In order to find the critical point of f. in Ag, we need to verify all conditions of Mountain

Pass Lemma. Let us begin to prove

Lemma 3.2 Let (V1)—~(Vz) hold. For all C > 0, if {u,} C Ay such that
fe(un) = C >0, (14 [lupl) fi(un) — 0, (3.4)

then {u,} C Ao has a strongly convergent subsequence, the limit must be in Ao, that is, fe
satisfies the (CPS) . condition in Ag.
Proof The proof will be divided into three steps:

Step 1 We show that {u,} is bounded.
In fact, by fe (u,) — C, we have

1 1
plunll [ Vetw)at =€ = (35)
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So when n is large enough, it follows that

Lo [1 hi o
= llunll® [ Ve(up)dt < C+1— lunl”.
2 0 2
By calculations, we get

<V5/(un),un> = <V/(Un)aun> — YWe(un).

Note that
_/YWE > _aWE‘

From (V3), (3.7) and (3.8), we have
<V5/(un),un> > —aV(up) > 0.
So

Since 0 < o < 2, using (3.6) and (3.10), we have

() tn) < Bl + (1 -

where C; =2(1 - §)(C+1)>0,0 <a<2.
By (3.4), we have
(fe(un),un) < [Jun [l f2(un)ll — 0.

(3.11), (3.12) and h < 0 imply
[un| < Cs.

Step 2 We prove u,, — u € Ayg.

) R+ 1) = Al ] = bl + .

(3.10)

(3.11)

(3.12)

(3.13)

Since H' is a reflexive Banach space, by Lemma 2.8 and (3.13), {u,, } has a weakly convergent

subsequence still denoted by {u,} such that u, — u.

To prove u € Ay, we need two lemmas.

Lemma 3.3 Assume the potential V. satisfies Gordon’s strong force condition. Then for any

weakly convergent sequence u, — u € 0Ag, there holds
fe(un) — +o0.

Proof First of all, recall that

fe(un) = ;/0 |un\2dt/0 (h — Ve(uy))dt.

(1) If w = constant, from u. € OAg, we deduce u = 0. By Sobolev’s embedding theorem,

we have

lunlloo — 0, n — oco.

(3.14)
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Using (V3), we have C3 > 0, such that

C

Viw<— 2, Vu>0. (3.15)

Jul

Therefore, h — V (u,) > 0 when n is large enough, it follows that

1t 9 ! €
Up) = Uy |“dt h—V(u,)+ )dt
) =y [ it [ (n-viw)+ 7

1 1 1

> / |un\2dt/ ° dt
2 Jo 0 |unl
c 1

>5[ it (3.16)
2 0

Then by Sobolev’s inequality, (3.14) and v > 2, we have
fe(un) > 6e||un||’s” — 400, n — oo.

(2) If u # constant, by the weakly lower-semi-continuity property for norm, we have

1 1
liminf [ |i,|*dt > / |u|?dt > 0. (3.17)
Since V satisfies Gordon’s Strong Force condition, then by Lemma 2.6 and (3.17), we have

fe(un) — 400, n — oo. O

Lemma 3.4 V_ satisfies Gordon’s strong force condition.

Proof Let
_ v —
V= 0<A
Alul?’ SAS
Then
lim V = —c0. (3.17)
[u]—0
By calculation, we obtain
ro 1
V= |u|22+2”
Note that
€ €
—Ve(u) ==V (u) + P = Jup (3.18)
Since )
€
uft = Juf2i+2 Ve >0, (3.19)

when |u| is small enough, so there exists a neighborhood A of 0 such that —V. > |V'[2,Vu €
N\{0}. Therefore, V. satisfies Gordon’s strong force condition. O

Combining (3.4), Lemmas 3.3 and 3.4, we deduce u, — u € Ag.
Step 3 We prove that u,, — u strongly.

By u, — u € Ay and the compact embedding theorem, we have

e [un (t) — u(t)] — 0.
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By the continuity of V,, V! and the inner product (-), we have the uniformly convergent for
0<t<l,

Ve(un) — Ve(u),

We(urn) — We(u),

(V(un), un) = (VI(u),u). (3.21)

From Step 2, we know u € Ag, so |ju| = fol |u|?dt > 0, otherwise u = 0 € OAg by u(t +1/2) =
—u(t). Then by u,, — u and the weakly lower-semi-continuous property of the norm, we have

lim inf [ | > [l > 0. (3.22)
By (3.12), we have
()} = Fal? [ [ = Vo) = L0820 = 0. (3.23)
Letting n — oo in (3.23), by (3.21) and (3.22), we have
/Ol(h _Vi(u))dt = ; /Olm(u),um > 0. (3.24)

From (3.4), we deduce f/(u,) — 0, then (f.(u,),v) — 0,Yv € H', that is,

! . . ! 1 2 ! / 1
/O<un,v)dt/0 (h — Va(un))dt — ) /0<V€(un),v)dt—>0, Vue H, (3.25)

Taking v = u in (3.25), we get
1

lim [ (U, 0)dt = lim |Ju,|?. (3.26)
n—oo 0 n—oo
By u, — u, we have
1 1
lim <un,u>dt:/ [a2dt = |Jul|*. (3.27)

From (3.26) and (3.27), it follows that
1 1
Jun =l = [ i~ 2t = [ (nf? 2, 0) + i)
0 0
= [lull* = 2]Jul|* + [Jul]* = 0. (3.28)
That is, u,, — u strongly in H'. O

Lemma 3.5 f. satisfies the condition (ARy) in the Mountain Pass Lemma.

Proof By (3.9), we have Cy > 0 such that —V.(u) > 4 | so we have

- |u‘”7

felw) =yl [ (= Vi) ar

h 1 1
T / Ve (u)dt
2 2 0o

h C
>l + )l Pl
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Then by Sobolev’s inequality, we have C5 > 0 such that

h C u
Felu) 2 ol + ) lulP

Since 0 < a < 2, we can choose ||u|| = p small enough such that " p? + C; PP =p5>0.

Hence
fe(w) 2 >0, Viul =p. O
Lemma 3.6 Jug € Ag with |Jugl| < p s.t. fe(uo) < B.
Proof For R > 0, we consider
et = Yl [ = Vet
Using (V3), we have Cg > 0 such that
Viu) > —Cslu| ™%, VO0< |ul <r.

Then we have

fe(Ru) < ZR2||uH2 + CoR* 79 ||ull? /01 lu|~°dt + eC7 R?~7||ul|? /01 |u| =7 dt. (3.29)

Take u(t) = €sin (27t) + ncos (27t), where |£| = 1,|n| = 1,{&,n) =0, £,n € R™. Then |u| =1,

||u|| = 27, hence
- h -~ N N
f-(Ru) < 47 ( 5 R? + C4R* + 507R2“*>
< 472 (CgR?7° + eCyR*7). (3.30)

Since 0 < § < 2, so we can take Ry small enough such that 47T206R8_6 < p.

For the above fixed Ry, we choose € > 0 small enough such that
e4m?Cr Ry < B — 4n?CsR37°. (3.31)

In fact, we can choose
B — 4n2CgR%°

3.32
47T2O7R37’Y ( )

0<ey <

Choose R; small enough such that ||Rju| < p, take R = min {Ry, Ry}, and let uy = Ru.
Then we have
fE(U,o) < ﬂ, HU,OH < p, V0 <e<eg. (333)

Lemma 3.7 Juy € Ag with |Ju1]] > p s.t. fe(u1) <O0.

Proof Let R > 0. We consider
1 1
folB) = S [Rul® [ (0= V(R
0
Taking u = & sin (27t) + 1 cos (27t), by (Vy4), it follows that

1
/ Ve(Ru)dt — 0, R — +o0.
0
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So f:(Rou) < 0, when Ry is large enough. Choose R; large enough such that ||Ryu|| > p. Take
R =max{Ry, R1}, and let u1 = Ru. Then

fe(ur) <0< B, |ui|l > p. O

From Lemmas 3.2-3.7, we know that V0 < e < &, fe satisfies (AR1), (ARz2), (CPS)o_
condition, and f.(u{,,cy) — 400,V U, o} — ue € 0Ag. Let

Ce = Plgﬁp (max f (P(€))-

By Lemma 2.5, we know that V0 < ¢ < g¢, there exists u. € Ay such that
fllus) =0, fo(us)=C.>p>0. (3.34)
Let L
N AT
) L lacl2dt
Then by Lemma 2.3, y. = uc(w.t) satisfies
je + VI (y=(t)) = 0, (3.35)
1
2w§|ug(t)\2 + Ve(ue(t)) = h. (3.36)
Next, we show that u. converges to some u* which gives rise to a solution y* of (1.1)—(1.2).
Lemma 3.8 3Cs,Cy >0 s.t. Cs < |uc| < Cy.
Proof Since u. € Ay, so ||Juc||* = fol [t |2dt # 0, otherwise u.(t) =0 € Ay by u(t +1/2) =
—u(t). By (fl(ue),u.) =0, we have
1
1
Jocl? [ 5= Vatuo) = 5000 =o.
Then
! 1
h:/o <V5(u5) + 2<Ve’(u5),u5>)dt. (3.37)
Letting v — 2, we have

h= /01 (V(us) + ;(V’(ug),u€>)dt.

h< (1 - g) /01 V() dt. (3.38)

If ||uc|| — 0, as € — 0, then ||uc||oo — 0, from (3.15), we deduce that

By (V3), we get

/01 V(ue)dt — —o0,
which is a contradiction with (3.38). So we claim
lue]l > Cs > 0. (3.39)
From (3.34), we know

fe(ue) = Plgp Joax, f(P(§)), V0<e<eo.
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So we have
fe(ue) < Pig;fp Jnax, feo(P(§)) < Jnax, feo(P(§)) = Cro, V0 <e<eo.
That is,
1 1
£(u) = 2||u8\|2/ (h=V(uo))dt < Cho, V0 < & < 2. (3.40)
0

By (3.9), we have

n= [ (v + e Jarz (3 1) [ o woae

o'
So
! h
/ (Vi(ue),ue)dt > |~ >0. (3.41)
0 2 «a
Then by (3.37), we obtain
! h
/ (h=Vetw)irz ", (3.42)
0 e
(3.40) and (3.42) imply
[uell < Cy. (3.43)
The proof is completed. O

Since F is a reflexive Banach space, by (3.43) and Lemma 2.8, there is a subsequence, still
denoted by {u.} such that u. — u*, then by compact embedding theorem, v, — «* uniformly.
In the following, we can use almost the same proofs of Ambrosetti—Coti Zelati [7] to get
Lemmas 3.9-3.11, but we should remember ~ > 2, so in order to get our result, we need to let

v — 2, for the convenience of the readers, we write the complete proofs.
Lemma 3.9 (1) V(u*(t)) Z h. (2) u*(t) £ 0.
Proof (1) If not, V(u*(t)) = h, then

V(us(t)) =V(u () = h,  (V'(ue(t), uc(t)) — (V'(u*(t), u" (1))
Since
1 1,
n= [ (Ve + 52 )t
letting v — 2, we get

h= /01 (V(us) + ;<V’(u5),u5>)dt.

Then letting e — 0, we have

1

h=h-+ 2/0 (V(u"™),u")dt.

Hence (V(u*),u*) = 0, this is a contradiction with (V).

")
(2) If not, u* =0, ue — 0 uniformly.
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Since
! 1
h:/ <V5(u5) + 2<V€’(u5),u5>)dt,
0

letting v — 2, then by (V3), we have

h= /01 (V(us) + ;(V’(us),us)>dt < <1 - g) /01 V (ue)dt.

/ Vas " (3.44)
0

T2

So

On the other hand, since u. — 0 uniformly, by (3.15), we have
1
/ V(u)dt — —o0, &0, (3.45)
0
which is a contradiction with (3.44). O
Lemma 3.10 There are numbers 6, A > 0, s.t.
§<w. <A (3.46)
Proof From Lemma 3.9, we conclude that there exists a closed interval I such that
[I| >0, u™(t) #0, V(u*(t)) #h, Vt € I. (3.47)

Integrating (3.36) on I, we have

1
o [l [ Viguyd = win. (3.48)
I I

1
/\ﬂ5\2dt§/ i |2dt < Cf.
I 0

From (3.34), h — V(u:) > 0, then by (3.47), V.(us) — V(u*) uniformly on I and [;(h —
V(u*))dt > 0, it follows that

2 [;(h = Ve(ue))dt . 2 [, (h=V(u))dt
3 3

From (3.43), we deduce

w? > > 0. (3.49)

Integrating (3.36) on [0, 1], we have

1 1 1
2w§/0 |u8|2dt+/0 V.(ue)dt = .
Then by (3.3), (3.37), (3.39) and (3.40), we have

4f€(u€) 4=C'10

2

ws = < . 3.50

T el = cf )
Lemma 3.11 Suppose that (V1)—(Vy4) hold. Then for any h < 0, u* is a weak solution of

(1.1)-(1.2).
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Proof Let
J={te[0,1]|u"(t) =0}. (3.51)

Integrating (3.36) on J, we have

1
wg/ |u5|2dt+/V€(u5)dt:h|J|. (3.52)
2 J J

Combining (3.52), Lemma 3.8 and Lemma 3.10, we obtain
1 1
/V;(ug)dt — |Jh - 2w§/ et > | 7|~ L A%CE. (3.53)
J J

But w, — 0 uniformly on J, if J has positive measure, then fJ Ve (ue)dt — —o0, which is a
contradiction with (3.53).
Let K,, C [0,1]\J be an increasing sequence of compact sets with

U En = 10,1\,
n>1
and set
K ={u"(t)|te K,}.
Each K* C R™\ {0} is compact and has a neighborhood N, such that A/,, C R™\ {0}. Then
V. — V in CY(N,,R), and therefore V! (u.(t)) — V'(u*(t)) uniformly on K.
Since u. satisfies
w2iie + V. (uz) =0,
by Lemma 3.10, we have
we — w* # 0.
It follows that
ue — u*  in C?(K,,R"),
Wi+ V() =0 on K,.
Since |J K, = [0,1]\ J, it follows that
Wi 4+ V(W) =0, Ytel0,1]\J,
and y*(t) = u*(w*t) satisfies
7+ V(y*) =0, Vtelo,1]\J
The energy conservation (1.2) on [0, 1]\ J follows directly from (3.36). O
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