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Abstract

By means of Jackson’s g-Dougall-Dixon formula on terminating very well-poised hypergeometric series,
the linearization lemma on the factorial fractions with well-poised parameter-pairs will be established. It
will be applied to prove the generalized well-poised girg-series and 1gyjg-series identities. The lineariza-
tion method will further be employed to present a constructive proof of Milne’s transformation formula
from nonterminating very well-poised bilateral series to terminating multiple unilateral series.
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1. Introduction and notation

For two complex x and g, define the shifted factorial by

(xigo=1 and (x;q)y=(1—-x)(1—-xq)---(1-x¢""") forneN.

When |¢g| < 1, the shifted factorial of infinite order is well defined

o0

(x5 q)oo = ]_[(1 —xg") and (x1q), =
k=0

(X @)oo
(xg™; @)oo

forn e Z.
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Its product and fraction forms are abbreviated compactly to

la,b,....c;qln=(a:@)n(D; @)n -~ (¢; @n, (1a)
[a, b, ..., c‘ } _ @ @b @ (6 @n (1b)
o By v, @B (Vi On

Following Bailey [3] and Slater [17], the unilateral and bilateral basic hypergeometric series are
defined, respectively, by

¢ ap, ay, ..., ar
1+rPs
bl, Sy bs

a, az, ..., ar
rUs
bl’ bZ’ ceey bs

o
n a07 (11, st ar
X = Z
e =[S0
n=0
> ai, a a
. _ n 1, 42, ..., dr
“} =2 = [bl, by, ..., bs
n=—oo
Obviously, the unilateral series may be considered as a special case of the corresponding bilateral
one with one of the denominator parameters equal to ¢. Throughout the paper, the base g will be
confined to |g| < 1 for nonterminating g-series.

One of the deepest results in the theory of basic hypergeometric series is the very well-poised
bilateral ¢g-series identity discovered by Bailey [4] (see also [17, §7.1] and [10, IT-33]):

qﬁ, —qﬁ, bv ¢ d’ € ‘ . qa2
Ja, —i/a, qa/b, qa/c, qa/d, qa/e T hede

where |qa2 /bcde| < 1 for convergence and £2[a : b, ¢, d, e] stands for the factorial fraction

q] [(=1)g@ ), (2a)

q} [(=1)"g@P . (@2b)

61//6|: i| =QRJa:b,c,d,e], 3)

q,qa,q/a,qa/bc,qa/bd,qa/be,qa/cd,qa/ce,qa/de‘ :| @)
ga’[bede, qa/b. qa/c. qa/d. qa/e.q/b.q/c.q/d.q/e | 7]

There are several proofs of this important identity up to now. For the most elementary proof,
refer to the forthcoming paper by Chu [8], where the reformulated Abel’s lemma on summation
by parts will be employed.

In 1950, M. Jackson [11, Eq. 3.1] established a transformation, which expresses a well-poised
gWg-series in terms of three balanced 4¢3-series. By specializing Jackson’s formula, Shukla [18,
Eq. 4.1] obtained, in 1958, the following generalization of Bailey’s identity (3):

gva, —q/a, b, c, d, e, qw, gajw]| a2]

.Q[a:b,c,d,e]=|:

Ja, —i/a, qa/b, qa/c, qa/d, qaje, a/w, w Ay (5a)

(1 —be/a)(1 — bd /a)(1 — be/a) } (1 —w/b)(1 — bw/a)

(1 —bw/a)(1 —b/w)(1 —bcde/a®) | (1 —w)(l —w/a)
(5b)

Ws[

=.Q[a:b,c,d,e]{l—

subject to the convergence condition |a?/bcde| < 1. The existence of this summation formula
has been pointed out earlier by Slater and Lakin [15] even though they did not state it explicitly.

By means of Jackson’s g-Dougall-Dixon formula on terminating very well-poised hyperge-
ometric series, we shall first establish the linearization lemma on the factorial fractions with
well-poised parameter-pairs. It will then be applied in the second and third sections respectively
to prove the generalized well-poised gg-series and 19¥1o-series identities. More generally, the
linearization method will be combined with the induction principle in the fourth section to present
a constructive proof of Milne’s beautiful transformation formula from nonterminating very well-
poised bilateral series to terminating multiple unilateral series. Finally, in the fifth section, an
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alternative double series expression will be derived for the very well-poised 19v/10-series, which
may also be considered as a common generalization of both bilateral series identities displayed
in (3) and (5a)—(5b).

2. The well-poised gyg-series identity

First of all, we show that two pairs of well-poised parameters can be linearized by the follow-
ing useful reduction formula.

Lemma 1 (Linearization of well-poised pairs).

b, d, q"w,qa/w
ga/b, ga/d, ¢""a/w,w 4 X

[ d. d/a, w/b, bw/a
_[d/b, bd/a, w, w/a‘ L -
B L] A (6
£=0 q~"b/d q'ta/b, ¢"t*""ajd
o[ ambia b bla,wid, g ajdwg (¢
q.9'7"/d.q""a/d,q'"b/w,bw/a, qb/d

Proof. By means of the relation on shifted factorial fractions

q'b, g td ‘ b, b/a ‘
q'~ta/b, g"+tmayd q ) g"""/d, ¢"""a/d q ,

r £ 1+€—m—k
q°b, q /d‘ b, b/a m—1 k
= bd
_qé—kb/a’ q1+Z—ma/d q . ql—m/d’ ql—ma/d q Z(q /a)
k —k 1-m—k
q°b, q "b/a b, ¢q /d‘ m—1 k
= bd
ql—m—k/d’ ql—m+ka/d qL[q_kb/a, ql—ma/d q k(q /a)
[ d4*b. kb/a b, ‘
- _qlfmfk/d’ q17m+ka/d q ' qa/b, ql—ma/d q k’

b,qmd
qa/b,q'~™a/d
5 [q—'"b/d,wq—mb/d, —qy/q7"b/d, ¢"b,q*bja, w/d, ¢ ""a/dw, g™ ‘ . ]
Jabjd, —Jq "b/d. g\ " 1d. """ ajd, g b w, bwja, gbjd | 7

_ | d/b, bd/a, w, w/a‘ d, q'™Majd, q"w, qa/w‘
| d, d/a, w/b, bw/a qm ga/d, q"d, q'™ajw, 1)

we can see that (6b)—(6¢) equals [ | q] . times the very well-poised series:

where we have applied Jackson’s g-Dougall-Dixon formula [10, IT-22]:
a, gy/a, —q/a, b, ¢, d, e
a7 10 |4 (72)
Va, —va, qa/b. qajc. qa/d, qa/e, q

_ | ga.qa/bc,qa/bd,qa/cd l+m 2 _
= [qa/b,qa/c,qa/d,qa/bcd q . for g ™"a”=bcde. (7b)
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We have therefore reduced (6b)—(6¢) to the following factorial fractions:
d/b, bd/a, w, w/a ‘ b, d, q"w, qa/w‘
d, dfa, wb, bwjal?]| | qa/b, qajd, ¢ ""ajw, w 9],

In the last equation, canceling the first factorial fraction of order m by that on the right-hand
side of (6a), we see that the second factorial fraction of order k coincides with the left member
of (6a). This completes the proof of Lemma 1. O

Applying the linearization formula displayed in Lemma 1 and then interchanging the summa-
tion order, we can manipulate the following well-poised bilateral series:

gs/a, —qi/a, b, c, d, e, qg"w, qajw ) _ g\ "a?

Ja, —a, qalb, qajc, qa/d, qaje, ¢ "ajw, w T pede

_ +§ 1—q2ka c, e ‘q qg'™"a? k b, d, q"w,qa/w q
‘ l-a qajc, qajel” |, \ bcde qa/b, qa/d, ¢ "a/w,wl” |,

:[ d, d/a, w/b, bw/a q]

Slﬁs[

w/a, w, bd/a, d/b
m 20—m — 1—m —m
1—¢g b/d q "b/d,b,b/a,w/d,q "a/dw, q
XZ—[ )q q"
¢

— 1—q"b/d g.q"7"/d, g "™a/d, q"""b/w,bw/a,qb/d
- gva, —qJa, q'b, c, q"td, e ‘ .ql_’”az
OV6| Ja, —a, q'ta/b, gajc, "=+ a/d, qa/e T " pede

where we assume |g' ~"a?/bcde| < 1 for convergence. Evaluating the last series by means of
Bailey’s very well-poised bilateral ¢1/6-series identity (3) and simplifying the result, we get

ga, —qJa, q'b, c, g™, e g "a?
“”6[ Ja, —va, ¢'"ta/b, qaje, ¢~ ald, qafe bcde}
= .Q[a q'b, g™, e]
bd/a, cd/a, de/a
d, dja, bcde/aQ)q]m
8 (i)z[bc/a, beja, q'~"/d, qlfma/d’ i|

b, bja, ¢ ™a/cd, ¢ "a/de 1 ’

ce
which leads us consequently to the following expression:

P

:Q[a:b,c,d,e]x[

g aVE —ava boed e q"w, qa/w) q'™"a? 88
88 Ja, —a, qa/b, qajc, qa/d, qaje, ¢ "ajw, w T hede
w/b, bw/a, cd/a, de/a ’
=Qla:b,c,d b
[a:b,c, ,e][ w. w/a. d/b. bedejd’ q y (8b)

g "b/d,q\/q "b/d, —q\/q™b/d, bcla, be/a, w/d, g " a/dw, g™ ‘ ‘ﬂ]
ce

X ¢7|: ;
8 \/q_mb/d, —\/q_mb/d, qlf’"a/cd, qlfma/de, qlfmb/w, bw/a,qb/d

(8c)

Recall Watson’s transformation [10, III-17] on terminating very well-poised series:
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Ja. —a. qa/b, qajc, qa/d, qaje, q"“a"’; bede ©0)

_ | ga,qajde q ", d, e, qa/bc )
- |:qa/d,qa/e ‘ q:|n4¢3|: qa/b, qajc, g "de/a ‘ 49 ©b)

The g¢p7-series in the identity (8c) can be reformulated in terms of the balanced series:
& |:q_’"b/d,q\/q—mb/d, —q\/q—mb/d,bc/a,be/a,w/d,ql_ma/dw,q_m ‘ 'ﬂi|
87 Va"mb/d, —/q "b/d,q'"a/cd, q'™a/de,q'""b/w, bw/a,qb/d | 7 ce
d /b, bede/a? g™, bcja, bd]a, be/a
= ‘q 4¢3 ‘ 34 |-
m

p |:a, gs/a, —qi/a, b, c, d, e, q " q2+”a2:|
87

cdja,de/a bw/a, ¢"~"b/w, bede/a® a
Substituting the last relation into (8c), we derive finally from (8a)—(8c) the following girg-series

identity.

Theorem 2 (The first extension of Shukla’s gyrg-summation formula). For m € Ny, suppose that
lg'=™a?/bede| < 1. There holds the bilateral series identity:

gv/a, —qi/a, b, c, d, e, q"w, qajw g "a?
sV g, 7 (10)
Ja, —i/a, qa/b, qa/c, qa/d, qaje, ¢ "™Majw, w bede
w/b, bw/a q~™,bc/a,bd/a,bela
— Qla:b,c.d, ‘ 3 ‘ gl (ob
lazb.c e]|: w, w/a q:|m4¢3[ql "b/w, bw/a, bede/a® a4 (100)

For m = 0, 1, this result reduces respectively to Bailey’s ¢g-series identity (3) and Shukla’s
gWg-summation formula (5a)—(5b).

3. The well-poised 19¥10-series identity
We can further generalize Theorem 2 by adding two extra pairs of well-poised parameters.

Applying Lemma 1 to factorial fraction

c, e, q"v, qa/v‘
qajc, qaje, ¢ "ajv, v 1 0

we can reformulate the 19y/1o-series as follows:

" gs/a,—qs/a,b,c,d,e,q™u,qaju,q"v,qa/v ‘ q'Tma?
10%10 Ja, —ﬁ,qa/b,qa/c,qa/d,qa/e,ql_’"a/u,u,ql_"a/v,v 7 bede
. —i:.o 1—q2ka b,d,q"u,qa/u ‘ ql_’"_"a2 k
_k=—oo l—a | qa/b,qa/d,q""a/u,u 1 « bcede
» c,e,q"v,qa/v ‘
qajc,qaje,q" "ajv,v X
e c/a, v/e, ev/a‘
" | v, v/a, c/e, cela
xXn: q_”e/c,q\/q*”e/c,—q\/q*"e/c,e,e/a,v/c,ql_"a/cv,q_" q qu
g JaTeje.~JqTee.q" " fe.q' Maje.q e /v, eva gefe | |,
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ga,—qJa,b,q" ‘e, d, g%, q"u, qa/u
Ja.—a.qa/b.q' "+ aje.qa/d.q" " afe.q" " aju,ul?

provided that |¢' =™ "a?/bcde| < 1 for convergence. Evaluating the last gig-series by Theo-
rem 2 and then simplifying the result, we have

. ql—m—na2
bcde

Xslﬁs[

qva. —ga. b, q"‘c. d.  q'e.  q"u. qa/u; q'""d®
Va, —va, qa/b, ¢" " ajc, qa/d, q'"taje, ¢""aju, u bede

u/b,bu/a‘ " q_m,q”_ebc/a,bd/a,qlbe/a) ]
u,uja m g "bju,buja, q"bedeja* 1T

4 1—n 1-n
u/b,buja a be/a, de/a, q' "/c, q "a/c
=.Q[a:b,c,d,e]|: qi| (—) |: _ _ q
u,uja ‘ m \bd e, ela, q'""a/bc, ¢""a/cd ¢

bc/a,cd/a,ce/a’ # q‘m,q”_zbc/a,bd/a,qlbe/a‘ )
c,c/a,bede)a? a4 n4 3 qg"™"b/u,buja, q"bcde/a* ’

slﬂs[ ‘6];

= .Q[a : b, q”%c, d, qee][

This leads us to the following simplified relation:

" q/a,—q/a.b,c.d e.q"u,qaju,q"v,qa/v ’ g a?
107710 Ja,—+J/a,qa/b,qa/c,qald,qaje,q""a/u,u,q" "ajv,v T hede
(11a)
u/b,buja ‘ v/e,ev/a,bc/a,cd/a ‘
= : 11b
$la b,c,d,e]|: u,uja m v,v/a,c/e, bede/a* 1 (1)
><il—qyf_ne/c g "e/c,beja,deja,v/c,q a/cv,q" ‘q qa ¢
= 1—g"e/c | q.q""a/bc,q"a/cd, q' e /v, ev/a, ge/c \bd
(11¢)
g™, q" tbc/a, bd/a, q'beja ’
; 11d
X4¢3[ g"™"bJu, buja, q"bcde/a* |’ (11d)

Writing the last 4¢3-series explicitly

# q_m,q”_lbc/a,bd/a,qzbe/a‘ )
493 g"™"b/u,buja,q"bede/a* 17

_i q_m,q"_lbc/a,bd/a,qlbe/a’ X
B q,q" ™b/u,buja,q"bcde/a? 4 ’

k=0

exchanging the summation order between (11c) and (11d) and then applying the two factorial
relations

(g*be/a; q)¢
(beja; q)e

(ql_na/bc§ e _xe
K(g'""*a/bc: q)e

we find that (11c)—(11d) is equal to the following double sum:

(¢°be/a; q), = (be/a; @i

(q"_ebc/a; q)k = (q”bc/a; q)
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i[q—m, g"bcja, bdja, beja ‘q} y

oL 4 q'~™b/u, bu/a, q"bcde/a*

X 8¢7[

q "e/c,q /g "e/c,—q~\/q "e/c,de/a, qkbe/a, v/c, ql_”a/cv, gt ql_ka
\/q*"e/c, —\/q*”e/c,ql_”a/cd,ql_”_ka/bc,ql_"e/v,ev/a,qe/c T bd |
By means of Watson’s transformation (9a)—(9b), the last g¢7-series may be expressed as:
é |:q"e/c, q\/q*"e/c, —q\/q*”e/c, de/a, qkbe/a, v/c, qlfna/cv, qa | . ql_kai|
897 Vg e/, —\/q_"e/c,ql_"a/cd,ql_"_ka/bc,ql_”e/v,ev/a,qe/c T bd

_ c/e, qkbcde/az‘ é g ", q*beja,ce/a,de/a ‘ ]
| ¢*bc/a, cd/a 1 ,14 3 g "e/v,ev/a,g*bede)a® 1T’

Substituting the last two expressions into (11c)—(11d) and taking into account of the relation
c/e,qFbcde)a? ‘ | c/e, bede/a? ‘ y be/a, q"bedea? ‘
g*bc/a,cd/a . L bc/a,cd/a " q"bc/a,bedeja® 1™ |

we can finally combine (11a)—(11b) with (11c)—(11d) together and get the resulting transforma-
tion

¥ qva,—q/a,b,c,d,e,q"u,qa/u,q"v,qa/v ’q~ q'=mng?
0 va,—a.qa/b.qafe.qa/d. qaje.q'"a/u.u.q' " a/v. v bede
(12a)
_ ) u/b,buja ’ v/e,ev/a )
_.Q[a.b,c,d,e]|: u.u/a q § v.v/a q ) (12b)
m —m
k| g " bc/a,bd/a,be/a ‘
ng |:61,ql_mb/u,bu/a,bcde/a2 ) .
g7, qbeja,ce/a,de/a ‘
; 12
X4¢3|:q1_"e/v,ev/a,qkbcde/az q;4 ( C)

For DEF =¢q I-nABC, recalling Sears’ transformation (cf. [10, III-15]) on terminating balanced
series

¢", AB.C| 1 ., E/A,F/A‘ g ",A,D/B,D/C ‘ _
4¢3[ p.EF|T1 =A E.F q n4¢3 D.g'""AJE.q' " A/F q;9
(13)

we can further reformulate the 4¢3-series in (12¢) as
" g ", q*beja,ce/a,de/a ‘ )
493 g'"e/v,ev/a, qg*bcde/a? 44
—_nk| v/b, bv/a‘ gb/v, q"bv/a ‘
v/e, ev/a aLbv/a, q'7"b)v a x

q™",q*be/a, q*bd/a, q*be/a ‘ . i|

X 4¢3|:q1n+kb/v, q*bv/a, g*bede/a?

Substituting this last expression into (12c), we derive the following bilateral series identity.
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Theorem 3 (The second extension of Shukla’s 3rg-summation formula). For m, n € Ny, suppose
that |q'~""a? /bcde| < 1. There holds the bilateral series identity:

v 9/a g b.ed g g/ gy | gl
10%710 Ja,—<J/a,qa/b,qa/c,qald,qaje,q""a/u,u,q" "ajv,v T hede
(14a)
_ ) u/b, bu/a‘ v/b, bv/a‘
_Q[a.b,c,d,e][ A qm v, v/a q (14b)
m -m . n
q ", q"bv/a,qb/v,bc/a,bd/a,be/a ‘ k—nk
14
XI;[q,t]l_mb/u,bu/a,ql_”b/v,bv/a,bcde/a2 4 kq (140)
g, q*bcja, q¢*bdja, q*be/a ‘
; 14d
X4¢3[ g b /v, gkbuja, qfbedeja? | T (14d)

We remark that for n = 0, this theorem reduces to Theorem 2.
4. Milne’s generalization

Both transformation formulae examined in the last two sections are special cases of the fol-
lowing more general one which expresses a nonterminating very well-poised bilateral series in
terms of a terminating multiple unilateral series.

Theorem 4. (Milne [13, Theorem 1.7]) For n-pairs of complex parameters {x,, y,} satisfying
the finite condition:

n
qa/xeye =q_N" with N, e Ng forl<x <n and N := ZNK (15)

k=1
suppose that |q'~Na?/bede| < 1. Then there holds the bilateral series identity:

W g+/a, —g\/a, b, c, d, e, {xt’yt}?zl ) .ql—NaZ
koot fa, —Ja, qa/b, qajc, qald, qale, \qa/x., qa/y),

bcde
(16a)
n
X, x/a,qb/y,, qa/by,
= Qla:b.c.d,e] [ 0 X ) (16b)
D xi /b bxifa,q/vieqafy 1]
(ga/xnyn; @)m [ bcja,bd/a,be/a ’ } "
X - " " (16¢)
Z @ D, Lab/xuab/yn.bedeja 7], 7
" @a/x; Y Om, [ b b M,
Xl—[ q Jijqm][ X)+1/a, yj+1/a‘q] ( qa ) (16d)
=1 (q;CI)mJ qb/x;,qb/y, M, \Xj+1Y)+1
where the multiple sum runs over m = (my,my, ..., my) € Ny with their partial sums denoted

by M=y m fork =1,2,...,n.

This important result is first established by Milne [13] who has ingeniously incorporated al-
gebraic manipulation with the analytic continuation method devised by Askey and Ismail [2] for
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verifying Bailey’s very well-poised bilateral ¢1/¢-series identity (3). The following two facts can
at least exemplify its importance.
First, specifying the parameters with

X, —> q2MaZt/b
yl_)qlbe/Zt forte=1,2,...,n,
N, - M

b— bgM

and then letting M — oo, we recover from Theorem 4 the following multivariate partition iden-
tity due to Andrews.

Corollary 5. (Andrews [1, §6], see Milne [13, Theorem 3.1] also.)

n

Moo= S e
- = q 2 3 N .
i @ oo e 1 @ Dm (259 m,

Then letting e = a/b in Theorem 4, we see that the corresponding multiple sum reduces to
one. Exchanging b and c, the result may be stated as the following bilateral series formula.

Corollary 6. (Chu [6, Theorem 2]) For n-pairs of complex parameters {x,, y.} satisfying the
conditions of Theorem 4, there holds the following bilateral series identity:

gva, —q/a, b, d, ¢, afe,  fxe, i, q'Na
2n+6W6+2n = ‘ ;

va, —ya, qa/b, qa/d, qa/c, qc, {qa/xc.qa/y}i_,

_ (g)"[ 4. 4, qa, q/a, qa/bec, qa/cd, qc/b, gc/d ]
c) Lqga/c, qc/a, qc, q/c, q/b, q/d, qa/b, qa/d |~ |

d
Ne

provided that | ~Na/bd| < 1 for convergence.

n
8 1—[[ qc/xe, qe/ye
qa/xe,qa/ye

k=1

This bilateral series identity contains several known summation formulae appeared in [5,9,
12,14] as special cases, which concern classical and basic hypergeometric series of Karlsson—
Minton-type with integral parameter differences.

Based on the linearization method developed in the last two sections, we present now a
constructive proof for Milne’s transformation formula. Another proof via the Saalschiitz chain re-
actions can be found in Chu [7], where the iteration technique possesses more directness and gen-
erality. For other multidimensional generalizations of Shukla’s formula, refer to Schlosser [16].

Proof of Theorem 4. For n = 1, 2, it is not hard to check that this transformation reduces re-
spectively to Theorems 2 and 3. Suppose that the transformation stated in the theorem is true
when there are n-pairs of extra parameters {xi, yx}. In order to prove the theorem, we have to
verify the formula for (n + 1)-pairs of {xi, yk}.

Introduce a new pair of {x,,+1, yu+1} With ga/x,+1yn+1 = ¢ * and A € Ny. The correspond-
ing 2,+4+8¥s+2,-series can be transformed by Lemma 6 into the following:

A



544 W. Chu, X. Wang / J. Math. Anal. Appl. 328 (2007) 535-549

" [ ga,—q./a,b,c.d,e, {x“yt}gll ‘q' ql—N—xaT
2n+8Y8+2 :
T Va, —a.qa/b.qafc.qa)d qale. {qa/x., qa/y )"} bede

(17a)

I N [ Ul S,
Va,—«/a,qa/b,qa/d, {qa/x, qa/y}_ 1 " bede

c, e, Xn+1, Yn+1 ’ :|
% q (17¢)
|:qa/c, qa/e’ qa/xn+1, qa/yn—l—l k

_[ e, /e, qafernsi; gefan | }
cle, cefa, qafsuyi, qfxupi |7,

k=—o00

(17d)

A _ _
X ZI:C] Ae/cv 4\/‘]_)‘6/0’ —q\/q_)‘e/c,e, e/a’q )L’ Cla/canrl’CIa/C}’nJrl ‘ i| qe
=lq.Vaele, =g ele.q' 7 [e.q Fajc, qefc, ge/xni1,ge/yui1 | Ly

(17¢)
v |: q\/>’ —qﬁ, bvqkiécﬁdvqee’{xh i} ql_N_kaz]
X L
2n+6Y6+2n ﬁ,—ﬁ,qa/b,qlf”za/c,qa/d,ql%a/e, {qa/x“qa/yl} q bede
(17f)

According to the induction hypothesis, the last 7,16Ve+2,-series can be expressed as the
following multiple sum:

gva,—qJa,b,q* e, d,qte, {x,, y,} q' "N "a?
2n+6¥6+2n 1—A40 1—¢ ‘ 9, ——F———
Va,—/a,qa/b,q ajc,qa/d,q'"‘a/e.{qa/x,qa/y} bede
(182)
n
_ 5 ) b/)’ 7qa/byl
=Qla:b,cq* ", d, eq [’C’ % /a, b/ (18b)
La:b.cq K ]E xi/b,bxifa,q/yi.qa/y | ],
(qa/Xnyn; Dm [qx_ﬁbc/a,bd/a,qebe/a ‘ } "
x Y A8 AT 4 mn n (18¢)
th: (@ Dm, ab/xn, qb/yn, q*bedea® 11 |, 1
n—1 . M,
y 1—[ (ga/x;y;:qIm, |:bxj+1/a,byj+1/a ) q] ( qa ) (184)
i (@ Dm, qb/x;,qb/y, M, \Xj+1Y) 41

We need further to reduce the £2-function
_ bc/a,cd/a,cela
Q[a:b.g*"c.d, q']=2la:b.c.d |
[a:b.4" . d.q"] lazb,c.d.e] c,c/a, bede/a? N
o« be/a, deja, q'*/c, q'a/c a ¢
e, ela, ¢ *a/bc, g'*a/cd (\bd
and to separate the factorial fractions indexed by £:
q’\_ebc/a,bd/a,qzbe/a‘ [ 4" Paybe, qM’lbe/a‘ _em,
gb/xn,qb/y, ¢*bedea* M T g" Mg /be,  be/a ‘

|: g*bc/a,bd/a,beja ‘ i|
qb/xn.qb/yn, q*bedeja | y
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Keeping in mind of these two relations just displayed, substituting (18) into (17f), and then
changing the summation order between ¢ and m in (17), we derive finally the transformation
formula:

gv/a,—qya,b,c.d,e, {xts)’L}n+l ‘ . ql_N_)“a2i|
Va,—/a,qa/b,qa/c,qa/d,qale, {qa/x, qa/y}_ "'H bede

_ |:bc/a,cd/a,qa/ean,qe/an ) ] li[|: X1, X, /a,qb/y,,qa/by, q}
bede/a®, cle, qa/xus1, q/Xn+1 N x,/b,bx,/a,q]y,,qa]y, ~
(qa/xnyn;Q)m,,[ q*bc/a,bd/a,be/a ‘ } o
M

(@ Dm, qb/xn,qb/yn,q"bcde/a*

2n+8¥8+2n [

xQ[a:b,c,d,e]Z
mn

n—1
» 1—[ (ga/x;y;: @m, |:bx]+1/a,byj+1/a ‘ i|M < qga )M_/

=1 @ Dm, qb/x;.qb/y, X)H1Y)41
Q q>re _ > e de _— q"nbe  qa qa l—M
X 8¢7 c c ’ c ’a aq ’ a ’ CXpt] ’ CYn+1 . q naq
q**e _ q**e q'_)‘a qe ql_}‘_M”a qe ge ’ bd
¢’ ¢’ cd > ¢’ be ’ Xn+1 ’ Yn+1

For the last very well-poised series, apply Watson’s transformation (9a)—(9b):

g e [q* e  [q* e de _—xn gMbe qa qa 1-M,
¢ c c c ’a 4 ’ a ’ CXpgl’ CYnt1 . q a
8P7 R -
gre  [qTte q'*a qe g Mng  ge qe ’ bd
[ c ' ced ¢’ bc 7 Xpg1” Yntl

e PP Y it
£ I 5 1=Mu=20 /be, '~ a/cdq a/ce

6]§Qj|

and then further Sears’ transformation (13) on the reversal of the above displayed balanced 4¢3-
series:

Xp417 Ynt1

" q—/\’ql—Mn—AQZ/bcde,qa/cx,,+1,qa/cyn+1‘ g
43 ql_M"—)‘a/bc g a/cd, g *a/ce ’

¢[ - M”bc/a cd/a,cela ‘ ) i|
’ "bcde/a q¢/xni1, qc/ynsn | 17

y gMrbede/a?, gc)xni1, ga)cxns )
y,,_H gMrbe/a, cd/a, cela 4 )
gMrbe/a, qMrbd Ja, gMrbe/a ‘ )
Mnbcde/a R

_ M, ) ql+Mnb ql+Mnb
X <—C) |: bede/a”, Xn+1 7 Yntl ‘qil q( )- )‘M".
b gMrbe/a,cd/a, cela

=4

Unifying the last three expressions and canceling the common factorial factors by the following
three relations:

(q*bc/a; q)m, bc/a,qM"bcde/a2‘ _ (be/asq)m,
(g*bcdeja?; q)u, | bede/a?, qMrbejal™ |, ™ (bedeja?; gy,
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[¢" M b/xns1, "M yns1: q],

_ [ bxpi1/a,bynti/a

o b/xn+1,qgb “qli.
qb/Xn41,9b/yns1 ‘q}Mn[q [Xn+1,9b/yn+1; qln

c/e,qe/Yni1,q/Xnt1,9a/Xnt1

_ (—_b))‘[qb/)’rwl,qa/bywrl ‘q} o)
c q/Yn+1,9a/Yn+1 A

[q”e/c, qa/exni1.qb/xni1,qb/Yns1 ‘ q]
A

we obtain the following simplified transformation

q\/_s _q\/a,b,C,d,e, {xls yt}:li_ll ’ ql—N—)La2i|
- 4 ———
Ja,—4/a,qa/b,qa/c,qa/d,qale, {qga/x,, ‘1“/)’1}7;11 bede

n
— Qla:b.e.d e][qb/ynﬂ,qa/bynﬂ ‘q} 1—[[ X1, X /a.qb/yi.qa/by, ‘q}
)"l:l oo

2n+8¥8+2n [

q/Yn+1,9a/Yn+1 x,/b,bx,/a,q/y,,qa/y

E+M)l

s
(qa/xn+l)’n+1;q)e[ bc/a,bd/a,be/a ‘ ]
X
Z; (q:q)e qb/xn+ls qb/yn—&-l’ dee/a2 1 €+an
n

Xl—[(qa/xj}u;q)m,|:bxj+1/a,byj+1/a‘ ] ( qa >MJ
(@: Dm, qb/x;.qb/y, m \ XY/

m

J=1
Recalling the finite condition ql“‘a /Xn+1Yn+1 = 1, we conclude that the last transformation is
exactly the case of Theorem 4 with the (n + 1)-pairs of extra well-poised parameters {xx, yi}

thanks to
[qb/yn+1,qa/byn+1 ’ ] _ [ Xnt1s Xnt1/a, G0/ yns1,a/byns1 ‘ }
q/Yn+1,9a/Yn+1 » LXnt1/b,bxpsr/a,q/yns1,qa/yns1 17 o
Applying the induction principle, this completes the proof of Theorem 4. O

5. Another well-poised 19¥1¢-series identity

By linearizing different pairs of factorial fractions, we will derive another well-poised 19¥19-
series identity which can also be considered as a common generalization of both Bailey’s ¢/g-
series (3) and Shukla’s formula (5a)—(5b).

Applying Lemma 1 to factorial fraction

q"u, qaju, q"v, qa/v‘
ql_ma/u, u, ql_”a/v, v X

we can manipulate the 19yjo-series as follows:

" gJa,—q./a,b,c.d,e,q™u,qa/u,q"v,qga/v .ql_m_"a2
10¥10 Ja,—<J/a,qa/b,qa/c,qajd,qaje,q""a/u,u,q" "ajv,v 7 bcde
+00

-y 1—g*a b,c.d,e ‘
B I—a |qa/b,qa/c,qajd,qaje]? ],
k=—o00
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(4T “I' q"u.qa/u,q"v,qa/v ‘
bede g " ™aju,u,q" "ajv,v a X
| qg"u, g"u/a, uv/qa, qv/u’ anl—q a/u?
“Lov, wva, ¢"'P/a, g7 1 —gl-m=—ng/y?
([ 4T g g e, ga g fu g™
q’q27na/uv’ qlfmfn/u7 qlfmfna/u, q27ma/u2’ qv/u ;

q\/a’ —qﬁ,b,c,d,e,qm+”*iu,q1+ia/u ’ ' ql—m—naZ
Ja,—/a,qa/b,qa/c,qald,qale,q " u, g T " "a u T hede

provided that |¢!=""a?/bcde| < 1 for convergence. By means of Theorem 2, evaluating the
last gi/g-series

y gva, —=qva, b, ¢ d, e ¢"7"u, q'taju ‘q.q]*m*”a2
8v8 Ja, —va, qal/b, qajc, qald, qaje, q~'u, "7 " a/ul?’  bede
q_iu/b,q_ibu/a‘ :|

m+n

1—m—n+2i

i=0

—n

Xslﬂs[

g 'u,q u/a
q "™ ", bc/a,bd/a,be/a ’ )
g" b Ju, g7 bu/a, bede a® 9

=.Q[a:b,c,d,e]|:

X 4¢3[

and then invoking the relation on factorial fractions

[q_iu/b,q_ibu/a ‘ i| B |:u/b,bu/a ‘ i|
q 'u,q 'uja 9 min u,uj/a 1 man
x [qb/u’qa/bu,q“’"‘”/u,ql‘m‘"a/u ‘ }

ql_’”_”b/u, ql_m_"a/bu, q/u,qaju

we find the following simplified expression:

" g a, —q./a, b,c,d,e,q™u,qa/u,q"v,qga/v ‘ Cq'Tma?
10¥10 Ja,—/a, qa/b,qajc,qald,qale,q"""aju,u,q""ajv,v T pcde
(192)
b, b "u,q™ ) )
=ma:b,c,d,e][“/ ue) } [q ot nfac v q} (195)
u, uja man L UsV/a.q"ut/a,q n
gl o b
XZ —m—n 1;12 qlmnuaz’zz’%’q mv’qlmnuav’qn ;
1 —m— nuaz q’ql—m—nb%’ql—m—ng’qZ nav’quv’qZ ma q iq
(19¢)
qg ", bc/a, bd/a, be/a ‘
‘ . : 19d
X4¢3|: g b, g bu/a, bedea* 4 (19d)

Writing the last 4¢3-series explicitly as the finite sum

”f[qmn, bc/a, bd/a, be/a ) ]ql

=L q. ¢ "b/u, g7 'bu/a, bede/a’
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exchanging the summation order between (19c) and (19d), and then applying the factorial frac-
tion relation

1 B qié ql—Ea/bu’ql—m—nb/u ‘
lg' ™ ="="b/u, g~ bu/az qle — lg!="="b/u,buja:q)e | qa/bu.q" " b/u 17 ]

we find that (19¢)—(19d) is equal to the following double sum:

’%’ g™, bcja, bdja, be/a ] o
g,  q'7™"b/u, bu/a, bcde/a® 1 Zq

=0
1-m—n a 3m=n /a 3=m-n Ja qb 1-¢ a —m v 1-m—n a —n
X3¢7[ 24T T4 T 4 e ued w0 4 'q'qH'e
lomon /a lom=n \/a 1-m—-n a 1+¢—m—-nb _2—n a v 2—-ma ’ ’
q 2 =9 2 9 b 4q 04 49904 el
The last g¢p7-series may be reformulated by means of (9a)—(9b) as:
l—m—n a 3om=n Jfa 3—m—n Ja gb 1-¢ a —mv l—m—n a —n
s | 29 0 w4t w4 e T wd w4 ‘q-ql“
H%ﬁ _ 17"217" Va 1-m-na ,1+6—m-nb ,2-na ,v ,2-ma ’
q w4 u 4 bu4 w4 w4y 4 u2

_ qm_luz/a,bv/a‘ " q7 ", g ™v/u, qb/u, gtbv/a
L ¢"buja,uv/qa 17 |, gu/u, ¢ " biu, bu/a

Q§‘]i|-

Substituting the last two expressions into (19¢)—(19d) and then combining the result with (19a)—
(19b), we derive the following simplified transformation formula.

Theorem 7 (The third extension of Shukla’s gs-summation formula). For m,n € Ny, suppose
that |g' =™ "a? /bcde| < 1. There holds the bilateral series identity:

" C]«/_, —q\/a,b,C,d,e,qmu,qa/u,q”v’qa/v ’ 'ql—m—na2
WO va.—va.qa/b.qajc.qad. qale.q" " aju. u.q' "a v, v T pede
(20a)
b.
=Q[a:b,c,d,e]w[q’b”/a‘qi| [qv/u,bv/a)q] (20b)
(G Dmn u,uja v,v/a "
mine _my_p
q ) bc/a, bd/a, bela ‘ ¢
2
* ;[ g.  q"™"bju, buja, bedeja® |7 661 (20¢)
q ", g "v/u, qb/u, q[bv/a‘
; 20d
><4¢>3[ qu/u, @bl buja (20d)

We remark that for n = 0, this theorem also reduces to Theorem 2. However, we have failed
to show the equivalence between Theorem 2 and Theorem 7. Another problem is to find a right
approach to iterate Theorem 7 for obtaining Milne-like transformation.
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