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Abstract

This paper studies the pullback asymptotic behaviour of trajectories for
evolution equations. We first combine the idea of trajectory attractor and
pullback attractor to formulate a new type of attractor called pullback trajectory
attractor. Then we prove a sufficient condition for the existence of a pullback
trajectory attractor for the translation cocycle defined on the united trajectory
space of the evolution equations. Finally, we take a three-dimensional
incompressible non-Newtonian fluid as the applied example and prove its
pullback trajectory asymptotic smoothing effect.

Mathematics Subject Classification: 35B41; 35Q35; 76D03

1. Introduction

The attractor is an important concept in the study of evolution equations because it could
provide some useful information about the asymptotic behaviour of solutions. There are many
works concerning this subject, see, e.g., [3,24,29, 35,43,46,47]. With the development of
non-autonomous and random dynamical systems, a new type of attractor, called pullback (or
cocycle) attractor, was formulated and investigated (see e.g. [25,26,31,32,36,37]). Factually,
the theory of pullback attractor has proved very useful in the understanding of the dynamics
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of non-autonomous and random systems, including those with delays (see e.g. [1,9, 14—
16,19,21,22,44,45]). One canrefer to Boukrouche et al [9], Caraballo et al [14,15], Caraballo
and Langa [16, 17], Caraballo et al [20], Cheban et al [22], Kloeden and Schmalfuss [31, 32]
Langa and Schmalfuss [36], Langa et al [37], etc.

In many evolution equations, possible absence of uniqueness of solutions makes some
difficulties in the study of the asymptotic behaviour of solutions. For example, we all know that
the uniqueness of weak solutions to the basic boundary value problem for three-dimensional
(3D) Navier—Stokes equations still remains unproved. Hence, one cannot use the classical
methods based on the analysis of the global attractor (or kernel sections, uniform attractor)
of the corresponding semigroup (or process) to discuss the behaviour of solutions to these
systems.

There are three methods to overcome the difficulties associated with possible non-
uniqueness of solutions in the study of dynamical systems. The first one is generalized semi
flow which was formulated by Ball [2]. The second one is multi-valued dynamical systems, one
can refer to Melnik and Valero [40,41] for multi-valued semi flows, Kapustyan and Valero [33],
Caraballo et al [13,20], Wang and Zhou [50] for multi-valued process (or semiprocess) and
Caraballo et al [10-12] for multi-valued random dynamical systems. Caraballo et al [18]
gave a detailed comparison between the theories for generalized semi flow and multi-valued
dynamical systems. The third one is trajectory attractor. The definition of trajectory attractor
was initially developed to overcome difficulties related to possible non-uniqueness of weak
solutions for the 3D Navier—Stokes equations (see e.g. [23,24,49]). Later, the theory of
trajectory attractor proved very useful for other models whose solution corresponding to
each initial state can be non-unique. As will be seen below, the works of Chepyzhov and
Vishik [23,24,49] greatly influence the presentation of this paper.

Although the above three methods use different concepts to describe the asymptotic
behaviour of the systems with possible non-uniqueness of solutions, in fact they deal with
very similar problems in which the dynamics is governed by a collection of possible solutions
through each initial condition.

The major motivation and original goal of this paper is to study the pullback asymptotic
behaviour of solutions for the following non-autonomous 3D incompressible non-Newtonian
fluid:

2—?+(u~V)u+Vp=V-r(e(u))+g(x,t), x = (x1,x2,x3) € 2, (1.1)
V-u=0, (1.2)

where € is a smooth bounded domain of R?, the unknown vector function u = u(x,t) =
@D, u® u®) denotes the velocity of the fluid, g(x,t) = g(t) = (g, g@, g®) is the
time-dependent external force function, and the scalar function p represents the pressure.
Equations (1.1) and (1.2) describe the motion of an isothermal incompressible viscous fluid,
where 7(e(u)) = (t;j(e(u)))3x3, which is usually called the extra stress tensor of the fluid, is
a matrix of order 3 x 3 and

Tij(e(u)) = 2po(e + le|) ™ ?eij — 211 Aeyj, i,j=1,2,3, (1.3)

1 (0u; ou, :
R = - =+ =L 2 12
eij = eij(u) = 3 <ax, o ) : e = D leul’,
i,j=1

and po, 11, o, € are parameters which generally depend on the temperature and pressure. Here
we assume [, (41, € and « are positive constants. In (1.3) if 7;;(e(u)) linearly depends on
e;j(u) then we say the corresponding fluid is a Newtonian one. Generally speaking, gases,
water, motor oil, alcohols and simple hydrocarbon compounds tend to be Newtonian fluids and
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their motions can be described by Navier-Stokes equations. If the relation between t;; (e (u))
and e;; (1) is nonlinear, then the fluid is called non-Newtonian. For instance, molten plastics,
polymer solutions and paints tend to be non-Newtonian fluids. One canrefer to [5-7, 34,39, 42]
and the references therein for detailed physical significance. There are many works concerning
the unique existence, regularity and asymptotic behaviour of solutions to equations (1.1)—(1.3)
or its associated version (see e.g. [4,7,8,27,28,30,34,39,42] and [51-54]).

We will first combine the idea of Caraballo et al [14, 15, 19] for pullback attractor and
Chepyzhov and Vishik [23,24,49] for trajectory attractor to formulate a new type of attractor,
called pullback trajectory attractor, for evolution equations. Then we prove a sufficient
condition for the existence of a pullback trajectory attractor for the translation cocycle on
an abstract united trajectory space. The definition of pullback trajectory attractor, which is
formulated in terms of a -cocycle map ¢ on a united trajectory space driven by a group 6 on
a time symbol space (X, o), provides a family of time-dependent compact sets that pullback
attract bounded sets in the united trajectory space and satisfy a cocycle invariance property.
This concept can be defined for evolution equations with possible non-uniqueness of solutions
as long as the existence can be ensured. The central idea of this concept originates from the
above mentioned three methods. At the same time, it contains the characteristic of pullback
attractor. Itis indeed a technique combination of the trajectory attractor and pullback attractor.
Similar to the theory of pullback attractor pointed out by Caraballo et al [14], we expect that
the concept of pullback trajectory attractor enables one to treat more general non-autonomous
terms and will work under random environments as well.

To illustrate the applications of pullback trajectory attractor, we take the initial boundary
value problem associated with non-Newtonian fluid equations (1.1)—(1.3) as an example. We
first construct the united trajectory space Tﬁ( ¢,) and prove the existence of a compact pullback
trajectory attractor {Ag} g€M(go) = A;;(go) C L®Ry; H) N Cioe(Ry; H™M). Then we construct
the regular united trajectory space Z’[?t;(gu) and prove the existence of a compact pullback
trajectory attractor {%Lr}geﬂ(gu) = %72-(80) C L®MR,; V) N Coc(Ry; H*™). Meanwhile,
we establish that Ag = szg“ for each g € H(go). This regularity of the pullback trajectory
attractor reveals the pullback trajectory asymptotic smoothing effect of the 3D fluid in the
following sense: the trajectories issued from uy € H belong to L*(R,; H) N Cioc(Ry; H™T),
and (under the pullback acting of the translation cocycle) eventually belong to L*(R,; V) N
Cioc(R,; H* ) after long enough time, which is the starting point for our interest in the
problem.

Compared with the work of [53], here we only require « > 0 because we only need the
existence of solutions and the uniqueness of solutions does not play an important role in our
discussion. While the uniqueness of solutions is a building block of the definition for the
corresponding cocycle on the state space and hence [53] takes « € (0, 1).

We should point out that Chepyzhov and Vishik [24] formulated the concept of united
trajectory space and uniform trajectory attractor for non-autonomous equations, where the
natural translation semigroup {7 (¢)},>0 was considered to act on the united trajectory space
and the uniform (with respect to ¢ € X)) trajectory attractor forward attracts uniformly (with
respect to o € X) any bounded set of the united trajectory space. Compared with the uniform
trajectory attractor for the translation semigroup {7 (¢)};>0, the pullback trajectory attractor
here considers, in the pullback attracting property (see definition 2.4) of the translation cocycle
¢(t,0_,(0), -), the state of the trajectories as time ¢+ — +oo when the initial time —¢ of the
symbol 6_, (o) goes to —oo.

It is worth emphasizing that Caraballo et al [13] studied the pullback attractor of
non-autonomous and stochastic multi-valued dynamical systems, where the definition of
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multi-valued dynamical process (MDP) generalizes the notion of process corresponding to
a non-autonomous equation whose Cauchy problem is uniquely solvable. The MDP was
defined as a two-parameter family of multi-valued maps. The attraction of any bounded set
of the phase space to the attractor is uniform with respect to the first parameter, whereas the
rate of attraction and attractor itself can depend on the second one. Moreover, the trajectories
of the MDP can be unbounded in time. We note that the pullback trajectory attractor attracts
the bounded trajectories in 7" of the equation with symbol o € £. At the same time, the
attraction manner of the pullback trajectory attractor differs from that of the pullback attractor
in [13], where the attractor attracts the solutions of the systems from —oo: the initial state of
time goes to —oo and the final time remains fixed.

The paper is organized as follows. In section 2 we first formulate the concept of pullback
trajectory attractor and some related notation for abstract evolution equations. Then we prove
a sufficient condition for the existence of a pullback trajectory attractor. In section 3, we first
introduce some operators to put the initial boundary value problem associated with equations
(1.1)—(1.3) into an abstract Cauchy problem and then prove the existence of a compact pullback
trajectory attractor A;;(go) = {Ag}gemgo) C L®R;; H) N Cioe(Ry; H™M). In section 4, we
first construct the regular united trajectory space and prove the existence of a compact pullback
trajectory attractor be%f{r(go) = {ﬁ%g‘r}geH(gO) C L®R,; V)NCoc(R,; H2>). Then we establish

that Ay = 7" for each g € H(go).

2. Preliminaries

In this section, we first introduce some notation related to the concept of pullback trajectory
attractor and to the natural translation cocycle for an abstract evolution equation. Then we
establish a sufficient condition for the existence of a compact pullback trajectory attractor.
Consider the following abstract evolution equation

du

ot
For each t € R,, we are given an operator Fy((-) : X — Y, where X, Y are Banach spaces
such that X € Y (X = Y is also possible). Here the functional parameter o (¢) is the time
symbol of equation (2.1), which reflects the dependence on time of the equation. We assume
that the values of o () belong to some Banach space . (o, ¥) will be called the time symbol
space of equation (2.1). We also assume that there exists a group 8 = {6;},cr acting on (o, X)
and satisfying

Or4s = 6,65, 6y = Identity operator on X, 6,x =X, Vi eR. 2.2)

= Fon(u), reR,. 2.1

Proposition 2.1 (Lions—Magenes [38]). Suppose that f(-) € L*(0, T; X) and the function
f(t) is weakly continuous in 'Y, i.e., for any function v € Y* (the dual space of Y ) the function
(f@®),v) € C(0, T]). Then f(t) € X forallt € [0, T] and the function f(t) is weakly
continuous in X.

We shall study equation (2.1) with various symbols 0 € X. We suppose that for
each 0 € X, equation (2.1) admits at least one solution. We next treat the solutions
u(t) € CRy; Y)N L*®(R,; X) of equation (2.1) with o € X as a whole. By proposition 2.1,
we see thatif u(r) e CRy; Y) N LP(Ry; X), thenu(r) € X forall t € R,.

Definition 2.1. For each o € X, T (the trajectory space of equation (2.1) with symbol
o) denotes the set of all solutions of equation (2.1) belonging to C(R.; Y) N L™ (R,; X).
TE =, x T is the united trajectory space of equation (2.1).

oeX ‘o
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Now it is necessary for us to introduce a topology in the space 7. We first introduce
a topology in C(R,; Y). The sequence { f,(s)} C C(R4; Y) converges to a function f(s) €
C(R,; Y) means for any T > 0 there holds

max || f,(s) — f($)]ly — 0 asn — oo.
s€[0,7T]

We denote the topology introduced in C(R,; Y) by Cjoc(R4; Y). One can see that Cioc (R4; Y)
is a Fréchet space. Moreover, the topological space Cioc(Ry; ¥) induces a topology in 7.
We also need to define bounded sets in 73. For this purpose, we adapt the norm of the space
L®Ry; X). The set B C Ty is said to be bounded if it is bounded with respect to the norm
of L*°(R,; X), in other words, there exists a number » = r(13) such that
()Ml oo r,:x) = esssup [lu(s)llx < r, Vu() € B.
520
Definition 2.2. A 6 cocycle on Ry x ¥ x Ty is a family of maps ¢(t, 0, -) : 1" +> Ty' ),
(t,0) € R, x X, satisfying
(I) $(0,0,u) =uforall (o,u) € L x T,

(II) ¢(t +s,0,u) = ¢(t,65(0), d(s,0,u)),Vt,s € Ry, (o,u) € £ x T}. The O-cocycle ¢

l:S said .to be continuous if for all (t, o) € R, x X, the mapping ¢(t, 0, ) : T +—> ’Tgtrr(a)

is continuous.

In the following, we use I1, to denote the restriction operator (with respect to time
variable) to the interval R, = [0, +00). Analogously, I1; stands for the restriction operator
to the interval [0, T]. For example, if u(-) € C(R;; Y) N L®(R,; X), then ITru() €
CO0, TL; Y)YNL®O,T; X); Hyu(t) = u()ift € [0, T].

Definition 2.3. A family of sets {P;}sex C Ty with P, C T for each o € X is called
a pullback trajectory absorbing set for the cocycle ¢ if for each o € ¥ and any family of
bounded sets {PBy}oex C Ty with B, C T, there exists a time t (o, By_, (o), Ps) such that
@(t,0_1(0), By ) C Py forallt > t(o, By 6y, Ps)- If moreover Usex &P, is compact
inCoc(Ry; Y) and foreacho € X, P, is bounded in L (R, ; X), then ¢ is said to be pullback
trajectory compact in Ty

Definition 2.4. A family of non-empty compact sets {Z}sex C T3 is called a compact
pullback trajectory attractor of the 6-cocycle ¢ with respect to the topology Cioc(Ry; Y) if
A C T foreach o € ¥ and

(i) compactness: for eacho € %, ) is compact in Cioc(Ry; Y) and bounded in L® (R; X);
(ii) ¢-invariance: ¢(t, o, FS) = szér(a), VieR,,0 € Z;
(iii) pullback attracting property: for any family of sets {PBo}sex C Ty which satisfies: for
each o € X, the set B, C ’2;” and is bounded in L™ (R, ; X), there holds

[EIEIOO disteo. 71 v) (HT(f)(I, 0_,(0), $o_, ), HTJZZTH') =0, VT >0, 2.3)
where distc(o,71.v)(X1, X2) = sup inf max |yi(t) — y2(t)| stands for the Hausdorff
y1eX; 126X 1€[0,T]
semidistance from the set X1 C C([0, T]; Y) to the set X, C C([0,T]; Y);
(iv) minimality: If {&,}sex C Ty is a family of non-empty compact sets that satisfy (iii), then
Ay C &y foreach o € Z.

In definition 2.4, properties (i) and (ii) are generalizations of the compactness and
invariance properties of the kernel sections for process (see e.g. [49]). The pullback
attracting property (iii) differs from the attraction manner of the kernel sections. Indeed, the
above definition of pullback trajectory attractor combines the properties of pullback attractor
(generalization of kernel sections, see e.g. [13]) and trajectory attractor (for the equations with
possible absence of uniqueness of solutions).
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Theorem 2.1. Let ¢(t, 0, -) be a continuous cocycle and the group {6,};cr acting on (o, X)
satisfies (2.2). If ¢(t, 0, -) is pullback trajectory compact in T, then ¢(t, o, -) possesses a
compact pullback trajectory attractor &/ = { < }sex C Ty given by

G = ws(P), o€ X,
where & = { P, }scx is the pullback trajectory absorbing set and
0o (2) = | Jet.0-1(0), Po_,0)

s=20 25

(the bar means taking closure in Cioc(Ry; Y)) denotes the pullback w-limit set of 2.

Remark 2.1. Since ¢ is pullback trajectory compact in Ty, &, is bounded in L>(R,; X)
and compact in Cic(Ry; Y). Thus there is a time 7(o, Py (), P-) such that
d,0_,(0), Py o)) € P, forallt > t(o, Py_ ), P5). Hence

ws(2) = () | Jo¢. 0-1(0). Zo0)

520 25
c ﬂ U‘P(f,@—z(a),a@e,,(a))
s21(0, Po_, (), Py) 125

C P, =P, CT".

Proof. The idea of the proof of theorem 2.1 is similar to that of Chepyzhov and Vishik [24]
and Temam [47]. For completeness, we present the detailed proof and divide it into four steps.

Step One. We prove that for each fixed 7y € R, there holds

For any neighbourhood N (1) (with respect to the topology of
Cioc (R4; Y)) of the point u there are two sequences

{u,} C 9@7,,l+t0(g) and {r,} C R, witht, — 400

as n — oo such that ¢ (t,, 0_;, (6, (0)), u,) € N(u).

In fact, if u € wy, @) (Z), then for any s > 0, u is a point of tangency of the set
Uiss @, 016, (0)), P0_y())- Therefore, any neighbourhood N (u) of u contains a point
from Ut>s @ (t,0-(0,,(0)), 99%,0 (o)) forany s > 0. Hence, there exist two sequences {u, } C
1@94”%(0) and {t,} C R, with 1, - +00 as n — oo such that ¢ (z,, 6_,, (6, (0)), u,) € N(u).
Conversely, assume that for any neighbourhood N (1) of u there exist two sequences {u,} C
,%ﬁwu(o) and {#,} C R, with#, — +00 as n — oo such that ¢ (1, 6_,, (0,,(0)), u,) € N(u).
Since ¢ (b, 0y, (0 (©@)). Po, ) S Ussy S, 0-10,(0)), Pa,. o)) When's < t,, uis a
point of tangency of

s .0-,6,0)). Zs_. )

t>s

ue a)glo(g)(@) — 24

for any s > 0 and whence u € wy, () ().

Step Two. We prove that for each o € X, w, (&) is not empty and pullback attracts any
family of bounded sets {%; },ex C Ty with B, C T

Let{u,} C @94”(0) and {t,} C R, witht, - +ooasn — oo. Setv, = ¢(t,,, 6_;,(0), uy).
If the sequence {v,} has infinite different points, we consider the set P = {va} UUpex Z5)
and prove that P is relatively compact. Let {V),} be any covering of 2. Obviously, it covers
Uges P5. Note that U,cx &2, is compact in Cioc(Ry; Y). Thus there is a finite subcovering
{Vn}i,vil of Upex Py. Let V = UiVL V,. By the pullback absorbing property of &, we see
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that there exists N; € N such that v, = ¢(t,,60_,,(0),u,) € Py C Upex P, forn = Nj.
Thus V covers & \ {vi, v2, -+, vn,}. Adding the finite number of open sets that cover the
finite set {vy, v, - - -, vy, }, we get the finite subcovering of 2. Hence P is relatively compact,
which implies that the set {v,} has a limit point. Let v be a limit point of {v,}. We now show
that v € w,(Z?). Let N'(v) be any neighbourhood of v, then there exists some n; € N such
that v,, € N(v), vy, # v. Note that Cioc(Ry; ¥) is a Hausdorff space. Hence there is a
neighbourhood N; (v) C N (v) of v such that v,, ¢ N;(v). Analogously, there exists some
ny € N such that v,, € Ni(v), v,, # v. Also there is a neighbourhood N, (v) C N (v) of
v such that v,, ¢ AN2(v). By this procedure, we get a subsequence {v,,} C N (v), that is,
G (tn;, 04, (0), up,) € N(v) with {u,,} C @gimiw) and t,, — +00 as n; — oo. Using (2.4),
we get v € w, (). If {v,} is a finite set, then for some v, let v, = v infinitely many times, i.e.
o (1, 9_,,” (0), uy,) = v,, = v for some subsequence {r;} and so v € w,(Z?). By the above
facts, we see that w, () is not empty.

We next prove that {w, (£?)},cx pullback attracts any family of bounded sets {%, },cx C
T with B, C T foreach o € X. We use the argument of contradiction. Suppose that there
are a neighbourhood N (w, (£)) and a sequence {u,} C %y_, ) C Tg‘fr ©)’ {t,} C R, with
t, — +00 as n — o0 such that

{vn)oe, ﬂN(wa(@)) =g, where v, = ¢ (t,, 0, (0), uy). (2.5)

Since v, € Py C Uyex P, for n large enough and U,y &2, is compact in Cioe (R4; V), the
sequence {v, } possesses a limit point (denoted by) v. By (2.4) we see that v € w, (). Thus
N (wy (P)) is also a neighbourhood of v, which contradicts (2.5).

Step Three. We prove that w, (Z) is the minimal compact set satisfying: for any family
of bounded sets {%, },cx C Ty with B, C 7" there holds

tkg-noo diStc([()’T];Y) (H]%b(l, 9,,‘(0), %07,(0’)), HT(,()J(@)) = O, VT > 0. (26)

By the definition of w-limit set, w,(Z?) is closed. Remark 2.1 shows that w, (&) C %,
while the pullback trajectory compactness of the cocycle ¢ implies that &2, is compact in
Cloc(Ry; Y), thus w, () is compact in Cjc (R4 ; Y). We next use the argument of contradiction
to prove the minimality of w, (£?). Let £’ be a compact set satisfying (2.6). Assume that
there exists some v € w, () but v ¢ &, Recall that Co. (R;; Y) is a Hausdorff space. Thus
for any u € &7, there exist two neighbourhoods A () and N, (v) of u and v, respectively,
such that N'(u) N N, (v) = &. Clearly, the family of open sets {N («) : u € £’} covers
&', Consider a finite subcovering {N(u;) : i = 1,2, -+, No} of &', Set P = U (N,
P = ﬂf\glj\/u/(v). Then &' C Pve (A@, PNP =3 Recallv € wy (Z), and we see
that there is a sequence {un} C Py, (o) and {t,} C Ry with t, — +00 as n — oo such that

o(t,, 0, (0), uy) € Iz (see (2. 4)) At the same time, we follow from the absorblng proper’[y
of &' that ¢(t,,0_,(0),u,) € 2 for t, large enough, which implies that PN #+ 2.
Therefore, we can claim that if v € w, (), thenv € &', i.e. w, (L) C &'. The minimality
of w, (£?) is proved.

Step Four. We show that for each o € %,
O(t, 0,0, () = wy, (&), VtekR,. 2.7

Let v € w,(Z?) and given any #, € R,. Consider any neighbourhood N (w) of the point
w = ¢ (1, o, v). Recall that the map ¢ (¢, o, -) is continuous from 7;“ to TG“( ) Hence there

exists a neighbourhood N (v) of v such that ¢ (ry, o, N'(v)) € N (w). For the neighbourhood
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N (v) there are {u,} C Wgﬂnﬂo(a) and t, C [y, +00) with ¢, — 400 as n — oo such that
(1, — 10, 0_4,4,(0), uy) € N'(v). Then
G (tn, 01, (01, (0)), tn) = P (to + 1y — 10, 01,41, (0), Un)
= ¢(lo, 0, G (tn — 10, 01,440 (0), Uy))
€ ¢(to, 0, N'(v))

S N(w)
and again by (2.4) we get w = ¢(ty, 0, v) € wy,, 0)(Z?). Thus we have
¢ (10, 0, ws (P)) S Wy, (0)(P), Vi € R, (2.8)

For the inverse inclusion relation, we need to check two points. One is that ¢ (¢, 0, s (Z?))
is compact in Coc(R;; Y) for each #y € R,. This point is obvious since for each 7, € R,
and o € X, the map ¢(t, o, -) is continuous from 7" to 791,20 and w, (&) is compact in
Cioc(R4; Y). The other point is that ¢ (¢, o, w, (Z?)) pullback attracts any family of bounded
sets { B, }oex C Ty with B, C TY. Let V be any open set that contains ¢ (1, 0, w, (Z)). By
the pullback attracting property of w, (), we have ¢ (t — ty, 0_,1,,(0), Bo_,y (@) C 05 (P2)
for any bounded %g_wo @) C T;LHO ©) provided ¢t > (o, 939_% ©0)» Ps) + 1. Now for each
fh € Ry,

¢(ta G—Z(Qto(a))ﬂ %9,1”0(0)) = ¢(t0 +1— t()? O—H'to(o')’ ge—lﬂo(a))
= ¢(to, 0, ¢t — 10, 0141, (0), Bo_.., ()
(¢ being large enough) C ¢ (ty, 0, W, (F)) C V,

which implies the desired pullback attracting property of ¢ (79, 0, ws(Z?)). From the above
two points and the minimality proved in step three, we get

we, () (P) S @1y, 0, W (), Vi € R,. (2.9)
(2.8) and (2.9) give (2.7). The proof of theorem 2.1 is now complete. O

Remark 2.2. From the above proof, we see that the result of theorem 2.1 does not depend on
the concrete form of equation (2.1). It is valid for general evolution equations, including those
with delays.

3. United trajectory space and pullback trajectory attractor for 3D incompressible
non-Newtonian fluid

From the viewpoint of physics, the initial boundary value problem of (1.1)—(1.3) can be
formulated as follows:

a—u+(u-V)u+Vp=V~(2;L (e +lel) e —2u  Ae) + g(x, 1) x e (3.1
91 0 M1 g8, 1), s

V-ou=0, x e, (3.2)
u=0>0, Tijik kg = 0, x € 092, (3.3)
uli=0 = uo, 3.4

where t;;; = 2u(de;;/0x;) (i, j,I = 1,2,3) and k = (k, k2, k3) denotes the exterior unit
normal to the boundary 9€2. The first condition in (3.3) represents the usual no-slip condition
associated with a viscous fluid, while the second one expresses the fact that the first moments
of the traction vanish on 9€2; it is a direct consequence of the principle of virtual work. We
refer to [5-8, 34,39, 42] and the references therein for detailed physical background.
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3.1. United trajectory space

We next introduce some functional spaces and operators. Set

Y ={p=(p1.02.¢3) € (), V-9=01in Q, ¢=0 on 3},

H = closure of ¥ in (L*(2))® withnorm | - ||, H' = dual space of H;

V =closure of ¥ in (H?*(Q))* withnorm | - ||v, V' = dual space of V.

(-, -) denotes the inner product in H and (-, -) stands for the dual pairing between V and V’;
alsowe set H = (—A) ""H (n = 0 and the Laplace operator A is taken with zero boundary
condition u|yo = 0) and use H " to denote the dual space of H". In the whole paper, we take

0 < n < 2 and thus the embedding H < H ™" is compact.
Write

3 3
a,v)= Y (ae”("),ae""(”))z 3 /ae”(”) 9¢i M) e wvev. (3.5)
Q

0x 0x ox, 0x
i\ k=1 k k ijk=1 k k

Lemma 3.1 (Bloom and Hao [7]). There exist two positive constants ¢, and ¢, which depend
only on Q2 such that

cillully < a(u,u) < ellully, Vuev. (3.6)
From the definition of a(-, -) and lemma 3.1 we see that a(-, -) defines a positive definite

symmetric bilinear form on V. As a consequence of the Lax—Milgram lemma, we obtain an
isometric operator A € Z(V, V'), via

(Au,v) = a(u, v), Yu,velV.

Moreover, let D(A) = {u € V : Au € H}, then D(A) is a Hilbert space and A is also an
isometry map from D(A) to H. Indeed, A = PA?, where P is the Leray projector from
L*(Q) to H. Since by lemma 3.1 there holds

cillulld < a(u,u) = (Au, u) = (Au, u) < || Aul|llully, Yu € D(A),
we have
cillully < | Aul. (3.7)

For brevity, we use H0' (2) to denote (HOl (2))? in the following. We also define a continuous
trilinear form on H, (2) x Hj () x Hy () as follows:

3
8 .
b(u, v, w) = Z/uia—i’wjdx, w,v,w e H ().
Q i

i.j=1

Since V C HOl (2), b(-, -, +) is continuous on V x V x V and one can check

b(u,v,w)=—-b(u,w,v), bu,v,v)=0, Yu,v,welV. (3.8)
Now foranyu € V,
(B(u), w) = b(u, u, w), YweV, (3.9)

defines a continuous functional B(u) from V x V to V’. Finally, for u € V, we set

p(u) = 2po(e + le(u)|*)
and define N (u) as

3
(N@),v) = / p(u)e;j(u)e;j(v) dx, VveV. (3.10)
Q

i,j=1
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Then the functional N («) is continuous from V to V'. Whenu € D(A), N (1) can be extended
to H via

(N (u), v) /{V [wm)e(u)]} - vdx, YveH. (3.11)

In this paper, we take in (3.1) an external force function go(x, t) = go(t) = go € L,Z,(R; H)
and take (o, X) = (g, H(go)) as the time symbol space, where Li(R; H) denotes the set of
functions g € L? (R; H) satisfying

loc

t+1
IIgIILz(R o = IIgIILz = sup/t lg(o)II* dp < +o0,

and H(go(")) = {go( +s5):5 € R}ifgo(-) € LIOC(R; H), where the bar denotes taking closure
with the topology LIOC(]R, H). Note that we have g € Li(]R; H) and ||g||L’2) < ||g0||L% for all
g € H(go). We shall study the family of equations (3.1)—(3.4) with various external forces
g(-,t) € H(go). Excluding the pressure p, we can express the weak version of problems
(3.1)—(3.4) in the solenoidal vector fields as follows (see [7,51]):

ad
a—btl+2,u1Au+B(u)+N(u) =g(x,t), t>0, (3.12)
Ulj—o = up € H. (3.13)

Lemma3.2. Ifu € L*(0,T;V) N L>®0,T; H), then Au, B(u) and N(u) all belong to
L*30, T; V).

Proof. For any v € L*(0, T; V), applying (3.8) and (3.9), Holder inequality and Gagliardo—
Nirenberg inequality, we obtain

T T
| B vorar< [l Iveoia
0 0
T
< / a2V u @12 Vo) de
0
T
< xf lu@ I @)1 o) |y de
0

T 4/3 T
<A (/ (||u(t)||1/2||u(r)||3v/2) dt) (/ @)% dt>
0 0

1/2 3/2
< MO = o 7 18O 1355 7y 0Ol 0,721 (3.14)

hereafter A is a constant depending on €2, but not on # and 7. Equation (3.14) implies
B(u) € L*3(0, T; V). Similarly, for any v € L%(0, T; V), we have

3/4 1/4

/ (N(u(r)), v(r))d Z/ /M(M(t))eu(u(t))eu(v(t))dxdt

i,j=1

T
< Optge 2 / Va1 Vo) dr
0

T 1/2 T 1/2
< 9poe /2 ( f lu @)l dt) ( / v 5 dr)
0 0

= 9uoe " lu®)ll 20.7:v) V@)l 220,72 v)- (3.15)
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Equation (3.15) implies N(u) € L*(0,T;V’) C L*3(0,T;V’). In addition, if u €
L*(0,T; V), Au € L*(0, T; V') C L*3(0, T; V') is obvious. Combining the above facts, we
get the desired result. The proof is complete. |

Lemma 3.3 ((24]). Let E| be a Banach space and E — Ey C E|. Also let the embedding
E — E, be compact. Set

Woop (0. T: E, Ey) = {¢(1),1 € [0, T]: ¢(t) € L0, T: E), ¢'(t) € LP(0,T: Ey)},

T 1/p
where p > 1, with norm ||¢|lw,,, = esssup{|l¢ (t)||lg : 1 € [0, T]} + </ ||¢’||§1) . Then
0
Woo,p(0, T E, E1) — C([0, T1; Eo) with compact embedding.

We next specify the definition of the solution of (3.12). Given g € H(gp). A function
ue L®0,T; H) N L*0,T; V) is called a weak solution of (3.12) on the interval [0, 7] if
u, together with its derivative d,u, satisfies (3.12) in the sense of distributions in D’(0, T'; V')
(see [48]). We can prove by using the Galerkin method that (3.12) has at least one solution
u(t) € L0, T; HYNL?(0, T; V) defined on the interval [0, T] (VT > 0) and satisfying the
following energy inequality:

1d
EE(M(I)’ u(®)) + 21 (Au(t), u(0)) + (N (), u(r)) < (g, u)), Vi e[0,T],
(3.16)

in the following sense:

17 T T
—5/0 IIM(I)Ilzlﬂ'(t)dHZ/u/O (Au(t),u(t)W(t)dH/O (N (), u(@®)y (1) de

T
< / (g, u@®)y(t)dr, Yy () € ([0, T, () >0, VT >0. (3.17)
0

We would like to point out that, by lemma 3.2, the derivative d,u of the weak solution
belongs to L*3(0, T; V'). Hence, u is almost everywhere equal to some function from
C([0, T]; H) and the initial condition (3.13) makes sense.

Definition 3.1. The trajectory space Tg‘r of equation (3.12) with symbol g consists of functions
u(x,t) € L°Ry; H) N LIZOC(RJ,; V) such that for VT > 0 the function T7u(t) is a weak

solution of (3.12) on [0, T and T ru(t) satisfies (3.17). T,;r(go) = UgeH(gO) ’Tg‘r is called the
united trajectory space of equation (3.12).

Let the group {6, };cr acting on (g, H(go)) be defined by

0:(g()) =gt +-), VieR, Vg() e H(go)
Evidently, we have
0:H(go) = H(go), vVt eR.
We can now define the natural translation 8-cocycle ¢ (¢, g, u) on R, x H(gp) X T,f;( ) a8
(@, g, u-)) = gt +-), (t, g, u()) € Ry x H(go) x 7', (3.18)
where uy, ;) denotes the weak solution of (3.12) with symbol 6;(g). In fact, we have
¢, g, u(-)) =u(), (g, u) € H(go) x 7,

and

¢t +s,8,u(-)) =ug, ot +s+)=0¢(,05(8), d(s, 8, u)) = P, 65(8), uo, ) (s +-))
= ¢(1,0:(8), ¢(s, 8, u())).
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Lemma 3.4. (i) For each g € H(go) and any uy € H, there exists at least one trajectory
u(t) € ;' C T;[r(go) such that u(0) = ug;

(ii) Foranyt € Ry, g € H(go) andu € T C T}

Nz there holds ¢ (t, g, u) € ’];‘;(go).

Proof. The proof of (i) can be found in [7]. The assertion of (ii) is obvious because for any
ue ’Z;fr, we have by definition that ¢ (, g, u) = ug,)(t +-) € Tﬁ(go). a

Evidently, we have ¢ (t, g, ’Z;,‘r) - 7;3( o) forany t € R, and g € H(go).

Lemma 3.5. Tﬁ(gn) C Cloe(Ry; HM N L®(R,; H).

Proof. We need to show that for each g € H(go), 7;," C CiocRy; HTy N L®(R,; H).
Indeed, for any u(-) € ’Tg‘r, u(-) € L*®[R,; H) is obvious. At the same time, since
u(-) € leoc(]RJ,; V)N L®MR,; H) and g € H(gy) C LIZOC(RJ,; H) C LIZOC(RJ,; V'), we use
lemma 3.2 and equation (3.12) to get d,u(-) € Lfo/f (R,; V). Note that H — H™" C V' and
the embedding H < H ™" is compact, we infer from lemma 3.3 that u(-) € Cioc(Ry; H™7).
By the arbitrariness of g and u(-), we end the proof. |

3.2. Pullback trajectory attractor for 3D incompressible non-Newtonian fluid

In this section, we use the result developed in section 2 to prove the existence of a pullback
trajectory attractor for the incompressible non-Newtonian fluid.

Definition 3.2. A family of compact sets {Ag}geH(gn) - ’Z;‘;( o) U8 called the compact pullback
trajectory attractor of equation (3.12) with respect to the topology Cioc(Ry; H™") if Ag C Tg‘r
for each g € H(go) and

(1) compactness: Atgr is compact in Cioc(Ry; H™") and bounded in L°(R,; H);

(2) ¢-invariance: ¢(t, g, Ag) = Ag(g), Vit >0;

(3) pullback attracting property: for any family of bounded (in L*°(R.; H) norm) sets
{Bg}getier) C T?;r(gu) with By C 1, there holds

im disteqo, 7y 1) (M7 (1, 6-1(2), Bo_ (o)), r Ay) =0, VT > 0; (3.19)

(4) minimality: If {E5}ses C T;{r(go) is a family of non-empty compact sets that satisfy (3),
then Ay C &, for each g € H(go).

Lemma 3.6 ([24]). Let y(s), K(s) € L! (0, +00) and

loc

+00

—/0 y(S)lﬁ/(S)dS+5/0 y(s)w(s>ds</0 K(s)y(s)ds

hold for any ¥ (s) € Ci°(R,), ¥ (s) = 0, where § € R. Then for any t > t > 0 there holds

YO — y(2)" < f K(s)e" ds.
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The following estimate plays an important role in our proof.

Lemma 3.7. For any g € H(go) and any trajectory u € 73: @ C T}‘{( o) there exist positive
constants cg, cg, Ry and 8, which are independent of g and u, such that

lp(t,0-(8), WL, m) + 1P, 0-:(g), Wl 20,1.v) + 110:P (2, 0_:(g), w)ll L4r30,1; v

I 1/2 1 3/4
= esssup [lu(s + 1)|| + </ lus + )13 ds) + (/ [EXIEDIS ds)

5s>0 0 0

1+1 172 1+1 3 3/4

— esssup u(p) | + ( / ||u<p>||zvdp> + ( / Vo)1 dp)

p>t t t

—5t)2 2 —st

< csllullLe.1:me +collullz.1.me™" + Ros vt >0. (3.20)

Proof. Obviously, we have
> < Nullsy VueVv. (3.21)

Letu(:) € ’Z;‘i @ From (3.17), lemma 3.1 and the non-negativity of (N (u(p)), u(p)), we see
that

—fo ||u<p)||2w’<p)dp+2mc1f)
(

+

lu(o)I*¥ (p) dp
+00 2
< /0 [mngm = OI* = 2uici(lue)lly — ||u<p>||2)} Y(p)dp (3.22)
holds for V¢ (p) € C;°(R,), ¥ (p) = 0. Applying lemma 3.6 to (3.22) for

2
§=2mect, y(p)=lul® K(p)= mng(p —OI* = 2pici(lu) Iy — lue)l?),

we get

lu@)|I*e’ — u(r)||*e’ +8 / (@)} — llu(p)lI*) e dp

< g/rt lg(p — ))*e* dp, t>1>0, VgeHg, (3.23)

which, together with (3.21) gives
I < flu()]Pe +‘3‘/ (o — Dle= 7 dp. Vi3T50, Yge M.
r (3.24)

For the second term on the right-hand side of (3.24), we have

4

t
5/ e lig(o — > dp

bl -t
< 5(/ e ¢ p)llg(P—t)||2d,0+/ e ¢ p)||g(/0—f)||2dp+"')
—1 t—2
40 2 S 2 o 17 2
<g lg(o —t)|I*dp +e lglp —0)|I"dp +e lgto —DlI"dp +---
t—1 t—2 t—3
4 —5 .28 2
<5(1+e +e +-~-)||g||L§
4/ 1 )
<3 1+5 lgoll7:. Vi>t2>0, VgeH(g).
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Hence, from (3.24) we get

l(t, 0_1(8), W)l Lo, 1y < € *llullz~.1.me "> + Ry, VteR,, (3.25)

where R, = 2,/5(1 + 5)|goll; is independent of g and u.
Using u to take dual pairing (-, -) with equation (3.12) and integrating with respect to time
variable from ¢ to ¢t + 1, we obtain

1 t+1 t+1
E(Ilu(t+1)|I2— ||M(l)||2)+2M1/ (Au(p),u(p)>dp+/ (N(u(p)), u(p))dp

t+1 1+1
Z/ (8(p —1),u(p))dp < / lg(o = Dlillu(p)llv dp, Vi >0, VgeH(go.
(3.26)

Recall that ftm (N(p)),u(p))ydp > 0. Using Cauchy inequality, we deduce from (3.26)
and lemma 3.1 that

t+1
lu(t + DI + 2111 / lu(p)lly, do
t

t+1
<3 f lg(o — DIP dp + lu() |
CIM1 Jt
1
< ——llgoll? + lu@®)|l?, Vi>0, VgeHQg). (3.27)
2c1 11 b

It then follows from (3.25) and (3.27) that

172

t+1
¢, 0-(8), wWllL20,1;v) = </ luto)3 dp)

172
(el i
< +lu@)ll
2uicr \ 2urc
—5t/2
_ lgollz | &Pl + R
= 20 A 2uic
= c3llulle.1:me " + Ry, Vi >0, VgeHo), (3.28)
&3/2 R HgUIILZ .
where both ¢3 = T and R, = ﬁ + 2umb are independent of g and u.

Now we derive from (3.14) that

t+1 3/4
( / 1B dp)
32

12
<@ o 18O 15 iy
12 32
= )"”¢([7 Q—I(g)v u)llLDC(]R+;H) ||¢(t’ 9—[(8)9 u)||L2(0,1;V)
_ 12 _
A Null o1 me ™2+ Ri) " (csllullLeo,1:me ™" + Ry)

2 -5 —8t/2 2
A(cqlullGoq 1. mye ™ + 2caRllull L~ 0.1:m9e "% + R3) (3.29)

3/2

NN
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where both ¢4 = max{e??, c3} and R; = max{R,, R,} are independent of g and u; X is the

same constant as appearing in (3.14). Similarly, by (3.15) we have

t+1 3 3/4 i+1 1/2
<f IN @)y /Pd ) < <f ||N(H(S))||2/d5>
t t
1+1 1/2
< 9pge 2 (/ lus) I3 dS) < 9o (Ry + csllull 0,1, me ")
t
= csllullp=.1:me " + Ry, (3.30)

where both ¢5 = 9c3uoe /% and Ry = 9uoe""/2R2 are independent of g and u. Since A is an
isometry operator from V to V’ and g € Li(R; H) C Li(R; V'), equation (3.12) implies that

t+1 s 3/4
(f I13,u(p)l} d )
t
3/4

t+1
<2 ( / lAuI P dp)  +
t

3/4

t+1 tt+1 3/4
+<f IN @)y d ,0> +(/ ||g(p—t)||4/3dp)

3/4

||B<u<p)>||“/3 )

1/2 3/4

t+1
<2 (/ 1Au(o)I, dp) +

r+1 3/4 +1 12
+<f IN @)Y do +(f ||g(p—r>||2dp)

t+1 /2
<2m</ ||u<p)||2Vdp> + el o€ ™ + ARS + Ry
t

|B<u(p)>||“/3 )

—8t/2

—51/2
+2hcaRsl|ull .1 + csllull e 0.1:mpe + 8ol 2

: 2 ) st/
= collull w1 mye " + crllull L~.1:me "> + Rs, (3.31)

where both ¢g = )»ci, c7 = 213+ 2Ac4R3 + cs and Rs = 21 Ry + Ry + Ry + ||g0||L§ are
independent of g and u. Using (3.25), (3.28) and (3.31), we obtain (3.20). The proof is
complete. |

Lemma 3.8. Ler gy € Lg(R; H), then the 6-cocycle ¢(t, g, -) (defined by (3.18)) possesses
a pullback trajectory absorbing set {Pg}gen(gy) C Ty, With Py C T," for each g € H(go).

Moreover; there is a set P C Ty, such that |,y Pe C P and P is bounded in
L*(R,; H).

Proof. Set

P = {u € T, sup{llullLo. et my + 110l L3 a1iv)} < 3R0} ,

>0

P= {M € Tiey ¢ SUPUIUll Lo vrsony + 180l L5 ps1, vy} < 3R0} (3.32)
120
where R, is the same positive constant as appearing in lemma 3.7. We next prove that
{Pg}eeris,) 1 a pullback trajectory absorbing set for the translation cocycle ¢ (¢, g, -). Indeed,

let {Bg}get(g, be a family of bounded (in L*°(R,; H) norm) sets of T;;(g ) with B, C 7;".
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Then from (3.20) we see that for Yu € By, C 7;‘:(5,), there exists a fy such that

Cg||u||Loo(0,1;H)e’5’/2 < Ry and C9||u||%w(0’1;H)e"” < Ry provided ¢ > t;. Hence,

Neell Lo e ea1; 1y + N10s1ell 2432 141: vy < 3R, YVt 2, (3.33)

which implies that ¢ (¢, 0_,(g), By_,(q)) S Pg for Vit > 1y and thus {Pg}een(q,) is a pullback
trajectory absorbing set for ¢ (t, g, -) in Tﬁ( o). Obviously, P, is bounded in ’Z;," for each
g € H(go). Also, UgeH(go) P, C P and P is bounded (in L>(R,; H) norm) in Tﬁ(go). The
proof is complete. |

Lemma 3.9. Let {u™} be a bounded (in the norm of L® (R,; H)) sequence in T

and there
H(go)
exists a function u™ € Cioc(Ry; H™") such that

u™ — u* strongly in Coe(Ry; H") as n — oo. (3.34)

* tr
Then u* € TH(gO).

Proof. The proof of this lemma is similar to that of lemma 4.1 in [54]. The difference is that we

use the united trajectory space ’Z;;r( <) to replace the trajectory space T". Since {u™} C T;{r( 20)°

we see that there exists a sequence {g"™} C H(go) such that
ou™
at

Note that g™ C H(go) C L2 (R; H)isboundedin L>(0, T; H)and L?>(0, T; H) is areflexive

loc

Banach space for each T > 0. Whence, there is a g € H(go) such that

+ 2 Au™ + Bu™) + N(u™) = g™, n=1,2,---. (3.35)

g™ — gweakly in L0, T; H) C L*(0, T; V') c L*3(0,T; V') asn — oo.

The rest of the proof is essentially the same as that of lemma 4.1 in [54] and we omit
it here. O

We now can state the main result of this section.

Theorem 3.1. Let gy € Li(R; H). Then equation (3.12) possesses a compact pullback
trajectory attractor in Tﬁ(go): A = {.Ag}gg’}-{(go) = {wg (P)}ger(go)-

Proof. According to theorem 2.1 and lemma 3.8, we only need to prove that the set P
constructed by (3.32) is compact in Cjoc(Ry; H~"). Indeed, from (3.20) one sees that I[1;P is
bounded in Wu 43(0, T; H, V') and thus I17 P is relatively compact in C([0, T']; H~") (thanks
to lemma 3.3). Hence, we only need to show that 177 is closed in C([0, T']; H~") for any
T > 0. Assume that {u#,} C P and [17u,, —> TIl7u strongly in C([0, T]; H™") asn — oo.
Since {u,} is bounded in L*(R,; H), applying lemma 3.9 we see u € T,‘ir( 20)" Moreover, in
the detailed proof of lemma 3.9 we know 0,I1ru, — 0,[17u weakly in L*3(0,T; V') and
u, — u weakly star in L*°(R,; H) as n — oco. Thus we obtain

el oo, evn; iy + N0cu L4311, vr)
< iminf [|utn |z~ rat: ) + minf |3yt s iy < 3R, V1> 0.
n—oo n—oo

Therefore u € P and [1yu € C([0, T]; H™"). The proof is complete. O
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4. Regular pullback trajectory attractor and pullback trajectory asymptotic smoothing
effect for the incompressible non-Newtonian fluid

In this section, we first prove the existence of regular pullback trajectory attractor &' =
{.Q/gtr Yeerey C LPRy; V) N Cioe(Ry; H*M) for the incompressible non-Newtonian fluid.
Then we establish that Ay = <7/;" for each g € H(go).

4.1. Regular pullback trajectory attractor

We first specify the definition of a regular weak solution to problem (3.12). A function
ue L®0,T; V)NL*O, T; D(A)) is called a regular weak solution of problem (3.12) on the

interval [0, T'] if u, together with its derivative S_L: satisfies (3.12) in the sense of distributions
inD’(0, T; H). We can prove by the Galerkin method that (3.12) possesses at least one regular
weak solution u defined on the interval [0, T] (VT > 0) and satisfying the following energy
inequality
1d
5 g W), Au(®) + 2p1 | Au(O)* + (Bu(t), Au(0)) + (N (1)), Au(t))

< (g, Au(D)), Vi el[0,T], 4.1

in the following sense:

1 T T
-3 /0 (o), Aue)y' (1) di + 2, /0 1 Au() P (0) dt

T

T
+/0 (B(u(t)),Au(t))I/f(t)dH/O (N (), u()y(t)dt

T
</ (&, Au(@®))y (1) dt, Yy () € C ([0, TD, Y() =20,VT > 0.

0
4.2)
Definition 4.1. For each g € H(go), the regular trajectory space I/{gr of equation (3.12) with
symbol g consists of functions u € L®(R,; V) N L2 (Ry; D(A)) such that for any T > 0 the

loc

Sfunction Iru(t) is a regular weak solution of (3.12) on [0, T] and [17u(t) satisfies (4.1) in the

sense of (4.2). Uy = Ugerey Uy 15 the regular united trajectory space of equation (3.12).
Similar to (3.18), the 8-cocycle ¢ can be defined on R, x H(go) X L{,t_rt( ) 38
¢(t’ 8, M()) = u@,(g)(t + ‘)’ A (t’ 8> M()) € R+ X H(go) X u;l‘ (43)

Lemmad4.1. Ifu € L0, T; V)N L*(, T; D(A)), then Au, B(u) and N (u) all belong to
L*3(0, T; H).

Proof. Since u € L*(0, T; D(A)), Au € L*(0, T; H) is obvious. Note that (0, T') is a finite
interval, thus Au € L*(0,T; H) C L*3(0,T; H). In the following, C(, -, -) denotes the
constant depending on the numbers appearing in the bracket. Now forany v (¢) € L*(0, T; H),
we have, using Gagliardo—Nirenberg inequality,

T T
'/0 (B(u(1)), ¥ (1)) dt é/() 1B () ¥ (2)]l d

T
< A/ lu @I 1 Au P a1 | Au@) | 1y () | de
0

< COL T 010 I Ol 40,7210
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which implies that B(u(t)) € L*3(0, T; H). Similar to the derivation of (3.11) in [53], we
have

T
< C(Mo,e,a)/o IVu@ 1 + 1 Au@ DIy @) dt

< Cluos €, a0, T [u@ L. v) 1Y O 240,78
which also implies that N (u(t)) € L*3(0, T; H). The proof is complete. O

T
'/0 (N (u()), ¥ (1)) dr

Lemma 4.2. (i) For each g € H(go) and any uy € V, there exists at least one regular
trajectory u(t) € Uy C Uy, such that u(0) = uo.

(ii) Foranyt € Ry, g € H(go) and u € Z/{g, there holds ¢ (t, g, u) € I/l;_rt(go).

The proof of lemma 4.2 is similar to that of lemma 3.4 and we omit it here. Evidently, we

have ¢ (1, g, Uy) < Z/léf(g) - ug(go) for any r € R, and g € H(go).

Lemma 4.3. 1Y, . C Cioc(Ry; H> ) N L®R,: V).

H(go)

Proof. We only need to prove that for each g € H(go), Z/{g C Cioe(Ry; HM) N L®[R,; V).
By the definition of regular trajectory space, for any u(-) € Ll;,r, u(-) € L*°(R,; V) is obvious.
Meanwhile, since u(-) € L®R,; V) N Coc(Ry; D(A)) and g € H(go) C L2 (Ry; H),

loc
we combine lemma 4.1 and equation (3.12) to obtain that d,u € Li,/: (Ry; H). Since

V < H?>™ C H and the embedding V < H?7" is compact, we then get from lemma 3.3
that u(-) € Coc(Ry; H>™). The proof is complete. O

Definition 4.2. A family of compact sets {%r} geM(z) & L{ft( o) 18 called the pullback trajectory

attractor of equation (3.12) with respect to the topology Cioc (Ry; H>") if Jz{gtr C M;f for each
g € M(go) and

(1) compactness: szg“ is compact in Cioc(Ry; H 2-1Y and bounded in L®(R,; V);

(2) ¢-invariance: ¢(t, g, ,Qfg”) = %‘(g), Yt >0

(3) pullback attracting property: for any family of bounded (in L*(R,; V) norm) sets
{Beleeriq) C oy With By C Uy there holds

Lim disteqo,ry; 2o (M7 (2, 0-1(8), Bo_,g), My ,") =0, VT > 0; (4.4)

(4) minimality: if {&,}sex C L{,};(go) is a family of non-empty compact sets that satisfy (3),
then @, C &, for each g € H(go).

Lemma 4.4. Forany g € H(go) and any trajectoryu € Z/{;:(g) - Z/{;;(go), there exists a positive
constant § which is independent of g and u such that

lp(t, 60— (8), Wl Lom,;vy + @, 60— (&), Wl 120,1;0a) + 10:P (£, O (&), w) || L4530,1: )

1 1/2 1
= esssup ||u<s+r>||v+</ ||Au<s+r>||2ds> +(/ ||a,u<t+s>||4/3ds>
520 0 0

1/2 t+1 3/4
+ ( f 13,u(p)[I*? dp)
t

1
< Falllullxoa:vye ™) + (1 + M—) lgoll 2z V>0, 4.5)
1

3/4

t+1
= esssup lu(p)|lv + ( / Il Au(p)|? dp)

p>t

where F3(+) is a continuous monotone function of ||u ||Loc(0,1;‘/)e_8t/2.
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Proof. Let u(t) € U (0 S
integrating over £2, we obtain

e I? + 2p1a(ut), u(®)) +b(t), ut), u) + (N @), u;) = (g(t), uy). (4.6)
Set

C Uy, then u, € LY°(0, T; H). Multiplying (3.12) by u, and

le(u)|
T'(le(u)) =/ wole +s)"%?ds such that d—r = Z e (u) ——= ”(”)
0

i,j=1
Then,

d
(N (u), us) Z/M(u)eu(u)eu(ut)dX— & </Q F(Ie(u)l)dX>- 4.7

i,j=1
Substituting (4.7) into (4.6), we have

d
llue|I> + I <2M1a(u(t), u(t)) +/ F(Ie(u)l)dx)
t Q
= —b(u,u,u)+ (g, u)

< Z/Qufﬁfi, % ] + 48O + 3l
< el o | Varll ey e[|+ 418 (] + inurnz. 4.8)
By the Gagliardo—Nirenberg and Cauchy inequalities,
llell gy | Vel e ot | < A Al | < AP laely + 5 s |1

Thus, from (4.8) and lemma 3.1, we obtain

dy(®) <
=5 SSOyo+ho), (4.9)
where
() = 2pau(t), u() +/ C(le()]) dx,
Q
)\,2
f0 =7 llull3 and ht) = 4] g(0)|>.
By (3.28),
t+1 )\2 t+1 )»2
f f(x)ydr = e / lu(o))3 dr < e Fi(llull p=.r.vye "?), (4.10)
t t
where
_ _ 2
Fi(llullz=.r:vye*"*) = (esllullL=.7;v)e 8/2 4 R)".
Obviously,

t+1 t+1
f h(r)dr = 4f lg(@)II* dz < 4llgoll7,- (4.11)
t t
Now from (3.6) and (3.28) we get
t+1 1+1
f f 2uiau(t), u(t)) dx dr < 2eapy f lu()|3 dt
t Q t

< 2eam1 Fi(|ull pe.1:v/e 3. (4.12)
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Since 0 < (€ +5)"%? < € ? whens > 0 and « > 0, thus

le(u)|?
Cle()]) = / po(e +9)" 2 ds < poe e
0

t+1 t+1
f /F(|e(u)|)dx ds < Moe*“ﬂ/ f le(u)|? dx ds
t Q t Q

t+1
< g2 f ()1 ds
t

< Ypoe PFi(lull L= 1:v9e ), (4.13)
where the fact that fQ le(u)|>dx < 9||u||%/ has been used. From (4.12) and (4.13), we get

and

t+1
f y(p)dp < 9(captr + o€ ) Fi(llull = o.1:vye 7). (4.14)
t

Now lett < p <+ 1. Multiplying (4.9) by exp(— ftp f(r)dr), we get

d o P
i (Y(p) exp <—/ f(f)df>) < h(p) exp (—/ f(f)df) < h(p). 4.15)

Letting #; € [t, ¢t + 1] and integrating (4.15) over [¢, ¢ + 1], we obtain

t+1 t+1 t+1
y( +1)exp (— f f(™) dr) < y(t) exp (— / h(t) dr) + / h(t)dr.

Therefore, we have for any ¢ € R, and #; € [t, ¢ + 1] that

t+1 t+1
y(it+1) < y(t1)+/ h(t)drexp </ f(t)dt)

2
< y(t) +4lgoll3- exp Fillullz=1:ve ")t . (4.16)
b 2urcy
Integrating (4.16) (with respect to #;) over [, t + 1], we get
t+1 )\2
y(t+1) < / y(t) dt; +4lgol%, exp { (csllullpo,1;vye /% + Rz)z}
: b 2pc
< 9(eapr + poe ) Fi(lullL=q,1,vye %)
2
+4lgol17, exp { fl<||u||Lx<o.1;V)e—5f/2>} , Vi eR,. (4.17)
b 2urcy

It then follows from (4.17) and lemma 3.1 that

lu@ + D> < la(u(t+ D, u(t +1))
c

< {(9(62M1 + o) Fr(lull L= 0.1:v)e ")
2c1 1
2 i 5t)2
+4 , ex Firllullz.1:vye "
llgoll72 p<2M1C1 1(llullL=0,1;v) ))}

= Fr(llullp=@.1:v/e %), vVt eR,, (4.18)

and thus for any ¢ € [1, +00) there holds

62, 60_,(2), )l Lovy < F > (lullLo.1:vye"72). (4.19)
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Now multiplying (3.12) by Au, we get

(uy, Au) + 204 ||Au||2 + (B(u), Au) + (N (u), Au) = (g(t), Au). (4.20)
We next estimate the terms in (4.20).
1d
(us, Au(t)) = za(u(t), Au(t)), 4.21)
1
(B(u(1)), Au(t)) = (B(u(1)), Au(t)) < %IIAMO)II2 + Z—MIIB(u(t))IIZ, (4.22)
1
(Bu(r), Au(t)) = (N (u(1)), Au(t)) < %IIAM(I)II2 + 2_m||N(M(t))I|2’ (4.23)
Hi 2 1 2
(g(1), Au(r)) = (g(1), Au(t)) < TIIAM(I)II + 2—||g|| . (4.24)
23!

Combining (4.20)—(4.24), we get

d 2 1 2 2 2
7 @@, Au(@) + | Aul” < Z(IIB(MU))II +[IN@@)” +1g@OI)- (4.25)

Integrating (4.25) over [z, ¢t + 1], we get

t+1
(u@+1), Au(t + 1) + i, / lAu(z)|?dz

1 t+1 5 1 t+1 5
< —/ | Bu(T)l df+—/ I[N ()" de
M1 Jy M1 Jy

1 t+1
+M—/ Ig(I1* dt + (u(t), Au(?)). (4.26)
1 Je
Now from the proof of lemma 4.1 we can see that
t+1
[ 1B ar <t ., (427)
t
t+1
f IN @I dv < Cluo, € )l g.ivy» (4.28)
t
and thus
t+1
¢+ C(ig, €, @) _
[ 1auiar < SEEEEED e
' 1
+ iJff2(||u|| o2y 1 Ly o2 4.29
5F) =01 ) + = lIgoll 2 (4.29)
My M1y

Hence

||3z“(f)||L4/3(z,z+1;H) < ||AM(T)||L4/3(r,r+1;H) + ||B(M(T))||L4/3(z,t+1;H)
HIN@ED N 4n i1, m) + N8N L4 i41; 1)
N2+ Clug, €, )

< (

23!

1/2 _
+ C(uo, €, Ol)) -7:2/ (lull 20,1,y "%

N _ 1
+~—Fa(llullL~@.1;v)e %) + (1 + —) llgoll ;- (4.30)
23} M1

The proof of this lemma is complete. |
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Lemma 4.5. Let gy € L}ZJ(R; H), then the 0-cocycle ¢(t, g, -) (defined by (4.3)) possesses a
pullback trajectory absorbing set {Ag}oeri(qy) C Z/{,t_rl(go) with A, C L{;,r for each g € H(go)-
Moreover, there is a set A C U;;(go) such that Ugeﬁ(go) Ag C A and A is bounded in
L*®[R,; V).

Proof. Set

~ 1
A, = !u c u;r ssupf{llullrog, vy + 10:ull Lo e iy} < F3(C) + <1 + _M ) ||80||Lg] ,
0

teR,

A 1
A= {u € Upiigyy  SUPINU N Loqerwrvy + 100l L5 isr, iy} < F3(C) + (1 + %> IIgolng} ;
teR,

(4.31)

where F; is the continuous monotone function from lemma 4.4 and C is a positive constant
depending on ug, U1, €, «, ¢y, ¢2, €3, 8, ”gOHLi and R,, but not on #. We next prove that A is
the bounded pullback trajectory absorbing set for the translation cocycle ¢ (¢, g, -). Indeed,
for any family of bounded (in L*(R.; V) norm) sets {%,}¢en (e, Of Z/{;_rl(go) with B, C Uy,
we see from lemma 4.4 that for Vu € %y_, ) C Z/I;r_r(g), there exists a ¢* > 1 such that

A 1
Nl oo rerzvy + 10wl L5 11y < F3(C) + (1 + M—) llgoll 2 Vit (4.32)
0

which implies that ¢ (¢, 0_,(g), Bo_,(g)) S A, for Vi > t* and thus {Ag)een (g is a pullback
trajectory absorbing set for ¢ (¢, g, -) in Z/{g(go). Obviously, A, is bounded (in L*(R,; V)
norm) in L{;r for each g € H(go). Also, Ugemgo) A, C A and A is bounded in L®(R,; V).
The proof of lemma 4.5 is complete. ]

Lemma 4.6. Let {u,} be a bounded (in the norm of L* (Ry; V)) sequence in L{;r«go) and there
exists a function u, € Cioc(Ry; H 2=1Y such that
u, —> uy, stronglyin Cpc(Ry; HZ_”) as n — oo. (4.33)

Then u, € L{;r{(go).

Proof. We need to prove that u, € L*(Ry; V) N Cioc(Ry; D(A)) and for any T > 0, TTyu, is
a regular weak solution of (3.12) on the interval [0, T'] satisfying the energy inequality (4.1).
Indeed, since {u,} C Z/I;;(go) and is bounded in L*°(R,; V), by (4.5) we conclude that {u,} is

bounded in L?, (R,; D(A)) and {83#} is bounded in L/ (R,; H). By the diagonal procedure,

loc loc

we find that there exists a function u € L*°(R,; V) N Cioc (Ry; D(A)) and a subsequence (still
denoted by {u,}) of {u,} such that

Mru, — Mru weakly in L2(0, T; D(A)) as n — o0, (4.34)
u, — u weakly star in L*(R,; V) as n — oo, (4.35)
& yu, — 9, T1yu weakly in LY3(0,T; H) as n — oo. (4.36)

Obviously, d,;u € Lﬁf(RJr; H). By lemma 3.3 we obtain [17u € C([0, T]; H?2~") since the

embedding V <> H?~" is compact. From (4.33) and the uniqueness of limit we have u = u,.
Next we verify that [Tru, is a regular weak solution of (3.12) on the interval [0, T'] satisfying
(4.1). To this end, we prove the following relations.

ATlzu, — Allyu, weakly in L*3(0, T; H) as n — oo, 4.37)
B(Tyu,) — B(Iru,) weakly in L*3(0, T; H) as n — oo, (4.38)
N(Tru,) = N(Xzu,) weakly in L*3(0, T; H) as n — oo. (4.39)
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Obviously, (4.37) can be deduced directly from (4.34). Also from (4.34) and the compact
embedding V < H/ () <> H, we obtain

Mru, —> Mzu, strongly in L*3(0, T; Hy (Q)) as n — oo, (4.40)
Mru, — Iru, strongly in L4/3(O, T;H) as n — o0. 4.41)
Now for any (1) € L*(0, T; H), we have

T
lim / (B(Iyun) — B([yuy), ¥(1)) di
0

n—oo

T T
g lim / |b(HT(un - M*), I—[Tuna W)| dz + lim / |b(HTu>ka 1_IT(Mn - u*)a lﬂ)| dr
n—oo Jq n—oo Jq

= 11 + 12. (442)
By Holder inequality and Gagliardo—Nirenberg inequality, we get
T
L= lim | |b(Ty(uy — ), Tru,, ¥)|de
n—oo 0
! 3/4 7/8
< tim | 7 G = w7 Gy — w1y ) a1 a1y 19 ()] dr
n— 00 0 0

n—0o0

T
< lim C f 1T Gty — )y s 97O i
0
< Cnli)n;o 1Tz e — w)ll oo, 7; 110 @ 1V Ol 0,750 = 0, (4.43)

where C is a constant depending on the L*°(R,; V) bound of the sequence {u,} and T, but
not on n. Analogously,

T
L = lim [b(Mruy, Mz (u, — uy), )| dt
n—oo 0
T
< m o f Tl VI (uy — w) |l I (O]l df
n— 0
T
< lim Tz ully 1Tz (un — w) |l g @ 19 (O] de
n— o0 0
<C nliglo 7 (uy — u*)||L4/3(0,T;HO'(Q)) ¥ @+, 7.1 = 0. (4.44)

It then follows from (4.42)—(4.44) that (4.38) holds. Now from (4.34) we see that || ATT17 (u,, —
) |2 0.7 1y 1s bounded. Similar to the derivation of (3.27) in [51], we get from (4.41) that

T
lim IN(I7uy) — N(Tzuy), )l de

n—00 0

n—oo

T
lim / / (V- u(e(Trun)e(Truy) — ple(Trun)e(Trun)]) - ¥ (1) de dr
0 Q

T
< Cpo. €. @) lim / ITT7 Gt — w121 AT Gty — w1219 (1) | de
n— 0

< Clpo, € @) m ([T Gty = w5 7.y AT (= w150 7y 1 Ol 20,7
—0. (4.45)
Equation (4.45) gives (4.39). The proof is complete. ]



1714 C Zhao and S Zhou

Theorem 4.1. Let gy € L%(R; H). Then equation (3.12) possesses a compact pullback
trajectory attractor &/ = {széfr}geﬁ(go) = {wg (M)} ger(g) in Z/I,‘_;(go).

Proof. According to theorem 2.1 and lemma 4.5, we only need to prove that the set A C Z/{;;( 20)
constructed in (4.31) is compact in Cioc (R4; H 2y, Actually, from (4.6) one can see that [Ty A
is bounded in Wy 4/,3(0, T; V, H) and thus II7 A is relatively compact in C([0, T']; H*™)
(thanks to lemma 3.3). Hence, it suffices to show that I17 A is closed in C([0, T']; H*™") for
any 7 > 0. Assume {u,} C A and [17u, —> Ilyu strongly in the norm of C([0, T]; H?7M)
as n — oo. Since {u,} is bounded in L*(R,; V), applying lemma 4.6 we see u € Z/{f{(go).
Moreover, in the proof of lemma 4.6 we know 0;I17u,, — 9,I17u weakly in L*3(0,T; H)

and u,, — u weakly star in L*°(R,; V) as n — o0o. Thus we obtain
el Lo e o4, vy + WO\l Lars s e b

< Hminf {luy |1, vy + Dmoinf (10,0, || 245 141y < F(C)
n—o0 n—o0

1
+ <1 + —) lgoll 2. 120
H“o

Therefore u € A and Iyu € C([0, T]; H*>™"). The proof is complete. O

4.2. Pullback trajectory asymptotic smoothing effect

In this section, we prove the regularity of the pullback trajectory attractors by showing
,W’gtr = Ag for each g € H(go). This regularity implies the pullback trajectory smoothing
effect of the incompressible non-Newtonian fluid in the following sense: the trajectories issued
from up € H belong to Cioc (Ry; H™") N L*°(R,; H), and (under the pullback acting of the
translation cocycle) eventually belong to C([0, T]; H =1y N L®(R,: V) after large enough
time.

Lemma 4.7. Let g € Ly(R; H), g € H(go) and B" C T, be arbitrary. Let u(-) =

o (t,0_,(9), up(-)) with ug(-) € BX. Then there exist a time To(BY) and a positive constant
K such that

lp(r,0-,(8), uo(NllL~e,v) < K, Vi > To(B"). (4.46)
Proof. The assertion of this lemma can be deduced from lemma 4.2 of [53] and we omit the
detailed proof here. g
Theorem 4.2. Let gy € L7 (R; H), then

A" = (A eerien = ) Yeenin = 7" (4.47)
Proof. We only need to show

A =, Vg € H(go)- (4.48)
On the one hand, ;z/g“ is bounded in L*(R,; V) for any g € H(go). Thus ng/o‘: @ is bounded

in L*(R,; H) for any t € R. By the ¢-invariance property and pullback attracting property
of the pullback trajectory attractor, we have for any T > 0 that

diStC([O,T];H*”)(HT%r, HTAE)
= disteqo, 7311 (M7 (7, 0-1(8). eﬂ%[f,(g)) , HTAE) vVt eRy)
I : tr tr
= rEI-Poo disteqo, 7y, (M7 (2, 6-(8), %7,@) , HTAg)
=0, Vg € H(go),
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which implies
Ay C Ay, Vg € H(go)- (4.49)

On the other hand, lemma 4.7 tells us that

b =200®P =@ 0-:0-(2). Po_s.)

s=20t>s

is bounded in L>*(R,; V) for any t € R,. Also by the ¢-invariance property and pullback
attracting property of the pullback trajectory attractor, we obtain for any 7 > 0 that

disteqo, 7). - (M7 Ay, Tr.o7;")

= disteqo, 731 (M7 (1, 0-4(8), Af o) » T /™) (Vi eR,)

< disteqo, 7y 2 (M7 (1, 0-4(9), AS,,(g)) ") MVt eR,)

= lim_disteqo,ry.n) (M1 (1. 0-1(8). A7 () - Tlr /")

=0, Vg € H(go),
which implies

A;,r c ,;z%g“, Vg € H(go). (4.50)
We readily get (4.48) from (4.49) and (4.50). The proof is complete. O

5. Conclusions and a remark

The starting point for our interest in this paper is the asymptotic smoothing effect of the weak
solutions to 3D non-Newtonian fluid. Our ideas originate from Caraballo et al [14, 15, 19] for
pullback attractor and Chepyzhov and Vishik [23,24,49] for trajectory attractor. The definition
of pullback trajectory attractor is indeed a combination of the definitions of pullback attractor
and trajectory attractor. It contains not only the characteristic of pullback attractor but also
the characteristic of trajectory attractor. We have constructed the pullback trajectory attractors
for the 3D incompressible non-Newtonian fluid and proved its pullback trajectory asymptotic
smoothing effect.

Remark. The idea of this paper could be applied to 3D Navier-Stokes equations. One can
construct the pullback trajectory attractors in different spaces and then establish the regularity.
This regularity also reveals the pullback trajectory asymptotic smoothing effect of the weak
solutions to 3D Navier—Stokes equations. This will be the topic of some other papers.
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