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Analysis of stability and Hopf bifurcation for an HIV
infection model with time delay q
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Abstract

A class of more general HIV infection models with time delay is proposed based on some important biological mean-
ings. The effect of time delay on stability of the equilibria of the infection model has been studied. And the sufficient criteria
for stability switch of the infected equilibrium and the local and global asymptotic stability of the viral-free equilibrium are
given. Using the normal form theory and center manifold argument, the explicit formulaes which determine the stability,
the direction and the periodic of bifurcating period solutions are derived. Numerical simulations are carried out to explain
the mathematical conclusions.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

HIV (human immunodeficiency virus) has become a global problem. The human suffering due to HIV and
AIDS (acquired immunodeficiency syndrome) is enormous. For example, AIDS is now the leading cause of
death in Sub-Saharan Africa. Many countries in this region have failed to bring the epidemic under control.
It is said that nearly two thirds of the world‘s HIV positive pepple live in Sub-Saharan Africa. So, in the last
decades the infection by HIV, which caused AIDS, has been the subject of most intense studies that encompass
diverse fields of scientific research. Although major progress has been achieved by medical and biological
researchers in understanding different aspects of the virus–host interaction, the mechanisms by which HIV
causes AIDS still remain unexplained.

Mathematical models have been proven to be valuable in understanding the dynamics of HIV infection.
Most of them use ordinary (or partial) differential equations to describe different aspects of the dynamics
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of the host–parasite interaction [1–5]. And these models typically consider the dynamics of the CD4þ and virus
populations as well as the effects of drug therapy [6]. There are also some models which include an intracellular
delay [7–10]. The first model that included this type ‘‘intracellular’’ delay was developed by Herz et al. [11] and
assumed that cells became productively infected time units after of HIV initial infection. Patrick et al. extend
the development of delay models of HIV infection and treatment to the general case of combination antiviral
therapy that is less than completely efficacious. Recently, Xinyu Song et al. [12] had investigated the following
viral model with delay:
_T ¼ s� dT þ aT ð1� T
T max
Þ � bTV ;

_I ¼ be�msT ðt � sÞV ðt � sÞ � dI ;
_V ¼ pI � cV ;

8><>: ð1:1Þ
where T is the number of target cells, I is the number of infected cells, V is the viral load of the virous, s

represents the rate at which new T cells are created from sources, a is the maximum proliferation rate of target
cells. T max is the T population density at which proliferation shuts off. In model (1.1), d is death rate of the
T cells, b is the infection rate constant, the term e�ms accounts for cells that are infected at time t but die
before becoming productively infected s time units later. d is the death rate of the infective cells, p is the
reproductively rate of the infected cells, and p

d is the total number of virions produced by a productively in-
fected cell during its lifetime, c is the clearance rate constant of virions. All the parameters are positive
constants.

Xinyu Song et al. had studied the effect of the time delay on the stability of the endemically infected equi-
librium, criteria were given to ensure that the infected equilibrium was asymptotically stable for all delay. They
also obtained the condition for existence of an orbitally asymptotically stable periodic solutions. All the results
were under the case m ¼ 0 in system (1.1). And they presented the model (1.1) at last of their paper when
m 6¼ 0. But they did not study the model in detail. In this paper, we shall also study the model (1.1). We will
analyze the stability of equilibria and Hopf bifurcation. And we will show that when the delay s passes
through a critical value, the endemic equilibrium loses it stability and Hopf bifurcation occurs. Since the coef-
ficients of the corresponding characteristic equation dependent on the delay s, there are stability switch, and
all roots of the characteristic equation have negative real parts when s large enough. And the direction of Hopf
bifurcation and the stability and period of bifurcating periodic solutions on the center manifold are
determined.

This paper is organized as follows. In the next section, we give some useful preliminaries. In Section 3, the
local and global stability of the viral-free equilibrium are studied. The existence of Hopf bifurcation at the
endemic equilibrium are presented in Section 4. In Section 5, the direction of Hopf bifurcation and the stabil-
ity and period of bifurcating periodic solutions on the center manifold are determined. In Section 6, some
numerical simulations are performed to illustrate the analytical results found.
2. Preliminaries

We denote by C the Banach space of continuous functions u : ½�s; 0� ! R3 with norm
kuk ¼ sup
�s6h60

fju1ðhÞj; ju2ðhÞj; ju3ðhÞjg;
where u ¼ ðu1;u2;u3Þ. Further, let
Cþ ¼ fu ¼ ðu1;u2;u3Þ 2 C : ui P 0 for all h 2 ½�s; 0�; i ¼ 1; 2; 3g:

The initial condition for system (1.1) is given as
T ðhÞ ¼ u1ðhÞ; IðhÞ ¼ u2ðhÞ; V ðhÞ ¼ u3ðhÞ; �s 6 h 6 0; ð2:1Þ

where u ¼ ðu1;u2;u3Þ.

Lemma 2.1. Suppose that ðT ðtÞ; IðtÞ; V ðtÞÞ is a solution of system (1.1) with initial conditions (2.1) then T ðtÞP 0,

IðtÞP 0, V ðtÞP 0 for all t P 0.
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The equilibria of system (1.1) are as follows: bEðbT ; 0; 0Þ and EðT ; I ; V Þ, where
bT ¼ T max

2a
a� d þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� dÞ2 þ 4as

T max

s" #
;

T ¼ cd
pbe�ms

;

I ¼ e�ms

d
s� dT þ aT 1� T

T max

� �� �
;

V ¼ pe�ms

cd
s� dT þ aT 1� T

T max

� �� �
:

The basic reproductive number is given as
R0 ¼
bT
T
:

It is easy to prove the following theorem.

Theorem 2.1. When R0 6 1, then system (1.1) only has the viral-free equilibrium bE and when R0 > 1, the system

(1.1) has the endemic equilibrium E except for bE and E is unique.

Proof. From bT ¼ T max

2a a� d þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� dÞ2 þ 4as

T max

qh i
, we can get s ¼ �ða� dÞbT þ abT

T max
. Hence,
s� dT þ aT 1� T
T max

� �
¼ �ða� dÞbT þ ða� dÞT þ abT 2

T max

� aT 2

T max

¼ ðbT � T Þ d � aþ aðbT þ T Þ
T max

" #
> 0:
Then I > 0, V > 0 when R0 > 1. h

As is obvious for system (1.1), we have the following useful lemma.

Lemma 2.2. For any solution ðT ðtÞ; IðtÞ; V ðtÞÞ of (1.1), we have that
lim sup
t!þ1

T ðtÞ 6 bT ¼ T max

2a
a� d þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� dÞ2 þ 4as

T max

s" #
:

3. Stability of the viral-free equilibrium bE
In this section, we shall consider the stability for the viral-free equilibrium bE of system (1.1). We have the

following main results.

Theorem 3.1. (1) If R0 < 1, bE is locally asymptotically stable for any time delay s P 0. (2) If R0 > 1, bE is

unstable for any time delay s P 0. (3) If R0 ¼ 1, it is a critical case.

Proof. By the transformation eT ¼ T � bT , eI ¼ I , eV ¼ V , and omitting the tilde (�), system (1.1) is written as
_T ¼ ða� d � 2abT
T max
ÞT � bbT V ;

_I ¼ be�msbT V ðt � sÞ � dI ;
_V ¼ pI � cV ;

8>><>>: ð3:1Þ
whose characteristic equation is
kþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� dÞ2 þ 4as

T max

s !
ðk2 þ ðcþ dÞkþ bpe�msbT e�ksÞ ¼ 0: ð3:2Þ
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It is clear that (3.2) has the characteristic root k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� dÞ2 þ 4as

T max

q
< 0. Next, we shall consider the tran-

scendental polynomial
k2 þ ðcþ dÞkþ cd� bpe�msbT e�ks ¼ 0: ð3:3Þ

For s ¼ 0, we have that cþ d > 0, cd� bpbT > 0 since R0 < 1. This shows that the roots of (3.2) have negative
real parts for s ¼ 0. If (3.3) has pure imaginary roots k ¼ �ixðx > 0Þ for some x > 0 and s > 0, we have from
(3.3) that
�x2 þ cd ¼ bpe�msbT cos xs;

�xðcþ dÞ ¼ bpe�msbT sin xs;

(
ð3:4Þ
which implies that
x2 ¼ 1

2
�ðc2 þ d2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2 þ d2Þ2 � 4ðc2d2 � ðbpe�msbT Þ2Þq� �

< 0;
by R0 < 1. The contradiction shows that any root of (3.3) must have negative real part. Hence the viral-free
equilibrium bE is locally asymptotically stable for any time delay s P 0.

If R0 > 1, let f ðkÞ ¼ k2 þ ðcþ dÞkþ cd� bpe�msbT e�ks ¼ 0: Note that f ð0Þ ¼ cd� bpe�msbT e�ks < 0 by
R0 > 1 and limk!þ1f ðkÞ ¼ þ1. It follows from the continuity of the function f ðkÞ on ð�1;þ1Þ that the
equation f ðkÞ ¼ 0 has at least one positive root. Hence, the characteristic Eq. (3.2) has at least one positive
real root. Hence, bE is unstable.

If R0 ¼ 1, the transcendental polynomial (3.3) becomes
gðkÞ ¼ k2 þ ðcþ dÞkþ cd� cde�ks ¼ 0: ð3:5Þ

It is clear that k ¼ 0 is a simple root of (3.5). We further show that any root of (3.5) must have negative real

part except k ¼ 0.
In fact, if (3.5) has imaginary roots k ¼ u� ix for some u P 0, x P 0 and s P 0, we have from (3.5) that
u2 � x2 þ ðcþ dÞu ¼ cde�us cos xs;

2uxþ ðcþ dÞx ¼ �cde�us sin xs

�
ð3:6Þ
which, together with u P 0, implies that
ðu2 � x2 þ ðcþ dÞuÞ2 þ ð2uxþ ðaþ dÞxÞ2 ¼ c2d2e�2us
6 c2d2:
However, it is easy to check that the above inequality is not true. Hence, it shows that any root of (3.5) has
negative real part except k ¼ 0, which implies that the trivial solution of the linearised system (3.1) is stable for
any time delay s P 0. Therefore our results in this theorem are proved. h

Theorem 3.2

(1) If R0 < 1, bE is globally asymptotically stable for any time delay s P 0.

(2) If R0 ¼ 1, bE is globally attractive for any time delay s P 0.
Proof. Define
G ¼ fu ¼ ðu1;u2;u3Þ 2 CþjbT P u1 P 0;u2 P 0;u3 P 0g:

From Lemma 2.2, we see that G attracts all solutions of (1.1). For any u ¼ ðu1;u2;u3Þ 2 G, let
ðT ðtÞ; IðtÞ; V ðtÞÞ be the solution of (1.1) with the initial function (2.1). We claim that for any t P 0,
T ðtÞ 6 bT . In fact, if there is t1 > 0 such that T ðt1Þ > bT and _T ðt1Þ > 0, then we have that
_T ðt1Þ ¼ s� dT ðt1Þ þ aT ðt1Þ 1� T ðt1Þ
T max

� �
� bT ðt1ÞV ðt1Þ 6 �bT ðt1ÞV ðt1Þ 6 0:
Here we have used T ðt1Þ > bT . This is a contradiction to _T ðt1Þ > 0. The claim is proved. Hence, G is a positively
invariant with respect to (1.1). If R0 < 1, let us define a functional W on G as follows:
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W ðtÞ ¼ p
d

u2ð0Þ þ u3ð0Þ þ k
Z 0

�s
u3ðfÞdf; ð3:7Þ
here k > 0 is a constant to be chosen later. It is clear that W ðuÞ is continuous on the subset G in Cþ. From the
invariance of G, for any u 2 G, the solution ðT ðtÞ; IðtÞ; V ðtÞÞ of (1.1) with the initial function (2.1) satisfies
T ðtÞ 6 bT for any t P 0. It follows from (1.1) and (3.7) that
_W ðuÞjð1:1Þ ¼
p
d
½be�msu1ð�sÞu3ð�sÞ � du2ð0Þ� þ pu2ð0Þ � cu3ð0Þ þ k½u3ð0Þ � u2ð�sÞ�

¼ u3ð0Þðk � cÞ þ u3ð�sÞ pb
d

e�msu1ð�sÞ � k
� �

:

By R0 < 1, we can choose k such that pb
d e�ms < k < c. Hence, we have that
_W ðuÞjð1:1Þ 6 u3ð0Þðk � cÞ ð3:8Þ
for any u 2 G. This show that W ðuÞ is a Liapunov function on the subset G in Cþ. Define
E ¼ fu 2 Gjf _W ðuÞjð1:1Þg ¼ 0g. From (3.8), we have that E � fu 2 Gju3ð0Þ ¼ 0g. Let M be the largest set in
E which is invariant with respect to (1.1). Clearly, M is not empty since ðbT ; 0; 0Þ 2 M . For any u 2 M , let
ðT ðtÞ; IðtÞ; V ðtÞÞ be the solution of (1.1) with the initial function (2.1). From the invariance of M, we have that
ðT t; I t; V tÞ 2 M � E for any t 2 R. Thus V ðtÞ ! 0 for any t 2 R. From the second equation of (1.1), we further
have that IðtÞ � 0 as t! þ1. From the first equation of (1.1) and V ðtÞ � 0 for any t 2 R, we can also show
that T ðtÞ ! bT as t! þ1. Hence, the invariance of M implies that IðtÞ � 0 and T ðtÞ ! bT for any t 2 R.
Therefore, M ¼ fðbT ; 0; 0Þg. The classical Liapunov–LaSalle invariance principal shows that ðbT ; 0; 0Þ is glob-
ally attractive. Since it has been shown that, if R0 < 1, ðbT ; 0; 0Þ is locally asymptotically stable for any time
delay s P 0. Hence, ðbT ; 0; 0Þ is global asymptotic stability for any time delay s P 0. This proves the conclu-
sion (1).

If R0 ¼ 1, let us consider the following functional on G:
W ðtÞ ¼ p
d

u2ð0Þ þ u3ð0Þ þ
bp
d
bT Z 0

�s
u3ðfÞdf: ð3:9Þ
Clearly W ðuÞ is also continuous on subset G in Cþ. From the invariance of G, for any u 2 G, the solution
ðT ðtÞ; IðtÞ; V ðtÞÞ of (1.1) with the initial function (2.1) satisfies T ðtÞ 6 T for all t > 0. From (1.1) and (3.9),
we also have that
_W jð1:1Þ ¼
pb
d
½e�msu1ð�sÞ � bT �u3ð�sÞ:
Hence, W ðuÞ is also a Liapunov function on the subset G in Cþ. Define E ¼ fu 2 Gj _W jð1:1Þ ¼ 0g, and we have
that E � fu 2 Gju3ð�sÞ ¼ 0 or u1ð�sÞ ¼ bT g. Let M be the largest set in E which is invariant with respect to
(1.1). M is not empty. For any u 2 M , let ðT ðtÞ; IðtÞ; V ðtÞÞ be the solution of (1.1) with the initial function (1.1).
From the invariance of M, we have that ðT t; I t; V tÞ 2 M � E for any t 2 R. Thus, for each t 2 R, we have that if
T ðt � sÞ ¼ bT for some t, we must have that V ðt � sÞ ¼ 0 or T ðt � sÞ ¼ 0 by T ðtÞ 6 bT and the differentiability

of T ðtÞ. Hence, the first equation of (1.1) implies that s� d bT þ abT 1�ð bT
T max
Þ � bbT V ðt � sÞ ¼ �bbT V ðt � sÞ ¼ 0.

We must have that V ðtÞ ¼ 0. Therefore, we have that V ðtÞ � 0 for any t 2 R. By a completely similar proof as
for the case R0 < 1, we can shown that M ¼ fðbT ; 0; 0Þg. Therefore, it follows from Liapunov–LaSalle invari-
ance principal that ðbT ; 0; 0Þ is globally attractive for any time delay s P 0. This proves the conclusion (2), and
completes the proof of the Theorem 3.2. h
4. Stability and Hopf bifurcation at the endemic equilibrium E

In this section we shall regard s as a parameter to study the stability of the endemic equilibrium E and the
existence of Hopf bifurcations.

Firstly, we present the following lemma from [12].
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Lemma 4.1. If s ¼ 0, R0 > 1 and ðcþ dÞ s
T
þ aT

T max

� 	
s
T
þ aT

T max
þ cþ d

� 	
> pb2T V , then the positive equilibrium E is

asymptotically stable.

The characteristic of the linearization of system (1.1) near the endemic equilibrium E is given by
P ðk; sÞ þ Qðk; sÞe�ks ¼ 0; ð4:1Þ

where
Pðk; sÞ ¼ k3 þ b1ðsÞk2 þ b2ðsÞkþ b3ðsÞ;
Qðk; sÞ ¼ b4ðsÞkþ b5ðsÞ;

ð4:2Þ
and
b1ðsÞ ¼ cþ d� aþ d þ 2aT
T max

þ bV ;

b2ðsÞ ¼ cd� ðcþ dÞ a� d � 2aT
T max

� bV
� �

;

b3ðsÞ ¼ cd d � aþ 2aT
T max

þ bV
� �

;

b4ðsÞ ¼ �pbe�msT � be�msV ;

b5ðsÞ ¼ a� d � 2aT
T max

� bV
� �

pbe�msT � pb2e�msT V

¼ a� d � 2aT
T max

� �
pbe�msT :
When s ¼ 0, the Eq. (4.1) becomes
k3 þ b1ð0Þk2 þ ðb2ð0Þ þ b4ð0ÞÞkþ b3ð0Þ þ b5ð0Þ ¼ 0:
From Lemma 4.1, we know that the positive equilibrium EðT ; I ; V Þ of (1.1) is asymptotically stable.
In the following, we investigate the existence of purely imaginary roots k ¼ ixðx > 0Þ to Eq. (1.1). Eq. (1.1)

takes the form of a third-degree exponential polynomial in k, which all the coefficients of P and Q depending
on s. Beretta and Kuang [13] established a geometrical criterion which gives the existence of purely imaginary
of a characteristic equation with delay dependent coefficients.

In order to apply the criterion due to Beretta and Kuang [13], we need to verify the following properties for
all s 2 ½0; smaxÞ, where smax is the maximum value which E exists.

(a) P ð0; sÞ þ Qð0; sÞ 6¼ 0;
(b) P ðix; sÞ þ Qðix; sÞ 6¼ 0;

(c) lim supfj Pðk;sÞ
Qðk;sÞ j : jkj ! 1;Rek P 0g < 1;

(d) F ðx; sÞ ¼ jP ðix; sÞj2 � jQðix; sÞj2 has a finite number of zeros;
(e) Each positive root xðsÞ of F ðx; sÞ ¼ 0 is continuous and differentiable in s whenever it exists.

Here, P ðk; sÞ and Qðk; sÞ are defined as in (4.2).
Let s 2 ½0; smaxÞ. It is easy to see that
P ð0; sÞ þ Qð0; sÞ ¼ b3ðsÞ þ b5ðsÞ ¼ cdbV > 0:
This implies that (4.2) is satisfied. And (b) is obviously true because
P ðix; sÞ þ Qðix; sÞ ¼ �ix3 � b1ðsÞx2 þ ib2ðsÞxþ b3ðsÞ þ ib4ðsÞxþ b5ðsÞ
¼ ½b3ðsÞ þ b5ðsÞ � b1ðsÞx2� þ ix½b4ðsÞ þ b2ðsÞ � x2� 6¼ 0:
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From (4.2) we know that
lim
jkj!þ1

Qðk; sÞ
Pðk; sÞ





 



 ¼ 0:
Therefore (c) follows.
Let F be defined as in (d). From
jP ðix; sÞj2 ¼ ð�x3 þ b2ðsÞxÞ2 þ ð�b1ðsÞx2 þ b3ðsÞÞ2

¼ x6 þ ð�2b2ðsÞ þ b2
1ðsÞÞx4 þ ðb2

2ðsÞ � 2b1ðsÞb3ðsÞÞx2 þ b2
3ðsÞ;
and
jQðix; sÞj2 ¼ b2
4ðsÞx2 þ b2

5ðsÞ;

we have
F ðx; sÞ ¼ x6 þ a1ðsÞx4 þ a2ðsÞx2 þ a3ðsÞ;

where
a1ðsÞ ¼ b2
1ðsÞ � 2b2ðsÞ;

a2ðsÞ ¼ b2
2ðsÞ � 2b2ðsÞb1ðsÞ � b2

4ðsÞ;
a3ðsÞ ¼ b2

3ðsÞ � b2
5ðsÞ:
It is obvious that property (d) is satisfied, and by implicit function theorem, (e) is also satisfied.
Now let k ¼ ix ðx > 0Þ be a root of Eq. (4.1). Substituting it into Eq. (4.1) and separating the real and

imaginary parts yields
� b3ðsÞ þ b1ðsÞx2 ¼ b5ðsÞ sin xsþ b4ðsÞx cos xs;

x3 � b2ðsÞx ¼ b4ðsÞx sin xs� b5ðsÞ cos xs:
ð4:3Þ
From (4.3) it follows that
sin xs ¼ ½b1ðsÞb4ðsÞ � b5ðsÞ�x2 þ ½b2ðsÞb5ðsÞ � b3ðsÞb4ðsÞ�x
b2

4ðsÞx2 þ b2
5ðsÞx

; ð4:4aÞ

cos xs ¼ b3ðsÞb5ðsÞ þ ½b2ðsÞb4ðsÞ � b1ðsÞb5ðsÞ�x2 � b4ðsÞx4

b2
4ðsÞx2 þ b2

5ðsÞx
: ð4:4bÞ
By the definitions of P ðk; sÞ, Qðk; sÞ as in (4.2), and applying the property ðaÞ, (4.4) can be written as
sin xs ¼ Im
P ðix; sÞ
Qðix; sÞ ð4:5aÞ
and
cos xs ¼ �Re
Pðix; sÞ
Qðix; sÞ ; ð4:5bÞ
which yields
jP ðix; sÞj2 ¼ jQðix; sÞj2:

Assume that I 2 Rþ0 is the set where xðsÞ is a positive root of
F ðx; sÞ ¼ jP ðix; sÞj2 � jQðix; sÞj2
and for s 62 I , xðsÞ is not definite. Then for all s in I, xðsÞ satisfied
F ðx; sÞ ¼ 0: ð4:6Þ

The polynomial function F can be written as F ðx; sÞ ¼ hðx2; sÞ, where h is a third degree polynomial, defined
by
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hðz; sÞ ¼ z3 þ a1z2 þ a2zþ a3: ð4:7Þ

Depending on the determinant of equation
hðz; sÞ ¼ z3 þ a1z2 þ a2zþ a3 ¼ 0; ð4:8Þ
M ¼ q
2

� �2 þ r
3

� �3
, where r ¼ a2 � 1

3
a2

1, q ¼ 2
27

a3
1 � 1

3
a1a2 þ a3, there are three cases for the solutions of Eq. (4.8).

(i) If M > 0, Eq. (4.8) has a real root and a pair of conjugate complex roots. The real root is positive and is
given by
l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� q

2
þ

ffiffiffiffiffi
M
p

3

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� q

2
�

ffiffiffiffiffi
M
p

3

r
� 1

3
a1:
(ii) If M ¼ 0, Eq. (3.9) has three real roots, of which two are equal. In particular, if a1 > 0, there exists only
one positive root, l1 ¼ 2

ffiffiffiffiffiffiffi
� q

2
3
p

� a1

3
; If a1 < 0, there exists a positive root l1 ¼ 2

ffiffiffiffiffiffiffi
� q

2
3
p

� a1

3
forffiffiffiffiffiffiffi

� q
2

3
p

> � a1

3
, and there exist three positive roots for a1

6
<

ffiffiffiffiffiffiffi
� q

2
3
p

< � a1

3
, l1 ¼ 2

ffiffiffiffiffiffiffi
� q

2
3
p

� a1

3
,

l2 ¼ l3 ¼ �
ffiffiffiffiffiffiffi
� q

2
3
p

� a1

3
.

(iii) If M < 0, there are three distinct real roots, l1 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jrj
3

cosðu
3
Þ

q
� a1

3
, l2 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jrj
3

cosðu
3
þ 2p

3
Þ

q
� a1

3
, l1 ¼

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jrj
3

cosðu
3
þ 4p

3
Þ

q
� a1

3
, where cos u ¼ � q

2

ffiffiffiffiffiffiffi
ðjrj3 Þ

3
p . Furthermore, if a1 > 0, there exists only one positive root.

Otherwise, if a1 < 0, there may exist either one or three positive real roots. If there is only one positive
real root, it is equal to maxðl1; l2; l3Þ.

Clearly, the number of positive real roots of Eq. (4.8) depends on the sign of a1. When a1 P 0, Eq. (4.8) has
only one positive real root. Otherwise, there may exist three positive real roots.

It is easy to know that
a1 ¼ b2
1ðsÞ � 2b2ðsÞ ¼ c2 þ d2 þ a� d � 2aT

T max

� bV
� �2

> 0:
Hence, Eq. (4.8) has only one positive real root. We denote by zþ this positive real root. Thus, Eq. (4.6) has
only one positive real root x ¼ ffiffiffiffiffi

zþ
p

. And the critical values of s and xðsÞ are impossible to solve explicitly, so
we shall use the procedure described in Beretta and Kuang [13]. According to this procedure, we define
hðsÞ 2 ½0; 2pÞ such that sin hðsÞ and cos hðsÞ are given by the right hand sides of (4.4a) and (4.4b), respectively,
with hðsÞ given by (4.8). This define hðsÞ in a form suitable for numerical evaluation using standard software.

And the relation between the argument h and xs in (4.7) for s > 0 must be
xs ¼ hþ 2np; n ¼ 0; 1; 2; . . . ð4:9Þ

Hence we can define the maps: sn : I ! Rþ0 given by
snðsÞ :¼ hðsÞ þ 2np
xðsÞ ; sn > 0; n ¼ 0; 1; 2; . . . ; ð4:10Þ
where a positive root xðsÞ of (4.6) exists in I.
Let us introduce the functions SnðsÞ : I ! R,
SnðsÞ ¼ s� hðsÞ þ 2np
xðsÞ ; n ¼ 0; 1; 2; . . . ; ð4:11Þ
that are continuous and differentiable in s. Thus, we give the following theorem which is due to Beretta and
Kuang [13].

Theorem 4.1. Assume that xðsÞ is a positive root of (4.2) defined for s 2 I ; I � Rþ0; and at some s	 2 I ,

Snðs	Þ ¼ 0 for some n 2 N0. Then a pair of simple conjugate pure imaginary roots k ¼ �ix exists at s ¼ s	 which
crosses the imaginary axis from left to right if dðs	Þ > 0 and crosses the imaginary axis from right to left if

dðs	Þ < 0, where
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dðs	Þ ¼ signfF 0xðxs	; s	Þgsign
dSnðsÞ

ds

� 




s¼s	



: ð4:12Þ
Applying Lemma 4.1 and the Hopf bifurcation theorem for functional differential equation [14], we can
conclude the existence of a Hopf bifurcation as stated in the following theorem.

Theorem 4.2. For system (1.1), there exists s	 2 I , such that the equilibrium E is asymptotically stable for

0 6 s < s	, and becomes unstable for s staying in some right neighborhood of s	, with a Hopf bifurcation

occurring when s ¼ s	.
5. Direction and stability of the Hopf bifurcation

In the above section, we have obtained some conditions which guarantee that the delay differential equation
model of HIV infection of CD4þ T-cells undergoes the Hopf bifurcation at some value of s ¼ s	. In this sec-
tion, we shall study the direction, stability and the period of the bifurcating periodic solutions. The approach
we used here is based on the normal form approach and the center manifold theory introduced by Hassard
et al. [15]. Throughout this section, we always assume that system (1.1) undergoes Hopf bifurcation at the
positive equilibrium EðT ; I ; V Þ for s ¼ s	, and then �ix is corresponding purely imaginary roots of the char-
acteristic equation at the positive equilibrium EðT ; I ; V Þ.

Let u1ðtÞ ¼ T ðtÞ � T , u2ðtÞ ¼ IðtÞ � I , u3ðtÞ ¼ V ðtÞ � V , xiðtÞ ¼ uiðstÞ; ði ¼ 1; 2; 3Þ, s ¼ s	 þ l, system (1.1)
is transformed into an functional differential equation (FDE) in C ¼ Cð½�1; 0�;R3Þ as
dx
dt
¼ LlðxtÞ þ f ðl; xtÞ; ð5:1Þ
where xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; x3ðtÞÞT 2 R3 and Ll : C ! R; f : R
 C ! R, are given respectively by
Llð/Þ ¼ ðs	 þ lÞ
a� d � bV � 2aT

T max
0 �bT

0 �d 0

0 p �c

0B@
1CA /1ð0Þ

/2ð0Þ
/3ð0Þ

0B@
1CA

þ ðs	 þ lÞ
0 0 0

be�ms	V 0 be�ms	T

0 0 0

0B@
1CA /1ð�1Þ

/2ð�1Þ
/3ð�1Þ

0B@
1CA; ð5:2Þ

f ðl;/Þ ¼ ðs	 þ lÞ
� a

T max
/2

1ð0Þ � b/1ð0Þ/3ð0Þ
be�ms	/1ð�1Þ/3ð�1Þ

0

0B@
1CA: ð5:3Þ
Clearly, Ll is a linear continuous operator from C to R3. By the Riesz representation theorem, there exists a
matrix components are bounded variation function gðh; lÞ in h 2 ½�1; 0�, such that
Ll/ ¼
Z 0

�1

dgðh; 0Þ/ðhÞ ð5:4Þ
for / 2 C.
In fact, we can choose
gðh; lÞ ¼ ðs	 þ lÞ
a� d � bV � 2aT

T max
0 �bT

0 �d 0

0 p �c

0B@
1CA /1ð0Þ

/2ð0Þ
/3ð0Þ

0B@
1CAdðhÞ

� ðs	 þ lÞ
0 0 0

be�ms	V 0 be�ms	T

0 0 0

0B@
1CAdðhþ 1Þ; ð5:5Þ
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where
d ¼
1; h ¼ 0;

0; h 6¼ 0:

�

For / 2 C1ð½�1; 0�;R3Þ, define
AðlÞ/ ¼
d/ðhÞ

dh ; h 2 ½�1; 0Þ;R 0

�1
dgðl; sÞ/ðsÞ; h ¼ 0;

(

and
RðlÞ/ ¼
0; h 2 ½�1; 0Þ;
f ðl;/Þ; h ¼ 0:

�

Then system (5.1) is equivalent to
_xt ¼ AðlÞxt þ RðlÞxt; ð5:6Þ
where xtðhÞ ¼ xðt þ hÞ for h 2 ½�1; 0�.
For w 2 C1ð½�1; 0�; ðR3Þ	Þ, define
A	wðnÞ ¼
� dwðnÞ

dn ; n 2 ð0; 1�;R 0

�1
dgTðt; 0Þwð�tÞ; n ¼ 0;

(

and a bilinear inner product
hwðnÞ;/ðhÞi ¼ wð0Þ/ð0Þ �
Z 0

�1

Z h

n�h
wðf� hÞdgðhÞ/ðfÞdf; ð5:7Þ
where gðhÞ ¼ gðh; 0Þ. Then A(0) and A	 are adjoint operators. By the discussion in Section 4, we know that
�ix	s	 are eigenvalues of A(0). Thus, they are also eigenvalues of A	. We first need to compute the eigenvector
of Að0Þ and A	 corresponding to þix	s	 and �ix	s	, respectively.

Suppose that qðhÞ ¼ ð1; a; bÞTeix	s	h is the eigenvector of A(0) corresponding to þix	s	, then Að0ÞqðhÞ ¼
ix	s	qðhÞ. It follows from the definition of A(0) and (5.2), (5.4) and (5.5) that
s	
ix	 þ d � aþ bV þ 2aT

T max
0 b�T

0 ix	 þ d 0

0 �p ix	 þ c

0B@
1CAqð0Þ ¼

0

0

0

0B@
1CA:
Thus, we can easily obtain qð0Þ ¼ ð1; a; bÞT, where a ¼ ix	þc
p b, b ¼ � ix	þd�aþbVþ 2aV

T max

bT
. Similarly, let

q	ðnÞ ¼ Dð1; a	; b	Þeix	s	n is the eigenvector of A	 corresponding to �ix	s	. By the definition of A	 and
(5.2)–(5.4), we can compute a	 ¼ � pb	

ix	þd ; b	 ¼ bT
ix	þc : In order to assure < q	ðnÞ; qðhÞ >¼ 1, we need to deter-

mine the value of D. From (5.7), we have
hq	ðnÞ; qðhÞi ¼ Dð1; a	; b	Þð1; a; bÞT �
Z 0

�1

Z h

f¼0

Dð1; a	; b	Þe�ix	s	ðf�hÞdgðhÞð1; a; bÞTeix	s	fdf

¼ D 1þ aa	 þ bb	 �
Z 0

�1

ð1; a	; b	Þheix	s	hdgðhÞð1; a; bÞT
� 


¼ Df1þ aa	 þ bb	 þ ðbe�msV a	 þ be�msTba	Þs	eix	s	g:
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Thus, we can choose D as
D ¼ 1

1þ aa	 þ bb	 þ ðbe�ms	V a	 þ be�ms	Tba	Þs	eix	s	
:

In the remainder of this section, we use the same notations as in [15], we first compute the coordinates to
describe the center manifold C0 at l ¼ 0. Let xt be the solution of (5.6) when l ¼ 0. Define
zðtÞ ¼ hq	; xti; W ðw; hÞ ¼ xtðhÞ � 2RefzðtÞqðhÞg: ð5:8Þ
On the center manifold C0 we have
W ðt; hÞ ¼ W ðzðtÞ;�zðtÞ; hÞ;
where
W ðz;�z; hÞ ¼ W 20ðhÞ
z2

2
þ W 11ðhÞz�zþ W 02ðhÞ

�z2

2
þ W 30ðhÞ

z3

6
þ � � � ; ð5:9Þ
z and �z are local coordinates for center manifold C0 in the direction of q	 and q	. Note that W is real if xt is
real. We only consider real solutions. For solution xt 2 C0 of (5.6), since l ¼ 0, we have
_zðtÞ ¼ ix	s	zþ q	ð0Þf ð0;W ðz;�z; hÞ þ 2RefzqðhÞgÞ ¼ ix	s	zþ q	ð0Þf0ðz;�zÞ:
We rewrite this equation as
_zðtÞ ¼ ix	s	zðtÞ þ gðz;�zÞ;
where
gðz;�zÞ ¼ q	ð0Þf0ðz;�zÞ ¼ g20

z2

2
þ g11z�zþ g02

�z2

2
þ g21

z2�z
2
þ � � � ð5:10Þ
It follows from (5.8) and (5.9) that
xtðhÞ ¼ W ðt; hÞ � 2RefzðtÞqðtÞg

¼ W 20ðhÞ
z2

2
þ W 11ðhÞz�zþ W 02ðhÞ

�z2

2
þ ð1; a; bÞTeix	s	hzþ ð1; �a; �bÞTe�ix	s	h�zþ � � � ð5:11Þ
It follows together with (5.3) that
gðz;�zÞ ¼ q	ð0Þf0ðz;�zÞ ¼ q	ð0Þf ð0; xtÞ ¼ s	Dð1; a	; b	Þ
� ax2

1tð0Þ
T max
� bx1tð0Þx3tð0Þ

be�ms	x1tð�1Þx3tð�1Þ
0

0BB@
1CCA

¼ �s	Da
T max

zþ �zþ W ð1Þ
20 ð0Þ

z2

2
þ W ð1Þ

11 ð0Þz�zþ W ð1Þ
02 ð0Þ

�z2

2
þ oðjðz;�zÞ3jÞ

� �2

� bs	D zþ �zþ W ð1Þ
20 ð0Þ

z2

2
þ W ð1Þ

11 ð0Þz�zþ W ð1Þ
02 ð0Þ

�z2

2
þ oðjðz;�zÞj3Þ

� �

 bzþ �b�zþ W ð3Þ

20 ð0Þ
z2

2
þ W ð3Þ

11 ð0Þz�zþ W ð3Þ
02 ð0Þ

�z2

2
þ oðjðz;�zÞj3Þ

� �
þ s	D �a	be�ms	 e�ix	s	zþ eix	s	�zþ W ð1Þ

20 ð�1Þ z
2

2
þ W ð1Þ

11 ð�1Þz�zþ W ð1Þ
02 ð�1Þ�z

2

2
þ oðjðz;�zÞj3Þ

� �

 be�ix	s	zþ �beix	s	�zþ W ð3Þ

20 ð�1Þ z
2

2
þ W ð3Þ

11 ð�1Þz�zþ W ð3Þ
02 ð�1Þ�z

2

2
þ oðjðz;�zÞj3Þ

� �
: ð5:12Þ
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Comparing the coefficients with (5.10), we have
g20 ¼ 2s	D � a
2T max

� bb
2
þ

�a	bbe�ms	e�2ix	s	

2

� �
;

g11 ¼ 2s	D � a
T max

� bRefbg þ �a	be�ms	Refbg
� �

;

g02 ¼ 2s	D � a
2T max

� b�b
2
þ

�a	�bbe�ms	e2ix	s	

2

� �
;

g21 ¼ s	D � a
T max

ð2W ð1Þ
11 ð0Þ þ

W ð1Þ
20 ð0Þ
2
Þ � bðW ð3Þ

11 ð0Þ þ
W ð3Þ

20 ð0Þ
2

þ
�b
2

W ð1Þ
20 ð0Þ

"

þ bW ð1Þ
11 ð0ÞÞ þ �a	be�ms	 e�ix	s	W ð3Þ

11 ð�1Þ þ eix	s	

2
W ð3Þ

20 ð�1Þ
�

þ
�beix	s	

2
W ð1Þ

20 ð�1Þ þ W ð1Þ
11 ð�1Þ þ beix	s	e�ix	s	

�#
:

ð5:13Þ
Since there are W 20ðhÞ and W 11ðhÞ in g21, we still need to compute them. From (5.6) and (5.8), we have
_W ¼ _xt � _�zq� _�z�q ¼
AW � 2Refq	ð0Þf0qðhÞg; h 2 ½�1; 0Þ;
AW � 2Refq	ð0Þf0qðhÞg þ f0; h ¼ 0;

�
¼M AW þ Hðz;�z; hÞ; ð5:14Þ
where
Hðz;�z; hÞ ¼ H 20ðhÞ
z2

2
þ H 11ðhÞz�zþ H 02ðhÞ

�z2

2
þ � � � ð5:15Þ
Substituting the corresponding series into (5.14) and comparing the coefficients, we obtain
ðA� 2ix	s	ÞW 20ðhÞ ¼ �H 20; AW 11ðhÞ ¼ �H 11; � � � ð5:16Þ

From (5.14), we know that for h 2 ½�1; 0Þ,
Hðz;�z; hÞ ¼ �q	ð0Þf0qðhÞ � q	ð0Þ�f 0�qðhÞ ¼ �gðz;�zÞqðhÞ � gðz;�zÞ�qðhÞ: ð5:17Þ

Comparing the coefficients with (5.15) gives that
H 20ðhÞ ¼ �g20qðhÞ � �g02�qðhÞ; ð5:18Þ

and
H 11ðhÞ ¼ �g11qðhÞ � �g11�qðhÞ: ð5:19Þ

From (5.16), (5.18), it follows from the definition of A, we get
_W 20 ¼ 2ix	s	W 20ðhÞ � H 20ðhÞ ¼ 2ix	s	W 20ðhÞ þ g20qðhÞ þ �g02�qðhÞ:

Notice that qðhÞ ¼ ð1; a; bÞTeix	s	h, hence
W 20ðhÞ ¼
ig20

x	s	
qð0Þeix	s	h þ i�g02

3x	s	
�qð0Þe�ix	s	h þ E1e2ix	s	h; ð5:20Þ
where E1 ¼ ðEð1Þ1 ;Eð2Þ1 ;Eð3Þ1 Þ 2 R3 is a constant vector. Similarly, from (5.16) and (5.19), we obtain
W 11ðhÞ ¼ �
ig11

x	s	
qð0Þeix	s	h þ i�g11

x	s	
�qð0Þe�ix	s	h þ E2; ð5:21Þ
where E2 ¼ ðEð1Þ2 ;Eð2Þ2 ;Eð3Þ2 Þ 2 R3 is also a three-dimensional constant vector.
In what follows, we shall seek appropriate E1 and E2. From the definition of A and (5.16), we can get
Z 0

�1

dgðhÞW 20ðhÞ ¼ 2ix	s	W 20ðhÞ � H 20ðhÞ; ð5:22Þ
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and
 Z 0

�1

dgðhÞW 11ðhÞ ¼ �H 11ðhÞ; ð5:23Þ
where gðhÞ ¼ gð0; hÞ. By (5.14), we have
H 20ðhÞ ¼ �g20qð0Þ � �g20�qð0Þ þ 2s	
� a

2T max
� bb

2

bbe�ms	 e�2ix	s	

2

0

0BB@
1CCA; ð5:24Þ
and
H 11ðhÞ ¼ �g11qð0Þ � �g11�qð0Þ þ 2s	
� a

T max
� bRefbg

be�ms	Refbg
0

0B@
1CA: ð5:25Þ
Substituting (5.20) and (5.24) into (5.22), we obtain
ð2ix	s	I �
Z 0

�1

e2ix	s	h dgðhÞÞE1 ¼ 2s	
� a

2T max
� bb

2

bbe�ms	 e�2ix	s	

2

0

0BB@
1CCA;
which leads to
2ix	 þ d � aþ bV þ 2aT
T max

0 bT

0 2ix	 þ d 0

0 �p 2ix	 þ c

0B@
1CAE1 ¼ 2

� a
2T max
� bRefbg

2

bbe�ms	 e�2ix	s	

2

0

0BB@
1CCA:
It follows that
Eð1Þ1 ¼
2

D

� a
2T max
� bb

2
0 b�T

bbe�ms	 e�2ix	s	

2
2ix	 þ d 0

0 �p 2ix	 þ c
















;

Eð2Þ1 ¼
2

D

2ix	 þ d � aþ bV þ 2aT
T max

� a
2T max
� bb

2
bT

0 bbe�ms	 e�2ix	s	

2
0

0 0 2ix	 þ c


















;

Eð3Þ1 ¼
2

D

2ix	 þ d � aþ bV þ 2aT
T max

0 � a
2T max
� bb

2

0 2ix	 þ d bbe�ms	 e�2ix	s	

2

0 �p 0


















;
where
D ¼
2ix	 þ d � aþ bV þ 2aT

T max
0 bT

0 2ix	 þ d 0

0 �p 2ix	 þ c
















:
Similarly, substituting (5.21) and (5.25) into (5.23), we can get
d � aþ bV þ 2aT
T max

0 bT

�be�ms	V d �be�ms	T

0 �p c

0B@
1CAE2 ¼ 2

� a
T max
� bRefbg

be�ms	Refbg
0

0B@
1CA;
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and hence
Fig. 2
s ¼ 0:4
T ðhÞ ¼
Eð1Þ2 ¼
2

D1

� a
T max
� bRefbg 0 bT

be�ms	Refbg d �be�ms	T

0 �p c
















;

Eð2Þ2 ¼
2

D1

d � aþ bV þ 2aT
T max

� a
T max
� bRefbg bT

�be�ms	V be�ms	Refbg �be�ms	T

0 0 c
















;
Fig. 1. The distribution of zeros of snðsÞðn ¼ 0Þ corresponding to the equilibrium point E of system (1.1).

. For the following parameter values, s ¼ 5, d ¼ 0:01, a ¼ 0:8, b ¼ 0:0002, T max ¼ 1200, d ¼ 0:4, p ¼ 1000, c ¼ 8, m ¼ 1:4 and
, the positive equilibrium bEð28:01076001; 37:99315970; 4749:144962Þ of system (1.1) is asymptotically stable when s ¼ 0:4. Here
50, IðhÞ ¼ 80, V ðhÞ ¼ 100, h 2 ½�s; 0�.



Fig. 3.
s ¼ 5,
h 2 ½�
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Eð3Þ2 ¼
2

D1

d � aþ bV þ 2aT
T max

0 � a
T max
� bRefbg

�be�ms	V d be�ms	Refbg
0 �p 0
















;
where
D1 ¼
d � aþ bV þ 2aT

T max
0 bT

�be�ms	V d �be�ms	T

0 �p c
















:
Thus, we can determine W 20ðhÞ and W 11ðhÞ from (5.20) and (5.21). Furthermore, g21 in (5.13) can be
expressed by the parameters and delay. Based on the above analysis, we can see that each gij can be determined
by the parameters. Thus we can compute the following quantities:
c1ð0Þ ¼
i

2x	s	
g20g11 � 2jg11j

2 � jg02j
2

3

 !
þ g21

2
;

l2 ¼ �
Refc1ð0Þg
Refk0ðs	Þg ; ð5:26Þ

b2 ¼ 2Refc1ð0Þg;

T 2 ¼ �
Imfc1ð0Þg þ l2Imfk0ðs	Þg

x	s	
:

The time histories and the phase trajectories of the system (1.1) after Hopf bifurcation occurs for the following parameter values:
d ¼ 0:01, a ¼ 0:8, b ¼ 0:0002, T max ¼ 1200, d ¼ 0:4, p ¼ 1000, c ¼ 8, m ¼ 1:4 and s ¼ 0:6. Here T ðhÞ ¼ 50, IðhÞ ¼ 80, V ðhÞ ¼ 100,
s; 0�.
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Hence we have the following theorem by the result of Hassard et al. [15].

Theorem 5.1. In (5.26), the sign of l2 determined the direction of Hopf bifurcation: if l2 > 0ðl2 < 0Þ, then the

Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solution exist for s > s	ðs < s	Þ. b2

determines the stability of the bifurcating periodic solution: the bifurcating periodic solution is stable (unstable) if

b2 < 0ðb2 > 0Þ and T 2 determines the period of the bifurcating periodic solution: the period increase (decrease) if

T 2 > 0ðT 2 < 0Þ.
6. Numerical simulations

In order to check our computation for Theorem 5.1, we perform some numerical simulations. We choose a
set of parameters as follows: s ¼ 5, d ¼ 0:01, a ¼ 0:8, b ¼ 0:0002, T max ¼ 1200, d ¼ 0:4, p ¼ 1000, c ¼ 8 and
m ¼ 1:4.

For the above parameters, we draw the graph of S0 versus s on I in Fig. 1. One can see that there are two
critical values of the delay s, denoted by s	 and s		, and s	 � 0:5327. Simple examination shows that the ende-
mic equilibrium is asymptotically stable for s 2 ½0; s	Þ (see Fig. 2), and is unstable for s 2 ðs	; s		Þ.

By using Theorem 4.2, we know that, under the set parameters, when s ¼ s	, Hopf bifurcation occurs. Fur-
thermore, we can obtain Reðc1ð0ÞÞ < 0. Therefore, the Hopf bifurcation of system (1.1) at the endemic equi-
librium is supercritical and the bifurcating periodic solutions are orbitally asymptotically stable (see Fig. 3).
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