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Abstract

In this paper, using asymptotic expansion method, we obtain accurate solutions for some nonlinear two point boundary value
problems with rapidly oscillating coefficients.
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1. Introduction

For elliptic problems with rapidly oscillating coefficients, the method of multi-scale asymptotic expansions which
is thoroughly described in numerous sources (see e.g. [1-6]) is very effective, for it couples the macroscopic and
microscopic scales together; it not only reflects the global mechanical and physical properties of the structure, but also
the effect of micro-configuration of the composite materials.

For the following one-dimensional Dirichlet problems with rapidly oscillating coefficient

d <a (%) di) =f(x), xe(cd),

E ¢/ dx
w () = uo, (D
ué(d) = uy,

where a(x/¢) is a 1-periodic function.
In [1], homogenization method is introduced to solve problem (1.1). The procedures are presented as follows:
0 1

1M = ——.
fi(/aE)) dé
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(2) Solve the following problem:

d (Odu)
—la"— =), x¢€(a),
dx

dx
u(c) = uo, (1.2)
u(d)=u.

Then u is the homogenization solution for problem (1.1).

It is proved that u® — u in H 1 (c, d), but the error estimate is not given.

On basis of [1], using asymptotic expansion method, [3] obtain an accurate expression of u? for problem (1.1).

In this paper, we will consider how to propose an asymptotic expansion method for the following nonlinear two
point boundary value problems with rapidly oscillating coefficients:

i (105 ) G (Gr) o (v = s e, (13)

u®0) =uo, u®(l)=uy,
where f € C®[0,1] and a(x/¢), b1(x/¢), ba(x/¢) are three 1-periodic functions, ¥ (du®/dx) is a function about
du®/dx and yr, (u®) is a function about u®. For example, | (du®/dx) = du®/dx, Y, (u®) = (u®)?.

2. Asymptotic expansion method for problem (1.3)

In this section, let us consider how to solve problem

dcic (“( ) (ilu > b1 ( )Wl ( 8) b2 (f) Vo) = f (0, x€O.D, @.1)
ut(0) =uo, u’(l)=uy,

where f € C*[0,1], bi(x/¢e) and by(x/¢) are two 1-periodic functions, ;(du®/dx) is a function about du®/dx and
W, (u?) is a function about u®. For example, ¥/ (du®/dx) = du®/dx, Y, (u®) = (u®)2.

For simplicity, we assume that/ =me (m € N).

At first,we will take following steps to obtain an asymptotic expansion expression of u®(x) for x = ie (i €
N, 1<i<m—1).

(a) Obtain constants ff and f§, (k € N U {0}) and let u®(i¢) be expressed as follows:

u(ie) = Plut((i — Do) +u(G + D)l + > pd T2 fPie). 22)

k=0

(b) Have constants ag, by and function F(x) and then introduce function U (x) by following equation:

4 (aodU(x)> + boy; (M) +Y,(Ux)) =F(x), x€(0,D),

dx dx dx (2.3)
U) =up, U(U)=ui,
which such that
ub(ie) =U(e), 2.4)
wherei =0,1,...,m.
Now let us consider (a) firstly.
Set
. . X —ié
E=[({~—1De (+Del, &= (2.5)
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and denote function w(&) by

(&) =u’(x).
Considering

dut(x)  _dfo  da(x/e)  _da(d)

o = dék , o =¢ i xe E=[G—1)e @+ 1],
where k =1, 2.
We see from (2.1) and (2.7) that

dw d
[ i ( (é)—f)) +ab1 () (%) + 20 (O (@(0) = 2 [ (),

(=) =uf((i — De), o) =u?( + De),

where x € E and £ = (x — ig)/e.

It is seen from (2.8) that u®(i&) = @(0). In the following, we will consider how to obtain w(0).

Using Taylor expansion, we have

(x ®) & w
f(x)—Z iy ()—Z V6, x ek,

k=0 k=0

and then obtain

do d 00 k‘k+2
[ é( <é>—(5)) + b1 (O, (ﬂ> + b @@) = 50 Wi,

dé d¢ k=0 k!
o(=1) =u®((i — De), o) =u’((i + De),

where x € E and £ = (x — ig)/e.
Introduce functions o(&) and & (&) (k € N U {0}) by

d d
{ é( © “(5)> +ab1(é)wl( a(@)+82bz(é)!//2(0<(5))=0,

d¢ d¢
(=) =u((i = De), a(l) =u®(( + De),

and

d da k
[ = ( © “"(@) + b1 (O ( %) ) T+ 254 () = %

d¢
G (=1) =0, & (1)=0.
Further, we see from (2.11) and (2.12) that
w(&) = (&) + Z &80 9 (o)
k=0
and then obtain

(0) = a(0) + Zak”Ak(O) F®Ge).
k=0

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)



W.-m. He / Nonlinear Analysis: Real World Applications 8 (2007) 1390—1397

Set

B = 3x(0).

Now we know the key to have (a) is to solve (2.11) for ¢ = 0.
Assume that functions () and 5, (&) are defined by following (2.16) and (2.17):

d df .
df( © ﬁ‘@)) +sb1(6)l/11( b ‘@) + by (B (6) =0,

dé dé
Bi(=D=1, B(1)=0

dp .
df( @ ﬁz(@) +eb1(é§)lﬁ1< p 2(é)> + by (Ba(8)) =0,

d¢
Br(=1)=0, Br(1)=1.
We get from (2.11), (2.16) and (2.17) that

(&) = By (Eu(( — De) + Bo(Ou’ (G + De)
and then obtain

2(0) = By (O)u((G — De) + B, 0)u (G + De).
It is obvious that B 1(0) = 232 (0), set

B =p10) = B,(0)
and we have

2(0) = Blu’((i — 1)e) +u®(( + De)l.
Combining (2.13) and (2.19)—(2.15), we see

and

@(0) = Blu(( — De) + u*((G + Da)l+ Y Bt P (ie).

k=0
That is to say, we obtain
uf(ie) = lu((i — Do) + u (i + D)l + Y pref 2 r O ie).
k=0

We finish (a).
Now, let us consider (b).
Assume that ag and by are two constants and the following equation:

d d do
= (ao z(;) ) bo%( d( )> + @) =0, xeE,

such that
o(ie) = Pla((@ — De) +a((@ + De)].
Fork =0, 1,2, ..., denote functions o (£) by

d da da (& k
{— (ao “"@> +eb0¢1( “k(§)> + PPy Gi(0) = % fel-1.1],

dé dé dé
T (—1) =% (1) = 0.

1393

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

221

(2.22)

(2.23)

(2.24)
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Solve problem (2.24) for k € N U {0} and set
B = %:(0).

Combining (2.21) and (2.25), we have

B

ut(ie) = Plut((i — De) + u®((i + De)] + Z R (0) 2 £ B g,

o P
Introduce function F(x) € C*°(0, /) by

5k )
0)
3 =f

k

F® 0) =

and we obtain that
® iy Py
F¥(ie) = = " (ie),

B

wherei =0,1, ..., mand k € N U {0}.
Finally, introduce function U (x) by

dx dx
UQO)=ug, Ul)=u.

In the following, we will prove
u®(x) = U(x),

where x =ie i =0,1, ..., m).
For x € [(i — 1)¢, (i 4+ 1)¢], in view of

F(x)_Z(x . )F(k)( 6 = Zf £FO (i),

k=0 ’ k=0

We have from (2.22) and (2.24) that

Uie) = PLU (G — De) + U((i + De)] + Z &akf(’” (ie)a

k=0 Pk

=BIUG — De)+ UG+ Dal+ Y Bek £ ie).

k=0
Note that
U0) =u®0), Ul =u®W0.

Fori=1,2,..., m — 1, we have from (2.21) and (2.32) that

{ug(i8) —U(ie) =Pl — De) = U — D&)) + (G + De) —

ut(0) — U©0) =u*() —UI)=0

d dU dU
[—(ao (x)) 0%( (x))+w2<U<x>>=F(x>, x e 0.0,

Ui + De)l,

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

2.31)

(2.32)
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and then obtain
ub(ie) — U(ie) =0.

Thus, we have (2.30).
We finish (b).
According to above analysis, we have the following result.

1395

Theorem 2.1. Assume that u® and U are defined as (2.1) and (2.22), respectively. Then, fori =0, 1, . . ., m, there exists

ub(ie) =U(ie).

Above, we solve problem (2.1) forx =ie (i =0, 1, ..., m).
In the following, we will consider how to solve problem (2.1) for x € ((i — 1)g, ig).
Set

£ = )%_1)8 x e ((i — De, ie)

and introduce function (&) by

(&) =uf(x).
Considering
ke k
d (;tXIEX) _ Skd;;ié)’ da((l);/s) ] dc;(f)’ y € E=[(i — De. (i + Del.
where k =1, 2.

It follows from (2.1) that

d¢ d¢ d¢
w0)=U(( — De), () ="UC(e).

Denote functions @(&) and @(&) by

d¢ d¢

d
{ £<a(f)—>+8bl(f)‘ﬁ]( (é)>+82bz(f)w2(w(é))— . ¢elo.1],
O0)=U(G — o), (1) =Ulie)

and
d¢
®(0)=0, o(l)=0.
Combining (2.35) with (2.36)—(2.37), we obtain

($) = a(&) + a(&).

d¢

d do
{ PR ( (é)i@) + eb1 (OY, (ﬂ) + &b (O (@(8) = 2 f(x), x €[ — De,iel,

We know from (2.38) that the key to get w(¢) is to solve problem (2.36) and (2.37) together.

Firstly, let us consider (2.36).
Introduce functions 5, (¢) and f3,(&) by

d¢

d d
{ d5< ® ﬁ‘(@) b1 (O (M) + b @B () =0, Ee [0 1],

B0)=1, pi(1)=0

d d d
{ ( (é)i@) e bl(&m( ‘”(@)+szbz(é>wz<w<é>)=szf(x>, x e[ — e, ic,

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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and

d¢

d d
[ ( @ ﬁz(g))wm@%( ﬁjf)>+szbz<5>wz<ﬁ2<@>:o, feo, 1],

Br(0) =0, pr(l)=1.
‘We conclude from (2.36), (2.39) and (2.40) that

D(&) = B DU — De) + B2 (HU (ie).

Note that, for x € [(i — 1), ie], Taylor expansion leads to

o . ok gk k
UG - Da) = Z [G 1>s x] ddU(x) Zé( l)kkd UiX)
= xt k=0 dx
and
, X lie—xFdU(x) o &k d*U (x)
V=2 gw =X g
k=0 k=0
We have from (2.41) that
dku dku
(&) = ﬁl(é)zk,( ket (x)+ﬂ2<«:)z -0 —— (x)
k kU
—Z[ﬂl(é)( D+ a0 - o] ST

k=0

Now let us consider how to solve problem (2.37).
Using Taylor expansion, we have

f(x)=2ﬁf(“(( 1e) = "‘f(")((l 1e).

k=0 k!

For k=0, 1,2, ..., introduce problem

d d do k
[ ( @ “’k(@>+sb1<éwl( “”‘(5)) RO = 5,

d¢
r(0) =0, @r(1)=0.
We have from (2.37) and (2.43)—(2.44) that

o) =Y (OO - De).

k=0
Considering

0]

f<k>(<i—1>a)=2—[(i_1]) FE @) = Z( 1)f.sf5 FED@).

j=0 j=0

Combining (2.45) with (2.46), we see

(&) = Zwk(f)skHZ( l)fsf f(k“)(x)

]

=Y () (Z( DS f<k+f>(x>)

k=0

e[ — 1)e,ie],

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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Finally, from (2.38), (2.42) and (2.47), we have

RO & d'U(x)
_ _ 1k k Y
w(@—w(é)w(@—;[ﬁl(@( D' 4+ B — ot | S
S mo [ "*J”g S | (248)
k=0 =0

Concluding from above analysis, we have an asymptotic expansion expression of u®(x) as follows:

8 FAU () & X i
u6<x>=Z[m(é)(—l)"e"+ﬁz<é)<1—s>"]%TSC)+Z@(© Z(—l)fakﬂ“ﬁf(k*”(x) - (249)
k=0 ’ k=0 =0 ’

Thus, we have the following result.

Theorem 2.2. Assume that u® is the solution for problem (2.1). Then u® can be expressed as follows:

dku 00 S .
ub(x)= Z[ﬁl(é)( 1)kek+ﬁ2(é)(1—)]5, (x)+2 @) Z(—l)fskﬂ“%f“*”(x) . (2.50)
k=0 j=0 :

Notation: Theorems 2.1 and 2.2 propose an asymptotic expansion method to solve problem (1.3). Then we want to
know whether we can obtain solution for following common nonlinear problem by using asymptotic expansion method

d du ut
a(a( ) dx>+w< o6 )=f(x), x € (0,D), (2.51)
ub(0) =uo, u®l)=u,

where (u®, du®/dx, &, x) is a function about u®, du®/dx, £ and x.
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