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Abstract This paper aims to study a class of differen-
tial equations with parametric Gaussian colored noise.
We present the general framework to get the solv-
ability conditions of the approximate stationary prob-
ability density function, which is determined by the
Fokker-Planck-Kolmogorov (FPK) equations. These
equations are derived using the stochastic averaging
method and the operator theory with the perturba-
tion technique. An illustrative example is proposed to
demonstrate the procedure of our proposed method.
The analytical expression of approximate stationary
probability density function is obtained. Numerical
simulation is carried out to verify the analytical results
and excellent agreement can be easily found. The FPK
equation for the probability density function of order
ε0 is used to examine the almost-sure stability for the
amplitude process. Finally, the stability in probability
of the amplitude process is investigated by Lin and
Cai’s method.
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1 Introduction

In this paper, we consider a class of differential equa-
tions with parametric colored noise of the form

ẍ + w2
0x + ε2γg(ẋ) + ε2f (x)p(w0t)

= εh(x, ẋ)u(t) (1)

where x is the displacement transverse to the ideal
orbit of the particle, w0 is natural frequency, ε is a
small parameter, u(t) is an exponentially correlated
Gaussian noise of vanishing mean, i.e. 〈u(t)〉 = 0,

〈u(t)u(s)〉 = D
τ
e− |t−s|

τ . The functions f , g and h are
generally analytic, p(w0t) is a periodic function in
t and dots represent differentiation with respect to
time t .

The deterministic case of (1) appears in many fields
of applied science and practical problems, such as par-
ticle accelerators, colliding particle beams in high-
energy accelerators [1–7] and rotor dynamics [8–18].
The so-called beam–beam interaction model has been
examined by many authors for both deterministic and
random cases or for both real and complex cases (see
[8–18] and references therein). For example, Mah-
moud [14] studied model (1) under additive random
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noise using stochastic averaging method, Xu et al. [16]
examined it in the presence of random narrow-band
excitation using revised method of multiple scale, and
Xu et al. [15] explored the complex case of model
(1) with the random broadband excitation by using the
standard stochastic averaging.

The stochastic averaging method was proposed by
Stratonovich [19] and it has been proven to be a use-
ful technique for analyzing certain classes of random
differential equations [20–23]. Another version of sto-
chastic averaging is based on a perturbation theoretic
approach to the FPK equation [24–27]. Recently, the
authors investigated the complex beam–beam interac-
tion models under additive Gaussian colored noise us-
ing the stochastic averaging method and perturbation
technique [17]. Up to now, many results of random
dynamics have been obtained under white noise espe-
cially Gaussian white noise, but little is known about
colored noise [17, 28, 29]. For more knowledge about
colored noise we refer the readers to [30, 31].

In this paper, model (1) in the presence of para-
metric Gaussian colored noise is studied by using the
method of the second version of stochastic averaging
combined with the perturbation technique. We obtain
the approximate stationary probability density func-
tion of order ε1 and we consider different kinds of sto-
chastic stability for a special case of (1).

The paper is organized as following. In Sect. 2,
we give an outline of our technique which is based
on the stochastic averaging and perturbation theory. In
Sect. 3, choosing g(ẋ) = ẋ3, f (x) = x3 and p(w0t) =
cosw0t , we derive the approximate stationary proba-
bility density function of order ε1. The stochastic sta-
bility of the amplitude process is examined. We carry
out the numerical simulation to verify the theoretical
results and excellent agreement can be easily found.
Finally, Sect. 4 contains our conclusions.

2 Outline of the analytical technique

Assume the process u(t) is a continuous Markovian
process driven by Gaussian white noise �(t), that is

u̇ = − 1

τ
u +

√
D

τ
�(t), (2)

where 〈�(t)〉 = 0, 〈�(t)�(s)〉 = 2δ(t − s).

The Fokker-Planck equation corresponding to (2)
can be written as [32]

∂P

∂t
= 1

τ

∂

∂u
[uP ] + D

τ 2

∂2

∂u2
P. (3)

The Fokker-Planck operator Lu and its formal ad-
joint operator are given by

Lu = 1

τ

∂

∂u
u + D

τ 2

∂2

∂u2
, (4)

L∗
u = − 1

τ
u

∂

∂u
+ D

τ 2

∂2

∂u2
. (5)

Equation (3) has a stationary, zero-mean, Gaussian,
Markov solution process whose corresponding proba-
bility density function is given as:

Ps(u) =
√

τ

2πD
e− τ

2D
u2

. (6)

If Q∗(u) is an eigenfunction of L∗
u corresponding

to the eigenvalue λ, then Q(u) = Ps(u)Q∗(u) is an
eigenfunction of Lu corresponding to the same eigen-
value.

Now we get the eigenfunction equation for Q∗(u):

Q∗′′ − τ

D
uQ∗′ + τ 2γ

D
Q∗ = 0, (7)

and the eigenfunction and corresponding eigenvalue
can be obtained as

Q∗
n(u) = (

2nn!)− 1
2 Hn

(√
τ

2D
u

)
, (8)

λn = n

τ
, (9)

where Hn(u) is a Hermite polynomial.
The joint response process (x, ẋ) can be trans-

formed into (a,φ) according to the relationships

x(t) = a(t) cosφ(t), ẋ(t) = −w0a(t) sinφ(t).

(10)

Therefore, the equation of motion for the amplitude
a(t) and phase φ(t) processes yields

ȧ = ε2 γ

w0
sinφg(−w0a sinφ)

+ ε2 1

w0
f (a cosφ) sinφp(w0t)

− ε
1

w0
h(a cosφ,−w0a sinφ) sinφu, (11)
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φ̇ = w0 + ε2 γ

w0a
g(−w0a sinφ) cosφ

+ ε2 1

w0a
f (a cosφ) cosφp(w0t)

− ε
1

w0a
h(a cosφ,−w0a sinφ) cosφu. (12)

The process (a,φ,u) is a Markovian process,
whose probability density pε is the solution of the fol-
lowing Fokker-Planck equation

∂pε

∂t
= ∂

∂a

[
−ε2 γ

w0
sinφg(−w0a sinφ)

− ε2 1

w0
f (a cosφ) sinφp(w0t)

+ ε
1

w0
h(a cosφ,−w0a sinφ) sinφu

]
pε

+ ∂

∂φ

[
−w0 − ε2 γ

w0a
g(−w0a sinφ) cosφ

− ε2 1

w0a
f (a cosφ) cosφp(w0t)

+ ε
1

w0a
h(a cosφ,−w0a sinφ) cosφu

]
pε

+ 1

τ

∂

∂u
[upε] + D

τ 2

∂2

∂u2
pε. (13)

It is well known that for the limit ε → 0, the process
a(t) is a slow variable, whereas the process φ(t) is
a fast variable, and thus a(t) will not change signifi-
cantly over a time interval of the order O(1). To inves-
tigate the response over a time interval of order O(ε2)

as in [25], the time variable is scaled as T = ε2t , where
T is a slow time scale.

Let

L0 = −w0
∂

∂φ
+ Lu, (14)

L1 = u

w0
sinφ

∂

∂a
h + u

w0a

∂

∂φ
(h cosφ), (15)

L2 = ∂

∂a

[
− γ

w0
sinφg − 1

w0
f sinφp(w0t)

]

+ ∂

∂φ

[
− γ

w0a
g cosφ − 1

w0a
f cosφp(w0t)

]

− ∂

∂T
, (16)

then (13) can be rewritten as
(
L0 + εL1 + ε2L2

)
pε = 0. (17)

A solution of (17) is to be obtained in terms of a
perturbation expansion of the parameter ε in the fol-
lowing form:

pε = p0 + εp1 + ε2p2 + · · · . (18)

Inserting (18) into (17) and identifying terms of
equal power of ε leads to the sequence of equations:

ε0: L0p0 = 0, (19)

ε1: L0p1 = −L1p0, (20)

ε2: L0p2 = −L1p1 − L2p0, (21)

· · ·
Each term of expansion (18) is required to be 2π -

periodic in the variable φ, integrable over a ∈ [0,∞],
and assumed to satisfy natural boundary conditions for
the variable u. The normalization condition of pε is
equivalent to

∫ ∞

0
da

∫ 2π

0
dφ

∫
dup0 = 1, (22)

∫ ∞

0
da

∫ 2π

0
dφ

∫
dupi = 0, (i ≥ 1). (23)

Then a solvability condition for equation L0p = q

can be presented as [25]

1

2π

∫ 2π

0
dφ

∫
q du = 0, (24)

which imposes that the average of q over the variables
φ and u is zero.

Now we begin to find the expression of p0 in ex-
pansion (18). Expand p0 along the eigenfunction of
the operator Lu, i.e.

p0 = p
(0)
0 Q0 + p

(0)
1 Q1 + · · · . (25)

Applying operator L0 on (25), we deduce that
(

−w0
∂

∂φ
− n

τ

)
p(0)

n = 0. (26)

Since the only periodic non-zero coefficient in ex-
pansion (25) is

p
(0)
0 = p

(0)
0 (a), (27)
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one immediately obtains

p0 = p
(0)
0 (a)Q0(u), (28)

where p
(0)
0 (a) will be found from subsequent solvabil-

ity conditions.
From (20), it is easy to see that p1 is a solution of

the equation(
−w0

∂

∂φ
+ Lu

)
p1

= −
[

u

w0
sinφ

∂

∂a

(
hp

(0)
0

)

+ u

w0a

∂

∂φ

(
hp

(0)
0 cosφ

)]
Q0(u). (29)

Expand p1 along eigenfunction Qn of operator Lu:

p1 = p
(1)
0 Q0 + p

(1)
1 Q1 + · · · . (30)

Inserting (30) into (29), we get
(

−w0
∂

∂φ
− 1

τ

)
p

(1)
1 = − 1

w0

√
D

τ

[
sinφ

∂

∂a

(
hp

(0)
0

)

+ 1

a

∂

∂φ

(
hp

(0)
0 cosφ

)]
, (31)

(
−w0

∂

∂φ
− n

τ

)
p(1)

n = 0, n �= 1. (32)

Then the only non-zero periodic solutions are
p

(1)
0 (a,φ) = p

(1)
0 (a) and p

(1)
1 (a,φ).

So p1 takes the form

p1 = p
(1)
0 (a)Q0(u) + p

(1)
1 (a,φ)Q1(u), (33)

which satisfies the normality condition (23) if∫
p

(1)
0 (a) da = 0.
Then the expression for p0 can be determined by

that of p1(a,φ,u) and solvability condition

1

2π

∫ 2π

0
dφ

∫
du (L2p0 + L1p1) = 0. (34)

3 Example

3.1 The approximate stationary probability density

Choosing g(ẋ) = ẋ3, f (x) = x3, p(w0t) = cosw0t

and h(x, ẋ) = w0σx, (1) becomes

ẍ + w2
0x + ε2γ ẋ3 + ε2x3 cos(w0t) = εw0σxu(t).

(35)

From (31)–(33), we get

p1(a,φ,u) = p
(1)
0 (a)Q0(u) − τσ

1 + 4w2
0τ

2

√
D

τ

×
(

1

2

∂

∂a

(
ap

(0)
0

) − p
(0)
0

)

× (2w0τ cos 2φ − sin 2φ)Q1(u). (36)

Next, one determines the expression of p
(0)
0 (a).

Considering

1

2π

∫ 2π

0
dφ

∫
duL2p0

= − ∂

∂T
p

(0)
0 + 3γw2

0

8

∂

∂a

[
a3p

(0)
0

]
, (37)

1

2π

∫ 2π

0
dφ

∫
duL1p1

= Dσ 2

2(1 + 4w2
0τ

2)

[
∂2

∂a2

(
1

2
a2p

(0)
0

)

− ∂

∂a

(
3

2
ap

(0)
0

)]
, (38)

we obtain that p
(0)
0 (a) satisfies the following FPK

equation by using the solvability condition (34):

∂

∂T
p

(0)
0 (a)

= − ∂

∂a

[
ϕ(a)p

(0)
0 (a)

] + 1

2

∂2

∂a2

[
ψ2(a)p

(0)
0 (a)

]
,

(39)

where

ϕ(a) = −3γw2
0

8
a3 + 3Dσ 2

4(1 + 4w2
0τ

2)
a, (40)

ψ2(a) = Dσ 2

2(1 + 4w2
0τ

2)
a2. (41)

Suppose (39) has reflecting boundaries; then station-
ary solution can be given as

p
(0)
0 (a) = N1a exp

[
−3γw2

0(1 + 4w2
0τ

2)

4Dσ 2
a2

]
. (42)

To determine the expression of p
(1)
0 , we have first

to get p2.
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After tedious calculation, we obtain

L1p1

= σ

[
sinφ cosφ

(
∂

∂a

(
ap

(1)
0 (a)

) − 2p
(1)
0 (a)

)
uQ0(u)

− τσ

1 + 4w2
0τ

2

√
D

τ

× ∂

∂a

(
a

2

∂

∂a

(
ap

(0)
0 (a)

) − ap
(0)
0 (a)

)

×
(

w0τ sin 2φ cos 2φ − 1

2
sin2 2φ

)
uQ1(u)

+ τσ

1 + 4w2
0τ

2

√
D

τ

(
1

2

∂

∂a

(
ap

(0)
0 (a)

) − p
(0)
0 (a)

)

× (
2w0τ(sin 2φ + sin 4φ) + cos 2φ

+ cos 4φ
)
uQ1(u)

]
, (43)

L2p0

=
[

∂

∂a

(
γw2

0a
3 sin4 φ

− 1

w0
a3 cos3 φ sinφ cosw0t

)
p

(0)
0 (a)

+ ∂

∂φ

(
γw2

0a
2 sin3 φ cosφ

− 1

w0
a2 cos4 φ cosw0t

)
p

(0)
0 (a)

+ ∂

∂a

(
ϕ(a)p

(0)
0 (a)

)

− 1

2

∂2

∂a2

(
ψ2(a)p

(0)
0 (a)

)]
Q0(u). (44)

Expanding p2 along the eigenfunction of Lu, we
have

p2 = p
(2)
0 Q0 + p

(2)
1 Q1 + · · · . (45)

In order to get the expression of p
(2)
1 , noting that

1

2π

∫ 2π

0
dφ

∫
duL1p2

= σ

2π

∫ 2π

0
dφ

∫
duu sinφ cosφ

∂

∂a

(
ap

(2)
1

)
Q1(u),

(46)

and inserting (45) into (44) leads to the following
equation:
(

−w0
∂

∂φ
− 1

τ

)
p

(2)
1

= −σ

√
D

τ

[
sinφ cosφ

(
∂

∂a

(
ap

(1)
0 (a)

) − 2p
(1)
0 (a)

)]
.

(47)

Through solving the above equation, we get

p
(2)
1 = − τσ

2(1 + 4w2
0τ

2)

√
D

τ

×
(

∂

∂a

(
ap

(1)
0 (a)

) − 2p
(1)
0 (a)

)

× (2w0τ cos 2φ − sin 2φ). (48)

Substituting (48) into (46) yields the following equal-
ity:

1

2π

∫ 2π

0
dφ

∫
duL1p2

= Dσ 2

8(1 + 4w2
0τ

2)

√
D

τ

∂

∂a

×
(

a

(
∂

∂a

(
ap

(1)
0 (a)

) − 2p
(1)
0 (a)

))
. (49)

On the other hand, one can get

1

2π

∫ 2π

0
dφ

∫
duL2p1

= γ

2

∂

∂a

[
ap

(1)
0 (a)

] − ∂p
(1)
0 (a)

∂T
. (50)

Using the solvability condition, we can see that
p

(1)
0 (a) satisfies the following FPK equation:

∂p
(1)
0 (a)

∂T

= − ∂

∂a

[
ϕ1(a)p

(1)
0 (a)

]

+ 1

2

∂2

∂a2

[
ψ2

1 (a)p
(1)
0 (a)

]
, (51)

where

ϕ1(a) = 3γw2
0

8
a3 − 3Dσ 2

8(1 + 4w2
0τ

2)
a, (52)
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ψ2
1 (a) = Dσ 2

4(1 + 4w2
0τ

2)
a2. (53)

The stationary solution with reflecting boundaries can
be obtained as

p
(1)
0 (a) = N2a exp

[
−3γw2

0(1 + 4w2
0τ

2)

2Dσ 2
a2

]
. (54)

Now, we get a kind of approximate stationary proba-
bility density function of order ε

ps(a,φ,u)

= 3γw2
0(1 + 4w2

0τ
2)

2Dσ 2

√
τ

2πD

× a exp

[
−3γw2

0(1 + 4w2
0τ

2)

4Dσ 2
a2

]
exp

[
− τ

2D
u2

]

+ ε

{
9γ 2τw4

0(1 + 4w2
0τ

2)

8D3σ 3
√

2π

√
τ

D
a3

× exp

[
−3γw2

0(1 + 4w2
0τ

2)

2Dσ 2
a2

]

× (2w0τ cos 2φ − sin 2φ)u

}
exp

[
− τ

2D
u2

]
.

(55)

3.2 Numerical analysis

Now we carry out the numerical simulation to verify
the theoretical results. Without loss of generality, we
take the stationary probability density function (55) up
to order ε0, and obviously it is possible to obtain the
marginal probability density distribution of the ampli-
tude a(t) as

ps(a)

= 3γw2
0(1 + 4w2

0τ
2)

2Dσ 2
a

× exp

[
−3γw2

0(1 + 4w2
0τ

2)

4Dσ 2
a2

]
. (56)

Then one can represent the first and second moments
for the amplitude a(t) as

Ea =
√

Dπσ 2

3γw2
0(1 + 4w2

0τ
2)

, (57)

Ea2 = 4Dσ 2

3γw2
0(1 + 4w2

0τ
2)

, (58)

Table 1 w0 = 1.0, D = 1.0, σ = 3/2, τ = 1/2

γ Second moment of a(t)

Analytical results (58) Numerical results (60)

0.5 3.0 3.000210

1.0 1.5 1.499351

1.5 1.0 0.999064

2.0 0.75 0.750010

2.5 0.6 0.590007

3.0 0.5 0.510853

10.0 0.15 0.151006

12.0 0.125 0.124999

Table 2 w0 = 1.0, D = 1.0, σ = 1.0, γ = 1/3

τ Second moment of a(t)

Analytical results (58) Numerical results (60)

0.25 3.2 3.200001

0.5 2.0 1.999936

1.0 0.8 0.790922

2.0 0.235294 0.235291

5.0 0.039604 0.039607

10.0 0.009975 0.009966

Vara = Dσ 2(4 − π)

3γw2
0(1 + 4w2

0τ
2)

. (59)

Noting equations in (10), the amplitude a(t) can be
computed as

a(t) =
√

x(t)2 + ẋ(t)2/w2
0. (60)

By means of the 6th Runge–Kutta routine (with
IMSL), we integrated (35) numerically and the IMSL
routines were used to generate Gaussian random val-
ues, which was then applied to generate the Gaussian
colored noise u(t) due to [36]. Based on one thousand
random values of u(t) and appropriate initial condi-
tions, we obtain the numerical results for second mo-
ments of a(t) by (60).

Take ε = 0.01. Tables 1 and 2 show the analytical
(58) and numerical (60) results for different values of
γ at τ = 1/2, and different values of τ at γ = 1/3, re-
spectively. Obviously one can find the excellent agree-
ment between the two results.
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3.3 Stochastic stability for the amplitude process

For a stochastic process x(t;x0, t0), x(t0) = x0 and
t ≥ t0, ‖x(t;x0, t0)‖ is a suitable norm of x(t;x0, t0).
The almost-sure stability (also called the Lyapunov
stability with probability 1) for x(t;x0, t0) is defined
in such a way that the trivial solution x(t;x0, t0) = 0
is said to be almost-sure stability if, for every pair of
ε1, ε2 > 0, there exists a δ(ε1, ε2, t0) > 0 such that

Prob

{ ⋃
‖x0‖≤δ

[
sup
t≥t0

∥∥x(t;x0, t0)
∥∥ ≥ ε1

]}
≤ ε2, (61)

where x0 is deterministic.
The trivial solution is said to be stable in proba-

bility if, for every pair of ε1, ε2 > 0, there exists a
δ(ε1, ε2, t0) > 0 such that

Prob
[∥∥x(t;x0, t0)

∥∥ ≥ ε1
] ≤ ε2, (62)

provided ‖x0‖ ≤ δ, where x0 is deterministic.
It can be seen that (61) implies (62). The two types

of stability conditions become equivalent if the system
is linear [33–35].

3.3.1 Almost-sure stability

Corresponding to the FPK equation (39), the I t ô sto-
chastic differential equation for the amplitude process
a(T ) of order O(ε0) can be obtained

da(T ) = ϕ(a)dT + ψ(a)dW(T ), (63)

where W(T ) is the Wiener process of unit intensity.
The linearization of (63) becomes

da(T ) = ϕ∗(a) dT + ψ∗(a) dW(T ), (64)

where ϕ∗(a) = 3Dσ 2

4(1+4w2
0τ 2)

a,ψ∗(a) =
√

Dσ 2

2(1+4w2
0τ 2)

a.

The solution for (64) can be presented as

a(T ) = a(T0) exp

{[
ϕ∗(a)

a
− 1

2

(
ψ∗(a)

a

)2]
T

+ ψ∗(a)

a
W(T )

}
, (65)

where ϕ∗(a)
a

− 1
2 (

ψ∗(a)
a

)2 = Dσ 2

2(1+4w2
0τ 2)

> 0 means that

a = 0 is not almost-sure stable [28, 33–35].

3.3.2 Stability in probability

It is known that the trivial solution is said to be asymp-
totically stable in probability if and only if it is an exit
or an attractive natural boundary and the other bound-
ary is an entrance or a repulsive natural boundary [33].

Since ϕ(0) = 0 and ψ(0) = 0, the boundary at
a = 0 is a trap. The diffusion exponent, drift exponent
and character value are defined, respectively, as:

αl is the diffusion exponent of a = 0 if

ψ2(a) = O|a − 0|αl , αl ≥ 0, as a → 0. (66)

βl is the drift exponent of a = 0 if

ϕ(a) = O|a − 0|βl , βl ≥ 0, as a → 0. (67)

cl is the character value of a = 0, given by

cl = lim
a→0+

2ϕ(a)(a − 0)αl−βl

ψ2(a)
. (68)

It is easy to see that

αl = 2, βl = 1, cl = 3, (69)

which implies that a = 0 is a repulsive natural bound-
ary.

Since ϕ(+∞) is unbounded, the diffusion expo-
nent, drift exponent and character value are defined,
respectively, as:

αr is the diffusion exponent of a = +∞ if

ψ2(a) = O|a|αr , αr ≥ 0, as a → +∞. (70)

βr is the drift exponent of a = +∞ if

ϕ(a) = O|a|βr , βr ≥ 0, as a → +∞. (71)

cr is the character value of a = +∞, given by

cr = − lim
a→+∞

2ϕ(a)|a|αr−βr

ψ2(a)
, (72)

which leads to that αr = 2, βr = 3, cr = 3γw2
0

8 for
γ �= 0 and αr = 2, βr = 1, cr = 0 for γ �= 0; the
boundary a = +∞ should be investigated in two sep-
arate cases in view of the parameter γ .

Case 1: γ > 0
Under this condition, we have

βr > αr − 1, ϕ(+∞) < 0, βr > 1, (73)
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which means that the right boundary at a = +∞ is an
entrance natural boundary.

Case 2: γ < 0
This conditions lead to

βr > αr − 1, ϕ(+∞) > 0, βr > 1, (74)

which means that the right boundary at a = +∞ is an
exit natural boundary.

Case 3: γ = 0
We have

βr = αr − 1, βr = 1, cr > −βr, (75)

which means that the right boundary at a = +∞ is a
repulsive natural boundary.

Finally, we get the conclusion that a = 0 is not as-
ymptotically stable in probability. Particularly, when
γ = 0, the conclusion matches the fact that the stabil-
ity conditions are equivalent for linear system.

4 Conclusions

In this paper, a class of random differential equa-
tions with parametric colored noise is considered. The
method of stochastic averaging with the perturbation
technique is applied to derive the FPK equation. The
operator theory is used to determine the solvability
conditions for the stationary probability density. An il-
lustrative example is presented to get the approximate
analytical expression of stationary probability density
up to order ε. Numerical simulation is carried out to
verify the analytical results, and excellent agreement
can be easily found. Later the almost-sure stability and
the stability in probability of the amplitude process
are examined based on stationary probability density
function using the FPK equation.
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