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MULTIPLICITY OF SOLUTIONS FOR THE NONCOOPERATIVE p-LAPLACIAN
OPERATOR ELLIPTIC SYSTEM
WITH NONLINEAR BOUNDARY CONDITIONS

SIHUA LIANG! AND JIHUI ZHANG?

Abstract. In this paper, we study the multiplicity of solutions for a class of noncooperative p-Laplacian
operator elliptic system. Under suitable assumptions, we obtain a sequence of solutions by using the
limit index theory.
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1. INTRODUCTION

In this paper we deal with the existence and multiplicity of solutions to the following p-Laplacian operator
elliptic system with nonlinear boundary conditions.

Apu — |u|P~2u = F, (2, u,v), in £2,
—Apv + [v|P~%0 = F, (2, u,v), in £2, (1.1)

VP20 = [ufP" 2y,  |VolP~222 = [P 20, on 8L,

where 1 < p < N, 2 C RY (N > 3) is a bounded domain with smooth boundary, A,u := div(|Vu[P=2Vu) is a
p-Laplacian operator and % is the outer normal derivative, F' = F(x, u,v), F,, = %—5, F, = %—f, p* = Np/(N—p)
is the critical exponent according to the Sobolev embedding.

In recent years, the existence and multiplicity of solutions for a noncooperative elliptic system have been
obtained by many papers. In [1], Benci assumed X is a Hilbert space, f satisfies (PS)-condition and is the form

f(u) = =(Lu,u) + &(u),

N —

where L is bounded self-adjoint operator and &’ is compact.
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2 S. LIANG AND J. ZHANG

When p = 2 (a constant) with Dirichlet boundary condition, Lin and Li [9] considered the following system
Au = |ul? “2u+ Fy(z,u,v), in £,
—Av = |v|* 20+ Fy(x,u,v), in £,
u=0, v=0, on 0f2,

by applying the Limit Index Theory, they obtained the existence of multiple solutions under some assumptions
on nonlinear part.

When p # 2, Huang and Li [6] considered the following the system of elliptic equations involving the
p-Laplacian in the unbounded domain of RY by applying the Limit Index Theory,

Apu — |u|P~2u = F,(x,u,v), in RY,
—Apv + |v|P~% = Fy(z,u,v), inRY,

u,v € WHP(RN),

where 1 < p < N and they extended some results of [8].

We note that these papers deal with Dirichlet boundary condition [2,7]. However, nonlinear boundary condi-
tions have only been considered in recent years. For the Laplace operator with nonlinear boundary conditions
see for example [3,14]. For elliptic systems with nonlinear boundary conditions see [5]. For previous work for
the p-Laplacian with nonlinear boundary conditions of different type see [4,13].

Motivated by papers above, a natural question arises whether the existence and multiplicity of solutions
to the p-Laplacian operator elliptic system with nonlinear boundary conditions (1.1) can be obtained. In this
paper we deal with the problem (1.1). Throughout this paper, we assume that F(x,u,v) satisfies the following
conditions:

(Hy) FeC(2x R?,RY) and F(x,s,t) = F(x,—s,—t) for all (z,s,t) € 2x € R?;
(Hz) limy oo Fltt(‘ﬁ’_sit) = 0 uniformly for = € (2;
(H) sFs(z,s,t) >0 for all (z,s,t) € 2 x R2.

Under assumptions (H;) and (Hg), we have

F,(x,u,v)v =0 (|v|P),
which means that, for all ¢ > 0, there exist a(e), b(e) > 0 such that
|F(x,0,v)v| <ale) + e|v|f (1.2)

and
| Fy(z,u, v)v] < b(e) + ¢|v|P. (1.3)

Hence, together with condition (1.2), (1.3) and the mean value theorem for any constants 3 and fixed u we have

|F(z,u,v) — BF,(x,u,v)v| < cle) +€lvf?, (1.4)

for some ¢(g) > 0.
Furthermore, we assume that F(x,u,v) satisfies condition:

(Hy4) There exist L > 0 (where L will be determined later) and

1w 1
£<|0™! min{O, NSP /"=p) _ ¢ (m> |Q|}

such that F(z,s,t)t > L|t|P — &, for every (,s,t) € 2 x R2,
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Notation. Weak (resp. strong) convergence is denoted by — (resp., —). | - |, is the usual norm in LP({2).
Ly(2) = LP(2) x LP(£2) with the norm |(u,v)], = (Julb + |v|§)%. E := W?(82) with the norm |ul, =
Jo(IVulP +|uP)dz. Y = Ex E, X,, = E X E,. ¢; denote a positive constant and can be determined in concrete
conditions.

According to [15], there exists a Schauder basis Sekander—basis {e,}>2, for E. Furthermore, since F is
reflexive, {e}°2 , the biorthogonal functionals associated to the basis {e,}72; which are characterized by the

relations
N _ _J1, ifn=m,
en(em) = Onm = {O, if n # m,

form a basis for E* with the following properties (c¢f. [10] Prop. 1.b.1 and Thm. 1.b.5). Denote

E, =span{ey,...,e,}, E+ =span{e,;1,...}
and
E’ = span{ej,... e’}

Let P, : E — E, be the projector corresponding to decomposition E = E,, @ E;- and P* : E* — E’ be the
projector corresponding to the decomposition E* = E* @ (Ef)*. Then P,u — u, Piv* — v* for any u € E,
v* € E* as n — oo and (Pfv*, u) = (v*, Pyu). Let 7: E — E* be the mapping given by

(Tu,u)y = / |Vu|P~2Vu - Vide,  for all u,u € E.
2

It is easy to check that the operator 7 is bounded, continuous. And if w,, — @ in F and (Tu,, — 74, u, — u) — 0,
then u, — u in E (see [6,8])
The energy functional corresponding to problem (1.1) is defined as follows,

1 1
J(u,0) = ——/ (Wl + [uf)dz + —/ (Vo + [o]?)dz
PJo PJn
1 - 1 «
- |u|? do — —*/ |v|? da—/ F(z,u,v)dz. (1.5)
P Jon P Jon 0
The main result of this paper is as follows.

Theorem 1.1. Suppose that F(x,u,v) satisfies conditions (Hy)~(Hy). Then there exists ko > 1 such that (1.1)
possesses at least kg — 1 pairs weak nontrivial solutions.

Remark 1.2. There are two difficulties in considering the elliptic problem (1.1). One is the functional J(u, v) is
strongly indefinite. Therefore one cannot apply the symmetric Mountain pass theorem of the functional J(u,v).
The other one in solving the problem is a lack of compactness which can be illustrated by the fact that the
embedding of W1P(£2) into LP" (042) is no longer compact.

Remark 1.3. Theorem 1.1 is new as far as we know. We mainly follow the way in [8] to prove our main result.

2. PRELIMINARIES AND LEMMAS

First of all, we recall the limit index theory due to Li [8]. In order to do that, we introduce the following
definitions.

Definition 2.1. [8,16] The action of a topological group G on a normed space Z is a continuous map

GXxZ—Z:lg,z|— gz

_

~N o a0 s~ WN
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4 S. LIANG AND J. ZHANG

such that
1-z=2, (gh)z=g(hz) =z gz islinear, V g,h €G.

The action is isometric if
gzl = lzl, YgeG, z€Z

And in this case Z is called G-space.
The set of invariant points is defined by

FixG:={z€Z:gz2=2, ¥V geG}.

A set A C Z is invariant if gA = A for every g € G. A function ¢ : Z — R is invariant ¢ o g = ¢ for every
g€G, z€Z. Amap f:Z — Z is equivariant if go f = f o g for every g € G.
Suppose Z is a G-Banach space, that is, there is a G isometric action on Z. Let

Y:={ACZ:Aisclosed and gA = A,V g € G}
be a family of all G-invariant closed subset of Z, and let
I''={heC%ZZ): h(gu) = g(hu), Vg€ G}
be the class of all G-equivariant mapping of Z. Finally, we call the set
O(u) :=={gu: g € G}
G-orbit of u.

Definition 2.2. [8] An index for (G, X, I') is a mapping i : X — Z, U {400} (where Z, is the set of all
nonnegative integers) such that for all A, B € X, h € I', the following conditions are satisfied:

(1) i(A) =0 A=0;
(2) (monotonicity) A C B = i(A) < i(B);

(3) (subadditivity) i(A U B) < i(A) + i(B);

(4) (supervariance) i(A) < i(h(A)),Y h € I}

(5) (continuity) If A is compact and A N FixG = (), then ¢(4) < 400 and there is a G-invariant neighbourhood

N of A such that i(N) = i(A);

(6) (normalization) If x ¢ FixG, then i(O(x)) = 1.

Definition 2.3. [1] An index theory is said to satisfy the d-dimension property if there is a positive integer d
such that
(VNS =k

for all dk-dimensional subspaces V% € X such that V% N FixG = {0}, where S; is the unit sphere in Z.
Suppose U and V' are G-invariant closed subspaces of Z such that
Z=UaV,

where V is infinite dimensional and

<
Il
—

<
I
8
=
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where Vj is a dnj-dimensional G-invariant subspace of V', j =1,2,...,and V; C Vo C...CV;, C ... Let

Zj = U@‘/Ja
A=A z;.

and V A € X, let

Definition 2.4. [8] Let i be an index theory satisfying the d-dimension property. A limit index with respect
to (Z;) induced by i is a mapping
i X — ZU{—00,+00}
given by
i*°(A) = lim sup (i(4,) — n;).
J—0o0
Proposition 2.5. [8] Let A, B € X. Then i™ satisfies:
(1) A=0=1i* = —o0;
(2) (monotonicity) A C B = i®(A) <i*®(B);
(3) (subadditivity) i*°(AU B) <i*®(A) +i*(B);
(4) If VN FixG = {0}, then i>(S, NV ) =0, where S, = {z € Z : ||z|| = p};
(5) If Yo and % are G-invariant closed subspaces of V' such that V. = Yy @ %, % C Vj, for some jo and
dimYy = dm, then (S, NYy) > —m.

Definition 2.6. [16] A functional J € C'(Z, R) is said to satisfy the condition (PS)* if any sequence {uy, },
Up, € Zp, such that
J(un,) — ¢, ddp, (unk) — 0, ask — oo

possesses a convergent subsequence, where Z,,, is the n-dimension subspace of Z, J, = J|z, .

Theorem 2.7. [8] Assume that

(B1) J € CY(Z, R) is G-invariant;

(B2) there are G-invariant closed subspaces U and V' such that V' is infinite dimensional and Z =U &V
(Bs) there is a sequence of G-invariant finite dimensional subspaces

icV,c---cV;C---, dimV; = dnj,

such that V- = U2, Vj;
(By) there is an index theory i on Z satisfying the d-dimension property;
(Bs) there are G-invariant subspaces Y, %, Y1 of V such that V = Yy & %, Yl,% C Vj, for some jo and
dimYy = dm < dk = dimY;;
(Bg) there are o and 3, oo < B such that f satisfies (PS)%, V ¢ € [, 5];
(B7)
(a) either FixG C U @Yy, or FixGNV = {0},
(b) there is p > 0 such that YV uw € Yo N S, f(2) > «,
(c)VzeUaY, f(z) <8,

if 1°° is the limit index corresponding to i, then the numbers

c; = inf sup f(u), —-k4+1<j<—m,
T i(A)2) €A ()

are critical values of f, and o < c_41 < - < c_py < B. Moreover, if c = ¢, = -+ = ¢y, 7 > 0, then
i(Ke) >r+1, where Ko ={z€ Z:df(z) =0, f(z) = c}.
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3. LOCAL PALAIS-SMALE CONDITION

To prove er-existenee-resulty sinee-we-havetost-the-eompaetness in the inclusion WP (2) — LP"(092), we
can no longer expect the Palais-Smale condition to hold. Anyway we can prove a local Palais-Smale condition
that will hold for .J(u,v) below a certain value of energy. Let u,, be a bounded sequence in W?(£2) then there
exists a subsequence that we still denote u,, such that

U, —u weakly in WP (),
up — uw  strongly in L"(£2), 1 <r < p*,
|V [P — du, |un|89|p* — dn,

weakly-* in the sense of measures. Observe that dn is a measure supported on 92.
If we consider ¢ € C*°({2), from the Sobolev trace inequality we obtain, passing to the limit

( /8 1o dn) st < ( /Q 8fPdu + /Q |Vl da + /Q |<z>u|pdx> , (3.1)

where S is the best constant in the Sobolev trace embedding theorem. From (3.1) we observe that if u =0 we
get a reverse Holder-type inequality (but it involves one integral over {2) between the two measures p and 7.
Similar to the proof of [11,12], we have the following lemma.

Lemma 3.1. [4] Let u; be a weakly convergent sequence in WP (£2) with weak limit w such that
V[P = dp,  and  Jujloel” — do,
weakly-* in the sense of measures. Then there exists x1,...,x; € 012 such that
. . !
(4) dn = |ul? + Zj:1 N50z;, nj > 0;

(i0) dp = [VulP + 325, 36y, 15 > 0;

(i) (nj)7 < &
Similar to [6,16], it is easy to obtain the following lemm
Lemma 3.2. Assume 1< 61,05,0 < oo, I € C(2 x R?>, R) and
I(z,u,0) < C (|u|%1 + |U|%2) .
Then for every (u,v) € L9(2) x L2(2), I(-,u,v) € L%(2) and the operator
T: (u,v) — I(x,u,v)
is a continuous map from L (§2) x L% (82) to LY (£2).
Lemma 3.3. Suppose that F(x,u,v) satisfies conditions (H1)—(Hs). Then
(1) J e CYX,R);
(i9)
(dJ (u,v), (u,v)) = —/ |VulP~2Vu - Vi + [uP~?uuda —/ |uP” ~2utdo
7] EYe)
+/ |VolP~2Vv - Vit < |v|P~2vdda —/ [v|P" ~2vido
Q a0

—/ Fu(x,u,v)ﬂdx—/ F,(z,u,v)vdx;
19

2
(#5) A critical point of J is a weak solution of system (1.1).
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Now set
X=UoV, U=Ex{0}, V={0}xE,

Yo={0}x B, V=YY,
Y, = {0} x Ey,, Ey, =span{ei,..., ek},
then dim Yp = 1, dimY; = k.

Define a group action Gy = {1,7} & Z5 by setting 7(u,v) = (—u, —v), then FixG = {0} x {0} (also denote
{0}). It is clear that U and V are G-invariant closed subspaces of X, and Yy, Yy and Y] are G-invariant subspace

of V. Set
Y:={AcX\{0}: Aisclosed in X and (u,v) € A= (—u,—v) € A}.

Define an index v on X' by:
min{N € Z:3 h € C(A,RN\{0} such that h(—u, —v) = h(u,v))},

Y(A) =10, ifA=0,
400, if such h does not exist.

Then we have the following proposition from [6]:  is an index satisfying the properties given in Definition 2.2.

Moreover, « satisfies the one-dimension property. According to Definition 2.4 we can obtain a limit index >

with respect to (X,,) from ~.
Now we turn to prove local Palais-Smale condition.

Lemma 3.4. Assume condition (Hy)—-(Hs) hold, Then the functional J satisfies the local (PS). condition in

1 1
o — P /(P —p) _ _—
ce( oo,NS 6(2N)|Q|),

in the following sense: if

1 oere 1
J(Unk,vnk)%ce <_OO’NSP /(p p)_c<ﬁ> |Q|), dJnk(U,nk,’Unk)%07 aSk—>OO,

where Jy, = J|x,, . Then {(un,,vn,)} contains a subsequence converging strongly in X.

Proof. First, we show that {(un,, v, )} is bounded in X.
We note that by condition (Hs),

0(1)”unka > (=dJn, (tny,, Vny,), (Un,, 0))
:/ |Vun,c|p+|unk|pdx+/ |unk|p*da—|—/ Fo(z,un,, O, )Un, dz
Q a0 Q
> [ [Fun P+ o [, da
Q a0
> [Jun, I,

since p > 1, from (3.2), we know that |lu,, ||, is bounded. On the one hand, we have
1
']nk (O’ U"Lk) - E <d']nk (U’nk > Uny, )7 (Oa Uny, )>

1 1 1
(5= %) [ 0T0ul o) to = [ | Ftnes 00 = 2Bl o ao
0 0 p

p p*
=c+o(1)[lvn|lp,

(3.2)

o s WN =
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i.e.

1 1
3 L 0l o) s = [Pt 00) = B oo, | d
et o(U)lom,

Then by (1.4), we have

1
(5 =) loncll < el + -+ olnc

where | - | denote by Lebesgue measure. Setting e = 1/2N, we get
oIy < M+ o(1)]|on, [lp, (33)

where o(1) — 0 and M is a some positive number. Thus (3.3) implies that {v,, } is bounded in W1P(£2). This
implies ||t ||p + [[vn,]lp is bounded in X.

Next, we prove that {(un,,vn,)} contains a subsequence converging strongly in X.

We note that {u,, } is bounded in E. Hence, up to a subsequence, u,, — u weakly in E and u,, (x) — u(x),
a.e. in RY. We claim that wu,,, — u strongly in F. In fact, note that

/ Vg, — VulP + |up, —ulPde —|—/ [t — u|p*do—|—/ Fo(z,tup, — u,vp, )(Up, —u)dx
Q o0 2
= (—dJp, (tun, — u,vp,), (Un, —u,0)) =0 asn — oo,
and condition (Hs) imply that
Up, — u  strongly in F. (3.4)
In the following we will prove that there exists v € E such that
Up, — v strongly in E. (3.5)

By Lemma 3.1 and (3.3) there exists a subsequence, there exists a subsequence, that we still denote vy, such
that

U, — v weakly in WhP(£2),

Un, — v strongly in L"(£2), 1 <r < p*, and a.e. in f@
!
Von P = > (90 + 3 ey,
k=1
1
[on, lol?” = dn = [vlol” + > 1kba,.
k=1

Let ¢(z) € C*°(2) such that ¢(z) =1 in B(zk,e), ¢(x) =0 in 2\ (vg,2¢) and |V¢| < 2/e, where z, belongs
to the support of dn. Consider Then {¢uv,, } is bounded in E, Obviously, (d.J,, (tn,,vn, ), (0,0n,¢)) — 0, i.e.

lim [/ (IVUn |P + [vn, |P) qbdx—/ |vnk|p*¢da—/ Fy(z, un,, , Uny, )Vn,, ¢da
7 00

n—oo N

=—lm [ (vn,|Vn, [P 2V, Ve) dz. (3.6)
2

n—oo
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On the other hand, by Holder inequality and weak convergence, we obtain 1

e—0n—oo

< lim lim ( / |vnk|P|v¢|de> ( / |ank|qu> ’ 3

0 < lim lim ’ / Vny, |V, [P2 Vo, Veda
2

< C'lim (/ |v|p|V¢|pdx) 4
e—0 0
1 1
N F
< Clim / VoY da / [u|P" dx 5
O\ B; .0 B(zj:¢)
%
. P
< Clim / WP de] =o. 37) s
e—0 B(zj,e)

From(3-6)-and-(3-Phwe-have, 7
0= lim [/ i — /qbdu /|U|p¢dx—/ Fy(z,u vvqﬁdx} — e — (38) s

Combing this with Lemma 3.1, we obtain (uz)?/?" S < py,. This result implies that
e =0 or pp> Sp/(P"=p)

If the second case g, > SP°/(P"=P) holds, for some k € J, then by using Lemma 3.1 and the Holder inequality, o

we have that 10
. 1
c= lim <Jnk (0,vp,) — E(dJnk (Un, s Uny, ), (0, vnk)>) 11
1 1 1
= (— — —> / IV, [P + |vp, |P) dz —/ [F(x,unk,vnk) — EFv(x,unk,vnk)vnk dx 12
Q
>+ [ au- (—Juﬂ 1
> — / Vo, |Pdz + Sp ) e ! |2 14
=N k 2N
> —gqp /(P -p) _ o —
> NS C(QN) |£2], 15
where € = 1/2N. This is impossible. Consequently, u; = 0 for all k € J. From (3.8) we know that 7, = 0 for all 16
k € J and hence 17
/ U, P do — / [v|P" do. 18
o0 o0
Now v, — v in E and Brezis-Lieb lemma [2] implies that 19
lim U, — 0|7 do = 0. 20
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Thus, we have
o(1)[0nsllp = [vms 12— / [, [P do — /Q (@ Uy Uy U A
— lome — o2+ [0]2 — /Q o] do /Q Fy (2, u, v)oda

= [[on, = 0lIg +o(D)]lvlp,

since dJy, (0,v) = 0. Thus we prove that {v,, } strongly converges to v in E. Thus (3.5) holds. (3.4) and (3.5)

imply the conclusion of Lemma 3.4 follows.

4. PROOF OF THEOREM 1.1

O

Proof of Theorem 1.1. Now we shall verify the conditions of Theorem 2.7. Obviously, (Bi), (B2), (B4) in The-
orem 2.7 are satisfied. Set V; = E; = span{ey, e2,...,¢e;}, then (Bs) is also satisfied. Since 1 = dimYy < ko =
dim Y7, (Bs) is satisfied. In the following we verify the conditions in (B7). Since FixG NV = 0, that is (a) of

(B7) holds. It remains to verify (b), (¢) of (Br). Choose a number « such that

en!

1 1 x
J(0,v) = —/ [Vol? + |v|Pdz — —*/ [v|? da—/ F(z,0,v)dx
PJo P Jon 2

1 1 *
(——e) / |W|P+|U|de——*/ " do — b(e)|2|
p 0 P Jon

1 1 .
ol - =57 ol =5 (55 ) 1921

1 1 p” pp” 1
P p p — o F D—1p¥
r&ax<—2 t ——S t —b( >|Q|)——N2p = Sv=»p —b(—2 >|Q|,

1
a<min{O,NSp/(”p)—c( >|(Z| 2??5’??

(i) If (0,v) € Yo NS, (where p is to be determined) then by (Hs),

Y

Y

where € = ﬁ. Since

Fherefore, there exists p > 0 such that J(0,v) > « for every |v||, = p, that is (b) of (B7) holds.

(ii) For each (u,v) € U @ Y1, by condition (Hy), we have

1 1
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Let 7 = min{ [, [v[Pdz : v € B1(0) N Ey, }. By taking L > p—lr, we have
1 1
—— L) <= —Lr<0. (4.4)
p p

It follows from (4.3), (4.4) and (Hy4) that

1 e 1
J(u,v) <€) < min{O,NSp /"=p) _ ¢ (ﬁ) |.(Z|}

Let 8 = £]£2], so we get (¢) in (B7). By Lemma 3.4, for any ¢ € [a, (], J(u,v) satisfies the condition of (PS),
then (Bg) in Theorem 2.7 holds. So according to Theorem 2.7,

c; = inf sup f(u), —-ko+1<j<—1;
§ 7 il S0 S ) 0 J

are critical values of J, a < c_py11 <--- <c_; <8 <0 and J has at least kg — 1 pairs critical points. O
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