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cil, is locally conservative, treats discontinuity rigorously and leads to a symmetric positive
definite linear system. Since the scheme has both cell centered unknowns and cell edge
unknowns, the computational cost is an issue and a parallel algorithm is then suggested
based on nonoverlapping domain decomposition approach. The interface condition is of
the Dirichlet-Robin type and has a parameter /. By choosing this parameter properly,
the convergence of the iteration process could be sped up. Numerical results for linear
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Parabolic problem and nonlinear problems demonstrate the good performance of the cell functional minimi-
Domain decomposition method zation scheme and its parallel version on distorted meshes.
Distorted mesh © 2010 Elsevier Inc. All rights reserved.

1. Introduction

Accurate and efficient discretization methods for parabolic or diffusion problems on distorted meshes are very important
for many applications, such as reservoir simulation, Lagrangian hydrodynamics and magnetohydrodynamics. Numerous ef-
forts have been devoted to this subject and lots of schemes have been suggested, such as the local support operator scheme
(LSOM) [28] and its modern version namely the mimetic finite difference scheme (MFD) [20,24,5,9,10,25], the multi-point
flux approximation scheme (MPFA) [1,18,2,21,15,19], the nine-point scheme [22,34,32,4,35] and some others [16,7]. A desir-
able scheme for diffusion or parabolic problems on distorted meshes is usually required to have as many as possible the good
numerical properties that range from the classical stability and accuracy to some other ones, including local stencil, local
conservation, positivity preserving or monotonicity, simplicity, robustness, cost-efficiency, symmetry and positive definite-
ness of the resulting linear system, cell centered type, etc. To our knowledge, there exists no scheme satisfying all the above
properties. Usually, a scheme possesses some properties at the cost of losing other ones.

In constructing an efficient scheme for parabolic or diffusion problems, one usually faces some commonly known diffi-
culties, including the distortion of the meshes, the discontinuity (sometimes anisotropy) of the diffusion coefficient and
so on. As physical modeling improves, the need for more sophisticated numerical methods is increasing, which may cause
some more difficulties, such as a great number of mesh cells, complex geometries and complicated material distribution.
Compared with the pure cell centered schemes, the schemes that employ both cell centered unknowns and cell edge un-
knowns have two times of degrees of freedom more than that of the former on a structured quadrilateral mesh in two
dimensions. This problem becomes even serious when the schemes are extended to three dimensions. In this case, the cell
centered schemes seem competitive, particularly for parabolic problems. Therefore, it is interesting to study the problem of
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removing the cell edge unknowns from the schemes that possess both cell centered unknowns and cell edge unknowns,
which is not easy and may cause some other problems, say, the loss of accuracy or symmetry on certain types of meshes
(cf. [8,25]). In the case where complex geometries and complicated material distribution present, it is natural to divide
the computational domain into nonoverlapping blocks according to the geometry, material discontinuity and the feature
of the solution. The nonoverlapping subdomains are then partitioned into multi-block matching or non-matching meshes,
which leads to the so-called nonoverlapping domain decomposition algorithms. The interface algorithm is the key factor
of this approach.

This paper aims to derive a robust and efficient 2-D finite volume scheme for problems with complex geometries and
complicated material distribution. This scheme can be viewed as an updated version of the scheme originally suggested
in [23] by minimizing certain functional defined on the whole computational domain. Due to the constraints of the func-
tional and the choice of the unknowns, the scheme in [23] can only solve problems with Neumann or flux boundary condi-
tions. Besides, it usually loses accuracy on distorted meshes. By contrast, the scheme in this paper is obtained by minimizing
certain functional defined on a single cell and, by employing both cell centered unknowns and cell edge unknowns. The idea
of introducing cell edge unknowns is certainly not new and is motivated by other peoples’ works, such as those for MFD and
MPFA. Besides, by a similar technique suggested in [10], the cell functional minimization approach can also generate a family
of schemes, whose resulting linear systems are symmetric positive definite and as a result the saddle-point problem suffered
by MFD scheme in [10] can be avoided. In general the present scheme has a local stencil, is locally conservative, leads to a
symmetric positive definite linear system, treats discontinuity rigorously and moreover, offers approximately a second order
accuracy on highly distorted meshes.

The involving of the cell edge unknowns seems an obvious disadvantage of the scheme derived from the cell functional
minimization procedure. One approach to solve this problem is to remove the cell edge unknowns from the scheme. As men-
tioned above, this approach is not so easy and may cause some new problems. Here we must point out once again that we are
going to develop an efficient scheme for problems with complex geometries and complicated material distribution, where
certain kind of domain decomposition and parallel algorithm are necessary. In this case, we find that the cell edge unknowns
become quite useful since they facilitate certain nonoverlapping domain decomposition approach, which in turn leads to an
efficient parallel algorithm for our problem. The problem of computational cost caused by the introduction of cell edge un-
knowns now becomes less serious.

The interface conditions in our nonoverlapping domain decomposition algorithm is of Dirichlet-Robin type with a param-
eter /. The idea of using interface conditions of Robin type in domain decomposition methods was originally suggested in
[26], which facilitates the use of nonoverlapping subdomains and has the possibility for a speed up in the convergence by
properly selecting the parameter /. For this issue, we mention the works in [3,12,31,27] and the works cited therein. For
the ease of presentation and clearness of the main idea, we just consider the case where matching multi-block structured
quadrilateral meshes are involved. The work for non-matching multi-block meshes is ongoing at the present. In the matching
case, the cell edge unknowns in the cell functional minimization scheme make it convenient to handle all kinds of interface
conditions. In the non-matching case, some mortar technique similar to that in [6] is a possible choice.

The rest of this paper is organized as follows. In the next section, we describe the formulation of problem. In Section 3, we
derive a finite volume scheme based on minimizing a cell functional and suggest also its parallel algorithm based on non-
overlapping domain decomposition. Section 4 presents some numerical experiments for the finite volume scheme and its
parallel version. Finally, we give some concluding remarks in the last section.

2. Formulation of the problem

The parabolic problem that we seek to solve an be expressed in the general form

% —div(k(u)Vu) = S(x,y,t), in Q, (2.1)
with initial condition
uR,y,0) = y(x,y), (2.2)

where u = u(x,y, t) denotes the scalar unknown function or the intensity, Q is a bounded domain in R?, x(u) is a positive scalar
diffusion coefficient dependent on u and uniformly bounded above and below in ©, and S denotes a source or driving func-
tion. The boundary condition for Eq. (2.1) could be in the following uniform form,

okc(u) % +pu=g, on 0Q, (2.3)

where i denotes the unit outward normal along the domain boundary 92, and «,  are two parameters. If =0 and 8 # 0,
(2.3) leads to the Dirichlet boundary condition, and if o # 0 and f = 0, (2.3) gives the Neumann or flux boundary condition.
Furthermore, if « =1 and g > 0, one obtains the boundary condition of the Robin type.

In our method, it is useful to introduce a vector function, known as the flux and defined by

F = —k(u)Vu. (2.4)
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Flux F has certain physical meanings, for example, it stands for the Darcy velocity in reservoir simulation. By this interme-
diate variable, (2.1) can be rewritten as the following systems,

ou .. -
E—kdlvF_S, (2.5)
F =-k(u)Vu. (2.6)
Integrating Eq. (2.5) over a mesh cell e, we obtain
Mier d Fii ds:/Sde, (2.7)
e ot oe e

where 1i is the unit vector normal to the cell boundary de. In physical terms, (2.7) represents the energy or particle conser-
vation over the cell. The main part of a finite volume discretization is now down to find certain approximation of the contour
integration in (2.7).

3. A finite volume scheme based on minimizing a cell functional
There are several numerical methods arising from the solution of the first order system (2.5) and (2.6) through functional

approach. In the mixed finite element method [29], the solution for the homogeneous Dirichlet linear steady state problem
associated with (2.5) and (2.6) is the unique saddle point of the Lagrangian .#(-,-) defined on H(div;Q) x L*(Q) by

-1 [|GP e
g(cm):i/g . dQ+/Q(S—d1vG) v dQ,

where . denotes the constant diffusion coefficient, i.e., the solution (I?C, u) € H(div; Q) x L*(Q) with I?C = —K.Vu satisfies

P(Fe,v) < L(Feu) < 2(Gu), forall (G,v) e H(div; Q) x [2(Q). (3.1)

Here we are more interested in a finite volume scheme introduced in [23] where the flux variable is obtained by minimizing
the following energy functional of a vector field G on the whole domain €,

WO GI? L

W(G):= [ — dQ - 2/ udivG dQ. (3.2)

o K(u) Q

For given u and constant diffusion coefficient x., minimization of functional (3.2) is equivalent to the solution of the right
inequality in (3.1). Although the scheme avoids the errors coming from vertex values and edge diffusion coefficients calcu-
lated through interpolation procedure, it loses accuracy on distorted meshes and can only solve problems with Neumman or
flux boundary conditions [14,13]. In order to extend the scheme in [23] and overcome its shortcomings, in this section, the
relation between flux F and density u will be rebuilt by minimizing a cell functional, afterwards a finite volume scheme is
obtained by using this new relation. The resulting scheme can deal with all kinds of boundary conditions in the uniform form
(2.3) and has almost second order convergence rate on highly distorted meshes.

3.1. Cell functional minimization algorithm

We begin the discussion by introducing a cell functional of a vector function ?; given by

— ~ 2 — —

W(G) ::/ 1612 de -2 / udivG de+2 ¢ uG-iids. (3.3)
e K(U) Je Joe

Obviously, (3.3) can be viewed as a modified version of (3.2), by replacing the computational domain Q2 with the cell e and by

adding a contour integration term. It is straightforward to obtain the theorem below by making use of the Green’s formula.

Theorem 3.1. The flux F— —x(u)Vu minimizes the cell functional (3.3), i.e.,

— — H_H 2 e
W(G) = W(F) + / % de > W(F). (34)

In the following, we discretize the cell functional (3.3) in a special manner. First, we introduce discrete unknowns. The
intensity and flux unknowns, with respect to a single quadrilateral cell, are shown in Fig. 1, where u, and u,(1 < k < 4) de-
note the intensity unknowns defined at the cell center and the edge midpoints, respectively, while f; denote the normal com-
ponents of the edge flux, defined by

fk:/ F i ds ~ <F~ﬁk>m(sk), 1<k<4,
Sk

where i, denotes unit vector normal to the edge s, of mesh cell e, m(s;) is the measure of s,.
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Fig. 1. Locations of unknowns. (a) The intensity unknowns are located at cell center and edge midpoints. (b) The edge fluxes are located at edge midpoints.

Xy X]

Fig. 2. A polygonal domain K in 2-space.

Next, we approximate the divergence integral

- . 4
/udivF de ~ uef F.iids=u, ka, (3.5)
e e k=1

and discretize the contour integral

_ 4
uFnds~ Upf. 3.6
74 > ud; (36)

Finally, we approximate the first term in the functional (3.3). The key point is to approximate | F 2. For this, we introduce the
following result.

Theorem 3.2. For a polygonal domain K in the 2-dimensional space as show in Fig. 2, and a constant vector ¥ = (v, v;), we have

m(K)d = Z m(aK:) (D - i) Z.Z:, (3.7)
i=1

where m(K) and m(9K;) denote respectively the measures of polygonal domain K and edge 9K, fi; denotes the outward-directed
unit normal associated with edge K. Here Z' is an arbitrary point, Z; is the midpoint of edge dK; and the vector Z,Z; = Z; — Z,.

Proof. It suffices to prove that the identity (3.7) holds for the first component »;. Let X" and x; denote respectively the first
component coordinates of points Z° and Z;. Then,

n

m(K) v :/K div(x —x.)0)dK = ¢ (x—x,)D-iids= Z(?/ﬂ,-)/K (x —x,)ds = i(fwﬁi)/l( (X — X +x; — x,)ds
OK; i=1 OK;

oK i1
- Z(a-ﬁ,-)/ (% —x)ds = 3 m(aK;) (3 - i) (i — ),
i=1 oKi i=1

The proof is completed. O _ _ _

By using Theorem 3.2, we are ready to approximate | F |*. As shown in Fig. 3, F; denotes the average value of F on the
triangle domain X;_1XiX+. Hereafter, for simplicity of exposition, we use k as a periodic subscript with 4 period. For
example,

Xk = Xkmod 4)s

where (kmod4) represents the remainder of k modulo 4, i.e., Xo = X4, X5 = X1, etc. Let Tk = Xk)?,m e = |Tk\, k=1,...,4,and Z; is
the midpoint of X X.1.
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X3
Z”o 7>
K
Xa
7,

Fig. 3. Approximation for \I? | from the trigonal standpoint.

Assume that 1?2 is constant on triangular domain X;X>Xs. Using Theorem 3.2 on X;X>X5 and choosing Z' to be the midpoint
of X1X3, we get

— — R — — R — ‘l o N
SoFy = L(Fy - 1) 2.2y +L(F, - 1y) 2.2, = i(_fllz + folh),
where S, is the area of triangle AX;X>Xs. Thus,
N 1 Lo
(o = [RE + 720 - 2f, (1 - ).
4S;
\I?1|27 |I?3|2, \F4|2 are obtained analogously. Now, let
1 - o R - R
i [IFEde = FiP 4 nlFaf + nlFaf + ol (38)
m(e) Je

where wy(k =1,2,3,4) are certain weights that will be determined later. Then, (3.8) leads to,

szqli +szli4 = 2f 1Sk (qu Tk)

T2 4 _ 4
/ P e ~ IM(€) > anlFif* = e > o

K u) K(ue) k=1 K(”E) k=1 4Si
— m(e) i wksz—lli +szli—21 +22fk—21fklkfllk cos (Pk ’ (39)
K< (ue) k=1 lkfllk SI @y

where m(e) denotes the cell area and ¢, the angle ZX;_1X;Xy+1, see Fig. 3.
At last, putting (3.5), (3.6) and (3.9) together and through some straightforward algebra, we reach

w <F> ~ F'AF — 2F'U, (3.10)

where

T T
F=(fi.f2.f3.0a), U= (e — U, Ue — Uy, Up — U3, U — Ug),
and A is a symmetric matrix, given by

m(e)

A=)

B, (3.11)

here the symmetric matrix B = (bj)4.4 is given by

Wy W1 Wi41 COS Py 4
bkk + 3 bk,k+l =—"—_1% ) bk.k+2 = 07 for k = ] ) 27 37 4

TR a2 2 2 2
L sin® @, L sin® ¢y Ilis1 SIN” @4

For matrix A, we have the following result.

Theorem 3.3. Suppose that sing # 0, and wy > 0 (k=1,2,3,4), then matrix A defined in (3.11) is symmetric positive definite.

Proof. By (3.11), we only need to prove that B is positive definite. For any nonzero vector R = (rq,12,73,14)", we have, from
singy # 0 and wy > 0,

R'BR — i Wy (rk_,l Q)( 1 cos <p,<) (rk,l/l,H) o
~ sin’ @, \lk 1 "I/ \cosgp, 1 re/le
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The last inequality holds, because

1 COS @,
(s ")

is positive definite. Thus, matrix B is positive definite, which complete the proof. O
Since A is symmetric positive definite, the discrete cell functional (3.10) achieves its minimization if and only if

AF = U. (3.12)

3.2. Finite volume scheme based on the cell functional minimization

As can be seen from the discussion in the previous subsection, there are nine unknowns on a single cell, and by (3.12),
only five of them are independent. Thus, in selecting the independent unknowns for a cell, we have mainly two choices, i.e.,

e case (1): (Ue.f1.foof3.fa);

o case (ii): (ue Uy, Up, Uz, Ug).
For case (i) the equation corresponding to the cell centered unknown u, can be obtained from (2.7) by the standard finite
volume spatial discretization,

oul
ot m(eu)

(fl'”+f2” + Y +f”>) SO, 1<i<], 1)<, (3.13)

where (i,j) denotes the index of a structured cell in the 2-D computational domain, /¥ = S(x{), y{? t) and (x{'), y{?') denote
the coordinates of cell center (i,j,e) as shown in Fig. 4(a). The equation corresponding to the edge unknowns f can be ob-
tained by using the continuity of the intensity across the cell edges. Taking edge (i,j,2) or (i + 1,j,4) in Fig. 4(b) for example,
we have u{? = u{"'Y so that

4

ij) 1+1J l+1j (i+14)
Z a2k fk Z ue ’

k=1

where a,,’j are the entries of cell matrix A. In this approach, the solution of the local linear system (3.12) is unnecessary.
However, when the above scheme is applied to the second-order elliptic problems, the resulting algebraic system is of sad-
dle-point type.

For case (ii), we first solve the local linear system (3.12) to get the explicit expressions of the flux variables. Then, by still
taking the edge (i,j,2) or (i + 1,j,4) in Fig. 4(b) for exposition and using the flux continuity condition f{"/ = —f{"'7 we obtain
the equation corresponding to the cell edge intensity unknown u(zi‘j),

4
i+14) (4,(i+14) (i+14) ) _
Z ( uk ) Za4k ( uk ) - 07

-1

=~

where a al ) denote the entries of A~". The equation for the cell centered unknown is obtained by substituting the flux expres-
sions into (3.13),

e o (s ) -

€ij) k=1

If all the cell matrices are symmetric positive definite, by almost the same procedure in [28], the resulting algebraic system
can be a symmetric positive definite one.

(i.) (1.J.3) (i+1,5.3)
(i, J 4) (i+

) (i,j,4) 1‘j_4) (i+].j.2]
: ¢ @ * . $
(i,jse) (ijse)  (ij.2) (+Ld.e)
(i,j, 1) (i,j,1) (i+1,j.1)

Fig. 4. (a) The stencil for the cell-center (i,j,e) of cell (i,j); (b) An example stencil for the inner edge-center (i,j,2) or (i +1,j,4).
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Fig. 5. An example stencil for the right edge midpoint (1,j,2) of cell (I,j) on the boundary 9Q.

Next, we consider the situation of cell edges on the domain boundary. For instance, let us consider the right edge of the
cell (I,j) on the domain boundary 9€2, see Fig. 5. From the boundary condition (2.3) and flux (2.4), we have

—/_al?ﬁds+/_/zuds=/_gds. (3.14)
S(Z’-D S(ZI-J) S(Z’JJ
We approximate above boundary condition,

~of + pum (sy7) = gfVm sy, (3.15)

where g(zm = g(xg"f’,yé"j’, t). If the edge intensity variables are treated as intermediate ones, the discrete boundary condition
(3.15) becomes

4
Ij 1j) £(1 i Ij Ij Ij
gt (Sl -t () = gtim().
k=1
On the other hand, if we choose flux variables to be intermediate ones, (3.15) leads to
4 i Ij 1j Lj Lj Lj
_“2‘1(21}1) (ué”) _ u;(”) I ﬂué”m(sé”) _ g(zd)m(s(zd))
k=1

In conclusion, our cell functional minimization algorithm yields a 5-point stencil for the cell-center equations, a 9-point sten-
cil for the inner edge-center equations, and a 5-point stencil for the boundary edge-center equations, see Figs. 4 and 5.

3.3. The cell matrix A

From the above subsection we have seen that the relation (3.12), derived from the cell functional minimization approach,
plays an important part in the construction of our finite volume scheme. In this subsection, we shall discuss the problem of
constructing the cell matrix A in (3.12). The first type of cell matrix is given by (3.11) with the weights specified as

1

=1
Our numerical experience indicates that this type of cell matrix usually leads to poor accuracy on distorted meshes. Here we
are more interested in searching some new ones. The main idea is to require that (3.12) satisfies the linearity preserving cri-

terion [35], which means that it holds exactly for the linear case where the solution u is a linear function and the diffusion
coefficient is a constant on each cell, i.e.,

Wy k=1,2,3,4. (3.16)

U =0X+bey+ce, K(u)=xK,, one, (3.17)

where a,, b,, c., K. are constants.

For the above purpose, we need some more notations and preliminaries. We still employ Fig. 3 for exposition and asso-
ciate it with some new notations. Denote by 7, the outward unit vector normal to the tangential vector Tk = X Xi.1. Here we
point out once again that k is a periodic subscript with 4 period. Denote by Z, the cell center at which the cell centered un-
known u, is defined. Introduce further the 4 x 2 matrices # = (fi;) and # = (uy;) by

fkj = —Kelk(é} . ﬁk) and ukj = —Ej ~ZeZk,
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where &; = (1,0)", & = (0,1)", I, = [XuXx.1|, k=1,2,3,4 and j =1, 2. By Theorem 3.2,
4 -
m(e)e =Y l(& - Ti) ZeZi . (3.18)
k=1
Multiplying the above identity with x.é;(i = 1,2) yields
U'TF = K.m(e)s, (3.19)

where .7 is a 2 x 2 identity matrix.
Now, by requiring that (3.12) is exact for the linear case (3.17), we reach

AZ = . (3.20)

Recall that the cell edge unknowns uy(k = 1,2,3,4) are defined at the midpoints of the cell edges, while the cell centered un-
known u, is defined at the cell center Z, whose definition has not been given yet. Usually coordinates of the cell center
Z.(X.,¥.) are obtained by arithmetic averaging of those of the cell nodes, i.e.,

13 13
*E:ZZ ye:ZZy,.. (3.21)
i=1

However, in our method, the cell center Zy(x,V.) can be any fixed point in the cell. Denote t, = ZZ. Then, on the one hand,
we have by straightforward calculation,

v o o o 2 - 1. -
Uk,j=€j‘feJrej'ZkZe:ej‘feJrZej'(lk+1*lk_l),

On the other hand, by the definition of matrix B in (3.11), we find that

4
Z TiB, T}, (3.22)
= I 1lk sin’ ¢,
where
1\T 1 T
Tl:ooo n 000’
1000 0100
01 0 0\" 0 01 0\
T3:<0 0 1 o)’ T“‘(o 00 1)

and

b
cos ¢
I k
B, = k- . .
cosqp,  H

Still by straightforward calculation,

B,J,Zgr_—;cesmgok< ed - lk'?), (3.23)
e -€ leq -6

where we have used the identities

li(Tik_1 + Tk cos @) = —sin (pkzk, »
It (T + Tl COS @) = sin@yly, k=1,2,3,4.
Putting (3.11), (3.22) and (3.23) together gives
AZ = —m(e 4 LT —Tk'él —Tk-é'z (o e
( )k:l l-1li sin @y ¢ Lq1-8 T8 (%) a2 ( )
where
_me)or
lalesing,

Substituting (3.25) and (3.21) into (3.20), we finally arrive at

Oj = <@I<+1ll<+l - d)klk—l) '5]'7 Wy =

(401 — Dt + (1 — 4@ )y = 4F,, k=1,2,3,4. (3.26)

By these identities, we have the result below.
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Theorem 3.4. If cell e is not a parallelogram and the cell center coincides with Z,, then (3.12), with cell matrix A given by (3.11),
holds exactly for the linear case (3.17) if and only if

_ lalesing, B
wk—T(e), k—1,2,374. (327)

Proof. Obviously, (3.27) s a sufficient condition. The nontrivial part is to prove that (3.27) is also a necessary one. Since cell e
is not a parallelogram, we assume that, without any harm to our argument, I, is not collinear with I. By using (3.26) and
noting f, = 0, we have
Airs — D + (1 — 4 =
( (?3 )13 +( cf)z)ﬁ (3.28)
(4(()1 — 1)11 + (1 — 4(04)13 =0

which implies @y = 1/4(k = 1,2,3,4) and in turn (3.27). O

Although we have provided a systematic way to construct finite volume schemes for parabolic Eq. (2.1), the above result
indicates that there is no much flexibility, at least for the structured quadrilateral meshes. The limitation is caused by the fact
that the cell matrix A should be given by (3.11). If we drop this requirement and relay only on (3.20) to construct a symmet-
ric positive definite cell matrix, things will become different. Motivated by [10,11], we give a constructional algorithm by just
choosing

1
A= UU" + CTE" (3.29)
K.m(e)

where 2 is an arbitrary 2 x 2 symmetric positive definite matrix, and % is a 4 x 2 matrix whose columns span the null
space of the matrix #T so that #7# = 0. By (3.19) we see that the rank of # is two and % is well defined. Due to
(3.19), the matrix A given by (3.29) satisfies (3.20) and is symmetric and positive semidefinite. The positive definiteness
of this new cell matrix follows from its nonsingularity, which can be obtained by using the same procedure in the proof
of Theorem 3.1 in [10].

As in [10], (3.29) allows us to construct a family of finite volume schemes and moreover, enable us to extend the present
results to the unstructured polygonal meshes. More interesting is that the undetermined parameters in (3.29) include not
only the entries of the symmetric positive definite matrix £ but also the coordinates of the cell center Z.. Since only the mass
center is allowed for the cell center and only case (i) can be employed for the unknowns in [10], the present approach seems
a little more flexible. Moreover, since we have an equivalent choice of unknowns, i.e., case (ii), and the resulting linear sys-
tem is symmetric positive definite, the saddle-point problem suffered by MFD scheme in [10] can be avoided in our method.
During the revision process of this paper, we were informed by one of the reviewer that the MFD scheme in [10] has been
extended in [17] where the cell center is allowed to be any point in the cell in order to establish certain relation with the
other two finite volume schemes. In addition, in order to be consistent with the framework of the original MFD method,
a weight function wg has to be introduced, although the existence of this weight function has been proved. Since in our der-
ivation there is no requirement for the location of the cell center, it seems natural in the present setting to choose any fixed
point to be the cell center.

At last, we point out that the finite volume scheme based on cell functional minimization approach can now be viewed as
a family of schemes, some of which have close relations with some schemes studied before, including the famous LSOM and
MEFD schemes. We list several special cases below:

e Special case 1. If we choose case (i) for unknowns and (3.11) with weights given by (3.16) for cell matrix, the resulting
scheme is identical to the one in [23,14].

e Special case 2. If we choose case (i) for unknowns and (3.11) with weights given by (3.27) for cell matrix, the resulting
scheme coincides with the scheme in [33].

e Special case 3. If we choose case (ii) for unknowns and use (3.11) and (3.27) to define the cell matrix, the resulting scheme
is identical to the LSOM scheme in [28].

e Special case 4. If we choose case (i) for unknowns and use (3.29) and mass center to define the cell matrix, the resulting
scheme coincides with the MFD scheme in [10] confined to the structured quadrilateral meshes.

3.4. A parallel algorithm based on nonoverlapping domain decomposition

Since the scheme discussed above employs both cell centered and cell edge unknowns, it has much more degrees of free-
dom than the pure cell centered schemes, which not only needs more memory space but also influences the computational
speed in the large scale practical simulations. In order to conquer this weakness, we suggest a parallel algorithm based on
nonoverlapping domain decomposition approach. We find that the cell edge unknowns in the scheme facilitate the construc-
tion of all kinds of interface conditions.
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For the sake of simplicity, we only consider the case where the domain Q is decomposed into two nonoverlapping sub-
domains ©; and ., and denote I';; = Q; N Q,. A parallel algorithm with Dirichlet-Robin interface conditions for (2.1) and
(2.3) is suggested as follows

un+15_ n
1 le( (u n+15)vu111+1.s> :Sn+1’ in O,

0
n+1,s n+1 S n+ls _ n+1
oac(u1 ) o +pui 7 =g"", on 0QNoQ,

u;Hls _ ur21+1 S— l’ on Flz,
= l//
and
ugﬂ S _ un

2 diV(K( Tt s)vugﬂ s) _ Sn+17 in Q,,
0
O(K(USH s) an n+1 S 4 [);unﬂ S _ ngl, on 9QnN 6927
0 R _ 1\ O _
AU;HS—F K(ugﬂ s) o= zugﬂs _ Aurlwl,s 1 K<ur11+1,s 1) o u111+1,s 1’ on Iy,

u2:lﬁ7

where s denotes the iterative number, u; =ul',u! is the approximate solution in €; at time ¢ = nt, and 7 is the time step.

The implementation of the above algorlthm is standard and is then omitted. Here we point out that other types of inter-
face conditions can also be considered in this parallel algorithm. Moreover, if the problem is solved on the whole domain and
a big global matrix is involved, the above domain decomposition algorithm can serve as an efficient preconditioner for cer-
tain iteration method of Krylov type.

n+1,0

4. Numerical experiments

In this section, we provide numerical results for three examples on the distorted structured quadrilateral meshes. One
example is a linear problem with a continuous diffusion coefficient. The following example is a linear problem with a dis-
continuous diffusion coefficient, and the last example is about a nonlinear problem. We will investigate the performance
of our finite volume scheme and its parallel version on some typical distorted quadrilateral meshes, including the sine mesh,
the Shestakov mesh, the Kershaw mesh and the random mesh. Descriptions of these distorted meshes can be found in
[28,35]. Random meshes used in experiments are obtained from their orthogonal counterparts with 20 percent random dis-
turbance of the interior mesh vertices.

We shall examine the following four types of errors on the global computational domain  =[0,1] x [0,1],

e, = maX )u(xi.jevyijeT) - u

ij.elr
max ‘u Xijko Yijir T) = Uijp|s k=24,
max‘u x,J,(,y,J,C, u}?j_k’, k=1,3,
X 1/2
(Z‘ XlJevlee 1Je m(ei,i)> ’

where the notations (i,j,k), k=e, 1,..., 4 for the cell e;; are shown in Fig. 4. We use the Picard iteration to linearize the non-
linear systems in the nonlinear case, and use GMRES method [30] to solve the linear systems in all experiments. Throughout,
we shall choose case (ii) for unknowns and use (3.11) and (3.27) to define the cell matrix.

Example 5.1. Consider the following linear problem with a continuous diffusion coefficient,

% —div(Vu) =S5(x,y,t), (xy,t) € Qx(0,T],
u(x,y,0) =2 + sin(nx) sin(my), (x,y) € Q,
with boundary conditions specified by
u(0,y,t) = 2 exp(—27?t),

u(x,0,t) = —<u(x,1,t) = —mexp(—2m>t) sin(7x),

0
on on
( ) .y, t) = exp(=27m*t)(—msin(my) + 4),
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and the source term S(x,y,t) = —4n? exp (—2m2t). The exact solution of above linear problem is u = exp(—27t)(2 + sin (7x) sin
(my)).

First, we examine the accuracy of our finite volume scheme, in which a sequence of random quadrilateral meshes are em-
ployed. Here the time step 7 = 1.0e—6, and the final time T = 0.01. The results are presented in Table 1 where the convergence
rate is also given in the last column, which is obtained by a least squares fit. We can see that the discrete scheme based on
minimizing the cell functional has a nearly second order accuracy.

Next, we test the effect of parameter 2 in the Dirichlet-Robin interface conditions of the parallel algorithm. Let s denote
the average iterative number per CPU per time step in the whole computing process, and erb is the maximum error bound in
iterative convergence controlling. Both the x and y directions have m processors, i.e., total CPUs = mxm processors for the
whole domain. The relations between s and parameter ih are presented in Fig. 6, where h denotes the average cell size of
the mesh. In those two tests, we choose CPUs=2 x 2. One is tested on 10 « 10 orthogonal and random meshes with
7=1.0e—6 and T = 0.01. The other is employed on 10 = 10 orthogonal meshes with different time steps and the total number
of time steps is fixed on 10%. Fig. 6(a) shows that iterative number on the random mesh is a little bigger than that on the
uniform mesh, and the optimal value of 1 seems the same on both meshes, which implies that the optimal value of / is insen-
sitive to the mesh distortion. Fig. 6(b) shows that the time step does not affect the optimal value of i. The optimal value
O(h~'2) of 4 for a Robin-Robin non-overlapping domain decomposition for Poisson equation is derived by using Poin-
care-Steklov operators in [27]. Making use of techniques in [27], we also get the optimal value O(h~!) of / for a Dirich-
let-Robin non-overlapping domain decomposition method. Here we omit intricate analysis, but our numerical
experiments confirm it.

Now fixing the number of processors and A(here 1~ 2/h), numerical results on a sequence of random meshes are pre-
sented in Table 2. Table 3 shows results of the parallel algorithm with a fixed number of processors and a set of varying 4

Table 1
The accuracy of the scheme for Example 5.1 on a sequence of random meshes.
Mesh 1010 20 % 20 40 + 40 60 x 60 Rate
ec 4.6395E-3 1.9091E-3 4.7524E-4 1.9004E-4 1.85
e 1.2481E-2 3.5619E-3 1.0846E-3 4.0806E—4 1.98
e 1.0888E-2 3.4173E-3 1.0218E-3 4.5532E-4 1.80
e, 1.4046E-3 4.0909E—4 1.0054E-4 4.1752E-5 1.99
90 w w 90 :
8 A - A - Orthogonal mesh 80 B dt=1.010"%
1I -=0-'Random mesh : - A- Gt=1.0"1075
700} 70}] -8 dt=1.0*10"| |
60l o 60(! —0—dt=1.0*10""|

Ah h
(a) different meshes (b) different time steps

Fig. 6. Iterative number s versus parameter Ah.

Table 2

The accuracy of the parallel algorithm with CPUs = 2 * 2.
Mesh 10+ 10 20 %20 40 * 40 60 x 60 Rate
yl 20.0 40.0 80.0 120.0
S 6.9996 8.6729 6.9994 8.3318
ec 4.6399E-3 1.9093E-3 4,7702E-4 1.9021E-4 1.85
[ 1.2480E-2 3.5614E-3 1.0831E-3 4.0791E-4 1.98
€] 1.0887E-2 3.4172E-3 1.0203E-3 4.5463E-4 1.80

er, 1.4047E-3 4.0909E—-4 1.0078E—4 4.1882E-5 1.99
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Table 3
Results of the parallel algorithm with varying A.erb and CPUs = 2 x 2.
y) 10.0 20.0 50.0 100.0
erb 1.0E-8 1.0E-8 1.0E-8 1.0E-8
S 8.2247 6.9996 9.0007 14.1232
e, 1.4046E-3 1.4047E-3 1.4049E-3 1.4050E-3
erb 1.0E-10 1.0E-10 1.0E-10 1.0E-10
s 30.8528 11.9994 31.9983 64.1955
er, 1.4046E-3 1.4046E-3 1.4046E-3 1.4046E-3
erb 1.0E-12 1.0E-12 1.0E-12 1.0E-12
s 31.8526 12.9992 32.9982 65.1954
e, 1.4046E-3 1.4046E-3 1.4046E-3 1.4046E-3
Table 4
Results of the parallel algorithm with varying CPUs, erb, and /= 120.
CPUs 2%2 44 10% 10
erb 1.0E-8 1.0E-8 1.0E-8
s 8.3318 8.9992 11.9989
e, 4.1882E-5 4.1892E-5 4.1753E-5
erb 1.0E-10 1.0E-10 1.0E-10
s 13.9991 15.9534 18.1870
e, 4.1752E-5 4.1752E-5 4.1752E-5
erb 1.0E-12 1.0E-12 1.0E-12
s 14.9990 18.4752 21.2068
er, 4.1752E-5 4.1752E-5 4.1752E-5
Table 5
Results of the parallel algorithm for the fixed size problem per processor.
Mesh 20 %20 30«30 40 * 40 50 x 50 60 + 60 80 + 80
CPUs 2%2 3x3 4 x4 5%5 6+ 6 8x8
2 40.0 60.0 80.0 100.0 120.0 160.0
S 3.9997 4.9995 4.9995 4.9996 4.9996 4.9996
e, 1.6557E—-4 7.5416E-5 4.3751E-5 2.9103E-5 2.1183E-5 1.3467E-5

and erb on a 10 * 10 random mesh. Table 4 presents results with a fixed 4 and mutative numbers of CPUs and erb on a 60 * 60
random mesh. From Tables 3 and 4, we can see that computational errors do not be affected by the parameter 4 or the num-
ber of subdomains as maximum controlling error erb approaches zero. Obviously, it will cost more iterations by using a smal-
ler maximum controlling error. All those Tables 2 and 4 show that the parallel algorithm has almost the same accuracy with

the discrete scheme on one CPU by referring the results in Table 1.
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Fig. 7. Execution time decreased in inverse proportion to the number of processors.
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At last, check the scalability for our unaccelerated parallel algorithm with an optimal value of 4. Table 5 shows parallel
results on a series of orthogonal mesh as problem size and processor number are increased in proportion. It indicates that the
iterative number s does not increase much when the mesh is refining and the number of CPUs is increasing. Fig. 7 describes
that execution time on a fixed 200 x 200 orthogonal mesh decreases in inverse proportion to the number of processors.

Example 5.2. Consider a linear problem with discontinuous diffusion coefficients,

— —div(k(u)Vu) =S(x,y,t), (x,y,t) e Qx (0,T],

(04, (xy.0€(0,4x(0,1)x(0,T],
W=901, (x.y.t) € (2,1) x (0,1) x (0,T]

with initial value

2 +sin(mx)sin(2my),  (x,y,t) € (0,3] x (0,1) x (0,T},

u(x.y,0) = {2 + sin(47nx) sin(27y), (x,y,t) € (§,1) x (0,1) x (0,T]

and boundary conditions
u(07y7 t) =2 eXp(szEZt)’

0

y 21 exp(—272t) sin(7x),
on

2mexp(—2m?t) sin(4nx), x € (3,1),

0
(X717t) - 7%“()(70”:) - {

(% + 2) u(1,y,t) = 4mexp(—27t) sin(27y) + 4 exp(—27t).

Here the source term S(x,y,t) = —4n? exp (—2n?t). The associated analytic solution is

exp(—2m?t)(2 + sin(nx) sin(2my)),  (x,y,t) € (0,3] x (0,1) x (0, T],

Uyt = {exp(—ZnZt)(z + sin(4mx)sin2my)), (x.y,0) € (2,1) x (0,1) x (0,T].

Table 6 shows the accuracy of the finite volume scheme based on the cell functional minimization algorithm on a sequence
of random quadrilateral meshes, in which 7 =1.0e—6 and T = 0.01.

In our numerical parallel experiments for this example, we will test parallel results in two special cases. One case is that
interfaces are not on the material discontinuities, for example CPUs = 2 * 2. Another case is that interfaces are on the material
discontinuities, for example CPUs = 3 x 3. Tables 7 and 8 present errors of parallel algorithm with optimal values A (here
/. ~5/(9h)) on random meshes in those two cases. Comparing Tables 7 and 8 with Table 6, we can see that parallel results
for a linear problem with a discontinuous diffusion coefficient also have good accuracy. Obviously, it seems that the accuracy
almost keeps the same, the iterative number does not change much, and the optimal value of 4 nearly does not change
whether interfaces are on the material discontinuity or not.

Table 6

The accuracy of the scheme for Example 5.2 on random meshes.
Mesh 18 %18 27 % 27 45 x 45 60 x 60 Rate
ec 2.0481E-2 1.2423E-2 5.4063E-3 2.9723E-3 1.65
e 5.4576E—2 2.3280E-2 8.4362E-3 5.8177E-3 1.79
e 2.8680E—-2 1.1602E-2 5.6470E-3 2.8996E-3 1.99
e, 4.1674E-3 1.9870E-3 7.9039E—4 4.4058E—-4 1.89

Table 7

The accuracy of the parallel algorithm for Example 5.2 with CPUs = 2 x 2.
Mesh 1818 27 %27 45 x 45 60 « 60 Rate
y) 10.0 15.0 25.0 33.33
s 7.0005 8.9999 8.9999 8.9997
@ 2.0481E-2 1.2423E-2 5.4064E-3 2.9723E-3 1.65
[ 5.4575E-2 2.3280E-2 8.4362E-3 5.8177E-3 1.79
€] 2.8680E—2 1.1602E-2 5.6470E-3 2.8996E-3 1.99

er, 4.1673E-3 1.9870E-3 7.9040E—4 4.4056E—4 1.89
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Table 8

The accuracy of the parallel algorithm for Example 5.2 with CPUs =3 x 3.
Mesh 18 %18 27 %27 45 x 45 60 x 60 Rate
y) 10.0 15.0 25.0 33.33
s 9.0004 11.0000 10.9660 10.9996
ec 2.0480E—2 1.2422E-2 5.4036E-3 2.9729E-3 1.65
e 5.4575E—-2 2.3280E-2 8.4372E-3 5.8178E-3 1.79
e 2.8680E—2 1.1602E-2 5.6429E-3 2.8996E-3 1.99
er 4.1674E-3 1.9871E-3 7.9045E—4 4.4069E-4 1.89

2

Example 5.3. In this example, we will consider the following nonlinear problem,

U div(uVu) = S(y. 1), (x.y.0) € 2 x (0.7T),

u(x,y,0) = 2 + sin(nx) sin(my), (x,y) € Q
with Dirichlet boundary condition
u(x,y,t) = 2exp(-2m’t), (x,y) €09,

and the source term S(x,y,t) = —2m?exp (— 27%t)(2 + sin (7x) sin (7my)) + w2exp (—4n%t)[(4 + 2sin (7x) sin (7my)) sin (7 x) sin
(my) — cos?(mx) sin?(my) — sin?(7x) cos?(my)). The exact solution is u = exp (—27t)(2 + sin (7x) sin (7y)).

Now, we investigate the performance of the finite volume scheme for Example 5.3 on some typical distorted quadrilateral
meshes, including the trapezoidal mesh, the sine mesh, the Shestakov mesh and the Kershaw mesh. Examples of these typ-
ical meshes together with the domain decomposition are shown in Fig. 8(a)-(d), respectively. In the parallel experiments for
this nonlinear example, the interface conditions are updated after each nonlinear iteration. So in the nonlinear case, the iter-
ative number s combines effects of the nonlinear iteration and the iteration of the domain decomposition algorithm.

T

sbrgerage

(c) A Shestakov mesh (d) A Kershaw mesh

Fig. 8. Four typical distorted meshes with 4 x 4 subdomains.
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Table 9
Numerical results on the trapezoidal mesh.
Mesh 1010 20 % 20 40 * 40 60 % 60 Rate
CPUs 22 4x4 8x8 12 %12
J 50.0 100.0 200.0 300.0
s 7.9746 11.5745 12.5212 13.1619
ec 7.5339E-3 2.3076E-3 6.2896E—4 2.8735E—-4 1.84
e; 1.0102E-2 2.7858E—-3 7.2783E—-4 3.2804E—4 1.92
& 1.0804E—-2 2.7630E—-3 7.0011E-4 3.1263E-4 1.98
e 3.6554E— 9.2186E—4 2.3079E—-4 1.0262E-4 2.00
Table 10
Numerical results on the sine mesh.
Mesh 1010 20 %20 40 * 40 60 % 60 Rate
CPUs 2x%2 44 8x8 12 %12
J 50.0 100.0 200.0 300.0
s 10.0578 12.0778 15.0754 16.9986
ec 1.1794E-2 3.9348E-3 1.1548E-3 5.3888E—4 1.74
e; 2.3899E-2 7.6112E— 2.1642E-3 9.9126E-4 1.80
e; 2.3899E-2 7.6111E-3 2.1639E-3 9.9099E—4 1.80
e 5.0811E-3 1.3958E-3 3.6016E—4 1.6111E-4 1.93
Table 11
Numerical results on the Shestakov mesh.
Mesh 8x8 16 16 32%32 64 % 64 Rate
CPUs 2%2 4x4 8x8 16 x 16
) 40.0 80.0 160.0 320.0
s 8.4755 11.3688 15.3630 19.7516
ec 1.9926E-2 7.0053E-3 2.2056E—3 6.0064E—4 1.69
e; 1.9795E-2 6.8708E—3 2.0855E—3 7.1647E—-4 1.60
G 1.6536E-2 5.5557E-3 1.8505E-3 6.9889E-4 1.52
e, 6.8811E—-3 1.9148E— 5.1242E— 1.3745E-4 1.88
Table 12
Numerical results on the Kershaw mesh.
Mesh 1010 20 % 20 40 * 40 60 % 60 Rate
CPUs 2x2 4x4 8x8 12 %12
) 50.0 100.0 200.0 300.0
s 8.9995 12.0632 15.8855 19.5776
ec 1.0980E-2 3.4808E-3 1.5726E-3 7.2127E-4 1.58
e; 1.0311E-2 2.4488E-3 9.4742E-4 3.7670E-4 1.90
G 2.5099E-2 5.4083E-3 2.1299E-3 9.6244E-4 1.84
e, 5.3822E-3 1.2649E-3 4.0678E-4 1.7113E-4 1.96

8949

Some experiences have been done to investigate the optimal value of 4 on those four typical distorted meshes. Results are
similar with those in Fig. 6 and show that the optimal value of 4 is independent of mesh types and interface shapes. Numer-
ical results with optimal values /(/ =~ 5/h for this nonlinear example) relevant to a sequence of test meshes are presented in
Tables 9-12, where erb =1.0e—8, 7 =1.0e—6, T=0.01. Obviously, our parallel finite volume scheme on those distorted
meshes has a good accuracy, and the iterative number s does not acutely increase as meshes refining and the number of pro-

cessors enhancing.

5. Concluding remarks

We have obtained a finite volume scheme through a cell functional minimization approach and derived its parallel algo-
rithm based on nonoverlapping domain decomposition. Unlike the mixed finite element methods or the MFD method, here
the edge intensity unknowns are not defined through the hybridization procedure, instead they are introduced simulta-
neously with the cell centered unknowns and edge flux unknowns. The relations of these unknowns are then established
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by minimizing certain cell functional. Moreover, we find that cell edge unknowns play important roles in the construction of
the parallel algorithm of the finite volume scheme. They not only prevent the loss of accuracy on the interface due to inter-
polation but also make it convenient to handle all kinds of interface conditions of subdomains. The Robin condition used here
could speed up convergence if / is properly chosen. Our numerical experiments show that the optimal value of 1 seems
insensitive to the mesh distortion, interface shape and location, but relevant to the mesh size. Numerical results demonstrate
the good performance of the finite volume scheme and its parallel version. Both of them have almost second order accuracy
on many typical distorted quadrilateral meshes. Other future works include investigating the influence of the location of the
cell center, comparing multiplicate interface conditions, extending them to the nonconforming interface cases, computing
practical multi-material physical problem.
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