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Abstract: The global-in-time existence of weak solutions to the barotropic compress-
ible quantum Navier-Stokes equations has been proved by Jiingel [1] very recently if the
viscosity constant is smaller than the scaled Plank constant. This paper extends the re-
sults to the case that the viscosity constant equals the scaled Plank constant. By a new
estimate on the square root of the solution, apparently not available in paper [1], the
semiclassical limit for the viscous quantum Euler equations (which is equivalent to the
barotropic compressible quantum Navier-Stokes equations) can be performed, then the
results of this paper are obtained easily.
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1. Introduction and main results

This paper we investigate the following barotropic compressible quantum Navier-Stokes

equations with initial data [1]:

ne +div(nu) =0, €T t>0, (1.1)

A\/ﬁ —nf =2vdiv(inD(u
ﬁ) f = 2wdivinD().  (12)

n(-,0) =ng, (nu)(-,0) =noup in T (1.3)

(nu); + div(nu ® u) + Vp(n) — 2e*nV (

where the particle density n and the particle velocity u are unknown variables, the scaled
Planck constant € > 0 and the viscosity constant v > 0 are physical parameters, the
function p(n) = n? with v > 1 is the pressure and f describes external forces, D(u) =
%(Vu + VuT) is the symmetric part of the velocity gradient and T is the d-dimensional
torus (d < 3).



There are a few mathematical results for the Navier-Stokes equations (1.1)-(1.2) with
e =0 [2-7]. The problem (1.1)-(1.3) with the case ¢ = v > 0 and d = 1 has been treated
in [8]. It seems that the barotropic compressible quantum Navier-Stokes equations (1.1)-
(1.2) with € > 0 and multidimensional situation has been analytically investigated for the
first time in [1]. The main idea of [1] is to transform the quantum Navier-Stokes equations
(1.1)-(1.3) by means of the so-called effective velocity w = u + vV logn to the viscous

quantum Euler equations:

n, +div(nw) = vAn, €T t>0, (1.4)

A\/ﬁ =V nw
ﬁ)—nf— Aw),  (15)

n(-,0) =ng, (nw)(-,0) =newy in T (1.6)

(nw); + div(nw ®@ w) + Vp(n) — 2e2nV (

where wy = ug + vV logng and €3 = €* — 2. Then by using the Faedo-Galerkin method
and weak compactness techniques the global existence of weak solutions to the viscous
quantum Euler equations (1.4)-(1.6) with 9 > 0 is shown, which deduces the existence
of solutions to the quantum Navier-Stokes equations (1.1)-(1.3) with € > v. This paper
we will extend the results to the case ¢ = v.

Our main results are stated as follows:
Theorem 1.1 Let ¢ = v > 0 and other assumptions of Corollary 1.2 in [1] hold, then the
results of Corollary 1.2 in [1] are also right.
2. Proof of the results
The main idea of this paper is to perform the semiclassical limit (¢ — 0) for the viscous
quantum Euler equations (1.4)-(1.6), which will deduce the results of Theorem 1.1 easily.
Let (n.,,we,) be a weak solution of problem (1.4)-(1.6) with ¢y > 0, which is proved in
Theorem 1.1 of [1]. From Lemma 3.1 and (4.2), (4.3) in [1], we can see apparently that

Lemma 2.1

| e ||L°°(0,T;Lw(Td))§ C, (2.1)
| Vegweq [lpoeo,msr2(ra)) + | v/Reo Vve, |207i22(1a) < € (2.2)

Attentively, we can see from Lemma 3.1 and Lemma 4.1 in [1] that the estimates

H v/ Meg HLOO(O’T;HI(Td))’ H A/ e HLQ(O,T;HZ(Td)) and H NAL HL4(0,T;W1v4(Td)) depend on €. In
the following, we will obtain these uniform estimates independent of ¢y — 0.

Lemma 2.2

| v/Peo |l poeo,mm (ran < C, (2.3)
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| vPeo lz2mmzerayy + | ey e mwraeray < C, (2.4)

where C' > 0 is independent of ¢y — 0.

Proof. Use F as a test function in (1.4) to obtain

v eo
A V & A\/ £ AN/ 3
/ (12 )t "0 g + div(ne,ws,) oo g — v Ang, " gz (2.5)
Td £0 Td Neg Td Neg

Integrating by parts, it follows
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/Fd(nEO)t o dx 0 Jo |V /1o, |“d, (2.6)
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The product “A : B” means summation over both indices of the matrices A and B. In

(2.7) and (2.8), we have used the identity 2n.,V <A\/F§> = div(n., V*log n., ).

By (2.5)-(2.8) and Cauchy inequality, we get
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Using (2.2) and (2.9), we infer the estimates (2.3) and

T
/ / n.,| V2 log ne, [*drdt < C (2.10)
0 Jrd

hold, where C' > 0 is independent of £ — 0. By (2.5) in [9] and (2.10), we can conclude
(2.4) holds.

Proof of Theorem 1.1: With Lemma 2.1 and Lemma 2.2 at hand, we can perform the
semiclassical limit (g — 0) for (1.4)-(1.6) by weak compactness techniques as in [1], then

the results of Theorem 1.1 hold, we omit the details.
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