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SOLIDIFICATION CHARACTERISTICS MODELING
OF PHASE CHANGE MATERIAL IN PLATE CAPSULE
OF COOL STORAGE SYSTEM

Guiyin Fang and Zhi Chen
School of Physics, Jiangsu Province Engineering Research Center for New
Refrigeration Technology, Nanjing University, Nanjing 210093, China

The analytical solutions to solidification characteristics of a phase change material in the
plate capsule of a cool storage system are presented. The influence of the Stefan number (the
ratio of sensible heat to latent heat of a cool storage material) on phase change solidification
thickness and temperature distribution in the solid region is analyzed. The phase change
solidification thickness and temperature distribution in the solid region with second-order
accuracy solutions are compared with those with first-order accuracy solutions for different
Stefan numbers. It is found that the difference in temperature distribution in the solid region
between second-order accuracy solutions and first-order accuracy solutions is very small as
the Stefan number is small (i.e., Ste ≤ 0.1). In addition, the results present that the difference
in phase change solidification thickness between second-order accuracy solutions and first-
order accuracy solutions is small as the Stefan number is small (i.e., Ste ≤ 0.1). The phase
change solidification thickness can be calculated using second-order accuracy solutions to
obtain accurate calculation results as the Stefan number is large (i.e., Ste ≥ 0.1).

Keywords: Solidification characteristics; Heat transfer; Phase change material; Plate
capsule; Cool storage

INTRODUCTION

Cool storage systems are widely used in various industrial applications, such as food
and chemical processing, where large short-duration loads are often required. The thermal
energy stored for a long time is released in a short period of time and hence amplifies the
cooling heat flux. A cool storage system plays a significant role in conserving available
energy and improving its utilization. It is classified into two types: a sensible heat cool
storage system and a latent heat cool storage system. The advantages of the latent heat
cool storage system in comparison with the sensible heat cool storage system are high heat
storage density, small size of the system, and a small temperature change during cool stor-
age and release processes (Farid et al. 2004; Regin, Solanki, and Saini 2008). The most
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SOLIDIFICATION CHARACTERISTICS MODELING 735

commonly used latent heat cool storage system is the encapsulated phase change mate-
rials (PCM) system, which uses a rectangular or cylindrical tank with plate or spherical
capsules. PCMs can be grouped into two categories, namely organic and inorganic PCM.

During the solidification process, the position of the solid–liquid interface in the
capsule continuously moves inward, and the penetration rate of the interface continuously
changes. A phase change thermal energy storage system with spherical capsules was devel-
oped by Bedecarrats et al. (1996). Ismail and Henriquez (2000) presented a numerical study
on PCM enclosed in a spherical capsule. The mathematical model was used to predict the
effect of the size of the spherical capsule, shell thickness, material, initial temperature of
the PCM and the external wall temperature on the solidified mass fraction and on the time
for complete solidification. Ismail and Jesus (2001) conducted a parametric study on the
solidification of a PCM in a cylinder carrying a heat transfer fluid inside. The results for the
temperature distribution during the process, phase change interface velocity and thermal
energy stored in the system were also presented. Ryu et al. (1991) used a rectangular stor-
age tank with a copper-tube container and conducted a series of experiments to investigate
the heat transfer characteristics. Cho and Choi (2000) investigated thermal characteristics
of paraffin in a spherical capsule during freezing and melting processes. Kousksou et al.
(2007) developed a theoretical model for analysis and optimization of a solar system with
a cylindrical tank that contained spherical capsules filled with PCM. Energy and exergy
analyses were carried out to understand the behavior of the system using single or mul-
tiple PCMs. Akgun, Aydm, and Kaygusuz (2008) experimentally studied the latent heat
thermal energy storage system of the shell-and-tube type. Three kinds of paraffin with
different melting temperatures were used as PCMs. The effects of the Reynolds and the
Stefan number on the melting and solidification behaviors were determined. Cheralathan,
Velraj, and Renganrayanan (2007) developed a simulation program to evaluate the tem-
perature profiles of a heat transfer fluid and PCM at any axial location and studied the
influence of the inlet temperature and porosity during the charging process. Eames and
Adref (2002) described the results of an experimental study aimed at the characteriza-
tion of the freezing and melting processes for water contained in spherical elements and
developed semi-empirical equations. Kalaiselvam et al. (2008) studied the phase change
behavior and heat transfer characteristics of PCM inside a spherical capsule used in tank,
wherein n-tetradecane was used as a PCM.

This paper presents the analytical solutions to solidification characteristics of PCM
in the plate capsule of a cool storage system. The influence of the Stefan number on phase
change solidification thickness and temperature distribution in the solid region is analyzed.
The phase change solidification thickness and temperature distribution in the solid region
with second-order accuracy solutions are compared with those with first-order accuracy
solutions for different Stefan numbers.

MATHEMATICAL MODEL AND METHOD OF SOLUTION

Figure 1 illustrates the schematic diagram of a cool storage system. The cool storage
tank is a rectangular tank filled with stacked plate capsules is shown in Figure 2. The flat-
plate capsules are stacked on top of each other with spacing in between successive capsules
in order to provide flow channels for the heat transfer fluid. The PCM is sealed in the plate
capsules. A coolant flows over the external wall of the plate capsules through the tank. The
region of interest for this analysis is the control volume in a flat-plate capsule, as shown in
Figure 3.
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736 FANG AND CHEN

Compressor

EvaporatorCondenser

Expansion valve Circulating pump

Charging loop Discharging loop

Cooling loadCool storage tank

Figure 1 Schematic diagram of cool storage system.

Cool storage tank

Plate capsules

Grid

Outlet

Intlet

Figure 2 Schematic diagram of cool storage tank.

Solid

Liquid

Central line of the plate capsule

h x
y

Figure 3 Schematic diagram of physical model in flat-plate capsule.

For a mathematical description, the following assumptions are made: (1) All thermo-
physical properties are constant. (2) The phase change heat transfer process occurs in the
transitional zone between the solid–liquid interface. The temperature of the solid–liquid
interface is unchangeable. (3) In this model, the boundary condition is considered to be
the constant wall temperature. (4) The initial temperature in the capsule is equal to the
PCM solidification temperature. (5) Because the capsule thickness is much smaller than its
length and width, one-dimensional heat conduction along the thickness direction is con-
sidered. (6) During the solidification process, since interface movement velocity is much
slower than temperature movement velocity, the temperature in the solid region is assumed
to have a quasi-stable distribution (Chen 1991).

Referring to the physical model in Figure 3 (Fang and Li 2002), the governing
equations for the solid region and the liquid region in the flat-plate capsule are as follows:

ρscs
∂Ts

∂t
= ks

∂2Ts

∂x2
, for 0 ≤ x < y; (1)

ρlcl
∂Tl

∂t
= kl

∂2Tl

∂x2
, for y < x ≤ h. (2)

The boundary conditions are given by:
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SOLIDIFICATION CHARACTERISTICS MODELING 737

Ts = Tb, at x = 0; (3)

∂Tl

∂x
= 0, at x = h. (4)

The initial condition is

Tl(x, 0) = Tm, at t = 0. (5)

The solid–liquid interface conditions are

Ts = Tl = Tm, at x = y; (6)

ρsHs
∂y

∂t
= ks

∂Ts

∂x

∣∣
y − kl

∂Tl

∂x

∣∣
y , at x = y. (7)

The following non-dimensional quantities are introduced:

θ = T − Tb

Tm − Tb
, X = x

h
, S = y

h
, τ = αst

h2
= kst

ρscsh2
, Ste = cs(Tm − Tb)

Hs
.

The Stefan number is a dimensionless number that presents the ratio of sensible heat
to latent heat of a cool storage material.

The following equations are obtained by substituting these quantities into
Equations (1)–(7):

∂2θs

∂X2
= ∂θs(X, τ )

∂τ
, for 0 ≤ X < S, (8)

∂2θl

∂X2
= αs

αl
· ∂θl(X, τ )

∂τ
, for S < X ≤ 1. (9)

The boundary conditions are

θs = 0, at X = 0, (10)

∂θl

∂X
= 0, at X = 1. (11)

The initial condition is

θl = 1, at τ = 0. (12)

The solid–liquid interface conditions are

θs = θl = 1, at X = S, (13)

1

Ste

∂S

∂τ
= ∂θs

∂X
− kl

ks

∂θl

∂X
, at X = S. (14)
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738 FANG AND CHEN

The following equations are obtained by integrating Equations (8) and (9):

∫ s

0

∂θs

∂τ
dX =

∫ s

0

∂2θs

∂X2
dX = ∂θs

∂X

∣∣∣∣
s

− ∂θs

∂X

∣∣∣∣
0

, (15)

∫ 1

s

αs

αl

∂θl

∂τ
dX =

∫ 1

s

∂2θl

∂X2
dX = ∂θl

∂X

∣∣∣∣
1

− ∂θl

∂X

∣∣∣∣
s

. (16)

From Equations (15) and (16), one has:

∂θs

∂X

∣∣∣∣
s

=
∫ s

0

∂θs

∂τ
dX + ∂θs

∂X

∣∣∣∣
0

, (17)

∂θl

∂X

∣∣∣∣
s

= ∂θl

∂X

∣∣∣∣
1

−
∫ 1

s

αs

αl

∂θl

∂τ
dX = −

∫ 1

s

αs

αl

∂θl

∂τ
dX. (18)

Substituting Equations (17) and (18) into Equation (14), one gets:

1

Ste

∂S

∂τ
=
∫ s

0

∂θs

∂τ
dX + ∂θs

∂X

∣∣∣∣
0

+ ρlcl

ρscs

∫ 1

s

∂θl

∂τ
dX. (19)

By using the relation of ∂θ
∂τ

= ∂θ
∂S · ∂S

∂τ
, Equation (19) may be written as:

1

Ste

∂S

∂τ
=
[∫ s

0

∂θs

∂S
dX + ρlcl

ρscs

∫ 1

s

∂θl

∂S
dX

]
∂S

∂τ
+ ∂θs

∂X

∣∣∣∣
0

, (19a)

∂S

∂τ

[
1

Ste
−
∫ s

0

∂θs

∂S
dX − ρlcl

ρscs

∫ 1

s

∂θl

∂S
dX

]
= ∂θs

∂X

∣∣∣∣
0

. (19b)

According to assumption (5), wherein temperature distribution in the solid region in
the flat-plate capsule is considered to be linear, one gets:

θs = a0 + a1X. (20)

The following expression is obtained from Equation (20) for the temperature
distribution at X = 0, θ s = 0 and X = S, θ s = 1:

θs = X

S
. (21)

From Equation (21), one has:

∂θs

∂X

∣∣∣∣
0

= 1

S
, (22)

∂θs

∂S
= − X

S2
. (23)
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SOLIDIFICATION CHARACTERISTICS MODELING 739

In terms of the preceding assumption, the temperature profile of the liquid is given
by the following expression:

Tl = Tm. (24)

By non-dimensionalizing Equation (24), one obtains:

θl = 1. (24a)

From Equation (24a), one has:

∂θl

∂S
= 0. (25)

From Equations (23) and (25), one gets:

∫ s

0

∂θs

∂S
dX = −1

2
, (26)

∫ 1

s

∂θl

∂S
dX = 0. (27)

Substituting Equations (22), (26), and (27) into Equation (19b), one obtains:

∂S

∂τ
= 2Ste

(2 + Ste) · S
. (28)

Integrating Equation (28), one has:

S =
√

4Ste

2 + Ste
· τ

1
2 = 2

(
Ste

2 + Ste
· τ

) 1
2

. (29)

From the preceding calculation, one knows that the method of solution is simple with
first-order accuracy. Now, when the temperature distribution in the solid region is assumed
to be a polynomial, one gets:

θs = b0 + b1X + b2X2. (30)

According to the boundary conditions X = 0, θ s =0 and X = S, θ s =1, the following
equations are obtained from Equation (30):

b0 = 0, (31)

b1S + b2S2 = 1. (32)

From Equation (14), one obtains:

1

Ste

∂S

∂τ
= b1 + 2b2S. (33)
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740 FANG AND CHEN

Substituting Equation (28) into Equation (33), one gets:

b1S + 2b2S2 = 2

2 + Ste
. (34)

From Equations (32) and (34), one has:

b1 = 2(1 + Ste)

(2 + Ste)
· 1

S
, (35)

b2 = − Ste

(2 + Ste)
· 1

S2
. (36)

Substituting Equations (31), (35), and (36) into Equation (30), one obtains:

θs = 2(1 + Ste)

(2 + Ste)
· X

S
− Ste

(2 + Ste)
· X2

S2
. (37)

From Equation (37), one has:

∂θs

∂X

∣∣∣∣
0

= 2(1 + Ste)

(2 + Ste) · S
, (38)

∂θs

∂S
= −2(1 + Ste)

(2 + Ste)
· X

S2
+ 2Ste

(2 + Ste)
· X2

S3
. (39)

Substituting Equations (38), (39), and (27) into Equation (19b), one gets:

∂S

∂τ
= (6Ste + 6Ste2)

(6 + 6Ste + Ste2)
· 1

S
. (40)

Integrating Equation (40), one obtains:

S =
(

12Ste + 12Ste2

6 + 6Ste + Ste2

) 1
2

· τ
1
2 . (41)

When the solidification process is final, S = 1, one gets:

τf = 6 + 6Ste + Ste2

12Ste + 12Ste2 = 1

2Ste
+ Ste

12(1 + Ste)
. (42)

In order to obtain more accurate results, we may get the temperature distribution
in the solid region with third-order accuracy solution on the basis of second-order accu-
racy results. Now, when the temperature distribution in the solid region with third-order
accuracy solution is assumed to be a polynomial, one obtains:

θs = c0 + c1X + c2X2 + c3X3. (43)
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SOLIDIFICATION CHARACTERISTICS MODELING 741

According to the boundary conditions X = 0, θ s = 0 and X = S, θ s = 1, from
Equation (43), one has:

c0 = 0, (44)

c1S + c2S2 + c3S3 = 1. (45)

From Equations (38) and (43), one obtains:

c1 = 2(1 + Ste)

(2 + Ste)
· 1

S
. (46)

From Equation (14), one gets:

1

Ste

∂S

∂τ
= c1 + 2c2S + 3c3S2. (47)

Substituting Equation (40) into Equation (47), one has:

c1S + 2c2S2 + 3c3S3 = 6 + 6Ste

6 + 6Ste + Ste2 . (48)

From Equations (45), (46), and (48), one obtains:

c2 = − Ste

(2 + Ste)
· (24 + 36Ste + 14Ste2 + Ste3)

(12 + 18Ste + 8Ste2 + Ste3)
· 1

S2
, (49)

c3 = Ste

(2 + Ste)
· (12 + 18Ste + 6Ste2)

(12 + 18Ste + 8Ste2 + Ste3)
· 1

S3
. (50)

Substituting Equations (44), (46), (49), and (50) into Equation (43), one gets:

θs =2(1 + Ste)

(2 + Ste)
· X

S
− Ste

(2 + Ste)
· (24 + 36Ste + 14Ste2 + Ste3)

(12 + 18Ste + 8Ste2 + Ste3)
· X2

S2

+ Ste

(2 + Ste)
· (12 + 18Ste + 6Ste2)

(12 + 18Ste + 8Ste2 + Ste3)
· X3

S3
. (51)

From Equation (51), one obtains phase change solidification thickness with third-
order accuracy solutions.

RESULTS AND DISCUSSION

Comparison of the Temperature Distribution in Solid Region and Phase

Change Solidification Thickness

The temperature distribution in the solid region and the phase change solidification
thickness in the flat-plate capsule for different Stefan numbers are calculated by using
Equations (21), (29), (37), and (41). As shown in Figure 4, the temperature distribution in
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742 FANG AND CHEN
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Figure 4 Temperature distribution in solid region at S = 1 and (a) Ste = 0.01, (b) Ste = 0.1, and (c) Ste = 0.5.

the solid region with second-order accuracy solutions is compared with that with first-order
accuracy solutions at Ste = 0.01, Ste = 0.1, and Ste = 0.5. It is known that the difference
in temperature distribution in the solid region between second-order accuracy solutions
and first-order accuracy solutions is very small as the Stefan number is small (i.e., Ste ≤
0.1). The temperature in the solid region can be calculated by using first-order accuracy
solutions as Ste ≤ 0.1.

Figure 5 presents phase change solidification thickness with second-order accuracy
solutions and first-order accuracy solutions at Ste = 0.01, Ste = 0.1, and Ste = 0.5. The
results indicate that the difference in the phase change solidification thickness between
second-order accuracy solutions and first-order accuracy solutions is small as the Stefan
number is small (i.e., Ste ≤ 0.1). As Ste ≥ 0.1, the larger the dimensionless time τ ,
the larger the difference in the phase change solidification thickness between second-
order accuracy solutions and first-order accuracy solutions. The phase change solidification
thickness can be calculated by utilizing second-order accuracy solutions to obtain accurate
calculation results as the Stefan number is large (i.e., Ste ≥ 0.1).

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
N

ew
 M

ex
ic

o]
 a

t 1
3:

48
 1

3 
O

ct
ob

er
 2

01
4 
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First-order accuracy
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Figure 5 Phase change solidification thickness at (a) Ste = 0.01, (b) Ste = 0.1, and (c) Ste = 0.5.

Temperature Distribution in Solid Region and Phase Change

Solidification Thickness with Second-Order Accuracy Solutions

Figure 6 shows the temperature distribution in the solid region with second-order
accuracy solutions at S = 0.5 and S = 1. It can be observed from the figure that the tem-
perature distribution in the solid region is approximately linear as Ste ≤ 0.1. The Stefan
number has little influence on temperature distribution in the solid region for different
solidification thicknesses. All temperature distributions approximately concentrate on a
straight line and accord with a quasi-stable temperature distribution assumption.
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Figure 6 Temperature distribution in solid region with second-order accuracy solutions at (a) S = 0.5 and
(b) S = 1.

8

7

6

Ste = 0.01
Ste = 0.1
Ste = 0.5

5

4S

3

2

1

0
0 5 10 15 20 25 30

τ
35 40 45 50

Figure 7 Phase change solidification thickness with second-order accuracy solutions.

Figure 7 presents the phase change solidification thickness with second-order accu-
racy solutions for Ste = 0.01, Ste = 0.1, and Ste = 0.5. It is known that the solidification
thickness increases as the Stefan number increases. Thus, the Stefan number influences
solidification thickness. The lower the wall temperature of the capsule, the larger the
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SOLIDIFICATION CHARACTERISTICS MODELING 745

Stefan number. The wall temperature is restricted by the coolant’s temperature. As shown
in Figure 7, the solidification thickness increases quickly during the initial cool storage
period. This is due to the thinner solidification layer and the smaller thermal resistance
during the initial period. It can also be observed from Figure 7 that the solidification rate
varies with time. The solidification rate decreases when cool storage time increases. The
larger the Stefan number, the larger the solidification rate.

CONCLUSIONS

This paper presents analytical solutions to solidification characteristics of PCM in
the plate capsule for a cool storage system. The influence of the Stefan number (the ratio
of sensible heat to latent heat of a cool storage material) on the phase change solidifica-
tion thickness and temperature distribution in the solid region is discussed on the basis of
analytical results. The conclusions acquired are as follows:

1. The difference in temperature distribution in the solid region between second-order
accuracy solutions and first-order accuracy solutions is very small as Ste ≤ 0.1. The
temperature in the solid region can be calculated by using first-order accuracy solutions
as Ste ≤ 0.1 in a cool storage system.

2. The difference in phase change solidification thickness between second-order accuracy
solutions and first-order accuracy solutions is small as the Stefan number is small (i.e.,
Ste ≤ 0.1). As Ste ≥ 0.1, the larger the dimensionless time τ , the larger the difference in
solidification thickness between second-order accuracy solutions and first-order accu-
racy solutions. The solidification thickness can be calculated by utilizing second-order
accuracy solutions to obtain accurate calculation results as the Stefan number is large
(i.e., Ste ≥ 0.1).

3. The solidification thickness increases as the Stefan number increases, and increases
quickly during the initial cool storage period. The large Stefan number benefits the
solidification process, but it is restricted by the coolant’s temperature.

4. This analytical method and the results can conveniently predict solidification charac-
teristics of a flat-plate capsule of a cool storage system and provide useful calculation
results for the design of the flat-plate capsule.
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NOMENCLATURE

c (J/kg K) Specific heat
Hs (J/kg) Solidification latent heat of cool storage material
h (m) Half thickness of the capsule
k (W/m K) Thermal conductivity
S (–) Dimensionless solidification thickness of cool storage material
Ste (–) Stefan number
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746 FANG AND CHEN

T (K) Temperature
t (s) Time
X (–) Dimensionless longitudinal coordinate
x (–) Longitudinal coordinate
y (m) Solidification thickness of cool storage material

Greek Letters

α (m2/s) Thermal diffusivity
θ (–) Dimensionless temperature
ρ (kg/m3) Density
τ (–) Dimensionless time

Subscripts

b (–) Wall of the capsule
l (–) Liquid cool storage material
m (–) Solidification point of cool storage material
s (–) Solid cool storage material
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