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A new entangled state |η; θ〉 is proposed by the technique of integral within an ordered product. A generalized

Hadamard transformation is derived by virtue of |η; θ〉, which plays a role of Hadamard transformation for (â1 sin θ −
â2 cos θ) and (â1 cos θ + â2 sin θ).
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1. Introduction

In recent years quantum computer has attracted
the attention of physicists because the principle of
quantum computer obeys the laws of quantum me-
chanics. The representation theory is one of the
foundations in the mathematics and physics of quan-
tum mechanics. Fan[1] and Wünsche[2] have created
the technique of integral within an ordered product
(IWOP) of operators, which has developed the rep-
resentation theory greatly. Since the publication of
the paper of Einstein, Podolsky and Rosen (EPR)
in 1935,[3] the conception of entanglement has be-
come more and more fascinating and important as it
plays a central role in quantum communication and
quantum computation. The entangled state has been
an important topic in quantum mechanics and quan-
tum optics[4−6] since Glauber[7,8] and Klauder and
Skagerstam[9] introduced the coherent state of the har-
monic oscillator. In the theoretical study of quantum
computer, of great importance is the Hadamard trans-
form. The continuous Hadamard operator is defined
as[10]

F̂ =
1√
πσ

∞∫

−∞

∞∫

−∞
dxdy exp

(
2 ixy

σ2

)
|y〉〈x|, (1)

where σ is the scale length.
From Eq. (1), Fan and Guo[11] found the following

explicit form of Hadamard operator:

F̂ =
2σ√

σ4 + 4
exp

[
σ4 − 4

2(σ4 + 4)
â†2

]

× exp
(

â†â ln
4 iσ2

σ4 + 4

)
exp

[
σ4 − 4

2(σ4 + 4)
â2

]
, (2)

and the following explicit form of two-mode Hadamard
operator in entangled state representation:

F̂ =
4σ2

σ4 + 4
exp

(
4− σ4

σ4 + 4
â†1â

†
2

)
exp

[
â†1â1 ln

(
4σ2

σ4 + 4

)

+ â†2â2 ln
( −4σ2

σ4 + 4

)]
exp

(
4− σ4

σ4 + 4
â1â2

)
. (3)

In the present paper, employing a new type
of entangled state representation |η; θ〉 and IWOP
technique, we construct a so-called generalized Had-
mard operator which plays a role of two-mode Had-
mard transform for (â1 sin θ− â2 cos θ) and (â1 cos θ +
â2 sin θ).

2. Entangled state representation

|η; θ〉
Fan and Lu[12] constructed a kind of coherent-

entangled state |α, x〉. Xu et al.[13,14] constructed two
∗Project supported by the National Natural Science Foundation of China (Grant No. 10574060) the Natural Science Foundation of

Shandong Province of China (Grant No. Y2008A16), the University Experimental Technology Foundation of Shandong Province,

China (Grant No. S04W138), and the Natural Science Foundation of Heze University of Shandong Province, China (Grant

Nos. XY07WL01 and XY08WL03).
†Corresponding author. E-mail: xxlwlx@126.com

© 2011 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

010301-1



Chin. Phys. B Vol. 20, No. 1 (2011) 010301

kinds of states, i.e., coherent-entangled state |α, x;λ〉
and intermediate entangled state |η1, η2〉λ,ν . By test-
ing, we construct a new type of entangled state |η; θ〉,
which is a common eigenvector of [(x̂1 − x̂2) sin θ −
(x̂1 + x̂2) cos θ] and [(p̂1 + p̂2) sin θ +(p̂1− p̂2) cos θ], as
follows:

|η; θ〉 = exp
[
− |η|2

2
+ (η sin θ − η∗ cos θ)â†1

− (η cos θ + η∗ sin θ)â†2
+ â†21 sin θ cos θ − â†22 sin θ cos θ

+ â†1â
†
2(sin

2 θ − cos2 θ)
]
|00〉, (4)

where

x̂i =
âi + â†i√

2
, p̂i =

âi − â†i√
2 i

,

(i = 1, 2), η = η1 + i η2. (5)

In fact, using [âi, â
†
j ] = δij , [âi, : f(â†i , âi) :] =:

∂

∂â†i
f(â†i , âi) :, and âi|00〉 = 0 (i, j = 1, 2), we have

â1|η; θ〉 = [(η sin θ − η∗ cos θ) + 2â†1 sin θ cos θ

+ â†2(sin
2 θ − cos2 θ)]|η; θ〉,

â2|η; θ〉 = [−(η cos θ + η∗ sin θ)− 2â†2 sin θ cos θ

+ â†1(sin
2 θ − cos2 θ)]|η; θ〉. (6)

It follows that

[(x̂1 − x̂2) sin θ − (x̂1 + x̂2) cos θ]|η; θ〉 =
√

2η1|η; θ〉,
[(p̂1 + p̂2) sin θ + (p̂1 − p̂2) cos θ]|η; θ〉 =

√
2η2|η; θ〉,

(7)

where η is a complex number, whose real part η1 and
imaginary part η2 multiplied by

√
2 are indeed the

eigenvalues of [(x̂1 − x̂2) sin θ − (x̂1 + x̂2) cos θ] and
[(p̂1 + p̂2) sin θ + (p̂1 − p̂2) cos θ], respectively.

Using the normal ordered product of the two-
mode vacuum projector

|00〉〈00| =: exp{−â†1â1 − â†2â2} : (8)

and IWOP technique, we can smoothly prove the com-
pleteness relation of |η; θ〉

∫
d2η

π
|η; θ〉〈η; θ| =

∫
d2η

π
: exp[−|η|2 + (η sin θ − η∗ cos θ)â†1 − (η cos θ + η∗ sin θ)â†2

+ â†21 sin θ cos θ − â†22 sin θ cos θ + â†1â
†
2(sin

2 θ − cos2 θ)− â†1â1 − â†2â2

+(η∗ sin θ − η cos θ)â1 − (η∗ cos θ + η sin θ)â2

+ â2
1 sin θ cos θ − â2

2 sin θ cos θ + â1â2(sin2 θ − cos2 θ)] := 1. (9)

Employing the over-completeness relation of the two-mode coherent state

∫
d2z1d2z2

π2
|z1, z2〉〈z1, z2| = 1 (10)

and noticing the overlap

〈z1, z2|η; θ〉 = exp
[
− |z1|2

2
− |z2|2

2
− |η|2

2
+ (η sin θ − η∗ cos θ)z∗1

− (η cos θ + η∗ sin θ)z∗2 + z∗21 sin θ cos θ − z∗22 sin θ cos θ + z∗1z∗2(sin2 θ − cos2 θ)
]
, (11)

we obtain

〈η′; θ|η; θ〉 =
∫

d2z1d2z2

π2
〈η′; θ|z1, z2〉〈z1, z2|η; θ〉

=
∫

d2z1d2z2

π2
exp

{
− |z1|2 + z1[(η′∗ sin θ − η′ cos θ) + z2(sin2 θ − cos2 θ)]

+ z∗1 [(η sin θ − η∗ cos θ) + z∗2(sin2 θ − cos2 θ)] + z2
1 sin θ cos θ

+ z∗21 sin θ cos θ − |z2|2 − z2(η′ sin θ + η′∗ cos θ)− z∗2(η cos θ + η∗ sin θ)

− z2
2 sin θ cos θ − z∗22 sin θ cos θ − |η′|2

2
− |η|2

2

}

= πδ(η1 − η′1)δ(η2 − η′2), (12)
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where we have used the mathematical formulas
∫

d2z

π
exp(ζ|z|2 + ξz + ηz∗ + fz2 + gz∗2) =

1√
ζ2 − 4fg

exp
(−ζξη + ξ2g + η2f

ζ2 − 4fg

)
, (13)

δ(x) = lim
ε→0

1√
πε

exp
(−x2

ε

)
. (14)

Thus the entangled state |η; θ〉 is orthogonal.
Furthermore, by making the Fourier transformation and the inverse Fourier transform, we obtain

∣∣∣∣η =
η1 + iη2√

2
; θ

〉
=

∞∫

−∞
du exp(iuη2)|x1 = u(sin θ + cos θ) +

η1

2
(sin θ − cos θ)〉

⊗
∣∣∣∣x2 = u(sin θ − cos θ)− η1

2
(sin θ + cos θ)

〉
, (15)

which is the Schmidt decomposition of |η; θ〉, and confirms that |η; θ〉 itself is an entangled state, where

|x1〉 =
1

π1/4
exp

(
−x2

1

2
+
√

2x1â
†
1 −

â†21
2

)
|0〉1 and |x2〉 =

1
π1/4

exp
(
−x2

2

2
+
√

2x2â
†
2 −

â†22
2

)
|0〉2

are the first-mode and the second-mode coordinate eigenstates, respectively.
From Eqs. (9), (12) and (15), we conclude that |η; θ〉 exhibits the properties of entangled states.

3. Properties of generalized Hadamard transformation operator

Note that

[(â1 sin θ − â2 cos θ), (â†1 cos θ + â†2 sin θ)] = 0, [(â1 cos θ + â2 sin θ), (â†1 sin θ − â†2 cos θ)] = 0,

[(â1 sin θ − â2 cos θ), (â†1 sin θ − â†2 cos θ)] = 1, [(â1 cos θ + â2 sin θ), (â†1 cos θ + â†2 sin θ)] = 1, (16)

(â1 sin θ − â2 cos θ)can be considered to be a mode independent of another mode (â1 cos θ + â2 sin θ), then we
will have the following operator identities:

exp[λ(â†1 sin θ − â†2 cos θ)(â1 sin θ − â2 cos θ)] =: exp[(eλ − 1)(â†1 sin θ − â†2 cos θ)(â1 sin θ − â2 cos θ)] : ,

exp[λ(â†1 cos θ + â†2 sin θ)(â1 cos θ + â2 sin θ)] =: exp[(eλ − 1)(â†1 cos θ + â†2 sin θ)(â1 cos θ + â2 sin θ)] : . (17)

According to the entangled representation |η; θ〉 and Eq. (2), we now construct the following ket-bra inte-
gration:

Û =
∫

d2η

σ2π

∫
d2η′

π
exp

(
η∗η′ − ηη′∗

σ2

)
|η; θ〉〈η′; θ|. (18)

Substituting Eq. (4) into Eq. (18) and using the IWOP technique we obtain

Û =
∫

d2η

σ2π

∫
d2η′

π
: exp[−|η|

2 + |η′|2
2

+
η∗η′ − ηη′∗

σ2
+ (η sin θ − η∗ cos θ)â†1

− (η cos θ + η∗ sin θ)â†2 + â†21 sin θ cos θ − â†22 sin θ cos θ + â†1â
†
2(sin

2 θ − cos2 θ)

− â†1â1 − â†2â2 + (η′∗ sin θ − η′ cos θ)â1 − (η′∗ cos θ + η′ sin θ)â2

+ â2
1 sin θ cos θ − â2

2 sin θ cos θ + â1â2(sin2 θ − cos2 θ)] :

=
4σ2

σ4 + 4
: exp

[
4− σ4

σ4 + 4
(â†1 sin θ − â†2 cos θ)(â†1 cos θ + â†2 sin θ)

+
(

4σ2

σ4 + 4
− 1

)
(â†1 sin θ − â†2 cos θ)(â1 sin θ − â2 cos θ)

+
( −4σ2

σ4 + 4
− 1

)
(â†1 cos θ + â†2 sin θ)(â1 cos θ + â2 sin θ)
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+
4− σ4

σ4 + 4
(â1 sin θ − â2 cos θ)(â1 cos θ + â2 sin θ)] : . (19)

Using Eq. (17), we obtain

Û =
4σ2

σ4 + 4
exp

[
4− σ4

σ4 + 4
(â†1 sin θ − â†2 cos θ)(â†1 cos θ + â†2 sin θ)

]

× exp
[
(â†1 sin θ − â†2 cos θ)(â1 sin θ − â2 cos θ) ln

(
4σ2

σ4 + 4

)

+(â†1 cos θ + â†2 sin θ)(â1 cos θ + â2 sin θ) ln
( −4σ2

σ4 + 4

)]

× exp
[
4− σ4

σ4 + 4
(â1 sin θ − â2 cos θ)(â1 cos θ + â2 sin θ)

]
, (20)

which is the normal ordered form of generalized Hadamard operator for (â1 sin θ−â2 cos θ) and (â1 cos θ+â2 sin θ)
and is unitary Û+Û = Û Û+ = 1.

Using Eq. (20) we have

Û(â1 sin θ − â2 cos θ)Û−1 =
1

4σ2
[(σ4 + 4)(â1 sin θ − â2 cos θ) + (σ4 − 4)(â†1 cos θ + â†2 sin θ)],

Û(â†1 sin θ − â†2 cos θ)Û−1 =
1

4σ2
[(σ4 + 4)(â†1 sin θ − â†2 cos θ) + (σ4 − 4)(â1 cos θ + â2 sin θ)], (21)

and

Û(â1 cos θ + â2 sin θ)Û−1 =
−1
4σ2

[(σ4 + 4)(â1 cos θ + â2 sin θ) + (σ4 − 4)(â†1 sin θ − â†2 cos θ)],

Û(â†1 cos θ + â†2 sin θ)Û−1 =
−1
4σ2

[(σ4 + 4)(â†1 cos θ + â†2 sin θ) + (σ4 − 4)(â1 sin θ − â2 cos θ)], (22)

which lead to

Û [(x̂1 − x̂2) sin θ − (x̂1 + x̂2) cos θ)]Û−1 =
σ2

2
[(x̂1 + x̂2) sin θ + (x̂1 − x̂2) cos θ)],

Û [(p̂1 + p̂2) sin θ + (p̂1 − p̂2) cos θ)]Û−1 =
σ2

2
[(p̂1 − p̂2) sin θ − (p̂1 + p̂2) cos θ)], (23)

from which we see that the generalized Hadamard op-
erator can also play a role in exchanging coordinates
[(x̂1− x̂2) sin θ− (x̂1 + x̂2) cos θ)] and [(x̂1 + x̂2) sin θ +
(x̂1 − x̂2) cos θ)] or momenta [(p̂1 + p̂2) sin θ + (p̂1 −
p̂2) cos θ)] and [(p̂1 − p̂2) sin θ − (p̂1 + p̂2) cos θ)], fol-
lowed by a squeezing transform, with the squeezing
parameter being σ2

2 .
In particular, when θ = π

2 , we have

∣∣∣∣η;
π

2

〉
= exp

[
− |η|2

2
+ ηâ†1 − η∗â†2 + â†1â

†
2

]
|00〉, (24)

which is the common eigenvector of (x̂1 − x̂2) and
(p̂1 + p̂2). The Hadamard operator in this entangled
state representation is

Û =
4σ2

σ4 + 4
exp

(
4− σ4

σ4 + 4
â†1â

†
2

)

× exp
[
â†1â1 ln

(
4σ2

σ4 + 4

)
+ â†2â2 ln

( −4σ2

σ4 + 4

)]

× exp
(

4− σ4

σ4 + 4
â1â2

)
. (25)

It then follows that

Û(x̂1 − x̂2)]Û−1 =
σ2

2
(x̂1 + x̂2),

Û [(p̂1 + p̂2)Û−1 =
σ2

2
(p̂1 − p̂2), (26)

which is in agreement with the result of Ref. [8].
In particular, when θ = π, we have

|η = ξ∗;π〉 = exp
[
− |ξ|2

2
+ ξâ†1

+ ξ∗â†2 − â†1â
†
2

]
|00〉, (27)

which is the common eigenvector of (x̂1 + x̂2) and
(p̂1 − p̂2). The Hadamard operator in this entangled
state representation is

Û =
4σ2

σ4 + 4
exp

(
σ4 − 4
σ4 + 4

â†1â
†
2

)
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× exp
[(

â†1a1

)
ln

( −4σ2

σ4 + 4

)

+(−â†2â2) ln
(

4σ2

σ4 + 4

)]

× exp
(

σ4 − 4
σ4 + 4

â1â2

)
. (28)

It then follows that

Û(x̂1 + x̂2)]Û−1 =
σ2

2
(x̂2 − x̂1),

Û [(p̂2 − p̂1)Û−1 =
σ2

2
(p̂1 + p̂2). (29)

In particular, when θ = π
4 , we have

∣∣∣∣η;
π

4

〉
= exp

[
− |η|2

2
+ η

â†1 − â†2√
2

− η∗
â†1 + â†2√

2
+

1
2
(â†21 − â†22 )

]
|00〉, (30)

which is the common eigenvector of (â1 − â†1) and
(â2 + â†2). The Hadamard operator in this entangled
state representation is

Û =
4σ2

σ4 + 4
exp

[
4− σ4

σ4 + 4
(â†1 − â†2)√

2
(â†1 + â†2)√

2

]

× exp
[
(â†1 − â†2)√

2
(â1 − â2)√

2
ln

(
4σ2

σ4 + 4

)

+
(â†1 + â†2)√

2
(â1 + â2)√

2
ln

( −4σ2

σ4 + 4

)]

× exp
[
4− σ4

σ4 + 4
(â1 − â2)√

2
(â1 + â2)√

2

]
, (31)

which is the unitary Hadamard operator for ( â1+â2√
2

)

and ( â1−â2√
2

). It then follows that

Û(−x̂2)]Û−1 =
σ2

2
x̂1, Û p̂1Û

−1 =
σ2

2
(−p̂2). (32)

4. Summary

With the aid of the IWOP technique, we have
proposed a new entangled state representation |η; θ〉.
We have proved the completeness relation of |η; θ〉
and shown that |η; θ〉 is orthogonal and entangled.
We have also derived a generalized Hadamard oper-
ator. This unitary operator plays a role of Hadamard
transformation for (â1 sin θ − â2 cos θ) and (â1 cos θ +
â2 sin θ). We have shown that this transformation is
concisely expressed in the entangled state representa-
tion as a projective operator in integration form. In
particular, when θ = π

2 and θ = π, this unitary oper-
ator plays a role of Hadamard transformation for â1

and â2, when θ = −π
4 , this unitary operator plays

a role of Hadamard transformation for ( â1+â2√
2

) and

( â1−â2√
2

).
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