
 http://pig.sagepub.com/
Engineering

Engineers, Part G: Journal of Aerospace 
Proceedings of the Institution of Mechanical

 http://pig.sagepub.com/content/227/1/33
The online version of this article can be found at:

 
DOI: 10.1177/0954410011430027
published online 6 January 2012

 2013 227: 33 originallyProceedings of the Institution of Mechanical Engineers, Part G: Journal of Aerospace Engineering
Jiaming Zhang, Qing Li, Nong Cheng and Bin Liang

manifolds
Non-linear flight control for unmanned aerial vehicles using adaptive backstepping based on invariant

 
 

Published by:

 http://www.sagepublications.com

On behalf of:
 

 
 Institution of Mechanical Engineers

can be found at:
Proceedings of the Institution of Mechanical Engineers, Part G: Journal of Aerospace EngineeringAdditional services and information for 

 
 
 

 
 http://pig.sagepub.com/cgi/alertsEmail Alerts: 

 

 http://pig.sagepub.com/subscriptionsSubscriptions:  

 http://www.sagepub.com/journalsReprints.navReprints: 
 

 http://www.sagepub.com/journalsPermissions.navPermissions: 
 

 http://pig.sagepub.com/content/227/1/33.refs.htmlCitations: 
 

 What is This?
 

- Jan 6, 2012OnlineFirst Version of Record 
 

- Dec 20, 2012Version of Record >> 

 at Northeastern University on November 19, 2014pig.sagepub.comDownloaded from  at Northeastern University on November 19, 2014pig.sagepub.comDownloaded from 

http://pig.sagepub.com/
http://pig.sagepub.com/content/227/1/33
http://www.sagepublications.com
http://www.imeche.org/home
http://pig.sagepub.com/cgi/alerts
http://pig.sagepub.com/subscriptions
http://www.sagepub.com/journalsReprints.nav
http://www.sagepub.com/journalsPermissions.nav
http://pig.sagepub.com/content/227/1/33.refs.html
http://pig.sagepub.com/content/227/1/33.full.pdf
http://pig.sagepub.com/content/early/2012/01/06/0954410011430027.full.pdf
http://online.sagepub.com/site/sphelp/vorhelp.xhtml
http://pig.sagepub.com/
http://pig.sagepub.com/


Original Article

Non-linear flight control for unmanned
aerial vehicles using adaptive
backstepping based on invariant manifolds

Jiaming Zhang, Qing Li, Nong Cheng and Bin Liang

Abstract

A novel adaptive backstepping control scheme based on invariant manifolds for unmanned aerial vehicles in the presence

of some uncertainties in the aerodynamic coefficients is presented in this article. This scheme is used for command

tracking of the angle of attack, the sideslip angle, and the bank angle of the aircraft. The control law has a modular

structure, which consists of a control module and a recently developed non-linear estimator. The estimator is based on

invariant manifolds, which allows for prescribed dynamics to be assigned to the estimation error. The adaptive back-

stepping control law combined with the estimator covers the entire flight envelope and does not require accurate

aerodynamic parameters. The stability of the whole closed-loop system is analyzed using the Lyapunov stability theory.

The full six-degree-of-freedom non-linear model of a small unmanned aerial vehicle is used to demonstrate the effec-

tiveness of the proposed control law. The numerical simulation result shows that this method can yield satisfying

command tracking despite some unknown aerodynamic parameters.

Keywords
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Introduction

Unmanned aerial vehicles (UAVs) are playing an
increasingly important role in a large number of civilian
and military applications and have received much inter-
est in recent years. The primary objective of the flight
control system design is to perform the stability aug-
mentation and command augmentation for UAVs.
Meanwhile, one important objective is to cut the cost
of the flight control system. However, these objectives
are often in conflict when using the classic flight control
design approach. Traditionally, linear controllers are
designed using the linearized aircraft model at many
trimmed flight states.1 These controllers are then com-
bined using gain scheduling2,3 as the function of flight
states to guarantee the desired performance throughout
the entire flight envelope. However, this process is
tedious and costly. Furthermore, it does not give an
optimal solution nor guarantee stability robustness.4

Therefore, an advanced non-linear flight control law
is required for the flight control system design.

One well-known non-linear design method is
the feedback linearization, also called non-linear
dynamic inversion.5–7 In this approach, the original
non-linear dynamic system is transformed into a
linear system by coordinate transformation and state
feedback.8 However, one drawback of this method is
that it requires an accurate aircraft mathematical model
to perform perfect feedback linearization. It is generally
not the case that an accurate mathematical model can
be obtained because it is very difficult to precisely know
the aerodynamic coefficients in the parameterized
mathematical model. Additionally, this method is not
economically preferable for UAVs. Therefore, to deal
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with uncertainties, the adaptive feedback lineariza-
tion9–11 approach has been developed.

The flight control system based on the adaptive feed-
back linearization makes use of the two time-scale sep-
aration assumption that separates the fast dynamics
from the slow dynamics. The inner and outer control-
lers corresponding to the fast and slow states are sepa-
rately designed. The inherent drawback of this
approach is that the gain of the inner controller needs
to be large enough to insure that the transient dynamics
of fast states is so quick that fast states have negligible
effect on slow states. However, large gains of the inner
controller may excite the high-frequency dynamics and
cause the saturation of the actuator, even failing to
guarantee the robustness of the stability.12

In response to these potential problems, the
Lyapunov-based adaptive backstepping approach can
be used to design the flight control system without
assuming the two time-scale separation.13–16 The adap-
tive backstepping method consists of a step-by-
step coordinate transformation and designates some
states as intermediate virtual control inputs to control
other states. This method relies simultaneously on find-
ing an adaptive control law and a parameter update law
in order to cancel out the parameter-dependent terms
of the derivative of the Lyapunov function, a quadratic
function of the states, and the parameter estimation
error, which guarantees that the Lyapunov function
of the closed-loop system is negative. Therefore, all
closed-loop signals are globally stable and bounded.

However, this method brings about a problem, in
that the Lyapunov-based estimator only guarantees
that the parameter estimation error is bounded and
the estimate converges to an unknown constant
value.17 Thus, the modular backstepping approach
has been proposed to overcome this problem. This
approach consists of a controller and a separate esti-
mator that is not Lyapunov-based, such as the neural
networks15 and the recursive least squares.18 However,
the dynamics of the estimation cannot be directly pre-
scribed, which may lead to the undesired transient per-
formance of the whole closed-loop system.

A new method which can be used to design the adap-
tive control law for uncertain non-linear systems based
on immersion and invariance has been introduced in
the study of Astolfi and Ortega,19 see also the works
of Astolfi et al.20 and Karagiannis and Astolfi.21 The
detailed definition of immersion and invariance can be
found in the works of Byrnes et al.22 and Stephen.23

This approach introduces a modular controller-estima-
tor control scheme. The estimator allows for prescrib-
ing the dynamics of the parameter estimation error by
driving the dynamics along invariant manifolds. In the
study of Karagiannis and Astolfi,24 the estimator based
on invariant manifolds combined with an energy-based

controller has been applied to UAV to achieve asymp-
totic command tracking in the presence of aerodynamic
forces and moments with unknown coefficients based
on the certainty equivalence principle. In the study of
Sonneveldt et al.,25 a command filtered backstepping
law based on immersion and invariance with the addi-
tion of dynamic scaling factors and output filters has
been applied to a simplified F-18 model. The adaptive
control based on invariant manifolds has also been
used in many other applications, such as the control
system for the robot manipulator,26 the aeroelastic
system,27 and the missile longitudinal autopilot.28

In this article, a novel adaptive flight control law
based on invariant manifolds has been derived for a
UAV. This method is neither based on two-time scale
separation assumption nor the certainty equivalence
principle. The objective of the fight control system is to
follow the command of the angle of attack, the sideslip
angle, and the bank angle. The aircraft model can be
parameterized with some unknown coefficients. The
control law consists of the estimator and the controller.
The estimator based on invariant manifolds refers to the
basic idea in the study of Karagiannis and Astolfi.24 The
backstepping control law combined with the estimator is
introduced. The stability of the closed-loop system is
guaranteed by the Lyapunov stability theory. The
flight control law is applied to the full six-degree-of-free-
dom (6-DOF) non-linear aircraft model.

The outline of this article is organized as follows:
First, the estimator based on invariant manifolds is
briefly revisited and the adaptive backstepping control
law is discussed in ‘Adaptive control based on invariant
manifolds’ section. Then, the non-linear model of
the aircraft is described in ‘Aircraft dynamics’ section.
Thereafter, the specific flight control law for a small
UAV is derived in ‘Flight control system design’ section.
Finally, the performance of the adaptive flight control
law is validated in ‘Simulation’ section via numerical sim-
ulations and conclusions are drawn in the last section.

Adaptive control based on invariant
manifolds

Estimator based on invariant manifolds

The basic idea of the estimator based on invariant man-
ifolds is briefly revisited in this section. This is a new
approach to the design of the non-linear estimator for
the uncertain non-linear system. This method relies
upon the notion of the invariance of the manifold.

Consider the multivariable linearly parameterized
system of the form

_x ¼ hðx, uÞ þ(TðxÞh ð1Þ
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with the state x 2 Rn and input u 2 Rm, where h 2 Rp is
an unknown constant vector. Suppose that (TðxÞh is of
the form

(TðxÞh ¼

uT
1 ðx1Þ 0

. .
.

0 uT
n ðxnÞ

2
64

3
75

h1

..

.

hn

2
64

3
75 ð2Þ

with hi 2 Rpi and
Pn

i¼1 pi ¼ p. It should be noted that
the uncertain parameterized non-linear dynamics is for-
mulated in the form of the block diagonal matrix in
which each block is treated as a function of the corre-
sponding single-state variable to guarantee that the
problem is solvable.

Unlike the traditional method, the estimator based
on invariant manifolds provides an estimate of the
unknown parameter, which is the sum of a partial
estimate generated by an update law and a non-
linear function. The estimator of the unknown
vector is defined as

h
^

¼ mþ g ð3Þ

where m is the partial estimate of the unknown param-
eter and g the chosen non-linear function. The dynam-
ics of m is

m
:

¼ w ð4Þ

where w is the update law to be determined later.

Define the manifold in the extended space ðx, mÞ

M ¼ fðx, mÞ 2 R2 mþ g� h ¼ 0
�� g ð5Þ

The motivation behind this definition is that if the esti-
mate is confined to the manifold, then the estimate h

^

reaches the true value h. Therefore, the dynamics of the
system combined with the estimator restricted to the
manifold can be described by the equation

x
:
¼ hðx, uÞ þ(TðxÞðmþ gÞ ð6Þ

if the manifold is invariant. Hence, the dynamics of the
system is independent of the unknown parameter.

The following step is to ensure that the defined man-
ifold M is attractive and invariant by selecting the
proper update law and the non-linear function. Define
the off-the-manifold co-ordinate e ¼ mþ g� h, which
also plays the role of an estimation error. Select the
update law of m as follows

w ¼ �
@g

@x
½hþ(Tðmþ gÞ� ð7Þ

Then, the dynamics of the estimation error behaves as

e
:
¼ �

@g

@x
(Te ð8Þ

The selection of the update law w yields an equilib-
rium of zero, which guarantees that the manifold M is
attractive. All that remains is to select the elements of
the vector g ¼ ½g1, g2, . . . , gn�

T so that the zero equilib-
rium of the system is also stable, which implies that the
manifold is invariant. Referring to the study carried out
by Karagiannis and Astolfi,24 the non-linear function is
chosen as

giðxiÞ ¼ �i

Z xi

0

ui �ð Þd� ð9Þ

with �i 4 0. Therefore, the dynamics of the estimation
error is given as follows

e
:
¼ �(ðxÞ!(TðxÞe ð10Þ

where ! ¼ diagð�1, . . . , �nÞ. The components of the esti-
mation error vector satisfies

e
:
i ¼ ��iuiu

T
i ei ð11Þ

Therefore, the dynamics of the estimation error can be
shaped by selecting the non-linear function. Then,
increasing the gain �i can increase the speed of the
estimation convergence. It should be noted that the
block diagonal structure of the regressor matrix
insures that the non-linear function can be
determined.

The system (8) has a uniformly globally stable equi-
librium at zero. Hence, the manifold M is attractive
and invariant. Furthermore, (ðxÞe is square-integrable,
i.e. (ðxðtÞÞeðtÞ 2 L2. It also implies that
uiðxiðtÞÞ

TeiðtÞ 2 L2, i¼ 1, 2, . . . , n. It follows from
Barbalat’s lemma that

lim
t!1

uiðxiðtÞÞ
TeiðtÞ ¼ 0 ð12Þ

Therefore, the estimate converges to the true
value if components of the regressor are linearly inde-
pendent, which can be easily satisfied.24 Then, the esti-
mator can be exploited by combining with the adaptive
backstepping control law to regulate the cascaded
system.
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Adaptive backstepping

Consider the strict-feedback system of the form with
uncertainties

x
:
1 ¼ f1ðx

�

1Þ þ u1ðx
�

1Þ
Th1 þ g1ðx

�

1Þx2

..

.

x
:
i ¼ fiðx

�

iÞ þ uiðx
�

iÞ
Thi þ giðx

�

iÞxiþ1

..

.

x
:
n ¼ fnðx

�

nÞ þ unðx
�

nÞ
Thn þ gnðx

�

nÞu ð13Þ

with the state xi 2 R and the control input u;
x
�

i ¼ ðx1, x2, . . . , xiÞ; hi is the vector of unknown con-
stant parameters and uiðxÞ the known function vector,
i¼ 1, 2, . . . , n.

The control objective is to find a continuous adap-
tive state feedback control law so that the state x1
tracks the smooth reference command yrðtÞ. This class
of systems can be stabilized using the adaptive
backstepping.

The basic idea behind backstepping is to use some
states as virtual controls to control other states. The
backstepping design procedure starts by defining the
tracking error as

ziðtÞ ¼ xi � xi,r ð14Þ

where xi,r is the intermediate desired control law to be
designed. The dynamics of ziðtÞ can be written as

z
:
1 ¼ f1 þ uT

1 h1 þ g1z2 þ g1x2,r � x
:
1,r

..

.

z
:
i ¼ fi þ uT

i hi þ giziþ1 þ gixiþ1,r � x
:
i,r

..

.

z
:
n ¼ fn þ uT

n hn þ gnu� x
:
n,r ð15Þ

The virtual controls are proposed as follows

xiþ1,r ¼ �g
�1
i ½ fi þ uT

i ðmi þ giÞ þ gi�1zi þ kizi � x
:
i,r�

ð16Þ

with i¼ 1, 2, . . . , n�1, ki 4 1, and g0 ¼ 0. In the last
design step, the real control is determined as

u ¼ �g�1n ½ fn þ uT
n ðmn þ gnÞ þ gn�1zn þ knzn � x

:
n,r�

ð17Þ

with kn 4 1.

For the stability analysis of the closed-loop system,
consider the following Lyapunov function

Vc ¼
Xn
i¼1

zTi zi þ
1

�i
eTi ei

� �
ð18Þ

Taking the time derivative of Vc and using equations
(8), (10), and (11) yield

V
:

c ¼ 2
Xn�1
i¼1

zTi ð fi þ uT
i hi þ giziþ1 þ gixiþ1,r � x

:
i,rÞ

þ 2zTn ð fn þ uT
n hn þ gnu� x

:
n,rÞ � 2

Xn
i¼1

kuT
i ei k

2

¼ �2
Xn�1
i¼1

zTi ðkizi þ uT
i ei � giziþ1 þ gi�1ziÞ

� 2zTn ðknzn þ uT
n en þ gn�1znÞ � 2

Xn
i¼1

kuT
i ei k

2

¼ �2
Xn
i¼1

ki kzi k
2 � 2

Xn
i¼1

zTi uT
i ei�2

Xn
i¼1

kuT
i ei k

2

Using Yong’s inequality

zTi uT
i ei

�� ��4 kzi k
2 þ kuT

i ei k
2

2
ð19Þ

the Lyapunov function satisfies

V
:

c4�
Xn
i¼1

2ðki � 1Þ kzi k
2 �

Xn
i¼1

kuT
i ei k

2

If ki 4 1, the derivative of the Lyapunov function Vc is
negative definite. It can be concluded that the closed-
loop system of equation (15) has a globally stable equi-
librium of zero and limt!1 xi ¼ xi,r using Barbalat’s
lemma. It should be noted that this method does not
depend on canceling out the parameter-dependent
terms of the derivative of the Lyapunov function,
unlike the classical adaptive control law. Thereby, the
adaptive backstepping control law based on invariant
manifolds can be applied for the flight control system
design to track the reference command.

Aircraft dynamics

In this study, the aircraft is a small UAV which was
developed by ETH Zurich.29 The aircraft is equipped
with five control surfaces, i.e. the left aileron, the right
aileron, the left elevator, the right elevator, and the
rudder, each of which is fully independent.

Based on the assumption of the flat Earth and the
constant mass, the full 6-DOF non-linear equations of
a rigid-body aircraft are given as follows.30
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Force equations

VT

:
¼

1

m
ðXþ FT cos� cos�þmg1Þ

�
:
¼ q� ð p cos�þ r sin �Þ tan�

þ
1

mVT cos�
ðZ� FT sin �þmg3Þ

�
:

¼ p sin �� r cos�þ

1

mVT
ðY� FT cos� sin�þmg2Þ ð20Þ

Kinematic equations

�
:
¼ pþ tan �ðq sin�þ r cos�Þ

�
:
¼ q cos�� r sin�

c
:

¼
q sin�þ r cos�

cos �
ð21Þ

Moment equations

p
:
¼ ðc1rþ c2pÞqþ c3Lþ c4N

q
:
¼ c5pr� c6ð p

2 � r2Þ þ c7M

r
:
¼ ðc8p� c2rÞqþ c4Lþ c9N ð22Þ

where Vt is the airspeed, � the angle of attack, and � the
sideslip angle; � �  

� �T
represent the standard Euler

angles: roll, pitch, and yaw; p q r
� �T

are the body
fixed rotational angular rates; m is the mass;
X Y Z
� �T

are the aerodynamic forces: drag, lateral,
and lift force; FT represents the thrust which is pro-
duced by the propeller and it is assumed that the
thrust is through the center of gravity of the aircraft;
L M N
� �T

are the aerodynamic moments: the roll,
pitch, and yaw moments. The components of the grav-
ity vector are given by

g1 ¼ gð� cos� cos� sin � þ sin � sin� cos �

þ sin � cos� cos� cos �Þ

g2 ¼ gðcos� sin� sin � þ cos� sin� cos �

� sin � sin � cos� cos �Þ

g3 ¼ gðsin� sin � þ cos� cos� cos �Þ ð23Þ

where g is the gravitational constant. The moments of
inertia are defined as follows

�c1 ¼ ðIy � IzÞIz � I2xz �c2 ¼ ðIx � Iy þ IzÞIxz

�c3 ¼ Iz �c4 ¼ Ixz c5 ¼
Iz � Ix
Iy

c6 ¼
Ixz
Iy

c7 ¼
1

Iy
�c8 ¼ IxðIx � IyÞ þ I2xz �c9 ¼ Ix

with � ¼ IxIz � I2xz.

It should be noted that force equations of the air-
craft are expressed in the wind-axes and the kinematic
and moment equations in the body-axes. In this article,
the pitch angle is under the constraint ��=25 �5�=2,
or else the aircraft non-linear dynamics can be com-
puted with the quaternion representation.30

The aerodynamic forces are defined as the function
of the angle of attack and the sideslip angle

X ¼ q
�

SðCX1 þ CX��þ CX�2�
2 þ CX�2�

2Þ

Y ¼ q
�

SCY��

Z ¼ q
�

SðCZ1 þ CZ��Þ ð24Þ

where q
�

¼ 	V2
T=2 is the dynamic pressure, 	 the air

density which is computed according to the
International Standard Atmosphere model, S and the
reference wing area. To verify the adaptive control law,
the stability derivatives CY� and CZ� are assumed to
be unknown coefficients; the dimensionless coefficient
CZ1 is assumed to be known because it is trivial com-
pared with the stability derivatives. It should be noted
that the control surface deflections have no effect on the
aerodynamic force components, which is a general
assumption in the studies of Shin and Kim12 and
Li et al.16

The aerodynamic moments are modeled as29

L ¼ q
�

SbðCL1
a1 þ CL2
a2 þ CL3
e1 þ CL4
e2

þ CL��þ CLp p
�

þCLr r
�
Þ

M ¼ q
�

S c
�
ðCM1
a1 þ CM2
a2 þ CM3
e1

þ CM4
e2 þ CMq q
�

þCM��Þ

N ¼ q
�

SbðCN
r
r þ CNr r
�
þCN��Þ ð25Þ

where b is the reference wing span, c
�
the reference mean

aerodynamic chord, 
a1 and 
a2 the left and right aile-
ron deflections, 
e1 and 
e2 the left and right elevator
deflections, and 
r the rudder deflection. The dimen-
sionless angular rates are introduced as

p
�

¼
bp

2VT
, q

�

¼
c
�
q

2VT
, r

�
¼

br

2VT
ð26Þ

The control effectiveness coefficients CL1, CL2, CL3,
CL4, CM1, CM2, CM3, CM4, and CN
r are assumed to be
known to insure that the adaptive control problem is
solvable similar to that of Karagiannis and Astolfi.24

The damping factors CLp, CNr, and CMq are assumed
to be unknown parameters. CL�, CLr, CM�, and CN�

are trivial compared with the damping factors.
Furthermore, � and � are expressed in radian and usu-
ally small. Therefore, for simplicity, it is reasonable to
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assume these factors to be known, taking into account
the limited computational capacity of the aircraft.

The convention used here for ailerons and elevators is
positive deflection when the control surface is up and
negative deflection when the control surface is down.
For the rudder, positive deflection occurs when the
rudder deflects to the right. The five control surfaces of
the aircraft can be separately driven by actuators to pro-
duce the deflections commanded by the flight control
system. This provides the control redundancy considering
the fault circumstance; however, this is not the focus of
this article. The actuators of the control surfaces are mod-
eled as first-order low-pass filters with time constant
� ¼ 0:05 s. The saturation limits of the actuators are
�45�.31

The thrust force FT is generated by the propeller

FT ¼ 	n
2D4CFT ð27Þ

where n represents the speed of the engine, which is
modeled as a first-order low-pass filter with the time
constant �n ¼ 0:4 s, D the diameter of the propeller,
and CFT the dimensionless thrust coefficient.29

Flight control system design

In this section, an adaptive flight control system is con-
structed based on the proposed method in ‘Adaptive
control based on invariant manifolds’ section in order
to track the smooth reference commands �d, �d, and �d.
The framework of the flight control system is shown in
Figure 1. The flight control system has a modular struc-
ture and the designs of the control module and the
estimator are separately performed.

Estimator design

Since there are some unknown aerodynamic force and
moment coefficients in the aircraft dynamics, estima-
tors based on invariant manifolds for the unknown
aerodynamic force and moment coefficients are
individually designed. If one defines the state
x1 ¼ x11 x12 x13

� �T
¼ � � �
� �T

, the non-linear

dynamics of the aircraft can be rewritten as

x
:
1 ¼ hðx1Þ þ(ðx1Þ

Th ð28Þ

The elements of hðx1Þ ¼ ½ h1 h2 h3 �
T are

h1 ¼ pþ tan �ðq sin�þ r cos�Þ

h2 ¼ q� ð p cos�þ r sin�Þ tan�

þ
1

mVT cos�
ðq
�

SCZ1 � FT sin �þmg3Þ

h3 ¼ p sin �� r cos�

þ
1

mVT
ð�FT cos� sin �þmg2Þ ð29Þ

The elements of (ðx1Þ ¼ diagðu1 u2 u3 Þ are

u1 ¼ 0

u2 ¼
1

mVT cos�
q
�

S�

u3 ¼
1

mVT

q
�

S� ð30Þ

The elements of the unknown parameter vector h are
�1 ¼ 0, �2 ¼ CZ�, and �3 ¼ CY�. It should be noted that
the equation of the bank angle � depicts the kinematic
relation. Therefore, no unknown parameters exist and
the terms accordingly u1 and �1 are treated as zero. To
construct the estimator, the update law of
m ¼ ½ x1 x2 x3 �

T is determined as

xi
:

¼ �
@�i
@x1i
½hi þ uT

i ðxi þ �iÞ� ð31Þ

i¼ 1, 2, 3. According to equation (9), the components
of the non-linear function g ¼ ½ �1 �2 �3 �

T are
selected as

�1 ¼ 0

�2 ¼
�2

2mVT cos�
q
�

S�2

�3 ¼
�3

2mVT

q
�

S�2

ð32Þ

Command
Command 

Filter
Control 

Allocation
UAV

Sensors

Estimator

Adaptive
Controller

Figure 1. Framework of the flight control system.
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Note that the non-linear function �1 corresponding to
u1 is selected as zero. The estimate �i

^

of the unknown
parameter �i is the sum of xi and �i, i¼ 1, 2, 3.

Next, the following step is to design the estimator
for unknown parameters of the aerodynamic
moment. Defining the state x2 ¼ x21 x22

�
x23�

T
¼ p q r
� �T

, the moment equations can be writ-
ten as

x
:
2 ¼ h0ðx2Þ þ(

0ðx2Þ
Th0 ð33Þ

The elements of h0ðx2Þ ¼ ½ h
0
1 h02 h03 �

T are

h01 ¼ ðc1rþ c2pÞqþ c3 �qSbðCL1
a1þCL2
a2þCL3
e1

þCL4
e2þCL��þCLr ~rÞ þ c4 �qSbðCN
r
r þCN��Þ

h02 ¼ c5pr� c6ðp
2� r2Þ þ c7 �qS �cðCM1
a1þCM2
a2

þCM3
e1þCM4
e2þCM��Þ

h03 ¼ ðc8p� c2rÞqþ c4 �qSbðCL1
a1þCL2
a2þCL3
e1

þCL4
e2þCL��þClr ~rÞ þC9 �qSbðCN
r
rþCN��Þ

ð34Þ

The elements of (0ðx2Þ are

u01 ¼ q
�

Sb½ c3 p
�

c4 r
�
�
T

u02 ¼ c7 q
�

S c
�
q
�

u03 ¼ q
�

Sb½ c4 p
�

c9 r
�
�
T

ð35Þ

The components of the unknown parameter h0 are
�01 ¼ ½CLp CNr �

T, �02 ¼ CMq, and �03 ¼ ½CLp CNr �
T.

Then, the update law of x0 ¼ ½ x01 x02 x03 �
T is deter-

mined as

x0i
:

¼ �
@�0i
@x2i
½h0i þ u0Ti ðx

0
i þ �

0
iÞ� ð36Þ

i¼ 1, 2, 3. According to equation (9), selecting the com-
ponents of the non-linear function g0 ¼ ½ �01 �02 �03 �

T

�01 ¼ �
0
1
q
�

Sb
1

2
c3 p
�

p c4 r
�
p

� 	T

�02 ¼
1

2
� 02 q
�

S c
�
q
�

q

�03 ¼ �
0
3
q
�

Sb c4 p
�

r
1

2
c9 r
�
r

� 	T
ð37Þ

The estimate �0i
^

of the unknown parameter �0i is the
sum of x0i and �

0
i, i¼ 1, 2, 3. It should be noted that

the dynamics of the roll and yaw rates are coupled
and contain same unknown roll and yaw moment
parameters. Therefore, �01 is identical to �03, which

guarantees the block diagonal structure of the regressor
matrix. However, they are separately identified by dif-
ferent specific estimators.

Adaptive control law

The adaptive backstepping control law discussed in
‘Adaptive control based on invariant manifolds’ section
can be stated in a multivariable form. Defining the con-
trol u ¼ 
a1 
a2 
e1 
e2 
r

� �T
, the dynamics of the

aircraft can be rewritten in a vector form

x
:
1 ¼ f1ðx1Þ þ(1ðx1Þ

Th1 þ g1ðx1Þx2

x
:
2 ¼ f2ðx1, x2Þ þ(2ðx1, x2Þ

Th2 þ g2ðx1, x2Þu ð38Þ

The components of f1ðx1Þ are given by

f� ¼ 0

f� ¼
1

mVT cos�
ðq
�

SCZ1 � FT sin �þmg3Þ

f� ¼
1

mVT
ð�FT cos� sin �þmg2Þ ð39Þ

The term g1ðx1Þ is

g1 ¼
1 tan � sin� tan � cos�

� cos� tan� 1 � sin � tan�
sin � 0 � cos�

2
4

3
5
ð40Þ

Now, the matrix g1ðx1Þ describes the kinematic rela-
tionship and is identical for any aircraft. It can be
proven that g1ðx1Þ is invertible for all � and the reason-
able ranges of �, �, and �.32 The components of
f2ðx1, x2Þ are

fp ¼ ðc1rþ c2pÞqþ c3 q
�

SbðCL��þ CLr r
�
Þ

þ c4 q
�

SbCN��
ð41Þ

fq ¼ c5pr� c6ð p
2 � r2Þ þ c7 q

�

S c
�
CM�� ð42Þ

fr ¼ ðc8p� c2rÞqþ c4 q
�

SbðCL��þ CLr r
�
Þ

þ c9 q
�

SbCN��
ð43Þ

The term g2 is

g2¼ q
�

S

c3bCL1 c3bCL2 c3bCL3 c3bCL4 c4bCN
r

c7 c
�
CM1 c7 c

�
CM2 c7 c

�
CM3 c7 c

�
CM4 0

c4bCL1 c4bCL2 c4bCL3 c4bCL4 c9bCN
r

2
4

3
5

ð44Þ
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The control objective is to track the reference
x1,r ¼ �d �d �d

� �T
. The design procedure is initiated

by defining the tracking errors as

z11
z12
z13

2
4

3
5 ¼

�� �d
�� �d
�� �d

2
4

3
5 ð45Þ

and

z21
z22
z23

2
4

3
5 ¼

p� pd
q� qd
r� rd

2
4

3
5 ð46Þ

where pd, qd, and rd are the virtual control commands.
Using the adaptive backstepping method, the virtual
commands are determined as

pd
qd
rd

2
4

3
5 ¼ �g�11

f� þ uT
1 �1
^

f� þ uT
2 �2
^

f� þ uT
3 �3
^

2
664

3
775þ

k1z11
k2z12
k3z13

2
4

3
5� �

:

d

�
:
d

�
:

d

2
4

3
5

0
BB@

1
CCA

ð47Þ

The unknown parameter �i is replaced by its
corresponding estimate �i

^

which is the sum of xi
and �i, i¼ 1, 2, 3. The surface deflections are deter-
mined as


a1


a2


e1


e2


r

2
6666664

3
7777775
¼ �gþ2

fp þ u01T �
0
1

^

fq þ u02T �
0
2

^

fr þ u03T �
0
3

^

2
66664

3
77775þ g1

z21

z22

z23

2
64

3
75

0
BBBB@

þ

k01z21

k02z22

k03z23

2
64

3
75�

p
:

d

q
:

d

r
:
d

2
64

3
75
1
CA ð48Þ

Generally, g2ðx2Þ is of rank 3, and therefore
gþ2 ðx2Þ represents the pseudo-inverse33 of g2ðx2Þ
used to distribute the desired control signals over
the actual inputs. The unknown parameter �0i is
replaced by its corresponding estimate �0i

^

. Finally,
note that the thrust is controlled to maintain the
constant airspeed referring to the method proposed
in the study of Ducard and Geering,34 which is not
presented here.

Simulations

This section presents the simulation results from the
application of the proposed adaptive control law to
the full 6-DOF model of a small UAV. Both the control
law and the aircraft model are implemented in an
MATLAB/Simulink environment. The detailed data
of the non-linear model, such as the aircraft geometry
and the aerodynamic coefficients, can be obtained from
the study of Ducard and Geering.29 The purpose of the
simulation is to verify the convergence performance of
the estimation algorithm and the tracking performance
of the control algorithm. Therefore, some aerodynamic
coefficients are assumed to be unknown as stated in
‘Aircraft dynamics’. The simulation starts from a
steady-level flight at an altitude 500m and an initial
velocity 30m/s.

In this simulation, it is required that the angle of
attack and the bank angle must follow the reference
signals. Meanwhile, the sideslip angle is always kept
at zero. The commands are given as follows

�c ¼ 5:4
�

, �c ¼ 0
�

, �c ¼ 0
�

, 04t42s
�c ¼ 10

�

, �c ¼ 20
�

, �c ¼ 0
�

, 24t410s
�c ¼ 0

�

, �c ¼ 0
�

, �c ¼ 0
�

, 104t415s

8<
:

Figure 2. Reference commands tracking.

40 Proc IMechE Part G: J Aerospace Engineering 227(1)

 at Northeastern University on November 19, 2014pig.sagepub.comDownloaded from 

http://pig.sagepub.com/


Figure 4. Time histories of angular rates.

Figure 3. Time histories of control surface deflections.
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Figure 6. Time histories of the estimation for the aerodynamic moment coefficients.

Figure 5. Time histories of the estimation for the aerodynamic force coefficients.
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The commands are shaped by the second-order
linear command filters to generate the differentiable ref-
erence commands as follows

�d ðsÞ

�cðsÞ
¼

!2
�

s2 þ 2x�!� þ !2
�

�d ðsÞ

�cðsÞ
¼

!2
�

s2 þ 2x�!� þ !
2
�

�d ðsÞ

�cðsÞ
¼

!2
�

s2 þ 2x�!� þ !
2
�

where

!� ¼ !� ¼ !� ¼ 2rad=s

x� ¼ x� ¼ x� ¼ 0:8

The adaptive flight control system is designed to track
the smooth reference command. The final gains of the
estimator are chosen as

�1 ¼ 0 �2 ¼ 5 �3 ¼ 5

� 01 ¼ 10 � 02 ¼ 10 � 03 ¼ 10

The gains of the controller are

k1 ¼ 10 k2 ¼ 5 k3 ¼ 10

k01 ¼ 20 k02 ¼ 10 k03 ¼ 15

Figure 2 shows the command-tracking trajectory of
the adaptive flight control system, where the dashed
line corresponds to the reference trajectory and the
solid line the response. During the simulation, the air-
craft climbs up and down while simultaneously per-
forming the banked turn. It is observed that the
aircraft follows the desired trajectory with good track-
ing performance despite the fact that there are some
unknown parameters. Figure 3 shows the control sur-
face deflections needed in order to perform the maneu-
ver, which are acceptable without the saturation.
Figure 4 shows the time histories of angular rates
during the maneuver; these angular rates are physical
rational.

The convergence performance of the estimator for
the unknown aerodynamic force coefficients can be
seen in Figure 5. The true values are CY�¼�0.379
and CZ�¼�3.25. The time histories of the estimator
for the unknown aerodynamic moment coefficients
can be seen in Figure 6. The true values are
Clp¼�0.192, Cnr¼�0.214, and Cmq¼�9.83. It can
be observed that that estimates rapidly converge to

their true values and are confined to true values after
reaching them. The simulation results verify the estima-
tion convergence performance of the estimator.

Conclusions

In this article, a general structure for the adaptive back-
stepping scheme based on invariant manifolds has been
discussed. Based on this scheme, the flight control
system for a small UAV is designed to track the com-
mand trajectory of the angle of attack, the sideslip
angle, and the roll angle.

The adaptive control scheme consists of an estimator
and a controller which are separately designed. The
estimator which is used to estimate the unknown aero-
dynamic coefficients on-line relies on the notion of the
invariance of the manifold. The estimator consists of a
partial estimate generated by an update law and a non-
linear function. The update law and non-linear function
are selected so that the dynamics of the estimation error
has a stable zero equilibrium, which also guarantees
that the defined manifold is invariant. Once the esti-
mate is confined to the manifold, it converges to its
true value. The estimator can be exploited by combin-
ing it with the backstepping control law. The stability
and convergence properties of the control law can be
proved using the Lyapunov stability theory. The con-
trol law is derived by driving the Lyapunov function
negative. This scheme is much easier to tune compared
with the classical adaptive flight control law.
Furthermore, this approach does not suffer from the
undesired transient performance resulting from the
unexpected dynamical behavior of parameter update
laws.

The flight control system based on the proposed
method is valid in the entire flight envelope and
designed based on a primitive aerodynamic model,
which would greatly improve the performance of the
flight control system and reduce the cost of the
flight control design. The numerical simulation demon-
strates that the proposed adaptive flight control law
can accomplish the satisfactory command tracking in
spite of there being some unknown aerodynamic
parameters.
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