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Multiplicative perturbations of
incomplete second order abstract

differential equations

Fang L1
Department of Mathematics, University of Science and Technology of China,
Hefei, People’s Republic of China

Abstract

Purpose — To study the multiplicative perturbation of local C-regularized cosine functions associated
with the following incomplete second order abstract differential equations in a Banach space X
() = AJ + Bu(), u(0)==x, /' (0)=y,(*) where A is a closed linear operator on X and B is a
bounded linear operator on X.

Design/methodology/approach — The multiplicative perturbation of exponentially bounded
regularized C-cosine functions is generally studied by the Laplace transformation. However,
C-cosine functions might not be exponentially bounded, so that the new method for the multiplicative
perturbation of the nonexponentially bounded regularized C-cosine functions should be applied. In this
paper, the property of regularized C-cosine functions is directly used to obtain the desired results.

Findings — The new results of the multiplicative perturbations of the nonexponentially bounded
C-cosine functions are obtained.

Originality/value — The new techniques differing from those given previously in the literature
are employed to deduce the desired conclusions. The results can be applied to deal with
incomplete second order abstract differential equations which stem from cybernetics, engineering,
physics, etc.

Keywords Differential equations, Cybernetics
Paper type Research paper

Introduction

Many initial value or initial-boundary value problems for partial differential equations,
stemmed from biology, physics, engineering, control theory, etc. (Zhou et al., 2002; Qin
and Ren, 2007) can be translated into the incomplete second order abstract differential
equations. The theory of the cosine and sine functions is an important tool to study the
well-posedness of the incomplete second order abstract differential equations. For
recent critical discussions on initial value (boundary) problems and their
well-posedness, please refer to OuYang et al. (2000, 2001) and Lin (2001).

In the spirit of the works (Song et al., 2006; Huang and Huang, 1995; Kuo and Shaw,
1997; Li et al., 2003; Liang et al., 2006; Xiao and Liang, 1998, 2001, 2002, 2003; Xiao et al.,
2006), we study further multiplicative perturbations of a local C-regularized cosine
function associated with an incomplete second order abstract differential equation in a
Banach space X, which is one of important mathematical systems coming from the real
world, in the case where:
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+ the range of the regularizing operator C is not dense in X; and
* the operator C may not commute with the perturbation operator.

Throughout this paper, all operators are linear; L(X, X) denotes the space of all
continuous linear operators from X to X (in short L (X)); C is an injective operator in L
(X); C (0, t], L (X)) denotes all continuous L (X)-valued functions, equipped with the
norm ||F|le = supllF()||l. Moreover, we write D (4), R (A), respectively, for the

. 0.¢ . . . .
domain, the rarneg[e’ bf an operator A. We abbreviate C-regularized cosine function to

C-cosine function.
Definition 1.1. Assume 7> 0. A one-parameter family {C(?); || = 7} C L(X) is
called a local C-cosine function on X if:

« C0)=Cand C(t +s)C+ C(t —s)C=2CHC(s) (V]sl, |t],|s + ¢| = 7); and
* C()x:[—T 71— X is continuous for every x € X.

The associated sine operator function S(-) is defined by:

t
S = / C(s)ds(lt] = .
0
The operator A defined by:

D) = {x e X; tlilglt%(C(t)x — Cx) exists and is in R(C)},

Ax = C_lth%ltzz(c(t)x — Cx), Vx € DA,

is called the generator of {C(¢);|t| = 7}. It is also called that A generates
{Cy; 1t = 7).

Lemma 1.2. (Huang and Huang (1995)) Let A generates a local C-cosine function
{C); |t = 7} on X.

Then:

* For x€DA), te[-71, Chx, Stx < DA), AC(tx = C(HAx,

AS(Hx = S(HAx.
« Forx €X, t€[0,7], f{Ss)xds € DA) and A [ S(s)xds = C(t)x — Cx.
+ Forx € DA), t€E 0,7, f;S)Axds = A} S(s)xds = C(t)x — Cx.

It is easy to prove the following lemma.

Lemma 1.3. Suppose an extension of A, *A generates a local C-cosine function.
Then C(D(*4)) C D(A) is equivalent to C "1AC ="A.

Definition 1.4. Assume A is a closed operator on X and 7> 0. A one-parameter
family {C(1)}e—rn C L(X) is called a local C-existence family for A if:

« C()x:[—m 71— X is continuous for every x € X; and

. fOtS(s)xds € D(A) and AfOtS(s)xds =Cx—Cxforeveryx € X, t € [—, 7]

Clearly, a local C-cosine function generated by A is a local C-existence family for A.
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By the arguments similar to those in the proof of (Xiao and Liang, 2002,
Theorem 2.4), we obtain:

Proposition 1.5.  Assume that {C(0); |t| = 7} is a local C-existence family on X for
A. Then for each x € D(A) with Ax € R(C) and vy € X, the Cauchy problem,
W'(t) = Au(t), u()=x, ' (0)=y, has a unique solution # € C*([—, 7], X).

Results and proofs
Theorem 2.1. Assume A generates a local C-cosine function {C(0);|f| = 7} on X.
If B € L(X) satisfies:

HI. R(B) C R(C),
t
H2N® € ([0, 71, X), / St — s)C'Bd(s)ds € D(A)
0

and:

t t
HA / St — s)C‘chb(s)dsH =M [ sup®(s)do, t € [0, 7],
0 0

O=s=o
where M > 0 is a constant, S({) = jg C(s)ds:

H3. There exists an injective operator C; € L(X) satisfying R(C;) C R(C) and
CiA(I +B) C AU + B)Cy, then C; YA(I + B)C, generates a local C;-cosine
function.

Proof. For every x € X, we define the operator functions {Cn(f)}te[oﬁ] on X as
follows: '

t
Cohx=Cx;, Cutx=A / St —s)C'BC,_1(s)xds, t€[0,7], n=12, ....
0

By induction, we obtain:
© Vx € X,Cy(tx € C([0, 71, X),

< ICol s%quPC(s)P, te0,7, Vn=0.

Thus, “*C(t) == Yo ,Cu(HC1Cy € C([0, 7], X) and satisfies:
Ct)=CHCCix —i—A/OtS(t —)C'B*C(s)xds,x € X,t € X,t € [0, 7].
This means that *C()x is a solution of the equation:
ut)y=CHC 'Ca+ A /0 tS(t — 5)C'Bu(s)ds, t € [0, 1]. 1)
Let v(-) € C([0, 7], X) satisfy equation (1). Then:

t
) —v)=A / St — $)CTIB[*C(s)x — v(s)lds, ¢ € [0, 7].
0
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Using H2 and Gronwall-Bellman’s inequality, we get *C(¢) = v(#) on [0,7]. It shows the
uniqueness of solutions of equation (1). Clearly:

/0 " Cloyrdor= /O C@CCiado+ A /0 s /0 "S(or— w)C 1 B* Cuwyrdudor
_ S(s)C’lclx—i—% /O S~ )C B Clordar— C /O B C(odo
So:
( +B) /O ) *Cloyxdo = S(s)C1Crx + % /0 SS(s — 0)C 'B*C(o)xdo,
integrating this from O to ¢, and putting:
Sttyx == /O t “C(s)xds, t € 10,7, x € X,
we have:
{ +B) /0 tS(s)xds = /O tS(s)C_lclxds + /0 tS(t — o)C 'B*C(o)xdo € D(A)
and:

t t
A +B) / Ss)xds = SHC 1Crx — Cix + A / St — o)C 'B*C(oxdo
0 0

2
="Chx — Cix, VxEX,tE€]0,7],
that is, *C(9) is a solution of the integral equation:
t ps
o) = C1x+A(I+B)/ /g(O')dO'dS, xeX, t€]0,1]. 3)
0 Jo

On the other hand, if g(¢) is a solution of equation (3), then:

t N t t
/ St — s)AU —i—B)/ g(o)dods = / C(t — s)g(s)ds — / C(s)Cyxds.
0 0 0 0

Therefore:

t prs t t
A / / S(s — 0)Bg(o)dods = C / g(s)ds — / C(s)Cixds € R(C).
0 Jo 0 0
Thus:
t
g(t)=CHC 'Cix —|—A/ St — s)C " 'Bg(s)ds,
0

1e. g(+) is the solution of equation (1). This shows that equation (3) has a unique
solution. Hence:
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C—tx ="Cltyx, C'CHx="Ct)Crx, x€X, tE€[—77]
By equation (3), we get:

t prs
“C(—tx = Cix+ Al +B)/ / “Cloyxdads, xE€ X, tE€[0,1].
0 Jo

Therefore, for each t,7 € [0, 7], x € X:

t ps

2°Cty*C(hyx = A + B) / / 2" C(0)* C(hyxdods + 2Cix + 2A(I + B)
0 Jo
h
x/ (h — $)" C(s)Cyxds
0

On the other hand, for any ¢,4,t = h € [0, 7], x € X, we get:

t+h

“Ct+)Cix — Cix = A + B) / / *C(0)Cradods
0 0

0 w
=A(]+B){ / / *Cu + 1) Cradpdw
—hJ—h
t 0 w
+/ U +/ }*C(MJrh)Clxdudw}
0 —h 0
t w
=A([+B){ / / *Clw + M)Cradpdu

/ / *C(— o + I)Crrdoduw

h
/ / *C(— M)Clxduds}

Similarly:

t ps
“C(t — WO — Cox = A + B){ / / *Clo — )Cradords
0 Jo

t rh h ps—h
- / / *Clo — )Crxdods — / / *C(;L)Clxd,uds}
0 Jo 0 Jo

Therefore:

“C(t+m)Crx+ “Ct — W)Crx — 2Cx

t ps h
=AUl +B) [ / / FClo+n)Cix+ *Clo— h)Crx)dods +2 | (h— s)*C(s)Clxds]
0 JO 0
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Thus, we get:

2*C)*Chyx — ["Ct + W)Cix + “C(t — h)Cyx]

t S
= Al +B) / / (2°C("Ch) — ["C(o + W)Cix + *C(a — h)Cix]}dods.
0 JO

Again by the uniqueness of the solution of equation (3), we obtain:
25CtY* Cthyx =*C(t + h)Crx +"C(t — W)Cix,x €, X, t,h,t = h € [0, 7.

So, {"C(#) : |t| = 7} is a local Cy-cosine function on X. Assume that x € D(A(I + B))
and:

t rs
p(Dx = Cix, / / “C(AU + Byxdads, ¢ € [0, 7.
0 Jo

Since:
“CHAU + Bix = Ad + B)p(b)x,
i.e. p(fx is a solution of equation (2) for x € D(A(I + B)), *C(t)x = p(t)x. So:

t ps
%(*C(t)x — Cix) = z‘%/ / *C(AU + B)xdods — CLA(I + B)x
0 Jo

€ R(Cy), (t—0").

Therefore, if % is the generator of {*C(t) tl=7}, then x € D (%) and
A + B)x = %x, thatis, AU +B) C %. . .
Moreover, for any x € D (%), lim 2n ) /n [y “C(o)xdads = Cyx. By equation (2):

1/n ps
ImAJ +0) (2%2/ / *C(a)xdads> = 111@(()102142 (*C<%)x - C1x> = C1Gx.
0o Jo

Thus, the closedness of A(l + B) implies that Cix € D(A( + B)) and
C1%x = Al + B)Cyx. Therefore, C1(D(%)) C DA + B)). The conclusion now
follows from Lemma 1.3. End of the proof. O
In the proof of Theorem 2.1, with C instead of C;, we can obtain:
Theorem 2.2. Let A generates a local C-cosine function on X. If B € L (X) and
R(C~'B) C D(A), then for each x € D(A) with Ax € R (C)andy € X, the Cauchy
problem (¥) has a unique solution «(-) € C2([—, 7], X).
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