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1 Introduction

Let (M, h) be a Hermitian manifold with Hermitian metric (h,z), and let (N, g) be a Rie-
mannian manifold with metric (g;;) and Christoffel symbols F;k A Hermitian harmonic map

u : M — N satisfies the following elliptic system

of O%ut oB oul OuF
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This system is more appropriate to Hermitian geometry than the harmonic map system since it is
compatible with the holomorphic structure of the domain manifold in the sense that holomorphic
maps are Hermitian harmonic maps when target manifolds are Kéhler. Since (1.1) does not have
a divergence structure nor a variational structure, it is analytically more difficult than harmonic
system. It was firstly studied by Jost and Yau in [6], and was applied to study the rigidity of
compact Hermitian manifolds. In [6], Jost and Yau consider the existence problems of Hermitian
harmonic maps under the assumption that the target manifold /N is nonpositively curved. And
Chen also studied the situation that the target manifold has nonempty boundary in [1]. In this
paper, we consider the case where target manifolds are convex balls.

Let N be a complete Riemannian manifold with sectional curvature bounded above by a
positive constant k, and Br(O) be a geodesic ball of radius R with center at fixed point O € N.
If R < ﬁ, and Bp(O) lies in the cut locus of O; then the geodesic ball Br(O) will be called
by a convex ball.

Now let us fix some notation. Assume that N is a Riemannian manifold. On N we always
choose the Levi-Civita connection which is compatible with the Riemannian structure. On M
now we choose the connection V such that it is compatible with the holomorphic structure on
M and torsion free. We denote the standard Beltrami-Laplacian by A and the Laplacian of the

holomorphic torsion free connection by A respectively. Then one can define Vdu(X,Y) by
Vdu(X,Y) = Vydu(X) — du(VxY)

for any smooth map u from M to N. The torsion free assumption makes the above defined

Vdu(-,-) symmetric. And it is natural to define the tension fields of the map u as

-0 3 a 0 5. 0%u! - Oul OuF 0
_ i — pap = Y y_paB _ i el W
o(u) =o(u) S h Vdu((‘)za’ 8zﬁ) h (azaazﬂ + I 970 8zﬁ)8ui (1.2)
If u is a function on M, then
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where V is a well-defined vector field on M and V is the Levi-Civita connection on M.

After giving some preliminaries in section 2, we will discuss the case where domain manifolds
are compact. Firstly, we prove that there exist no non-trivial Hermitian harmonic map from

closed Hermitian manifold into convex ball. In fact, we obtain the following theorem:

Theorem 1.1 Let M be a closed (compact, without boundary)Hermitian manifold, and N be
a complete Riemannian manifold with sectional curvature bounded above by a positive constant
k. Let u: M — N be a Hermitian harmonic map, and the image u(M) C Br(O). If R < ﬁ,

and Bgr(O) lies in the cut locus of O; then u must be a constant map.

Secondly, we consider the case that domain manifold has non-empty smooth boundary. We
use the heat flow method to prove the solubility of the Dirichlet problem for Hermitian harmonic

maps. We obtain:

Theorem 1.2 Let M be a compact Hermitian manifold with non-empty smooth boundary
OM, and N be a complete Riemannian manifold with sectional curvature bounded above by a
positive constant k. Let ¢ : M — N be a smooth map, and the image ¢p(M) C Br(O). If

arccos MES

R < N and Br(O) lies in the cut locus of O; then there must exist a unique Hermitian

harmonic map u, such that u|grn = Plons-

2v5
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Remark: We hope that the condition R < T5 can be weakened by R < ﬁ, but for
technical reasons, in this paper we can only solve the Dirichlet problem for Hermitian harmonic

map under this stronger condition.

As similar to harmonic maps, in section 4 we consider Hermitian harmonic maps from com-
plete Hermitian manifolds into convex balls. The existence of Hermitian harmonic maps from
complete Hermitian manifolds into Riemannian manifolds with non-positive curvature had been
investigated by Lei Ni [8], Grunau and Kiihnel [3]. In [3], Grunau and Kiihnel introduced an
invertibility condition on the holomorphic Laplace operator between suitable chosen function
spaces. In fact, their proof shows that the solubility of the Poisson equation with respect to the
holomorphic Laplace operator ensures the existence of Hermitian harmonic maps. Inspired by
this, we will impose some conditions which are similar to those in [3], and we prove the existence
of Hermitian harmonic maps from complete Hermitian manifolds satisfying these conditions into

convex balls by using theorem 1.2 and the compact exhaustion method.



2 Preliminary Results

We will solve (1.1) using the method of heat flow. Let u : M x R — N. We consider the

following parabolic system:

5_o%u Bpi Ol dub _ oul
10, T 0 — 0
u(z,0) = ¢(2) for ze M (2.1)

u(z,t) = ¢(z) for ze oM, 0<t<oo

where ¢ is a smooth map from M to N such that ¢(M) is contained in the convex ball Br(O). By
linearizing and using results about linear parabolic systems and the implicit function theorem,
it follows in a standard manner that (2.1) has the short time existence.

In the following computation we need a Hessian comparison theorem by [4]:

on the product N x N we introduce the Riemannian metric
<X10Xo,Y10Y, >=< X1,Y1 >+ < X5, Y5 >

for X;,Y; € T,,N,y; € N,i=1,2.
The distance function on N,
p:NxN—-R

is of class C? on Br(O) x Br(O) outside the diagonal. So we have:

Lemma 2.1([4][5]) Vy = (y1,v2) € Br(O) x Bg(0),V € Ty(N x N),
Q = (1 —cos(Vkp(y1,y2)))/k : Br(O) x Br(O) — R.

Then the Hessian of QQ admits the following estimates:

\V|2 Y = ¥y2
V2Q(V,V) > )
! ) { % - kQ(y)|V\2 Y1 # Yo

and
VEQ(V,V) > (1 - kQ(y))|U|?

if V' has the special form U &0 or 0 U.

Multiplying the metric tensor by a suitable constant we may assume the upper bound of
the sectional curvature of N to be 1 throughout the rest part of this paper. We set f(x,t) =

Q(u(z,t),0) and e(u) = hoB Gij gg; 271%. At first, we will prove that the image of the solution of

(2.1) contained in the convex ball Br(O) (R < %) under the flow such that we can use Lemma

2.1 for any time t. We have:

Lemma 2.2 Assume u(z,t) is a solution of (2.1), then p(u(z,t),0) < R for any (z,t) €
M x R.



Proof: Suppose not, so we can assume that at some point (zqg,%9) € M x R, p(u(zg,tp),0)

is equal to R for the first time, so we have:

0
Ef’(ZO,to) 2 07 Vf’(zo,to) - 07 Af’(zo,to) S 0

On the other hand, from (2.1) and Lemma 2.1, we compute at (zg, to)

ou
(A — —)f h"‘5V2Q(— ©0, 5 @ 0) > e(u)cos R > 0. (2.2)
So we have the contradiction. O
Next we will give estimates for |us|? := | L2 = g 852 %ﬂ and e(u). By the assumption of

the curvature, using the formulas (4), (7) in [6], we have

9
(&= E)‘“”Q > |V |* = 2us*e(u) (2.3)

(B~ hye(w) = 5Vl ~ 2e(w)(e(u) + ) (24)

where c is a positive constant depending on the upper bound of both first and second derivatives

of domain metric.
Let b=1—cosRy,0 < R < Ry < 5. Hence (b — f) is a positive bounded function. By (2.3)

we can obtain

X 0 \Ut|2 . 1 2/ x 0 2 2
(&= 24200~ ) < VI, V1 > +3fu IV P
>3 = Fel(V = 2 Pe(u)(b = 17 + 201 = )b 1)
+2(b — f) < Vug)®, Vf > +3Jug*|V£|?]
So we get
(& -2y ul Vb= £+ 201 = B)(b— Fe(wlus
at’(b—f)2 = - Hr T !
+2(b— f) < Vw2, Vf > +3Ju |V £ ] (2.5)
and
Vil = b= vl 5 1 vy (26)
6 f2 %7

By Schwarz inequality and (2.6) we have

i 0wl 1 v Jue|?

( —5)(b_f)2_b_f (b—f)2’vf> (2.7)




from the maximum principle, |u¢| is uniformly bounded.

Similarly we also have

0 e(u)+c 1 e(u) +c
AR S Pyl

where c¢ is the same constant in (2.4).

A —

Vf> (2.8)

To get global C! estimate, from the formula (2.8), we know that it is sufficient to prove the

boundary C! estimate. Firstly we need the following:

Lemma 2.3([6]) There ezist 6o > 0 and Ry > 0 with the following property:

If uw is a solution of (2.1) for 0 <t < T and if for some ty, 0 < to < T, u(B(zg, R),ty) C
Bs(p),xo € M, B(z9,R) C M,0 < 6 < &g, for some R,0 < R < Ry,p € N,(B(q,7):={q € M :
d(g,q')), then

|Vu(zo,to)] < % (V denotes the spatial gradient)

where 6o, Ry and ¢ depend on the geometry of M and N and on sup |us(z,to)].
B(zo,R)
Lemma 2.4 Let u be a solution of (2.1) for 0 <t <T', and the radius of convex ball R < 7.
Then there exits 0 < tog < T s.t.

|Vu|(z,t) <c  (V denotes the spatial gradient)

for z € OM,0 < tg <t < T, where c is independent of t.

Proof : Lemma 2.3 has given interior gradient bound, and it consequently suffices to show

if d(z1,20) = 1,21 € OM,d(22,29) < r, we have
plu(z1,t),u(z2,t)) < cr (2.9)

for some constant ¢; independent of ¢.

By Lemma 2.1 we know for any z1,29 € M, u(z1,t),u(z2,t) can be joined by a unique
geodesic arc. We continue the geodesic arc from u(zo,t) to u(z1,t) beyond u(z1,t) until we
reach a distance 7 from wu(z1,t) such that the corresponding point denoted by ¢ is contained in

Bz (0). We consider L(z,t) = 1 — cosp(u(z,t),q). Then by the choice of ¢, we have

(A — %)L(z,t) >0 (2.10)

We then solve the following linear parabolic problem:

H:MxR—R

(A= F)H(2,t) =0

H(z,0) =L(2,0) for ze M
H(z,t) = L(z,t) for z€0M, 0<t<oo

(2.11)



since L has smooth boundary values, so does H.

The maximum principle implies
L(z,t) < H(z,t) for t>0,ze M (2.12)

Now by (2.11) and (2.12)

p(u(z1,t),u(z2,t)) = p(u(ze,t),q) — p(u(z1,t),q) by the choice of q
L C R eN))
< S (H(e 0~ H(1, ) 213

since z; € OM. From the theory of linear parabolic equations, the solution of (2.11) has a

boundary Lipschitz bound. So we get (2.9). O

Using (2.8) together with Lemma 2.4, we know e(u) is also uniformly bounded, so we obtain
the long time existence of the solution of the equation (2.1).

Let uy(x,t) and us(z,t) are two sequences of maps from M into the convex ball Br(O).

Let
P(z,t) = Q(ur (2, 1), u2(2, 1))
fiz0= cg(uz 7 (2.14)
= Z fz 2, t
Using lemma 2.1, one can check that when u(z,t) # ua(z,1),
2 2 u u
(B~ g2 D~ Y el + d@i(otm) ~ Gh e (ol = G, 215)
when uj(z,t) = ua(z,t),
~ 0 2 Ou Oug
(B~ g 2 Y efu) +Q(otm) = ) & (ow2) = ), (2.16)
and,
2
(5_%)90 >Z(% (fl)|vfz|2+w(fz)(1_fz) ( z) (2‘17)
i ()Q(o () - %) 3.0).
Assume that uq(z,t) and ua(z,t) both satisfy (2.1), and set function w(s) = —In(1 — s)

n (2.14). By formulas (2.15), (2.16), (2.17), and the fact w” = w2, one can check that when
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e (A=) = (A - - B(A at)s0+ < Vi, Vi) > +3¢|Vel?
> V¢ 1112 e(u;) + ¢Z ”|sz|2
2
Z (1= fi)e(ui)+ < Vi, Vo > +—w\Vso|2
2.18
> V 2¢Zw”\wl\2+ <V, Vi) > (2.18)
=1
+3e7% < Vi, V(ey) >
> Ly Z IV — TVl + ge¥ < Vo, V(ety) >
> fe % < Vi, V(ety) >
When u(z,t) = ua(z,t), we have ¢ = Vi) = 0. So,
8 2
(A - 2)ef > Z > (2.19)

From (2.18) and (2.19), the maximum principle implies the uniqueness of the solution of the

equation (2.1). So,we already have:

Proposition 2.5 If $(M) C Br(O),R < % and Br(O) lies in the cut locus of O, then the

evolution equation (2.1) has a unique solution which exits for 0 <t < oco.

3 Hermitian harmonic maps from compact manifolds into con-
vex balls

Firstly, we consider Hermitian harmonic map from a closed manifold(compact without bound-

ary) to convex ball Br(O).

Proof of Theorem 1.1: Let u : M — N is a Hermitian harmonic map, that is, u satisfies
(1.1), and u(M) C Br(O),R < §. Putting f(z) = Q(u(z),0), we have

Af(z) > e(u) cos p(u(z),0) > 0 (3.1)
Since M is closed, the function f(z) must be constantly, hence p(u(z),0) is a constant. We
conclude that u(M) C S,(O), where S,(O) denotes a geodesic sphere of radius r with center
at O. And there must be a point zg € M such that u(zg) € S,(O). We join u(z9) with O by
a geodesic arc. On this geodesic arc, we can choose a point O’ which different with O such
that we can find another geodesic ball B,.(O’) satistfying B,(O) C B,»(O") C Bgr(O). Setting
F'(z,t) = 1 — cos p(u(z),0’), we also have AF’(z,t) > 0. Using the maximum principle again,



we have p(u(z),0") =r — p(O,0") =", for any z € M, i.e. w(M) C S,»(0O"). But it is easy to
see that there only one point in S,.(O) () Sy (O"), so u(M) = u(zp). O

Proof of Theorem 1.2: First of all, we will show that if ¢(M) C Br(O),

A L
_ > .
where R = arccos Q\f < 7, Ro = arccos \5f7 and b =1 — cos Ry. In fact, from (2.5) we have
i 0y |wl? 1 2
_ > _ _
+2(1 = 0)(b = )lurl*e(w) — |ue*[VF[*}
> 2 0 —1f)4 lut|?e(u)[cos Ro(cos p — cos Ry) — sin? p] (3.3)

To get (3.2), it suffices to prove that cos Rg(cos p(u, O) — cos Rg) — sin? p(u, Q) > 0, i.e.

1
cos p(u, 0) > 4/ Z cos? Rp+1 — 5 Cos Ry (3.4)

And it is easy to see that when Ry = arccos \[ , the right side of (3.4) reaches its minimum
2\/_ Therefore we have proved (3.2), when p(u(z ) 0) < R = arccos 2\/_

Now, we solve the following Dirichlet problem on M ([9], Ch5. proposition 1.8):

~ " 2
{ Bu(z) = = lizo (3.5)
v(z)lom =0
Setting w(z,t) = fg (l‘)“t]‘c (z,s)ds —v(z), By (3.2), we can see that
A— 2 t)>0
( 8t)w(27 =
w(z,t)|on =0 (3.6)

Again by maximum principle we have

[ Gl < sup o)l < (3.7
sup |v(z 00 .
0 (b - f)2 B ZGZ\I}
0
Hence we conclude that there exists a sequence {t;} such that tlim u == lim a—z: = 0. Then,
=00 tj—00

the standard elliptic regularity implies that there exists a subsequence u(z,t;) converge to a
Hermitian harmonic map as i goes to oo.
Assume that u1(z) and ua(z) both are Hermitian harmonic maps satisfying the same bound-

ary condition. Similar as (2.18) and (2.19), it is easy to obtain

~ 1
e P Nef) > 56_“0 <V, V(e?y) > . (3.8)



or when uq(2) = us(z)
e_“DAe‘% >0, (3.9)

where 1, ¢ is defined in (2.14). Then the maximum principle implies the uniqueness of Hermitian

harmonic map. O

4 Hermitian harmonic maps from complete manifolds into con-
vex balls

In this section, we consider the existence of the Hermitian harmonic maps from some complete
Hermitian manifolds into convex balls. Here the complete means complete, noncompact, and
without boundary. We will use the solubility of Dirichlet problem which we have obtained in the
above section and the compact exhaustion method to prove the existence of Hermitian harmonic
map.

Next, we impose two invertibility assumptions on the holomorphic Laplace operator between

suitably chosen function spaces.

Assumption 1:  There exist positive numbers pu,u’ > 0 such that for every nonnegative

function © € C’S(M), there exists a nonnegative solution v € C’g,(M) of

Av = —0. (4.1)

Assumption 2:  There exist positive numbers p,p’ > 0 such that for every nonnegative
function f € LP(M) N CO(M), there exists a nonnegative solution u € LP (M) N CO(M) of

Av=—06

where CS(M ) denote the space of continuous functions v which satisfy that there exists zg € M
and a constant C'(v) such that |v(z)| < C(v)(1 + dist(x,zq)) .

Theorem 4.1. Let M be a complete Hermitian manifold, N be a complete Riemannian
manifold with sectional curvature bounded above by a positive constant 1, and ¢ : M — N be
a smooth map such that the image ¢(M) C Br(O). Here R < arccos 25£ and Br(O) lies in
the cut locus of O. If the assumption 1 is satisfied with positive numbers u > 0,u’ > 0, and
o(p) € C’B(M), then then there exists a unique Hermitian harmonic map w:M — N such that u
is homotopic to ¢ and (1 — cos(p(u, ¢))) € Cg,(M), where p is the distant function on N.

If the assumption 2 is satisfied with positive numbers p > 0,p’ > 0, and o(¢) € LP(M),
then here exists a Hermitian harmonic map u:M — N such that u is homotopic to ¢ and
(1 - cos(p(u, @) € L¥ (M),

10



Proof. Let {Q,} be an exhausting sequence of compact subsets of M, i.e. they satisfy
o0
Qa C Qa11, U Q. = M. By Theorem 1.2 we have {u,} which solve the Dirichlet problem

a=1
{ o(ta) =0 (4.2)

ua‘aﬂa = ¢

By lemma 2.2, we know the maps u, which we constructed must satisfy u, () C Br(O).

As above, we denote f, = Q(uq,0), Ry = arccos é, and b = 1 — cos Ry. By similar

computation which we have done in section 2, and formula (2.4), it is not hard to see that

Agilialy > b {2e(ua) (b — fa) (1 = b) — 26(ua)? sin® plua, 0)} — 2eq2ek

2e(uq )> e(uq)

= (cos? p(ta, O) + cos p(tq, O) cos Ry — cos® Ry — 1) — QC(b_fa)Q,

where ¢ is the same constant in (2.4). Since uo(2o) C Br(O), it is easily to check that
cos? p(uq, O) 4 cos p(uq, O) cos Ry — cos> Ry — 1 > 0.

So, we have

(4.3)

on Q.. Using Moser iteration(see [2] or [7]), one can easily check that the mean-value type

inequality also holds here for e(u,)

sup  e(uq) < crlle(ua)llna(B(zo,m) (4.4)
x€B(20,%)

for any ¢ > 0, and sufficiently large « such that B(zg,2r) C £, and c; is a constant independent
of a. Therefore we can reduce the point-wise estimate of e(u,) to an integral estimate of e(uy).

In the following, we will discuss like that in [8] to estimate the integral of e(u,) over geodesic
ball B(zp,7). Let G(z,y) be the positive Green function on B(zg,2r) C €, satisfying the
Dirichlet boundary condition. And 6 is a cut-off function supported in B(zg,2r) with § = 1 in
B(zp,7). Then we have

fola) == | IPRCCRIIICA

By the Schwartz inequality we can write

Aofa) = O0fa+2<Vfa,VO>+f,A0
= OAfy— o <V,Vfy>+2< V[, V0> +f N0

= fe(uq)cosp — 0||V||\/26(ua)sinp— 2|VO|\/2¢e(uqy) sinp + fo NG

2
sin” p ‘V; N (4.5)

1
> —He(ua)cosp 2C ||V||l9 8——

11



So we have

1 sin?
falwo) < -3 G, y)0e(ua) cos p + Gla.y) @ LIV
Bag (2r) Bag (2r) Cos p
.2 2
LgSp M £.00)
cosp 0
Using the fact f, is uniformly bounded, we can get
/ e(uq) < C. (4.6)
B (r)

Here the constant C' is independent of a. Hence from (4.4) we know e(uy) < C for some
constant C, independent of a. Then the standard elliptic theory shows that, by passing a
subsequence, u, converge uniformly over any compact sub-domain of M to a smooth map u
such that u is a solution of (1.1) on M.

Putting u1 = uq, u2 = ¢ in (2.14), i.e. ¥(2) = Q(ua(z),d(2)), and taking w(s) = — 5 In(1 —
2s), discussing like that in (2.18) (2.19), we have: when ¢(z) # uq (%),

|V¢|2 . & ) 1 2 " 12
0 w;e(uz)+ 2¢;w |V

PN > P! (f2)dQ(a () @ 0) +

2
HO W~ Felu)+ < VT > 45Vl +4Q0© o(6)

\Y]

~eallo (@ ||+¢z Y(1 - f) - Ve(us)

2

+§wzw"<fi>\wi\2 - SVl

i=1

where ¢ is a positive constant. Using the fact that w” = 2w'?, we have

e APy > —co([lo()]) —Hbz 2f

> —clle(@)]]) (4.7)
since 1 —2f; € [M — 1,1] by our assumption. Similarly, when ¢(z) = uq(z), we also have
e P A = —er([lo(9)]) (4.8)

By the assumption, and the definition in (2.14), one can check that 0 < ¢ < —1 ln(% -1).
When the assumption 1 is satisfied, we can find a non-negative function v; € CB,(M ), such that
Avy = —csllo(¢)| in M, where ¢5 = c2(4‘/_ 1)_%. By (4.2), the coincidence of u, and ¢ on

09, and the maximum principle, we have

1 —cos p(ta, d) < vy

on (. Then,
1 —cosp(u,d) < vy (4.9)

12



on M. So, the Hermitian harmonic map u which we have constructed must satisfy (1 —
cos(p(u, ¢))) € Cp/(M).

The uniqueness of solution u with the mentioned properties can be proved by the same way as
that in [3]. Let @ be an arbitrary Hermitian-harmonic map such that (1—cos(p(u, ¢))) € C’g, (M).
Using the inequality 1 — cos(A + B) < 4(1 —cos A+ 1 — cos B) for any A, B € [0, 7], we have

0 < 1—cos(p(u, @) < 4{(1 — cos(p(u, 8))) + (1 - cos(p(@i, &)} € CU(M)  (4.10)

Hence for every e > 0 outside a sufficiently large ball B(zg,r) around an arbitrary zg € M we

have
1 —cos(p(u,u)) <e. (4.11)
On the other hand, from formula (4.7) (4.8), we have
Ae?(1 — cos(p(u,@))) > 0, (4.12)

where we put u1 = u, ug = @ in (2.14). By the maximum principle, we have 1 — cos(p(u, 1)) <

»n
IS
Il
=41

(% —1)7te on all of M for every € > 0 and hence 1 — cos(p(u,@)) = 0. This implie

When the assumption 2 is satisfied, we can find a non-negative function v € Lp/(M ), such

that Avy = —c3|o ()| in M. Discussing like that in the above, we have
0<1—cosp(u,p) <vs. (4.13)

So, the Hermitian-harmonic map u which we have constructed must satisfy (1 — cos(p(u, ¢))) €

Lp/(M ). The property that u is homotopic to ¢ is obviously. O

Remark: The assumption 1 was introduced by Grunau and Kihnel in [3], and they had
constructed some examples which satisfy the assumption 1. Next, with help of the following two
definitions, we want to discuss the assumption 2 on the holomorphic Laplace operator. We also
discuss the uniqueness of Hermitian-harmonic maps from complete Hermitian manifolds into

convex balls under some stronger conditions.
Definition 4.2. (Positive spectrum) Let M be a complete Hermitian manifold, we say

the holomorphic Laplace operator A has positive first eigenvalue if there exists a positive number

¢ such that for any compactly supported smooth function v one has

/M(—ﬁv)v >c /M V2. (4.14)

The supremum of these numbers ¢ will be denoted by S\I(M)

13



Definition 4.3. (L2?-Sobolev inequality) Let M be a m-dimensional(complex) complete
Hermitian manifold (m > 1), we say the holomorphic Laplace operator A satisfies L?-Sobolev

inequality if there exists a constant S(M) such that for any compact supported smooth function

v one has
/ (—=Av)o > S(M)( / VT ) B (4.15)
M M
Lemma 4.4. Let M be a complete Hermitian manifold, and the holomorphic Laplace

operator A has positive first eigenvalue j\vl(M) Then for a nonnegative continuous function 6
the equation
Av=—0

has a nonnegative solution v € Wfofm N C’llof( MYNLP(M)(0 < pB<1)if©® € LP(M) for some
p=>2.

Proof. We first solve the following Dirichlet problem on ,([9]; Ch5, proposition 1.8)

Avy, = —0
@ ’ 4.16
{ Ua‘aga = 0. ( )

Here ), is a exhaustion of M. First, by the maximum principle, we know that v, > 0. Now

multiplying v2~! on both-sides of the equation and integrating by parts we have that

/ ol — /(—Ava).vg—l
Qo Qo

— (- 1)/Q W2 (V2 — /Q WPV, V). (4.17)
On the other hand, using the assumption that M (M) > 0, we have

MO [ o< [ (-Bedd
Qa Qo

- (73)2/ vg—2|wa\2—73/ PV, Vo). (4.18)
2 Qa 2 Ja,
Adding (4.17) and (4.18), we have
P [ gwi=PP —1)/ v§_2|Vva|2—|—5\v1(M)/ WP (4.19)
2 Ja., 22 Qa Qa

From the above inequality, using Holder inequality, we have
1

( /Q WP)F < 2)\ [ o), (4.20)
a 1

Using the interior LP estimates for the linear elliptic equation ([2], Theorem 9.11) we know that,
over a compact sub-domain €2, there will be a uniform bound for [[va|w2s(q). Therefore, using

Rellich’s compactness theorem, by passing to a subsequence we know that v, will converge to
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a solution v € WliCp(M) N LP(M) on the manifold M. Since © € L] (M) for any q > 2m, then

loc

the regularity theory for linear elliptic PDE implies that v € W2*™ (M) N CL2(M). O

loc loc

Replacing the Poincaré inequality (4.14) by the Sobolev inequality (4.15), and the test func-

tions v2~1 by v2~! (where a = %) in the proof of above lemma, we can prove the following

lemma.

Lemma 4.5. Let M be a m-dimensional (complex) complete Hermitian manifold, and the
holomorphic Laplace operator A satisfy the L?-Sobolev inequality (4.15). Then for a nonnegative

continuous function © the equation
Av=-0

has a nonnegative solution u € Wl2’2m N Cllocﬁ(M) NLYM)O0 < B <1)if f e LP(M) for some

oc

mp
m—p "’

m>p > 2, where q =

The above two lemmas show that when the holomorphic Laplace operator A has positive
first eigenvalue (or satisfies the L? Sobolev inequality) then the condition 2 must be satisfied for

some positive numbers p, q.

Corollary 4.6 Let M be a complete Hermitian manifold, N be a complete Riemannian
manifold with sectional curvature bounded above by a positive constant 1, and ¢ : M — N be a
smooth map such that the image ¢(M) C Br(O). Here R < arccos % and Bgr(O) lies in the
cut locus of O. If the holomorphic Laplace operator A has positive first eigenvalue S\I(M), and
o(¢) € LP(M) for some p > 2. Then here exists a Hermitian harmonic map uw:M — N such
that u is homotopic to ¢ and (1 — cos(p(u, ¢))) € LP(M). In particular, if the difference vector

fields V in (1.4) satisfies |V||L < 00, then, in this class, the solution is unique.

Proof. The existence of Hermitian harmonic maps is a corollary of theorem 4.1 and lemma
4.4. Let w an arbitrary Hermitian harmonic map satisfying the properties which mentioned in

the assumption. By the formula (4.10), we have

1 —cosp(u,u) € LP(M). (4.21)
Using the formula (4.12), and discussing like that in [8] (pp. 346-347), we have

/M(l —cos p(u,w))’ <0 (4.22)

which implies the uniqueness. O
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Corollary 4.7 Let M be a m-dimensional (complex) complete Hermitian manifold, N be a
complete Riemannian manifold with sectional curvature bounded above by a positive constant 1,
and ¢ : M — N be a smooth map such that the image ¢p(M) C Br(O). Here R < arccos % and
BRr(O) lies in the cut locus of O. If the holomorphic Laplace operator A satisfy the L?-Sobolev
inequality, and o(p) € LP(M) for some p € [2,m). Then there exists a Hermitian harmonic
map w:M — N such that u is homotopic to ¢ and (1 — cos(p(u, ¢))) € LI(M), where ¢ = mm—_%j.
In particularly , if the difference vector fields V in (1.4) satisfies ||V||L~ < oo, then, in this

class, the solution is unique.

Proof. We only need to prove the uniqueness of the solution. First, we will use the above

L2-Sobolev inequality to deduce a mean-value inequality of functions v which satisfy
Av > 0. (4.23)

Let 0 < 61 < 92 <1, and 0 € C§°(B(20,2r)) be the cut-off function

0(3:) _ 1; T € B(Zo, (1 — 52)7“)
0; x € B(z9,2r)\ B(zo,((1=101)r)

0<0(x) <1and VO] <2(5 —61) 'r .
Let A > 2, multiply v~ on both sides of the formula (4.23) and integrate by parts. Then

—4AZL [ V020262 — [ (Y, VO)o 10
+ [V, Vo)uA=16% > 0.

Using the Sobolev inequality that

| (=Botopto = sauy([ @io)FT—,

M m

we have
1
HVHLoo/ vAeyve|+—/ vA\VHIQES(M)(/ VATET gy B (4.24)
M 2 Jm M
By the Schwarz inequality, then

/ 7)A(l—&—ﬁ) < 04{(52 _ 61)—27,—2/ 'l)A}H_ﬁ (425)
B(z0,(1—62)r) B(z0,(1—61)r)

Using the Moser’s iteration, we have the following mean-value inequality.

=

ol e e gy < G2 [ ) (4.26)

B(zo,r)
Here c; is a constant depending only on A, S(M), and ||V'|| e (as). Let @ an arbitrary Hermitian
harmonic map satisfying the properties which mentioned in the assumption. As in corollary 4.6,
we have 1 — cos p(u, 1) € L9(M). Then the formula (4.12) and the mean-value inequality imply
that 1 — cos p(u,a) = 0. Hence u = 4. O
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