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Abstract

In this paper, we present the sufficient conditions for existence and multiplicity of positive radial solutions for elliptic inclusion
systems. Our results are obtained by utilizing the generalization of Leggett and Williams’s fixed point theorem, established in this
paper, for the norm-type cone expansion and compression of multivalued operators.
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1. Introduction

We shall establish the new result of existence of positive radial solutions for elliptic systems of the form

Au € Mk (|x]) F(u, v) in {2,

Av € ukr(|x])G(u, v) in £2,
ou ov

aju+b— =0, av+by— =0 on|x| =Ry, Q)
on on

3 9
cu+di =0, cw+dr =0 onlx| =Ry,
on on

where (u,v) € C*(2) x C>(2) with 2 = {x e R" : R| < |x| < R2, Ry > Ry > 0} an annulus with boundary 32,
aj,bi,ci,d; > 0,and p; = c;b; + a;c; + ajd; > Ofori =1, 2.

Under the hypotheses that F, G are single-valued functions, the existence and multiplicity of positive solutions
for elliptic systems (1) subjected to different boundary conditions on a ball has been studied in [1-3]. For instance,
subject to the following boundary condition

ulpn =vlye =0,
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Peletier and van der Vorst studied the existence of positive solutions for elliptic systems on a ball in [3], Dunninger and
Wang used a fixed point theorem of cone expansion/compression type which allows to establish not only existence,
but also multiplicity in [2]. If parameters A = u, moreover, Dunninger and Wang proved the existence, nonexistence
and multiplicity of solutions to (1) based on the difference of the value of parameter A in [1]. They employed upper
and lower solution methods together with fixed point index theorems. Our purpose here is to deal with more general
F and G, i.e., to allow that they are the multivalued functions. Hence we extend the results of [1]. In fact, we apply
the generalization of Leggett and Williams’s fixed point theorem, established in this paper, for the norm-type cone
expansion and compression of multivalued operators to establish the multiplicity and existence of solutions to (1) for
all positive parameters A, ;1 without the assumptions of the nonlinear terms F and G being monotone.

Let (E, | - |) be a Banach space. A nonempty convex closed set P C E is called a cone of E if the following
conditions hold

x € P,A>0implies A.x € P; and x € P and —x € P implies x =6,

where 6 stands for a zero element of E.

Let us introduce a partially ordered “<” in E,i.e.,x < yifandonlyif y —x € P forany x,y € E. x < y if and
onlyif x < y and x # y.

The cone P is said to be normal if there exists a positive constant N, which is called the normal constant of P,
suchthat § < x <y (x,y € E) implies that [x| < N|y|.

Given a cone P of E, denote PT = P \ {#}. For ug € P*, denote

P(ug) = {x € P : Aug < x for some A > 0}.

For notational purposes for n > 0 let
2y ={y€E:|yl<n} 02, ={y€E:|yl=n}, and
Qy={yeE:yl <nk

Since Krasnoselskii gave the original result of cone expansion and compression in [4], multifarious fixed
point theorems of the expansion and compression have been obtained (see, for example, [4-9]). For instance,
in [5] Guo and Lakshmikantham gave the result of the norm type and in [6] Anderson and Avery obtained a
generalization of Krasnoselskiis fixed point theorem of the norm type by applying conditions formulated in terms
of two functionals replacing the norm-type assumptions. It should be noted that the use of fixed point theorems of
cone expansion/compression type in the study of the existence and multiplicity of positive solutions for differential
and integral equations has recently been quite extensive (see [2,7,9—12]). However, in general, the expansion may
be easily verified for a large class of nonlinear integral operators, compression is a rather stringent condition and is
usually not easily verified. In [7] Leggett and Williams improved the compression by replacing it with the weaker
condition in which the operator is a compression on P (ug) N 02,. In [8] one can find some refinements of [7]. In [9]
Zima proved the following result via replacing Leggett and Williams type ordering conditions by the conditions of the
norm type (see [9, Theorem 1]):

Proposition 1. Let P be a normal cone in E with the normal constant N. Assume that §2; and §2, are bounded open
sets in E such that 0 € 2y and 21 C (. Let F : P N ({2, \ {2)) — P be a completely continuous operator and
ug € P*. If either

(1) N|x| < |Fx|forx € P(ug) N 842y and |Fx| < |x| forx € PN, or

(2) |Fx| < |x|forx € PNaf2y and N|x| < |Fx|forx € P(ug) N 3%

is satisfied, where 312 denotes the boundary of 12, then F has a fixed point in the set P 0 (25 \ £2)).
In [13] Agarwal and O’Regan extended Krasnoselskii’s fixed point theorem of norm type to multivalued operator

problems and obtained the following fixed point theorem for k-set contractive multivalued operators (see Theorem 2.4
and Theorem 2.8 in [13]):

Proposition 2. Let E = (E, | - |) be a Banach space, P C E a cone and let | - | be increasing with respect to P. Also
r, R are constants with 0 < r < R. Suppose A : 2g N P — CK(P) be a u.s.c., k-set contractive (here 0 < k < 1)
map and assume one of the following conditions holds:
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(CD) @G) |yl <|x|forally € A(x) and x € 32 N P and
@{i) |y| > |x|forally € A(x) and x € 352, N P.

(C2) () |yl > |x|forally € A(x) and x € 32 N P and
(i) |y| < |x|forall y € A(x) and x € 082, N P.

Then A has a fixed pointin P N {x € r < |x| < R}.

Impelled by the advantage of usually being easier to apply, in Section 2 of this paper we will extend Leggett
and Williams fixed point theorem to k-set contractive multivalued operator problems. This is also a generalization
of Proposition 1 and an improvement of Proposition 2, moreover, is a fundamental tool to prove our main results.
In Section 3 we prove the multiplicity and existence of solutions to (1) for all positive parameters A, (.

2. Existence of fixed points

We begin this section with gathering together some definitions and known facts. For two subsets C, D of E, we
write C < D (or D > C) if

Vpe D, 3dq e Csuchthatg < p.

A multivalued operator A is called upper semi-continuous (u.s.c.) on E if for each x € E the set A(x) is a nonempty
closed subset of E, and if for each open set B of E containing A(x), there exists an open neighborhood V of x such
that A(V) € B.

A is called a k-set contraction if y (A(D)) < ky (D) for all bounded sets D of E and A(D) is bounded, where y
denotes the Kuratowskii measure of noncompactness.

Throughout this paper, we denote by C K (C) the family of nonempty compact, convex subsets of set C.

The following nonzero fixed point theorems for multivalued operator will be applied in this section.

Lemma 1 (/13)). Aet E be an ordered Banach space and P a cone in E and let r, R be constants with R > r > 0.
Assume that A : 2 — CK(P) is a u.s.c., k-set contractive (here 0 < k < 1) map and assume that one of the
following conditions hold:

x €MAx foralld €[0,1) and xe€df2x NP, and 2)

there exists av € P with x g Ax +6Svforx € 90, NP and § > 0. 3)
or

x €MAx foralld €[0,1) and x €3NP, and 4)

there exists av € Pt with x & Ax 4 v forx € 32x N P and § > 0. &)

Then A has at least one fixed point y € P withr <y < R.

Lemma 2 ([14]). Let E be a Banach space, C a closed convex subset of E, and U an open subset of C with 6 € U.
Suppose that A : U — CK(C) is u.s.c, k-set contractive (here O < k < 1). Then either

(h1) there exists x € U with x € Ax; or
(h2) there exists u € U and A € (0, 1) withu € LAx.

Theorem 1. Let P be a nor_mal cone in E with the lormal constant N. Assume that §2| and (2, are bounded open sets
in E such that 0 € 2y and 21 C §%. Let A : PN (2,\ 21) = CK(P) be a u.s.c, k-set contractive (here 0 < k < 1)
operator and uy € P™. If there exist 0 < r < R with £2. C {21, 2 C (& such that either

(H1) () Nlx| < |y|forally € Ax and x € P(ug) N d{2, and
@{i) |y| < |x|forall y € Ax and x € P N3, or

H2) @) |yl <|x|forally € Ax and x € P N 3£, and
(i) N|x| < |y|forall y € Ax and x € P(ug) N382g

is satisfied, then A has a positive fixed point in P 0\ (2g \ £2,).
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Proof. From the hypotheses of {21 and (2, it follows that there exist positive numbers r, R with 0 < r < R such that

2, C 2, 2, C N C (1, and either (H1) or (H2) holds on 9 (2, and 9 {2g. We seek to apply Lemma 1. It is sufficient
to check that A satisfies the conditions (2) and (3) in {2, and in {2, respectively, provided that the condition (H1)
holds. First, (H1)(ii) with x € P N 32 instead of x € P N (2 implies that (2) is true. To see this suppose there exists
x € PNafNg and A € [0, 1) with x € LAx. Then there exists y € Ax with x = Ay and so

R =|x| =Xyl < |yl < |x| =R,
a contradiction. Next, we will prove that for any x € P N 92, and any § > 0,

x & Ax + Suy. (6)
Suppose, on the contrary, that there exist xo € P N 32 and ¢ > 0 such that xo € Axg + fuo, that is,

xXo — tug € Axg. (N
Clearly, ¢ # 0 (otherwise, this proof is completed). Note that Axo C P, we conclude that

tug <tup+y

for all y € Axp. This, combining (7), we get xo € P(ug). Also, (7) shows that there exists yp € Axg such that
Xo — tug = yo. This implies

0 < yo < xo.
In virtue of the normality of P we have
[yol = Nlxol. ®)

Since xg € P N 352, (8) contradicts (H2)(i). Hence, (6) is true. This implies that (3) is true. The result of Theorem 1
now follows from Lemma 1.
Similarly, we can prove that the result of Theorem 1 follows if (H2) holds. This proof is completed. [

Remark 1. Under the conditions of Theorem 1 if 2y = £ and ) = 2 with 0 < r < R, then A has a positive fixed
point in the set P N (2 \ 2,).

In what follows, we combine Lemma 2 and Theorem 1 to establish existence of multiple fixed points.

Theorem 2. Assume that the conditions of Theorem 1 hold and
x & Ax forallx € 382, NP, )

where (3. C §2,. Then, there ixists a constant R with R > r such that A has at least two fixed points x| and x> with
x1€.NPandxy e PN(Ng\ 2)).

Proof. Theorem 1 implies that A has at least one fixed point x, with x; € PN (2r\ £2,), where R > r and 2 C (»
(see the proof of Theorem 1). In addition, we obtain in the proof of Theorem 1 that x & AAx for all A € [0, 1) and
x € (2. N P. Hence, we combine (9) and Lemma 2 to conclude that A has a fixed point x; € {2. N P. This completes
the proof of Theorem 2. [

For constants L, r, R with0 < r < L < R, let us suppose

(H3) x & Ax forallx € 92, N P.
(H4) (i) Nlx| < |y|forall y € Ax and x € P(ug) N 352,
(i) |y] < |x|forally € Axandx € PN dS7,
(iii) N|x| < |y|forall y € Ax and x € P(ug) N 3{2g.
HS5) (@) |y] <|x|forally € Ax and x € P NS,
(i) N|x| < |y|forall y € Ax and x € P(ug) N 92,
(iii) |y| < |x|forally € Ax andx € P N d2g.
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Theorem 3. Let P be a normal cone in E with the normal constant N, A : ﬁR NP — CK(P) be a us.c., k-set
contractive (here 0 < k < 1) operator. If either the conditions (H3) and (H4) or the conditions (H3) and (H5) hold,
then A has at least two fixed points x| and xy withxy € PN (2. \ £2,) and xp € P N (2 \ 21).

Proof. Remark 1 implies that A has a fixed point x; € P N (ﬁL \ £2,). (H3) shows that x; ¢ 92;. Hence,
x1 € PN (2 \ §2.). Again, Remark 1 guarantees the existence of x3. This proof is completed. [

3. Positive radial solutions for elliptic systems

In this section, we prove the multiplicity and existence of solutions to (1) for all positive parameters A, . by
applying the result involving Section 2.

Let C[0, 1] be a set consisting of all continuous functions from [0, 1] into R and endowed the norm with
Xl = sup,po.17 [x(?)]. We define, for u,v € C[O0, 1], u < v if and only if u(r) < v(z) for every t € [0, 1]. By
a positive solution of (1) we understand that a component (u, v) with u(¢) > 0, v(¢) > 0 for all # € [0, 1] satisfies (1)
and either u # 0 or v # 0. By the maximum principle, each nontrivial component of (u, v) is thus positive in (2.
Throughout this section we assume that the following conditions hold:

F,G :[0,00) x [0,00) > CK([0, o0)) and (u, v) — F(u,v) and (u, v) — G(u, v) are u.s.c.

The following characterization is due to [1]. We seek the criteria for the existence of positive radial solutions
u = u(r), v = v(r) of (1) which then satisfy

n—1

u'(r) € u'(r) + 2k (N Fu(r),v(r), (Ri <r < R,

n—
v'(r) e

1
. V(1) + k2 (NG u(r), v(r), (Ri <r < Ra), (10)

aju(Ry) —biu'(Ry) =0, arv(Ry) — byv'(Ry) =0,
ciu(Ra) + dyu'(Ry) =0, c20(R2) 4+ dav'(Ry) = 0.

By applying the change of variables s = — erz (1/¢"~1dr, followed by the change of variables t = (m — s)/m, with
m=— Iiz(l/t”_l)dt, (10) can be brought into the form

W' (t) € M (O F @), v(t)), (0 <t <1),
V(1) € pha (DG (1), v(1)), (0 <t <1),
au(0) — b’ (0) =0,  aw(0) — byv'(0) = 0,
cru(l) + dyu'(1) =0, cv(l) +dpv'(1) =0,

(1)

where
hi (1) = m*r?@= D (1 — 1)ki (r(m(1 — 1)),
ha(t) = m*r* D1 — ) ka(r(m(1 — 1)),

and b;, d; are relabels of —b; Rllf” /m, —d; R;" /m, respectively. The system (11), in turn, is equivalent to the system
of integral inclusions

1
u(t) € A/ Ki(t,s)hi(s)F(u(s), v(s))ds,
0 (12)

1
v(t) € u/ Ko(t, s)ha(s)G(u(s), v(s))ds
0
with K;(t,s), i = 1, 2, being the Green’s function

Ki(t,s) = ! {(ci +d; —cit)(bi +a;s), s =<t,

pi | i +ain)(ci +di —cis), t<s.
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It is easy to see that fori = 1,2

Ki(t,s) >0, (t,5)€]0,1]x [0, 1]
and there exists a constant 0 < p < 1 such that

Ki(t,s) = p(ci +di —cit)(bj +ait)K;(s,s), t,s€][0,]1].
Leto;(t) = p(ci +di — cit)(b; + ajt). Clearly, o;(t) > 0. Denote

1 1
M| = f Ki(s,s)hi(s)o(s)ds, M, = / K>(s, s)hy(s)o (s)ds
0 0

with o (¢) = min{o(¢), 02(¢)}. Then it is clear that M|, M, > 0. Define multivalued operators as follows
1
Ay (u,v)(1) = /\/ Ki(t, s)hi(s) F(u(s), v(s))ds,
0

B, (u,v)(t) = M/()l K (t, s)ha(s)G(u(s), v(s))ds,
Do (u, 0) (1) = (Ap(u, v) (1), B (u, v)(1)).

Then (12) is equivalent to fixed point problem
(u,v) € Thy(u, v)

in usual Banach space E =: C[0, 1] x C][0, 1] with the norm ||(u, v)|| = max{||«]||, ||v||}. Let E be introduced as
partially ordered by (u1, v1) < (u3, v2) if and only if u; < up and v; < vy and a set P C E be defined by

P={(u,v) € E:u(t)>0,v()>0,re[0,1]}.
Clearly, P is a normal cone of E with the normal constant N = 1. Fix Up(¢) = (uo(t), vo(¢)) = (1, 1), define

P(Uo) = {(u,v) € P:u(t) > o1, v)||, v(t) > o2(r)[|(w, V)|, # € [0, 1]}

Theorem 4. Assume that
(S1) There exist functions &1, & € L?[0, 1, satisfying

Su@),v@) <&@), gu(), v()) < &)
forall f € F(u,v) and g € G(u, v) with (u,v) € P.
(S82) k1, ky : [R1, R2] — [0, 00) are continuous and do not vanish identically on any subinterval of [R1, R2].
(S3) Let zo(u, v) = min F (u, v), wo(u, v) = min G(u, v) and the following limits hold:
zo(u,v)
(.v)—0 max{|ul, [v[}
wo(u, v)

lim —————— =
(u,v0)—0 max{[ul.|v[}

’

Then, for any A, i € (0, 00), (1) has at least one positive solution.

In order to prove our results, we first prove some lemmas.

Lemma 3. Let us denote

1
Pi(,2) = sup maxf Ki(t, $)h1(s)z(u(s), v(s))ds,
(u,v)ed 2.np t€l0.11 Jo

1
P (T,w) = sup max/ Ko (t, s)ha (s)w(u(s), v(s))ds,
(u,v)ed 2.np 1€l0,11 Jo
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where z € F(u,v), w € G(u, v), then one has

. Di(z,2) . Do, w)
lim —— =0, lim ———
T—>00 T T—>00 T

=0 (13)
uniformly for z € F(u, v) and w € G(u, v).

Proof. For any (u,v) € 92, N P, z(u,v) € F(u, v),and ¢ € [0, 1], from (S1) we deduce that

1

2

1 1 % 1
/ Ki(t, $)h1(s)z(u(s), v(s))ds < { / [K1<z,s>h1(s)]2ds} : / z%u(s)w(s))ds}
0 0 0

1 boa
< { f [Kl(s,s>h1(s>12ds} { / s%(s)ds}
0 0

Consequently, lim;_, s = 0 uniformly for z € F(u,v). Similarly, lim;_,
w € G(u, v). Hence, (13) holds and this proof is completed. [J

P(1,2) P (7,w)
T T

= 0 uniformly for

Lemma 4. Let us denote

1
neo= it [KGh©Z), 06,
(u,v)€d2:NP(Up) te[0,1] Jo
1
(T, w) = inf max / Kr(t, s)ha(s)w(u(s), v(s))ds,
(u,v)€d 2:NP(Up) te[0,1] Jo
where z € F(u,v), w € G(u, v), then the following limit is true uniformly for z € F(u,v), w € G(u, v).
W bl . !p b
lim 17, 2) = 00, lim P w) = o0. (14)
=0t T >0t T

Proof. In virtue of hypothesis (S3), for any natural number m, there exists ¢,, > 0 such that &, — 0 when m — oo
and

fu,v) = mmax{lul, [vl]}, (u,v) € (0, m) x (0, m), f(u,v) € F(u, v).
For any (u, v) € P(Up) with || (u, v)|| < &, the definition of P (Up) guarantees
0<u(@),v®) <e,, tel0,1].

Hence we infer

zo(u (1), v(1))
max{|u(t)|, [v(®)|} ~

In view of this, together with (S3), for any t € (0, &) and z(u, v) € F(u, v), we have

m, O0<|(u,v)|| <e,andt € ]0,1].

Ui(r,z) 1 ) !
= — inf max/ Ki(t, s)h1(s)z(u(s), v(s))ds
T T (u,v)€d2;NPUp) t€[0,1] 0
|
> 1 max_o1(7) f K1(s. $)h1(8)20(u(s), v(s))ds
T (u, v)ea.Q AP(Uyp) 1€[0,1]
> Ms M3 / K1 (5. 5)h1(s) min{u(s), v(s)}zo(u(s), U(S))ds
T u)em ﬂP(UO) max{|u(s)|, [v(s)[}
- M; inf ™ v)||/ Kl(s’s)hl(s)mm{dl(s),Gz(S)}Zo(M(S), U(S))ds
T (u,0)€d2:NP(Uyp) 0 max{|u(s)|, [v(s)[}

o (s)zo(u(s), v(s))

max{|u(s)|, [v(s)|}

1
M3 inf / Ki(s,s)hi(s)

(u,v)€d 2:NPUp) Jo
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1
> M3m/ Ki(s,s)h1(s)o(s)ds
0

= M{Mzm,

Y (z,2)
T

= oo uniformly for w € G (u, v). The proof of Lemma 4 is

where M3 = max;¢(o,1] 01(f). Obviously, M1 M3 > 0. This implies lim, _, o+
Yy (z,w)
T

= oo uniformly for z € F(u, v)

when m — oo. Similarly, we can prove lim,_, o+
completed. [

Proof of Theorem 4. It is easy to see that, for each A, u € (0, 00), Ty, is u.s.c. and completely continuous and
Tyu(P) C CK(P). To prove that the result of Theorem 4 is true, it is sufficient to show that T, has at least one
positive fixed point. For this purpose, we seek that all conditions of Theorem 1 are fulfilled. We will show that T3,
satisfies the condition (H1). For any A, i € (0, 00) and (u, v) € df2g N P with some large enough R > 0, we know
from (13) that

LAP(R, P> (R,
¥ <1, % <1 forallz e F(u,v), w € Gu, v). (15)
Similarly, for any (u, v) € 32, N P with some small enough 0 < r < R, we know from (14) that
AU (r, W, (r,
M) o BB e Fu vy w € Gl v), (16)
r r

Noting that the definitions of Ay, B, yield that, for any («,v) € 9f2 N P, and any y,, € Aj;(u, v), there exists
Z(u,v) € F(u, v) such that y, ,(t) = Af()l Ki(t,s)h1(s)z(u(s), v(s))ds and

APi(t,z) = sup  lyuoll, AU (T, 2) = nf | yu,vll-
(u,0)€d2:NP (u,v)€d2;NP(Up)

Also, for any x,, , € By (u, v), there exists w € G(u, v) such that x,, , () = fol Ky (t, s)hy(s)w(u(s), v(s))ds and

pdr(t,w) = sup  |lxyoll, pn¥a(t, w) = inf [0 1l
(U.0)€d 2. NP (u,v)€8 2, NP (Uyp)
Thus it follows from (15)
lYu,oll = NG, 0, [xu,oll < I, V)| for (u,v) € 302 NP
and from (16)
lyu,oll > NG, V), [Xu,oll = I, )| for x € 362- N P (Vo).
The arbitrariness of y, ,, X, , shows
IFII < ll(u,v)|| forall f e T;,(u,v)and (u,v) € 02 NP, a7
IFIl > ll(u,v)|| forall f e Ty ,(u,v)and (4, v) € 352 N P(Up). (18)

By virtue of (17) and (18), T;,, satisfies (H1), and we infer that there exists (u, v) € P, which is a fixed point of T},
such that r < ||(u, v)|| < R. This proof is completed. [

In what follows, we deal with the existence of two positive solutions for (1).

Lemma 5. Assume that the following condition holds

(S4) For each a € (0, 1) there exists 4 > 0 such that, for any 0 < max{|u(t)|, [v(?)|} < &4, t € [0, 1],
z(t) < aor(®) max{lu(®)], [v(®)|} with z(t) € F(u(?), v(1)),
w(t) < aor(t) max{|u(?)|, |v(®)|} withw(t) € G(u(t), v(t)).

Then one has

. Pi(r,2) . DT, w)
lim =0, Iim —— =
T—0t T T—07t T

0 19)

uniformly for z € F(u, v) and w € G(u, v), where, &1, 9, are given as in Lemma 3.
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Proof. In virtue of hypothesis (S4), for any positive integer m, there exists &, > 0 such that ,, — 0 whenm — oo
and

1
z(1) < il (t) max{lul, |v[}, 7 €[0,1], (u,v) € [0, ] X [0, en], 2(2) € F(u(t), v(1)).
For any (u, v) € P with 0 < ||(u, v)|| < &y, the definition of the norm in E guarantees
0<u(®),v() <em, tel0,1]

Hence we infer
1
z(t) < il (&) max{lu(@)], [v@®)]}, 0= |(u, V)| < em,z(t) € F(u(t),v(®)) and ¢ € [0, 1].

In view of this, together with (S4), for any t € (0, ) and z(u, v) € F(u, v), we have

Di(r,2) 1 1
=_ sup max Ki(t, s)h1(s)z(u(s), v(s))ds
T T (u,v)ed2,np €011 Jo
1 1
= — sup max / Ki(t, s)hi(s)oq(s) max{|u(s)|, |v(s)|}ds
MmT  vyea2,np1€l0.11Jo

/

1 ! M)
— sup i, )] | Ki(s,$)hi(s)o1(s)ds = —=,
MT (4,v)€d 2:NP 0 m

IA

P(1,2)
T

where Mé = fol K1 (s, s)h1(s)o1(s)ds. This obviously implies lim,_, o+ = 0 uniformly for z € F(u, v) when

m — oo. Similarly, we can prove lim,_ o+ M = 0 uniformly for w € G(u, v). The proof of Lemma 5 is
completed. O

Theorem 5. If the conditions (S1), (S2) and (S4) hold. In addition, assume there exist the continuous functions

1, 2 : [0, 00) — [0, c0) with @ nonincreasing on (0, 00)(i = 1, 2) such that

F(u,v) = ¢y (minfu, v}), G(u,v) = gp(min{u, v}) (20)

forall (u,v) > (0,0), and there exists L > 0 such that

L < min {)@1 (L) Omax1 o1 ()M, ppa(L) Omaxl og(t)Mz} . 21
<t< <t<

Then (1) has at least two positive solutions (u1, vy), (U2, v2) € E with0 < ||[(uy, v)| < ||(u2, v2)]l.

Proof. In the proof of Theorem 4 we have pointed out that 7}, is u.s.c. for each A, u € (0, 00) and completely
continuous and 73, (P) C CK(P). Let us show that

x| < llyll forall y € Ty,x,x = (u,v) € P(up) N3 (22)

To see this let y = (z, w) € Ty,x, there exists f € F(u, v) such that z(¢t) = Afol Ki(t,s)h1(s) f(s)ds € A, f(1).
Note that (1, v) € P(Up) N 32, so we have

|(u,v)|| =L and u(t) > o)L >0, v(t) > oo(t)L >0 foreacht € [0, 1].

Now let #p € [0, 1] be such that o (fp) = maxp<;<1 01(¢) > 0, we have
1
20 = [ Kilto. )i 6) £ ()3
0

1
> )»/0 K1 (s, s)o1(t0)h1(s)e1 (minfu(s), v(s)})ds

@1 (minfu(s), v(s)})
min{u(t), v(t)}

1
= Ao (to)/ Ki(s, s)hi(s) min{u(r), v(7)}ds
0
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)
- L
1
. “’”T(L)m (10) / K1 (s, $)h1(s)or (s) Lds
0

= Ap1(L)o1(to)M> > L = ||(u, v)||.

1
1(to)/0 Ki(s, s)h1(s) min{u(z), v(z)}ds

This implies that |z]| > z(tp) > |(u,v)| for all z € A, (u,v). Similarly, we have |[w] > |(u,v)| for all
w € By (u,v). As a result, we infer that (22) is true. Moreover, by (22) we obtain that T}, satisfies the condition
(H3).

By means of Lemma 3, there exists a constant R > L such that (15) holds. We also know from Lemma 5 that there
exists another constant 0 < r < L such that

ADi(r, 2) <1
r - r

@ )
w <1 forallze F(u,v),w € G(u,v). @3)

By means of (15) and (23), combining the proof of Theorem 4, we are able to infer that |y| < |x| forall y € T}, x and
x € PNaforforally € Thux and x € P N af2g. This, together with (22), shows that T, satisfies the condition
(HS). Theorem 5 is proved by Theorem 3. [
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