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1. Introduction

Let (M, g) be a four-dimensional Riemannian manifold with Weyl curvature tensor W, Ricci tensor Rc and scalar
curvature R. In local coordinates, we denote by g = (g;), the Riemannian metric on M with coefficients g;;, and denote
the inverse matrix by (g¥) = (g,-j)‘l. Throughout this paper we adopt the Einstein summation convention. Recall (see [1])
that the Bach tensor is defined as

1
Bj = V*V'Wiy + 5R"’Wk,ﬂ, (1.1)

where Wy and R = ghigliR; are the components of the Weyl and Ricci tensors respectively. In [2], Korzyriski and
Lewandowski proved that the Bach tensor can be identified with the Yang-Mills current of the Cartan normal conformal
connection.

A metric is called Bach-flat if it is a critical metric of the functional

w:g|—>/ |We|2dV,. (1.2)
M

The Bach-flat condition is equivalent to the vanishing of Bach tensor (see [3]). Note that, in particular, metrics which are
locally conformal to an Einstein metric are Bach-flat, and half conformally flat metrics are Bach-flat (see [4]). However, Hill
and Nurowski [5] and Leistner and Nurowski [6] obtained a large class of Bach-flat examples which are not conformally
Einstein.
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We now introduce the definition of Yamabe constant. Given an n-dimensional complete noncompact Riemannian
manifold (M, g) with scalar curvature R and n > 3, the Yamabe constant Q (M, g) is defined as

-2
Ju (|Vu|2 + 4(nn71)Ru2> dv,
oAueCE ) ([ |u|2n/(n72)dvg)("_2)/n

QM. g) = (1.3)

The important work of Yamabe [7], Schoen [8] and Trudinger [9] showed that the infimum in (1.3) is always achieved.
Furthermore, for compact manifolds, Q (M, g) is determined by the sign of scalar curvature R (see [10,11]), for noncompact
case, Q (M, g) is always positive if R vanishes (see [12]).

Bach-flat manifold (M*, g) with positive Yamabe constant has been studied by many mathematicians. When M* is
compact, Chang et al. [13] proved that (M*, g) is conformally equivalent to the standard four-sphere if it has a sufficiently
small L,-norm of Weyl tensor. They also showed that there is only finite diffeomorphism class with an L,-norm bound of
Weyl tensor. When M# is a complete noncompact manifold with vanished scalar curvature, Tian and Viaclovsky [14] showed
that it is almost locally Euclidean of order 0 under the assumption of bounded L,-norm of curvature tensor, bounded first
Betti number and the uniform volume growth for any geodesic ball. In 2010, Streets [ 15] extends the removal of singularities
result for special classes of Bach-flat metrics obtained in [14].

Recently, Kim [16] studied the rigidity phenomena for complete noncompact Bach-flat manifolds and proved the
following results (Theorems A and B).

Theorem A. Assume that (M, g) is a complete noncompact Bach-flat Riemannian 4-manifold with zero scalar curvature and
Q(M, g) > 0. Then there exists a small number cy such that if fM |Rm|2dVg < ¢y, then M is flat, where Rm is the Riemannian
curvature tensor.

Theorem B. Let (M, g) be a complete noncompact Riemannian 4-manifold with a nonnegative constant scalar curvature R and
traceless Ricci curvature Rc. Assume that (M, g) is Bach-flat and Q (M, g) > 0. Then there exists a small number cq such that if
Ju(WI? +|Rc|*)dVy < co, then (M, g) is an Einstein manifold.

Inspired by the historical development on the study of the Bach-flat manifolds with positive Yamabe constant, we
continue to study rigidity phenomena for these manifolds, in this paper. We first give the Laplacian of the norm square
of trace-free curvature tensor in Lemma 2.1. By employing an elliptic estimation on the Laplacian, we prove the following
result which is more stronger than Theorems A and B.

Theorem 1.1. Let (M, g) be a complete noncompact Bach-flat Riemannian 4-manifold with a nonnegative constant scalar
curvature and Q(M, g) > 0. Then there exists a small number ¢, such that if fM |Rm|2dVg < ¢y, then M has a constant
curvature, where Rm = {Riju} = {Rju — - (€&t — Zugjx) } is a trace-free curvature tensor.

Remark 1.2. As the referee pointed out, the nonnegativity of the scalar curvature in Theorem 1.1 is necessary (consider the
hyperbolic space for example).

Since there is no complete noncompact constant curvature manifold with positive scalar curvature, Theorem 1.1 implies
the following gap theorem.

Theorem 1.3. Let (M, g) be a complete noncompact Bach-flat Riemannian 4-manifold with a positive constant scalar curvature
o
and Q (M, g) > 0. Then there exists a positive constant c, such that fM IR m|2dVg > Cy.

Remark 1.4. The constants c¢; and ¢, in Theorems 1.1 and 1.3 depend on the Yamabe constant.

Remark 1.5. When the scalar curvature of (M, g) vanishes, a consequence of Theorem 1.1 is Theorem A in [16].

2. Proof of Theorem 1.1
Suppose that (M, g) is a Riemannian manifold of dimension n > 3, it is well known that the curvature tensor Rm = {Rjj}
of M™ can be decomposed into three orthogonal components which have the same symmetries as Rm:
Rm=U+V+W, (2.1)

where U, V and W denote the scalar curvature part, the traceless Ricci part and the Weyl curvature tensor, respectively
(see [17]). In local coordinates, the norm of a tensor T is defined as

2 2 imjn ks It _ ikl
ITI® = |Tyul® = £™g"g°g" Ty Trmst = T Tijua.
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We denote by Rm = {Rjjiu} = {Riju— ﬁ (gikgi—gugi) } and Re = {Ry} = {Ry— 1Rg;} the trace-free Riemannian curvature
tensor and the traceless Ricci tensor, then the following equalities are easily obtained from the properties of Riemannian
curvature tensor:

giklcéijkl = }Cijlv (2.2)
Icéijkl + I%iljk + I%iklj =0, (2.3)
IO?ijkl = }Oleij = _I%jikl = _I%ijlks (2.4)
(RmP? = WP+ VP = WP+ e 25)

Moreover, the assumption of constant scalar curvature yields

VmRijkl + VlRijmk + VkRijlm =0. (26)
Note that, for a four-dimensional manifold, (2.5) implies that

R < [Rml?. (27)
Now, we establish a general formula for the Laplacian of | }% m|2.

Lemma 2.1. Let (M", g) (n > 3) be an n-dimensional Riemannian manifold, then
1 o 2 o 2 oljkl o o o o o o
5 AlRial” = IV Rm|" + 2R 88" (RpirRojks — Rpjr Raiks + Rpter Rijas)

ciikloh o o ikl 4R|1%c|2

+2R R,],<Rhl+2R viv" Rmk]z+ R|R > — =1’ (2.8)

where Af denotes the Laplacian of f given by the trace of Hessf.
Proof. To simplify the notations, we will compute at an arbitrarily chosen point p € M in normal coordinates centered at p
so that g; = §;;. By the definition of | R m|?, we obtain from (2.4) and (2.6) that

1 o 5 o o ikl m °
5A|Rijkl| = |VRm|*+R V"VpRju
o 2 o Ukl o o
= |V R m| +R Vm(VlRijkm + kaijml)

o o uk’ o
= |[VRm*+2R  V"ViRjjm
o 2 o Ukl o Oh Oh Oh Oh
= |VRm|* +2R  (ViV"Rijem + RihRigm + RijnRikm + RignRijm + RimaRije)» (2.9)
where the Ricci identities are used in the last equality of (2.9). By the definition of trace-free Riemannian curvature tensor
and (2.2), we get

om oh om oh om oh

1 o
5A|Rijkl| A% R m|* + 2R (VIV Rmkﬁ + RyiiRixm — RijiRiem + RignRijm)
o ijkloh o R 2R o ijkl oh m
+2R Ry <th + Egm) + mR (R km(gl Zin — 8 8ii)

oh oh
+ Riem (&8 — gﬁn &) + Rijm (&K'8n — & &)
oM oh om oh om oh oiikloh o

= [VRm]’ + 2R (VlV Rmkﬁ + RyitRitm — RijiRikm + RuRijm) + 2R Ry Rin + ?| Rm[?

2R o ikl o °
+ mR (Rijki + Rlllq + Rulk + R]kglz Rik&;;)- (2.10)

Combining (2.2), (2.3) with (2.10), we have
okl oh o om oh om oh om oh

1 o
EA |Rijkl| |V R m|2 + 2R (RUkR[h + Rhll thlRikm + lehRijm)

o ijk! 2R o 4R ° 4
+2R VAL Rmk]t —|Rm|* — ——— | Rc|”. (2.11)
n nn—1)

This proves Lemma 2.1. O
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Making use of the x-notation (see [18]), we rewrite (2.8) as

okl o o o ijkl 4R|IOQC|2
R ARukz—Rm*Rm*Rm+2R v,v™ Rmkj1+ R|R | m, (2.12)

where Ioem * Izm * I% m denotes cubic terms ofloe m (see Eq. (2.5)), which is bounded by c| Eml3 for a positive constant c.
In dimension 4, we conclude from (2.12), (2.7) and R > 0 that

oiikl o , il Ro , RIRc]?
—R ARijleC|Rm| —2R V,V" Rmk]l_ilRm| + 3
o 3 . Oukl mo _E o 2
< c|Rm| 2R VIV Rmji 6|Rm| . (2.13)

Assume that, ¢ is a smooth compact supported functionon M and u = | }% m|. From Lemma 2.1 and (2.13), we derive the
following lemma.

Lemma 2.2. Let (M, g) be a four-dimensional Bach-flat Riemannian manifold with a nonnegative constant scalar curvature, then

R
/ (@ |Vul* 4+ 2¢Vu - Vg)dV, < / <63¢2u3 + 3| Vo Pu? — g¢>2uz> dvg,
M M
where cs is a positive constant.

Proof. By the Kato inequality [V Rm|? > |V|Rm]|[?, we get

o ijkl o o ijkl o
R ARijleR ARukl+|VRm| —|V|Rm||

= EAIle2 —~ V| Rm]P?

— |Rm|A|Rm| = uAw. (2.14)
This together with (2.13) yields

o ijkl R
_[ ¢>2uAudVg 5/¢ (cu —2R AVAVAL Rmkﬂ—gu >dv (2.15)
M M

where

50 ijkl o ikl

¢ R V1v Rmkjld Vg = / <Vl(¢ )RuklV Rmkjl +¢ VIR VmRmkji> dVg
M

IA

2ivin. (2 1 21512
2 (14 €)¢"|V'Rjul* + 8|V¢| [Rijia |~ ) dVg, (2.16)
M

here € is a positive constant.

Recall that R is a constant, and then ViRijk, = V"ioz,»jk,. Under the assumption of Bach-flat, we can get the following
relationship from (13) and (17) in [16].
/ ¢ | V'Rl *dVg = 4 / ¢* |V Wi|*dV,
M M
4
1—n
where 7 is a positive constant. Combining (2.15), (2.16) with (2.17), we have

IA

1, oMol 1 o
5¢ WiiR R + ;|V¢| [Ryj|“ ) dVg, (2.17)
M

o 2 R
—/ p*uAudv, < / <C¢2u3 +2(14 €)@ V'Rijul* + g|V¢|2u2 -5 2u2> dv,
M M

2 41+ €) okloii  8(1+ €)
< f (C¢2u3+E|V¢|2u2+ﬁ¢2WikﬂR R +—= a=mn IVo|?|R ,,| ¢ 2u? ) dv,.
y _
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Ok’ Oij o o
Note that Wy;R R and | R,-j|2 are cubic and quadratic terms of Rm (see Eq. (2.5)), respectively. Therefore, there exists a
constant c3 > 0, such that

/(¢>2|Vu|2 +2¢Vu - V$)dV, = —/ P*uAudv,
M M

IA

R
/ <63¢2u3 + 3| Vo Pu? — E<z>zuz> dv,. (2.18)
M

This completes the proof of Lemma 2.2. O

Proof of Theorem 1.1. Itis sufficient to prove u = 0. From the definition of Yamabe constant Aq = Q (M, g) and Lemma 2.2,
we have

Ao ( f (¢u>“dvg)j < / (|V(¢u>|2+5¢2u2> av,
M M 6

R
< / (u2|v¢>|2 + ¢?|Vul* + 2upVu - Vo + 6¢2u2) dv,
M

< / (€3 + DIZ|VS + cs¢2u)dVy. (2.19)
M

Note that

1 1
/ c3p?udv, < ¢ ( f (¢u)“c|vg>2 ( / uZdVg>2, (2.20)
M M M

where ¢’ > 0 is a constant. Since fM uZdVg is sufficiently small, fM udeg can be absorbed into the left-hand side of (2.19).
Therefore, there exists a constant C, such that

c</ <1>4u“c1vg>j 5/ IVo|*utdV,. (2.21)
M M

Let B, = {x € M : d(x, xo) < r} for some fixed point X, € M, choose ¢ as

1 onB,,
0 onM — By,

|V¢| = ; OnBZT _BT7

¢:

\S]

and 0 < ¢ < 1.From (2.21), we get

1
4.4 2 4 2
C PutdVg ) < — u“dv,
M r Byr—Br

4
2

A

< C1.

By taking r — oo, we have u = 0, this completes the proof of Theorem 1.1. O

Remark 2.3. For a Riemannian 4-manifold, (2.5) implies the equivalence between the assumption of fM | IOQmIZdVg <cpin

Theorem 1.1and [, | Rc |* 4+ [W|*dV, < co in Theorem B. Therefore, Theorem 1.1 expands Theorem B in [16].
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