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Abstract Attribute reduction and reducts are important
notions in rough set theory that can preserve discriminatory
properties to the highest possible extent similar to the entire
set of attributes. In this paper, the relationships among 13
types of alternative objective functions for attribute
reduction are systematically analyzed in complete decision
tables. For inconsistent and consistent decision tables, it is
demonstrated that there are only six and two intrinsically
different objective functions for attribute reduction,
respectively. Some algorithms have been put forward for
minimal attribute reduction according to different objective
functions. Through a counterexample, it is shown that
heuristic methods cannot always guarantee to produce a
minimal reduct. Based on the general definition of dis-
cernibility function, a complete algorithm for finding a
minimal reduct is proposed. Since it only depends on
reasoning mechanisms, it can be applied under any
objective function for attribute reduction as long as the
corresponding  discernibility matrix has been well
established.
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1 Introduction

Rough set theory (Pawlak 1982; Pawlak and Skowron
2007) has developed nearly three decades and has had
widespread success in many research areas, such as pattern
recognition, machine learning, knowledge acquisition,
economic forecast, data mining, etc. (An et al. 1996;
Beynon and Peel 2001; Dimitras et al. 1999; Jelonek et al.
1995). It aims at data analysis problems involving uncer-
tain or imprecise information and becomes one of major
schemes of granular computing (Pedrycz 2007; Pedrycz
et al. 2008). Attribute reduct is one of the most funda-
mental and important notions in rough set theory, which
can preserve a certain property of an original decision table
in the same way as entire condition attribute set.

Generally, decision tables can be positioned into two
categories: complete decision tables and incomplete deci-
sion tables (Zakowski 1993). A decision table is complete
if each object does not have any default values over all
attributes, otherwise, it is incomplete. Complete decision
tables can be further divided into two categories: consistent
and inconsistent decision tables (Pawlak et al. 1988). A
decision table is consistent if all object pairs that have the
same condition values also have the same decision value,
otherwise, it is inconsistent.

Diversified properties embedded in a decision table can
be revealed from different profiles. A sort of formulation
description cannot represent all the properties. Many
objective functions for attribute reduction have been pro-
posed by means of some special facets in a complete
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decision table (Kryszkiewicz 2001; Li and Zhang 2004;
Miao and Wang 1997; Miao et al. 2009; Pawlak and
Skowron 2007; Slezak 2000; Wang et al. 2002, 2005; Yao
and Zhao 2008; Zhang et al. 2003). Classical objective
function for attribute reduction proposed by Pawlak (1982)
focuses on the remaining positive region or the quality of
classification. Miao and Wang (1997) put forward a new
objective function from the view of information entropy.
Wang et al. (2002) further presented conditional informa-
tion entropy for describing attribute reduction. Slezak
(2000) constructed some approaches for attribute reduction
based on attribute frequencies in decision tables, in which
distribution reduct was introduced. Zhang et al. (2003)
proposed the notion of maximal distribution reduct and
possible reduct. Therein, possible reduct preserves the
upper approximation of each decision class. Some types of
knowledge reduction for a single object and an entire
decision table were, respectively, compared by Kryszkiewicz
(2001). For the latter, approximate reduct which preserves
the decision values for each object and possible reduct
which distinguishes each object from objects that do not
belong to the relevant upper approximation are both pre-
sented. Recently, the notion of relative relationship pres-
ervation reduct was provided by Miao et al. (2009).

Each reduct definition introduced above only describes a
special profile of a decision table. It is necessary to clarify
their relationships since some of them are essentially
equivalent. Kryszkiewicz (2001) firstly investigated some
alternative objective functions for attribute reduction.
Unfortunately, some results are not reasonable. Based on
Kryszkiewicz’s research works, the related results were
theoretically improved by Li and Zhang (2004). The rela-
tionship among distribution reduct, maximal distribution
reduct and possible reduct was discussed by Zhang et al.
(2003). Wang (2003) studied the differences between
algebraic view and information view for attribute reduc-
tion. The equivalence between distribution reduct and
condition information entropy reduct was proved by Qin
et al. (2005). Miao et al. (2009) revealed the relationship
among three distinct relative reduct definitions in consis-
tent and inconsistent decision tables. The relationship
among absolute attribute reduct and some relative attribute
reducts was discussed by Deng et al. (2007). Wang et al.
(2008) presented a systematic study on attribute reduction
based on general binary relations in rough set theory. These
researches often focus on the relationship among some
chosen alternative objective functions for attribute reduc-
tion. The comprehensive relationship among available
typical objective functions for attribute reduction in com-
plete decision tables still needs more investigation.

More than one reduct often exists in a decision table
under a given attribute reduction objective function. Final
decision rule sets are derived relying on the obtained
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reducts directly. The conciseness, understandability, gen-
erality and precision of the decision rule sets will be dis-
tinct according to different reducts, so some optimal results
are expected, i.e., the minimal reducts which have the
shortest length. Such that redundant attributes can be
removed as much as possible, the storage space for the
decision table can be managed effectively and the prop-
erties of the decision rule set will become excellent.
Unfortunately, searching for a minimal reduct has been
proved to be an NP-hard problem (Wong and Ziarko 1985).

Many heuristics have been proposed and investigated
for finding an optimal reduct or approximate optimal reduct
(Hu and Cercone 1995; Nguyen and Nguyen 1996;
Skowron and Rauszer 1991; Thangavel and Pethalakshmi
2009; Wang and Wang 2001; Xu et al. 2006; Yao and Zhao
2009; Yao et al. 2008; Ye and Chen 2006; Zhao and Yao
2007). However, Wang and Miao (1998) has illustrated that
heuristic algorithms are incomplete to find a minimal
reduct; in other words, a minimal reduct is not always
attained by heuristic algorithms when a decision table is
given. Sometimes, the result is just a superset of a reduct
(Yao et al. 2006). Possibly, in order to construct a minimal
reduct, the set of all reducts can be obtained at the first step.
In this case, the time and space complexity will be very
high.

In this paper, the available 13 typical forms of objective
functions for attribute reduction in complete decision tables
are systematically investigated. It is illustrated that there
are only six and two intrinsically different objective func-
tions for attribute reduction in inconsistent and consistent
decision tables, respectively. According to the general
reduct definition (Zhao et al. 2007) and the general defi-
nition of discernibility matrix (Miao et al. 2009), a com-
plete algorithm CAMARDF for minimal attribute reduction
is presented. The efficiency of the proposed algorithm is
elucidated by experiments involving both UCI (Asuncion
and Newman 2007) and synthetic data sets.

The paper is organized as follows. Some preliminaries
are reviewed in Sect. 2. Section 3 presents 13 typical forms
of attribute reduct definitions. The relationship among them
in consistent and inconsistent decision tables are investi-
gated, respectively. In Sect. 4, the failure mechanisms of
heuristic algorithms for finding a minimal reduct are ana-
lyzed in detail. In Sect. 5, a complete algorithm for minimal
attribute reduction is proposed based on the discernibility
matrix. Some experimental results are presented in Sect. 6,
while main conclusions are delivered in Sect. 7.

2 Preliminaries

For convenience, some basic concepts in rough set theory
are briefly recalled in this section.
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Definition 1 Decision table DT can be represented as the
tuple: DT = (U,CUD,V,p), where U = {x;,x2,...,%,}
is a finite nonempty set of objects, called the universe; C
and D are the finite nonempty sets of condition and deci-
sion attributes, respectively, CND =0; V = Uae(cup) Va
is the union of attribute value domains, V, is a nonempty
set of values for attribute a; p: U x (CUD) — V is an
information function, p(x,a) denotes the value of object x
on attribute a.

VB C C denotes IND(B) = {(x,y)|Vb € B, p(x,b) =
p(y,b)}, then IND(B) is a equivalence relation on U,
referred to as an indiscernibility relation. U/IND(B) =
{[x]zlx € U} is the collection of all equivalence classes
w.r.t. (with respect to) B, denoted as U/B briefly. [x]; =
{yly € U, (x,y) € IND(B)} is the equivalence class deter-
mined by x w.r.t. B. Each element of U/B and U/D is
called as condition class w.r.t. B and decision class,
respectively. Obviously, the partition U/C has the finest
information granules and the partition U /() has the coarsest
information granules.

Especially, we assume that D = {d} with only one deci-
sion attribute. If a decision table has more than one decision
attribute, itis easy to convert it to an equivalent decision table
with one decision attribute which values are determined by
the combination of the original decision values.

Definition 2 Given a decision table DT = (U,CU D,
V,p), for x; €U (i=1,2,...,n), Vx; e U(j #1i), if
(xi,x;) € IND(C), then it has p(x;,d) = p(x;,d), x; is called
a consistent object w.r.t. C, otherwise, x; is called an
inconsistent object w.r.t. C.

Definition 3 Given a decision table DT = (U,CUD,
V,p) and VB C C, the partition of universe U w.r.t. B is
denoted as U/B = {E\, Es, . .., E|y/p|}. For each condition
class E; € U/B (i=1,2,...,|U/B|), if Vx€ E;, x is a
consistent object w.r.t. B, then E; is called a consistent
condition class w.r.t. B, otherwise, E; is called an incon-
sistent condition class w.r.t. B. The notation |X| denotes the
cardinality of set X.

Definition 4 Given a decision table DT = (U,CU D,
V,p), Vx € U, if x is a consistent object w.r.t. C, then DT is
called a consistent decision table, otherwise, DT is called
an inconsistent decision table.

For an inconsistent decision table, its objects can be
divided into two groups. One is composed of consistent
objects and the other is composed of inconsistent objects.
In this case, consistent decision tables can be considered as
a special case of inconsistent decision tables. Object,
equivalence class and decision table can be established as a
hierarchy with three levels from lower to higher, or from
concrete to abstract.

Definition 5 Given a decision table DT = (U,CUD,
V,p), VX C U and VB C C, the upper and lower approxi-
mations of set X w.rt. B are denoted as B(X), B(X),
respectively, and defined as:

B(X) = U{EJ|E;NX # 0,E; € U/B},

B(X) = U{E/|E; C X, E; € U/B}. (1)

The upper approximation of X is composed of objects
that belong to set X possibly, and the lower approximation
of X is composed of objects that belong to set X certainly.
The upper and the lower approximations of X approximate
the concept X from two sides. In other words, the concept
X can be approximately described by two sets. Especially,
if the concept X is uncertain or vague, such approximate
description has important meaning.

3 Attribute reduction in complete decision tables

In what follows, we elaborate on 13 typical kinds of
objective functions for attribute reduction in complete
decision tables. Some main results about attribute reduction
in incomplete decision tables can be found in Kryszkiewicz
(1998), Liang et al. (2006, 2008), Leung and Li (2003), and
Qian et al. (2009).

3.1 Alternative objective functions
for attribute reduction

An attribute reduct is a minimal subset of entire condition
attribute set that are jointly sufficient and individually
necessary for preserving a certain property of a given
decision table (Zhao et al. 2007). Formally, a general def-
inition of an attribute reduct can be described as follows.

Definition 6 Given a decision table DT = (U,CU D,
V,p) and a certain property A of DT under consideration.
The attribute subset A C C is called a reduct of C, if it
satisfies the following conditions:

1. evaluation function e for A is 2°“? — L, which maps

an attribute set to an element of a poset L;
2. e(A) =e(0);
3. VA CA, e(A") #e(A).

Condition (2) indicates the joint sufficiency of attribute
set A, namely, attribute set A is sufficient to preserve the
property A. Condition (3) means each element in A is
individually necessary as remaining the property. If the
certain property A of DT under consideration is regarding
to the decision attribute set D, A is called a relative reduct
of C, otherwise, it is called a absolute reduct of C.

The property A can be interpreted from diverse profiles
of a decision table. Different objective functions for
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attribute reduction can be constructed according to different
properties. No matter what properties will be considered,
conditions (2) and (3) must be satisfied at the same time.
(I) Absolute reduct. Given a decision table DT =
(U,CUD,V,p), AC C is a absolute reduct (Komorowski
et al. 1999) of C, iff A satisfies the following conditions:

1. IND(A) = IND(C);
2. for any attribute subset A’ C A, IND(A’) # IND(A).

The collection of equivalence classes U/C will remain
the same according to the definition of absolute reduct.
This definition is often used in information systems which
have no decision attributes. In fact, the jointly sufficient
condition for absolute reduct is most strict. Any condition
class in U/C cannot be changed during the whole process
of attribute reduction.

(IT) Relationship preservation reduct. VA C C, the rel-
ative indiscernibility relation defined by A w.r.t. D, is
described as:

IND(A|D) = {(x,y) € U x U|(Va € A — p(x,a)
=p(; )V p(x,d) = p(y,d)}. (2)

Obviously, a relative indiscernibility relation is not an
equivalence relation since the transitive property is not
satisfied.

Given a decision table DT = (U,CUD,V,p), A C Cis
a relationship preservation reduct (Miao et al. 2009) of C,
iff A satisfies the following conditions:

1. IND(A|D) = IND(C|D);
2. for any attribute subset
IND(A|D).

A’ CA, INDA'|D) #

Object pairs in IND(A|D) will share the same condition
values or the same decision value. If an object pair belongs
to IND(A), then it must belongs to IND(A|D). Contrarily, it
may be not satisfied. Compared with absolute reduct
restrictions, the jointly sufficient condition for relationship
preservation reduct is looser.

(III) Positive region reduct. YA C C, the positive region
of D w.r.t. A, is defined as:

POSA(D) = U A(D)), (3)
D;eU/D

where U/D = {Dy,D,, ...,Dyy/p|}. Given a decision table

DT = (U,CUD,V,p), AC C is a positive region reduct

(Komorowski et al. 1999) of C, iff A satisfies the following

conditions:

1. POSA(D) = POS¢(D);
2. for any attribute subset A’ C A, POSx (D) # POSA(D).

Positive region reduct is the classical attribute reduct
definition proposed by Pawlak. Positive region is com-
posed of all consistent objects in a decision table. For a
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consistent decision table POS¢(D) = U, it indicates that all
objects in a consistent decision table can be classified
definitely w.r.t. decision attribute set. For an inconsistent
decision table POSc(D) C U, in this case, some objects
cannot be classified with certainty w.r.t. decision attributes.

(IV) Classification quality reduct. YA C C, the quality
of classification of DT w.r.t. A, is defined as:

[POSA(D)|
9 D = 4

Given a decision table DT = (U,CUD,V,p),AC Cis
a classification quality reduct (Komorowski et al. 1999) of
C, iff A satisfies the following conditions:

L 94(D) = y¢(D);
2. for any attribute subset A’ C A, y4/(D) # y4(D).

yc(D) is also called the degree of dependency of attri-
bute set D w.r.t. attribute set C. The quality of classification
7y is a quantitative description for the ability of classifica-
tion of decision tables. Virtually, it measures the ratio of
objects that can be classified certainly w.r.t. D in the uni-
verse. Obviously, 0 <y.(D) < 1. For a consistent decision
table, its quality of classification is equal to 1.

(V) Condition entropy reduct. YA C C, the condition
information entropy of DT w.r.t. A, is defined as:

lU/A| |U/D|
H(D|A) = — 21: P(X;) Z: P(D;|X;) log(P(D;|Xi)),  (5)
i= j=
where X; € U/A (i=1,2,...,|U/A|), DjeU/D (j=
1,2,...,|U/Dl), P(X;) = B, P(Dy|x;) = 2551
Given a decision table DT = (U,CUD,V,p),A C Cis
a condition entropy reduct (Wang et al. 2002, 2005) of C,
iff A satisfies the following conditions:

1. H(D|A) = H(D|C);
2. for any attribute subset A’ C A, H(D|A') # H(D|A).

The uncertainty of a decision table is predominantly
caused by the conflict objects, viz., inconsistent objects.
The holistic uncertainty of a decision table can be depicted
by condition information entropy H(D|C). Obviously,
0<H(D|C) < log(n), where n is the number of objects.
For a consistent decision table, all objects can be certainly
classified with respect to decision attribute set, so \Dj N
Ci|/|Ci| = 1or0 for all C; € U/C and D; € U/D. Then it
has H(D|C) =0, namely, the holistic uncertainty of a
consistent decision table is equal to zero. For an incon-
sistent decision table, 0<H(D|C) < logn. H(D|C) will
achieve the maximal value if the whole universe is parti-
tioned into one equivalence class under condition attribute
set C and all objects in universe have totally different
decision values at the same time.
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(VI) Probability distribution reduct. ¥x € U, the mem-
bership distribution function of object x over all decision
classes w.r.t. A C C, is defined as:

pa(x) = (P(Di[x],), P(Dal[x] ), - - P(Dywypl|[¥]4)), - (6)

_ |Djm[x]A|

where D] S U/D (]: 1727"'7 |U/D|)’ P(DJHX]A) - |[X]A|

Given a decision table DT = (U,CUD,V,p), A C C is
a probability distribution reduct (Slezak 2000) of C, iff A
satisfies the following conditions:

1. VxeU,ithas py(x) = uc(x);
2. for any attribute subset A’ C A, Ix' € U, such that
Har (x) # pa ().

Obviously, p,(x) can be considered as the probability
distribution on U/D. Probability distribution reduct pre-
serves the degree to which each object belongs to each
decision class.

(VII) Maximal distribution reduct. Vx € U, the maximal
distribution decision function of object x w.r.t. A C C, is
defined as:

data) = {0 A2 — g B D2, ™)

x4 k=1 (x4

Given a decision table DT = (U,CUD,V,p), A C C is
a maximal distribution reduct (Zhang et al. 2003) of C, iff
A satisfies the following conditions:

1. VxeU,ithas ¢,(x) = ¢pe(x);
2. for any attribute subset A’ C A, 3x' € U, such that

bu (&) # dp(x).

lU/D| [ [v],nDy .
The value of Tglx{f;—h} can be considered as the

degree of confidence of uncertain rules derived from the
equivalence class [x|,. A maximal distribution reduct pre-
serves all decision rules with maximal confidence degree
derived from each equivalence class in U/C.

(VIII) Decision value preservation reduct. Vx € U, its
generalized decision value w.r.t. A C C, is defined as:

da(x) = {p(y,d)ly € [x],}. (3)

Given a decision table DT = (U,CUD,V,p),A C C is
a decision value preservation reduct (Miao et al. 2009) of
C, iff A satisfies the following conditions:

1. Vx e U, it has d5(x) = dc(x);
2. for any attribute subset A’ C A, ¥’ € U, such that
O (X)) #£ da(x).

A decision value preservation reduct is also called an
approximate reduct in Kryszkiewicz (2001). It preserves
the generalized decision value of each object and distin-
guishes each object from objects that have different gen-
eralized decision value.

(IX) Lower approximation distribution reduct. The
concepts of f lower and upper distribution reducts based on
variable precision rough sets were first introduced by Mi
et al. (2004). Similarly, the lower approximation distribu-
tion of U/D = {D\, Dy, ...,Dyy/p} W.r.t. attribute set A C
C in the classical rough set model is denoted as:

Ya(D) = (A(D1),A(Dy), ..., A(Djy/p))). ©)

Given a decision table DT = (U,CUD,V,p),A C Cis
a lower approximation distribution reduct of C, iff A
satisfies the following conditions:

1. Ya(D) = yc(D);
2. for any attribute subset A" C A, Ya(D) # Ya(D).

The deterministic rules in a decision table can be
derived from the lower approximation of each decision
class. In other words, a lower approximation distribution
reduct will preserve all deterministic rules for a decision
table.

(X) Upper approximation distribution reduct. The upper
approximation distribution of U/D = {Dy, D, ...,Djy/p}
w.r.t. attribute set A C C is denoted as:

‘/_/A(D): (A_<Dl)’A_(D2)7'"7A_(D|U/D\))‘ (]O)

Given a decision table DT = (U,CUD,V,p),A C Cis
a upper approximation distribution reduct of C, iff A
satisfies the following conditions:

L. (D) = ¥c(D); B B
2. for any attribute subset A" C A, 4/ (D) # yr4(D).

The upper approximation of each decision class will
decide associated deterministic rules and some probabilis-
tic rules of a decision table, in this case, the deterministic
and probabilistic rules will both be preserved.

(XI) Sum of lower approximation reduct. The sum of
lower approximation over all decision classes w.r.t. attri-
bute set A C C is denoted as:

oA(D) = = > [A(D))]. (1)

Given a decision table DT = (U,CUD,V,p),A C C is
a sum of lower approximation reduct of C, iff A satisfies
the following conditions:

1. wa(D) = wc(D);

2. for any attribute subset A’ C A, wa (D) # wa(D).
Obviously, 0 < w, (D) < 1. If all objects in the decision

table are inconsistent under attribute set A, then w, (D) =

0. In this case, no deterministic decision rules will be
derived. For consistent decision tables, ws (D) = 1.
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Since  A(D)NAD) =0 (i#j). |[POSA(D)]
Un,eupAD;)| = Ypcusp |AD))], so it has wa(D)

74(D).

(XII) Sum of upper approximation reduct. The sum of
upper approximation over all decision classes w.r.t. attri-
bute set A C C is denoted as:

| lu/ml

> JAD)). (12)

i=1

Given a decision table DT = (U,CUD,V,p),A C C is
a sum of upper approximation reduct of C, iff A satisfies
the following conditions:

1. @4(D) = @c(D);
2. for any attribute subset A’ C A, @a/(D) # @4(D).

It can be found that 1 <@, (D) <|U/D|. ws(D) will
attain the maximal value when the generalized decision
value of each object includes all decision values. A sum of
upper approximation reduct is also called possible reduct in
Zhang et al. (2003) which is different from the following
definition formally.

(XIII) Possible reduct. Given a decision table DT =
(U,CUD,V,p),A C Cis a possible reduct (Kryszkiewicz
2001) of C, iff A satisfies the following conditions:

1. VxeU, it has [x], C C(Dy), where x € Dy, Dy €
U/D;

2. for any attribute subset A’ C A, dx' € U, such that
¥, ¢ C(D,), where X' € D;, D, € U/D.

A possible reduct distinguishes each object x € U from
other objects that not belong to the upper approximation of
the decision class including x.

Some other alternative objective functions for attribute
reduction in complete decision tables, such as u-decision
reduct, p-reduct (Kryszkiewicz 2001) can found the
equivalent descriptions from introduced 13 types of reduct
definitions. As stressed, non-parameter-based objective
functions for attribute reduction introduced above will not
be compared with parameter-based objective functions,
such as o-reduct, a-relative reduct (Nguyen and Slezak
1999), pan-generalized decision reduct (Li and Zhang
2004), etc. In some special cases, a parameter-based
objective function can be converted to the corresponding
non-parameter-based objective function.

3.2 The relationships among alternative 13 types
of attribute reduction in inconsistent decision tables

Some comparative researches on objective functions for
attribute reduction in complete decision tables have been
done. However, the relationships only among some chosen
objective functions from introduced 13 types of attribute
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reduction are presented in the available researches. In what
follows, the comprehensive relationships among intro-
duced 13 types of attribute reduction in inconsistent deci-
sion tables will be revealed.

Before moving into details, the overview of the rela-
tionships among available 13 kinds of attribute reduction in
inconsistent decision tables is given in Fig. 1. The notation
“propertyl — property2” denotes that if propertyl is sat-
isfied, then property2 will be satisfied as well.

According to the available research results, the main
findings can be described as follows:

® «— @was proved by Qin et al. (2005) and Xu et al. (5);

@ -6 @—> © ®« ® were proved by Zhang et al.
(2003);

® < @ was proved by Li and Zhang (2004);

® — @ was proved by Miao et al. (2009).

©® — @ and @ < ® are obviously satisfied according
to the formulas (3), (4) and (11). Soonly ® —» @, ® - G,
@ « ® and @ < ® need to be proved.

1HO->0

Proof According to the definitions of indiscernibility
relation and relative indiscernibility relation, this relation-
ship is satisfied. O

However, @ — @ is not satisfied. It can be illustrated by
the following counterexample.

From decision table I (Table 1), C = {aj,a2} and
D={d}. Tt can be found that IND({a,}|D) = IND
({al,az}|D). Since (X],)Cz) € IND({(IQ}) and ()C],)Cz) ¢
IND({a1,a,}), so IND({a2}) # IND({a1,as}).

‘ @O IND(A)=IND(C) ‘

v

‘@ IND(A| D) = IND(C | D)‘

{

\@ H(D|A)=H(D|C) \

|@Vx€ Ui, () =4, (x)|

e

‘@Vxe U,8, (x) =5, (x) ‘@We U:%(X):%(X)‘

+—f\—¢

‘ @ V,(D)=y.(D) ‘ ‘ POS, (D) = POS(.(D)‘

!

(@ nO=r.® |

!

Vxe U,[x], c C(D,) ‘ @ vy,(D)=y.(D) ‘
where xe D, ¢

(@ 0,D)=0.0) |

® ®,(D)=6.(D)

Fig. 1 The relationships among 13 types of attribute reduction in
inconsistent decision tables
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Table 1 Decision table I Table 2 Decision table II

U a) a d U a a d

X 1 1 0 X 0 0 0

X 2 1 0 X2 0 0 1

X3 0 0 X3 0 1 0
X4 0 1 1

2)@ - 06 3) D~
Proof Suppose C;,C; € U/C (i#j) will be merged Proof @ — ©®

under attribute set A C C. There are three cases:

(a) C; and C; are consistent condition classes. It comes
with two cases:
If the decision value of C; and C; are the same, it has
IND(A|D) = IND(C|D) obviously;
If the decision value of C; and C; are different, Vx €
C; and Yy e Cj, it has (x,y) € IND(C|D). After
merging C; and C; under A, (x,y) € IND(A|D). So
in this case, IND(A|D) # IND(C|D).

(b) C; is consistent condition class and C; is inconsistent
condition class.
Vx € C;, dy € Cj, such that p(x,d) # p(y,d), so
(x,y) € IND(C|D). After merging C; and C; under
A, Ya€A, it has p(x,a) = p(y,a), so (x,y) €
IND(A|D). Consequently, IND(A|D) # IND(C|D).
The case when C; is inconsistent condition class and
C; is consistent condition class can be proved in a
similar fashion.

(c) C; and C; are inconsistent condition classes.
dx € C;, Jy €, such that p(x,d) # p(y,d), so
(x,¥) € IND(C|D). After merging C; and C; under
A, Va€A, it has p(x,a) =p(y,a), so (x,y)€
IND(A|D). Consequently, IND(A|D) # IND(C|D).

O

From the above discussions, only under the case that C;
and C; are consistent condition classes with the same
decision value, it will have IND(A|D) = IND(C|D). Wang
etal. (2002) and Wang (2003) have illustrated that
H(D|A) = H(DI|C) iff C; and C; are consistent condition
classes with the same decision value or C; and C; are
inconsistent condition classes but their membership distri-
bution over all decision classes are the same. Thus, it can
be concluded that if IND(A|D) = IND(C|D) is satisfied,
then H(D|A) = H(D|C) will be satisfied. O

Conversely, if H(D|A)=H(D|C), IND(A|D)=
IND(C|D) is not always satisfied. From decision table II
(Table 2), C = {a;,a,} and D = {d}. It can be checked
that H(D|{a,}) = H(D|{ai,a2}). However, (x2,x3) & IND
({a1,a2}|D), but (x2,x3) € IND({a,}|D). Namely, IND
({a1}ID) # IND({a1,a2}|D).

Since VD; € U/D, it has AD; = CDj, so {ADA = ‘C’Dj’.

U/l | 1 u/D| | A
Consequently, ﬁzj':{ | |AD;| = ﬁz}‘:{ | |CD|, namely,
@a(D) = @c(D).

@ «

VD; € U/D, it has AD; D CD;. Since Z}Z{D‘ |1§Dj| =
S IUPH|EDy|, so ¥D; € U/D, it has AD; = CDj, namely,
J/A(D) = J/C(D)' $3

@) ® o @

Proof © — @

Since UD,-EU/DAD]' = UD,-EU/DQDj and VDJ S U/D, it
has AD; C CD;, so VD; € U/D, AD; = CD,. Namely,
Ya(D) = Yc(D).

« © can be directly derived according to formula (3)
and (9). O

All implication and equivalence relationships in Fig. 1
have been proven. Essentially, some objective functions for
attribute reduction are equivalent according to Fig. 1.
Thirteen types of objective functions can be grouped to
only six categories that is {0,0,{®®},6,{®,0,®,0},
{0,0,0,0}}

During the process of attribute reduction, some condi-
tion classes w.r.t. C will be merged. The mergence will be
diversified under different objective functions.

Under objective function @, all the condition classes w.r.t.
C will remain the same during the whole process of attribute
reduction. Each of them cannot be merged with others no
matter whether it is inconsistent or consistent condition class.

Under objective function @, only consistent condition
classes w.r.t. C with the same decision value can be merged
during the process of attribute reduction. However, any
inconsistent condition class under C must remain the same.

Under objective functions {®,®}, consistent condition
classes w.r.t. C with the same decision value or inconsis-
tent condition classes w.r.t. C which have the same mem-
bership distribution over all decision classes can be merged
during the process of attribute reduction.

Under objective function ®, all condition classes, no
matter whether they are consistent or inconsistent, if they
have the same maximal distribution decision function over
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all decision classes, then they can be merged during the
process of attribute reduction. It means that a consistent
condition class and an inconsistent condition class may be
merged after removing some attributes.

Under objective functions {©,®,®,®}, consistent con-
dition classes w.r.t. C with the same decision value or
inconstant condition classes w.r.t. C which have the same
generalized decision value, no matter what their member-
ship distribution over all decision classes, can be merged
during the process of attribute reduction.

Under objective functions {©,0,®,®}, consistent condi-
tion classes w.r.t. C with the same decision value can be merged
and inconsistent condition classes w.r.t. C can be randomly
merged no matter what their membership distribution over all
decision classes and their generalized decision value.

From the top to the bottom in Fig. 1, the restrictions for
attribute reduction become looser. Only under objective
function ®, a consistent condition class and an inconsistent
condition class may be across merged after reducing some
attributes. Under any other objective functions, the mer-
gence between a consistent condition class and an incon-
sistent condition class is illegal.

3.3 The relationships among alternative 13 types
of attribute reduction in consistent decision tables

Consistent decision tables can be considered as a special kind
of inconsistent decision tables. The overview of relation-
ships among 13 types of attribute reduction in consistent
decision tables can be adjusted as illustrated in Fig. 2.
Some available results can be described as follows:

‘@ IND(A) = IND(C) ‘

‘ @) IND(A|D)=IND(C| D)‘

¢

\@ H(D|A)=H(D|C) \

|@ Ve U, (0 =1 )

+—+

‘ ® Vxe U,8,(x)=8.(x)
+—f
(@ v.0)=7.0)]

!

!
Miﬂ (@ 1@=1® |
!

5 Vxe U,[x], € C(D,) ‘ @ v,(D)=y.(D) ‘
where xe D, i

(@ o,0=0.0) |

@ Vxe U,¢A (x)= (1)(4.()6)

‘ POS (D) = POSF(D)‘

Fig. 2 The relationships among 13 types of attribute reduction in
consistent decision tables

@ Springer

® < ® and ® «— @ were proved by Miao et al. (2009);

— @ was proved by Wang (2003) and Wang et al.
(2005).

@ — ® is instantaneously satisfied.

Thus, Fig. 2 can be directly derived from Fig. 1. From
Fig. 2, there are only two intrinsically different types of
objective functions for attribute reduction in consistent
decision tables {®,{®,0,®,0,6,0,®,0,0,0,®,0}}. They
can be briefly considered as absolute reduct and relative
reduct, respectively. The situations of mergence between
condition classes during the process of attribute reduction in
consistent decision tables are simper than in inconsistent
decision tables. For absolute reduct, all the condition classes
w.r.t. C will remain the same during the whole process of
attribute reduction which is as the same as in inconsistent
decision tables. For relative reduct, only the condition clas-
ses w.r.t. C with the same decision value can be merged
during the subsequent process of attribute reduction.

4 Completeness of heuristic algorithms for finding
minimal reducts

In intelligent computing, heuristic algorithms are often
applied to search for optimal or approximate optimal
results for NP-hard problems. The next node that is con-
sidered as the most hopeful for last optimal result will be
chosen to expand. Heuristics play an important role in the
entire procedures since it decides which node will be
chosen to extend. On the one hand, it affects the efficiency
of problem solving. On the other hand, it impacts the
quality of result, namely, the search result should be close
to the optimum as much as possible.

Generally, reducts embedded in a decision table are not
unique. Many heuristic attribute reduction algorithms have
been put forward in order to get an optimal one, namely a
minimal reduct. No matter which attribute reduction
objective functions will be applied, a general heuristic
algorithm for attribute reduction with addition strategy
(Zhao et al. 2007) can be outlined as follows:

Algorithm 1: general heuristic algorithm model for

attribute reduction

Input: decision table DT = (U,CUD,V,p);

Output: reduct RED preserving the property A.

Stepl: RED = Core, C =C — RED;

Step2: if C'={ or termination conditions w.r.t. A are

satisfied, goto Step6;
Step3: compute the significance for each attribute in C'
under property A;
Step4: select an attribute a from C which has the maximal
attribute significance;
RED = REDU{a}, C =C—{a}, goto Step2;

output RED.

Stepb:

Step6:
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Step 3 plays an important role in the algorithm because
it decides which attribute will be extended, namely, it
decides upon the search path. If the extended attribute is
not suitable, the search path will deviate from the optimal
one.

The quantification of attribute significance in Step 3 is
realized according to the property A. In order to illustrate
the completeness of heuristic algorithms for minimal
attribute reduction, the classical reduct definition that pre-
serves the positive region in a consistent decision table will
be discussed here. Other reduct definitions in consistent or
inconsistent decision table can be illustrated in a similar
way.

Given a decision table DT = (U,CUD, V, p) as shown
in Table 3, where D = {d} is the decision attribute, C =
{ai1,aa,...,a13} is the set of condition attributes.

VB C C, the significance of attribute a € (C — B) w.r.t.
B, is defined as:

SIG(a,B,D) = y(BU{a},D) — y(B, D). (13)

If B=10, then y(B,D) = 0. It can be checked that the
core set Core = {aj }. After running algorithm 1 for
attribute reduction, the result comes in the form
{ai,a1,a3,az,a,}. However, the minimal reduct of
Table 3 is {ai1,az,a3,a4} and this demonstrates the
heuristic algorithm fails to obtain a minimal reduct.

After a careful analysis of the general heuristic reduction
model, the attribute with the maximal significance is
selected to extend preferentially based on core set (in
Table 3, the attribute a; will be chosen to extend prefer-
entially after core attribute {a;;} being computed). Thus,
the search path may deviate from the optimal one. At the
preliminary stage of search process, choosing the attribute
with maximal significance to extend can reduce the search
space fast and local optimum can be guaranteed. However,
the global optimization cannot be assured, namely, the
search path will not always be optimal.

Table 3 Decision table III

U a a a3 as as as a7 ag ay ap apn ap ap d
xx 0 0O O O O O O O O O 0 0 0 Y
x» 1 0 1 0 0O O O O 0 O 0 0 0 N
x3 1 1 0 1 0 0 O O 0 O 0 0 0 N
x» 1 0 0 1 0 0O O 1 0 O 0 0 0 N
xs 1 1 0 O O O O O 1 O 0 0 0 N
x 0 0 1 0 0 O 1 0 0 O 0 1 0 N
x7 0 O 1 O O 1T O O 0 O 0 0 1 N
xx O 1 0 O 1 O O O 0 O 0 0 0 N
xy 0 0 O 1 0 0 0 0 0 1 0 0 0 N
xo 0 0 0O 0 O O O O O O 1 0 0 N

Essentially, heuristic algorithms are a special group of
greedy algorithms. In order to find global optimization, the
local optimum must be gradually modified. In the process of
searching a minimal reduct, after the search path beginning
from the attribute with maximal significance being con-
sidered, the search paths beginning from the attribute with
the second largest significance, the third largest signifi-
cance, etc., should also be considered one by one.

5 Minimal attribute reduction based
on discernibility function

Skowron and Rauszer (1991) have proved that the reducts
of a decision table are in one-to-one correspondence with
the prime implicants of corresponding discernibility func-
tion. For consistent decision tables, Skowron has con-
structed discernibility matrices for both absolute reduct and
relative reduct, respectively. For inconsistent decision
tables, the discernibility matrices for objective functions ®
and @ were proposed by Skowron; Zhang et al. (2003)
investigated the discernibility matrices for objective func-
tions @, ® and ®; Miao et al. (2009) studied the discern-
ibility matrix for objective function @. So under each
objective function for attribute reduction, two types in
consistent decision tables and six types in inconsistent
decision tables, the associated discernibility matrix can be
constructed. According to them, a general definition of
discernibility matrix was provided by Miao et al. (2009).

Definition 7 Given a decision table DT = (U,C U D,
V,p) and a certain property A of DT. The discernibility
matrix My = (Ma(x,y)) w.rt. A is a |U| x |U| matrix, in
which the element M (x, y) for an object pair (x, y) satisfies:

Maj (x,y)
{aeClp(x,a)#p(y,a)} (x,y)are distinguishablew.r.t.A
- {@ otherwise
(14)

M, is a symmetric matrix. We can only use its lower or
upper triangle values to describe it. After establishing the
discernibility matrix, the corresponding discernibility
function can be directly obtained by disjunction and
conjunction operations.

Definition 8 Given a decision table DT = (U,CU
D,V,p) and a certain property A of DT, M, is the dis-
cernibility matrix w.r.t. A, the corresponding discernibility
function of DT is a Boolean function defined as follows:

DF(DT) = N{Ve; : 1 <i<j<n,c; # 0}, (15)

where ¢;; is an element in Ma. Ve¢;; = Va(a € ¢j) is the
disjunction of all attribute variables a € c;. Absorption law
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is often applied to simplify the discernibility function. If
(@aVDb)A(aVbVc) is included in discernibility function
DF, then the clause a V b V ¢ will be removed. The sim-
plified discernibility function is also a conjunctive normal
form. The problem of finding minimal reducts is polyno-
mially equivalent to the problem of searching prime
implicants with the shortest length in discernibility function.
A prime implicant of a Boolean function is an implicant that
cannot be covered by a more general implicant.

Some attribute reduction algorithms were proposed
based on discernibility matrices. Chang et al. (1999) pre-
sented an attribute reduction approach based on a dis-
cernibility matrix and logic computation to get the best
attribute reducts that satisfy user’s demand. However, how
to transform a conjunction norm form to a disjunction norm
form is not introduced. Nguyen and Nguyen (1996) pro-
posed some efficient approximate algorithms for minimal
reduct problem which include Johnson’s strategy and ran-
dom strategy. Since these approximate algorithms often
generate a superreduct, some irrelevant attributes in the
obtained result must be eliminated. Wang and Miao (1998)
also pointed out that the approximate algorithms (heuristic
algorithms) are incomplete for minimal attribute reduction
problem. As being discussed before, more information on
attributes in the discernibility function should be consid-
ered in order to obtain a proper minimal reduct completely
and effectively.

In the sequel, the simplified discernibility function will
be used to discuss. Suppose a simplified discernibility
function DF =fi A, A---Af;, we consider DF =
{fi,fas .- fs} instead and if fi=a; VayV---Va, we
consider f; = {ay,ay,...,a;,} instead when no confusion
can arise. The set of all variables in DF is denoted as Qpr.

Theorem 1 Given a decision table DT = (U,CU
D,V,p) and a certain property A of DT, its associated
discernibility function DF =fiAfp N---Nf;. ACC is a
reduct of DT w.rt. A, then Vf; € DF (i=1,2,...,s),
ANf; £ 0.

Theorem 1 follows from Skowron’s notions directly.

That is to say, a reduct of a decision table must have some
common items with each clause of discernibility function.

Theorem 2 Given a decision table DT = (U,CU
D,V,p) and a certain property A of DT, its associated
discernibility function DF =fi ANf, A--- Nfs. Ya € Qpp,
the set of the shortest implicants that include attribute a is
denoted as I(a), the set of minimal reducts of DT is
denoted as MR(DT), then MR(DT) satisfies:

MR(DT) =U{I(a)la € QpF, for Vb € Qpr — {a},
VE € I(a),VE € 1(b), such that|E] < |E'|}. (16)
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Since prime implicants are special cases of implicants,
the implicants with the shortest length are also the prime
implicants with the shortest length in a Boolean function.
Apparently, Theorem 2 is satisfied. The right side of (16)
indicates that the length of each element in I(a) is the
shortest compared with other variables in DF. Thus the
problem of searching for shortest prime implicants can be
transformed to searching for shortest implicants. There is
no need to restrict search space only to prime implicants.

Why we concentrate on the implicants, not the prime
implicants? The reason is that the elements in I(a) are not
always prime implicants. For example, a discernibility
function is given as follows:

DF = (a1 \/a3) /\(a1 \/Clz\/a4) A (a1 \/az\/ag)
AN (a3 \/(17) N (a3 \/a6) A (a2 \/as),

where a; A ay Aas € I(a;), but it is not a prime implicant
of DF (due to the prime implicant a; A a3), so it is not a
reduct under consideration. According to Theorem 2, it is
no need to cost much to check whether the elements in I(a)
are prime implicants or not.

A complex problem is often solved through some simple
sub-problems and the mechanism “divide and conquer”
can be applied. According to distributive law and asso-
ciative law in logic reasoning, a Boolean function can be
divided as follows.

Theorem 3 (expansion law) (Starzyk et al. 2000)  Given
a decision table DT = (U,CUD,V, p) and a certain
property A of DT, its associated discernibility function
DF =fi Nfa A+ Nfs, Va € Qpp, DF can be decomposed
w.r.t. a as follows:

DF = DF, V DF;, (17)

where

DF, = N{fIf e DFANa & f} Na, (18)

DF, =N{fIf e DF Na & f} AN{(f —{a})|f e DF ha ef}.
(19)

According to the expansion law, the implicants of
discernibility function DF can be divided into two groups
in light of each variable a € Qpp. One includes variable a,
can be derived from DF;. The others do not include
variable a, can be derived from DF,. The shortest
implicants including variable a can only be derived from
DF|, namely, it just need to find the shortest implicants of
Nf|f € DF Aag€f} in DF;. Thus, Theorems 2 and 3 can
be applied repeatedly.

This iterative process is called as decomposition prin-
ciples of the discernibility function and the variable a is
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called a decomposition variable. If all variables in Qpp are
considered, the shortest implicants will be obtained.

Theorem 4 Suppose two conjunctive normal forms F =
fiNHL N~ Nfyand F' = F N\f, f is a new clause that is
composed of the disjunction of some variables. & and & are
the shortest prime implicant of F and F', respectively, then

1€ <€

Proof The variables in the new clause f only have three
cases as follows:

1. Yaef,adQp, then & =¢EAa, |E|=E+1>]¢;

2. if Jacf and a € &, then ENf #(, it has & = ¢,
€] =1¢];

3. ifVae{blbefAbeQr}+#Danda ¢ &, the shortest
implicants that include attribute a in F are denoted
as Ir(a), then V¢, € Ip(a), it has |&,| > |&]. If |&,| =
|€|, then the case is as the same as (2); if |&,| = |&] + 1,
then we can have & = &,, || > [&]; if |&,] > || + 1,
then we can have &' = & Aa, |E| = [E| + 1, |E] > ||

From the above discussions, it can be concluded that
1> 1¢]-

Theorem 4 indicates that the length of the shortest prime
implicants of conjunctive normal form will increase
monotonically as the number of clauses increased. In other
words, it implies that the length of the minimal reducts will
increase monotonically as the number of the clauses of
discernibility function increased.

Theorem 5 Given a decision table DT = (U,CU
D,V,p) and a certain property A of DT, its associated
discernibility function is DF = fi Ay A ... A\ f;. Va € Qpp,
if Ppr(a) =1, then:

1. if 3f € DF, such that a€f and |f|=1, then
I(a) = MR(DT);

2. if If €DF, such that acf and |f|>1. If
Vb e (f — {a}), Ppr(b) =1, then Y, € I(a), V&, €
1(b) and ¥ € MR(DT), |&,] = |&| = |¢];

3. if3f € DF, such that a € f and |f| > 1. If Ab € (f —
{a}) and Ppr(b) > 1, then V¢, € I(a) and VY&, € 1(b),
|Eu| > |Ey|. where I(a) denotes the set of the shortest
implicants that include attribute a, Ppr(a) denotes the
occurrence frequency of a in discernibility function DF .

Proof Suppose that the notation SPI(F) denotes the set of
the shortest prime implicants of Boolean function F.

1. |f| =1 means that the clause f only includes single
attribute a, so a is included in core set. According to
theorem 3, a will be included in all prime implicants of
discernibility function DF, so I(a) = SPI(DF) =
MR(DT).

2. Since VYeef, Ppple)=1, so Vf € (DF—f),
fNf =0. Then V¢, €l1(e), it has |&,| =1+,
where ¢ € SPI(DF —f). Further, V¢ € MR(DT),
Enf=1, so ¢=¢ U{e}, thus V&, €l(a) and
V&, € 1(b), it has || = &, = [¢].

3. Suppose Ppr(b) = 2 (the other situations Ppr(b) > 2
can be illustrated similarly), so 3f' € (DF —f) such
that b € f' and a €f'. V&, € I(a), V&, € I(b), V& €
SPI(DF —f) and V" € SPI(DF —f —f'), it has
|Eal =1+ (&, || =1+]&"], according to theorem
4, we have |&"| <|E|, thus |E,| > |&)-

O

Theorem 5 shows that the search paths beginning from
the attributes which occurrence frequencies in the dis-
cernibility function are equal to one need not to be con-
sidered in the global search process. Because these
attributes either must be included in a minimal reduct (as
(1), (2) in Theorem 5), or may be not included in any
minimal reducts (as (3) in Theorem 5). So superfluous
search works can be avoided and the efficiency of global
search can be improved.

In order to find a minimal reduct of a decision table, an
iterative algorithm can be constructed by utilizing Theorems
2 and 3 repeatedly. Based on Theorems 2, 3, 4 and 5, some
search strategies can be added to the process of minimal
attribute reduction based on depth-first search method.

Depth search strategy one. Which attribute will be
chosen as a decomposition variable is very important in the
search process. The attributes will be chosen according to
their significance from high to low. Because choosing an
attribute with higher significance will reduce search space
fast. In a depth search path, if attribute a has been chosen as
a decomposition variable for Boolean function DFy in the
kth step, then we can only deal with DFy.| = DFy — {f|a €
f,f € DFy} in the (k + 1)th step according to Theorem 3.

Depth search strategy two. If the extended order of
variables established at the first time will not be changed in
the sequel decomposition procedures, then the order is
called as static variable order. On the contrary, if attribute
significance will be changed dynamically based on differ-
ent Boolean function in the sequel decomposition and the
related extended order is also adjusted simultaneously, then
the order is called as dynamic variable order. During the
implementation of the algorithm, the later will be applied.

Depth search strategy three. If the length of current
attribute sequence in a depth search path is equal to the
length of candidate minimal reduct, then the current depth
search is terminated, and the path turns back to the upper
layer for width searching right along.

Width search strategy. Suppose Qpr = {ay,az,...,a;}
and the variable order is a; > a; > --- > a; for the first
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decomposition. According to depth search strategy one, a;
is preferential to ay;. After search path beginning from ay
terminated, a shortest implicant that includes a; has been
found. For search path beginning from a1, it just need to
deal with Boolean function A{f|f € DF Aay &} N{({f —
{ax})|f € DF ANay € f} using Theorems 2 and 3 itera-
tively. If there is a clause which becomes to empty after
removing some variables during decomposition proce-
dures, then the algorithm turns back to the upper layer.

The complete algorithm for minimal attribute reduction
based on discernibility function (CAMARDF) can be
described as follows:

Algorithm 2: CAMARDF
Input: Decision table S = (U,CUD,V,p);
Output: a minimal reduct of S preserving the property A.
Initialization:Reduct.length=0, MinReduct.length=|C| and simplified

discernibility function DF' has been constructed well.

CAMARDF( DF )

{
1 ComputeSIG( a , a € Qpr );
2 SortSIG( sig(a) , a € Qpr );
3 i=0;
4 do{
5 Reduct.length++;
6 if ( Reduct.length = MinReduct.length ){
7 Reduct.length——;
8 return;
9 }//end if
10 if ( i>0 ){
11 DF = DF\{Attribute[i — 1]};
12 if( 3fje DF, f=0){
13 Reduct.length——;
14 return;
15 }//end if
16 }//end if
17 Reduct=ReductUAttributeli];
18 DF' = DF — {fj|f; € DF A Attribute[i] € f;};
19 if ( DF' =0 ){
20 if ( MinReduct.length > Reduct.length )
21 MinReduct=Reduct
22 }//end if
23 else
24 CAMARDF( DF’ );
25 Reduct=Reduct - Attribute[i];
26 Reduct.length——;
27 i
28 twhile( sig(Attributeli]) > 1Ai < |C| );

29 }//end CAMARDF
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where  DF\{Attribute[i — 1]} denotes Vf; € DF, if
Attributei — 1] € f;, then f; = f; — {Attribute[i — 1]}.

Reduct and MinReduct are global variables in Algo-
rithm 2. The attribute sequence in current depth search
path is saved in Reduct, the current candidate minimal
reduct is saved in MinReduct and the last MinReduct is the
optimal result that will be obtained. The operation Com-
puteSIG in line 1 computes the significance for each var-
iable in discernibility function DF. The significance of
attributes in CAMARDF is measured by their occurrence
frequencies in Boolean functions during decomposition
procedures. The operation SortSIG in line 2 sorts variables
from high to low based on their significance, and the var-
iable order is saved in array Aftribute. These two steps are
corresponding to the depth search strategy two.

The completeness of the algorithm CAMARDF for
minimal attribute reduction can be guaranteed by Theorem
2. In the implementation, line 5 to line 9, line 10 to line 16,
line 18 to line 24 are corresponding to the depth search
strategy three, the width search strategy, the depth search
strategy one, respectively, and the terminal constrains of
do-while instruction reflect Theorem 5.

The entire process for minimal attribute reduction based
on discernibility function can be schematically represented
in Fig. 3.

Decision
table DT

Choosing objective
function for attribute
reduction wr.t. A

v

Constructing
discernibility matrix Ma

v

Establishing simplified
discernibility function
DF o

v

CAMARDF

Return a minimal
reduct wr.t. A

Fig. 3 The entire process for minimal attribute reduction
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For Table 3, its relevant discernibility function under
positive region reduct definition can be obtained as
follows:

DF =(a; Va3) A (a1 VayVas) A(ar VagVag)
A (Cl] V ay \/ag) A ((13 V a; \/alz) A (a3 V ag \/a13)
/\(ag\/aS)/\(a4\/a10)/\a11.

After Johnson’s strategy or its improved version Semi-
Minimal reduct algorithm (Nguyen and Nguyen 1996) is
applied, the attribute reduct is formed as {ay, a3, a2, as,a1; }
which is not a proper minimal reduct. It also demonstrates
that the approximate algorithms are incomplete for minimal
attribute reduct problem.

According to the occurrence frequency of each variable
in DF, the extended order of variables for the first
decomposition in the algorithm CAMARDF is given as:

ay >da) >as > a4 > as > ag > a7 > ag > dg

> ay > ap > app > as.

The candidate minimal reduct
computed as follows:

{a1,a3,az,a4,a11} € I(ay), such that Reduct.length =
5 <MinReduct.length = |C|,
MinReduct = {ay,a3,as,a4,a11 };

{az, as, a4,a11} S I(az), such that |{a2,a3,a4, (111}‘ <
MinReduct.length = 5, MinReduct = {ay,a3,as,a11}.

Since Reduct.length = MinReduct.length when the
search paths begin from a3 and a4, the candidate minimal
reduct MinReduct will not be changed according to depth
search strategy three.

For any other variables, their occurrence frequencies in
Boolean function DF are all equal to one, the search paths

can be gradually

Table 4 The discernibility functions and reducts for UCI data sets

beginning from them cannot be considered. So the final
obtained minimal reduct is {a»,as,as,a;;} which is not
found by Algorithm 1. During the implementation, the core
attribute set can be firstly computed in each decomposition
process, however the total consumed time is almost as the
same as in Algorithm 2.

6 Experimental results

The algorithm CAMARDF was run on a personal computer
with Intel Pentium Dual-Core E2140 1.6 GHz processor
and 1 Gb memory. The operating system is Windows XP
and the programs are implemented using VC 6.0.

Twelve consistent UCI data sets are chosen to test the
proposed algorithm. The objective function for attribute
reduction that preserves the positive region is only con-
sidered. In order to illustrate the reduct that is found by the
proposed algorithm is the minimal one, the set of all
reducts of each data set are computed by using attribute
reduction algorithm based on algebraic equations (Miao
et al. 2010). The discernibility function and the reducts of
each data set are shown in Table 4.

In Table 4, Num, Max, Min and Avg denote the number
of clauses, the maximal length of clauses, the minimal
length of clauses and the average length of clauses,
respectively. Core denotes the number of core attributes for
data sets. MR means the minimal reducts of data sets.
MaxL and MinL denote the maximal length and the min-
imal length of reducts, respectively.

Only the first 10,000 objects of the whole connect data
set and only the first 200 objects of the original DNA data
set (StatLog version) are chosen. We just want to test the

Data sets No. of objects  No. of attributes  Clauses Reducts
Num Max Min Avg Core No. of reducts No.of MR MaxL MinL

700 101 17 14 1 3 2 33 7 7 5
breast 699 10 19 5 1 3 1 20 8 5
mushroom 8,124 23 30 12 2 6 0 292 13 8 4
chess 3,196 37 29 2 1 1 27 4 4 29 29
tic-tac-toe 958 10 36 2 2 2 0 9 9 8 8
soy 47 36 9 14 6 9 0 756 4 8 2
audiology 200 70 202 10 1 5 3 113,329 4 31 12
connect 10,000 43 440 2 2 2 0 32 9 36 25
led24-1 200 25 2,458 12 3 8 0 66,300 95 15 11
led24-2 2,000 25 371 6 1 3 3 495 29 20 18
led24-3 10,000 25 23 1 1 23 1 1 23 23
DNA 200 61 11,760 53 30 44 0 - - - 5
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Table 5 The consumed time of searching a minimal reduct for UCI data sets

Data sets No. of objects No. of attributes No. of clauses Time
DF CAMARDF Total

200 101 17 14 0.015 0 0.015
breast 699 10 19 0.256 0 0.256
mushroom 8,124 23 30 130.062 0 130.062
chess 3,196 37 29 7.593 0 7.593
tic-tac-toe 958 10 36 0.531 0 0.531
soy 47 36 99 0.015 0 0.015
audiology 200 70 202 0.468 2.094 2.562
connect 10,000 43 440 343.984 0.047 344.031
led24-1 200 25 2,458 6.281 4.922 11.203
led24-2 2,000 25 371 82.468 0.157 82.625
led24-3 10,000 25 23 187.421 0 187.421
DNA 200 61 11,760 70.890 25.594 96.484

The measurement of time is s and zero denotes that time is less than 0.001 s.

algorithm for minimal attribute reduction, so it is not
necessary to choose all objects since it has to spend more
time to get all reducts of these two original data sets. Even
so, there were still too many reducts for the chosen DNA
data set and the memory was not sufficient.

The result, which is obtained by CAMARDF for each
data set, is a real minimal reduct according to the set of all
reducts of each data set. For DNA data set, it cannot get all
reducts, but a minimal reduct can be obtained by the pro-
posed algorithm. From the data presented in Table 4, the
number of minimal reducts is significantly smaller com-
pared with the total number of reducts. Furthermore, the
length of a minimal reduct is much shorter compared with
the number of entire condition attributes. It indicates only
several attributes can be used to describe original data sets
without losing the property under consideration. Then, the
data set can be compressed as much as possible under its
minimal reducts, and the rule set will be more concise,
general and understandable. The time for searching a
minimal reduct of a given data set by the proposed algo-
rithm is presented in Table 5.

The number of clauses of connect data set is more than
audiology data set, but the average length of clauses in
connect data set is shorter than in audiology data set. The
result is that the consumed time of CAMARDF for connect
data set is smaller than audiology data set. It implies that
the consumed time of CAMARDEF is not only related to the
number of clauses in DF but also closely related to the
average length of clauses.

The clause numbers of discernibility functions in UCI
data sets are small (only except DNA data set in Table 5).
In order to test the efficiency of CAMARDF further, some
synthetic data sets are exploited which discernibility

@ Springer

functions include more clauses. Attribute values are
generated randomly between 0 and 9. The number of
attributes and objects varies from 50 to 95 in step of 5,
respectively. Ten synthetic data sets can be produced. The
last attribute column in each data set is chosen as a
decision attribute. The results of synthetic data sets are
provided in Table 6.

There are no perceptible relations between objects in
a given synthetic data set due to the attribute values are
generated randomly. The clause numbers of discern-
ibility functions will increase when increasing the
number of objects or the number of attributes. In
Table 6, it can be found that the average length of
clauses in each data set approaches to the number of
entire attributes of this data set, namely, each clause
of the discernibility function includes the most attribute
variables. During the implementation of CAMARDF,
when a decomposition variable is considered, the search
space is reduced fast and current depth search path will
be terminated quickly since the clauses that include this
variable should be eliminated. During the experiments, it
cannot obtain the set of all reducts when the size of the
given synthetic data set is more than D73 in Table 6.
However, a minimal reduct can be rapidly attained with
the proposed method.

As shown in Tables 5 and 6, the main time for searching
a minimal reduct is spent on establishing simplified dis-
cernibility function DF. The minimal reduct problem can
be quickly solved by the proposed notion after associated
DF being computed well. However, the time for estab-
lishing the simplified discernibility function is related to
the number of objects and the number of attributes, namely,
the structural complexity of data sets.
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Table 6 The discernibility functions and consumed time for synthetic data sets

Data sets No. of objects No. of attributes Clause Time

Num Max Min Avg DF CAMARDF Total

DT, 50 50 831 46 35 42 0.578 0.031 0.609
DT, 55 55 1144 51 39 47 0.968 0.047 1.015
DT3 60 60 1371 56 42 51 1.671 0.063 1.734
DT, 65 65 1687 60 48 56 2.187 0.078 2.265
DTs 70 70 2018 66 48 61 3.812 0.125 3.937
DT 75 75 2350 71 55 65 4.515 0.172 4.687
DT, 80 80 2744 76 60 70 7.343 0.219 7.562
DTy 85 85 3087 81 59 74 8.109 0.266 8.375
DTy 90 90 3465 85 66 78 11.984 0.344 12.328
DTy 95 95 3912 90 72 83 13.89 0.438 14.328

7 Conclusion

A reduct is a special attribute subset that can preserve a
certain property under consideration. According to the
diversified properties of a decision table, some objective
functions for attribute reduction have been put forward.
Essentially, only six and two different types of alternative
objective functions for attribute reduction are in inconsistent
and consistent decision tables, respectively. The revealed
relationship among 13 typical kinds of objective functions
for attribute reduction will be beneficial for designing new
reduct definitions and developing more efficient algorithms.

Though available heuristic algorithms for attribute
reduction have high efficiencys, it is found that their results
are not optimal and even not the real reducts. According to
the characteristics of discernibility functions, a complete
algorithm for searching a proper minimal reduct is pro-
posed. Since it is built based on reasoning mechanisms, the
proposed algorithm is general for all complete decision
tables just after the corresponding discernibility function is
constructed well, no matter which objective functions for
attribute reduction will be applied. The rule sets derived
under different attribute reduction objective functions are
diversified. How to quantitatively measure and compare
them could be a subject of further studies.
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