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Multiple positive solutions of systems of Hammerstein integral
equations with applications to fractional differential equations

K. Q. Lan and W. Lin

ABSTRACT

Positive solutions of systems of Hammerstein integral equations are studied by using the theory
of the fixed-point index for compact maps defined on cones in Banach spaces. Criteria for the
fixed-point index of the Hammerstein integral operators being 1 or 0 are given. These criteria are
generalizations of previous results on a single Hammerstein integral operator. Some of criteria
are new and involve the first eigenvalues of the corresponding systems of linear Hammerstein
operators. The existence and estimates of the first eigenvalues are given. Applications are given
to systems of fractional differential equations with two-point boundary conditions. The Green’s
functions of the boundary value problems are derived and their useful properties are provided.
As illustrations, the existence of nonzero positive solutions of two specific such boundary value
problems is studied.

1. Introduction

We study the existence of positive solutions of systems of Hammerstein integral equations of
the form

z(t) = (A12(t),. .., Anz(t)) := Az(t) fort € [0,1], (1.1)

where A;z(t) = fé k(t,$)gi(s)fi(s,z(s))ds and ¢ € {1,...,n}. In applications, the kernels k are
the corresponding Green’s functions arising from the boundary value problems.

Equation (1.1) was studied in [2, 10] and the references therein. Agarwal, O’'Regan and Wong
[2] studied the existence of one or multiple positive solutions of (1.1) when k = k; and f; or
— fi are positive and applied their results to a variety of integer-order boundary value problems
(BVPs). Franco, Infante and O’Regan [10] studied systems of perturbed Hammerstein integral
equations, where k = k; and f; are allowed to take negative values, and applied their results
to treat some second-order BVPs. The main tool used in [2, 10] is the standard theory of the
fixed-point index for compact maps defined on cones in the Banach space C([0, 1]; R™); see [3,
11] for the index theory. Some suitable conditions imposed on f; are given to ensure that the
fixed-point index of the nonlinear operators involved is 1 or 0. None of these earlier results use
the first eigenvalues of the corresponding system of the linear Hammerstein integral operators,
denoted by L,,, and deal with the fractional differential equations.

It is known that, when n = 1, there are very good conditions imposed on f; that ensure that
the fixed-point index of the Hammerstein integral operators is 1 or 0. In particular, some of
those involving the first eigenvalues of the linear operator £; obtained recently by Webb and
Lan [40] are sharp conditions. Webb and Lan’s results are generalizations of those obtained by
Erbe [9] and Liu and Li [30], where k is required to be symmetric. Some of Webb and Lan’s
results on zero index require the uniqueness of the positive eigenvalues and are proved by the
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permanence property of the fixed-point index. The uniqueness of the positive eigenvalues can
be dropped using Nussbaum’s result on the continuity of radii of the spectra for compact linear
operators (see [37, Remark 1.4]). Lan [24] obtained results on the eigenvalue problems for semi-
positone Hammerstein integral equations, where the uniqueness of the positive eigenvalues and
the permanence property are not used, but the results on the index being 1 are obtained
only for some open subsets K, with p larger than some py > 0. Hence, some of results in [40]
cannot be generalized to the semi-positone cases. The first eigenvalue principles were also used
by Li [28], who worked in the space L?, and by Zhang and Sun [43], who treated m-point
BVPs.

In order to show that our results are generalizations of previous ones, we mention some of
the conditions used in [24, 40] below. For example, if f; depends only on u, then some of these
conditions are

lir& fi(w)/u> My, lim fi(u)/u <ma, (1.2)
or
J fi(u)/u> s i fi(u) /e < (1.3)

where 1 = 1/r(L£1) with r(£1) being the first eigenvalue of £1, and m; and M; are computable
constants related to k(t, s)g1(s) (precise definitions of the symbols in this section will be given
later). It is known [40] that

my < 1 < M. (1.4)

In this paper, we investigate the existence of positive solutions of system (1.1), where k£ and f;
are required to be positive. We first work on the existence of the first eigenvalues of the linear
operator L,. We shall provide conditions on k that ensure that the first eigenvalues exist and
generalize (1.4). We shall show that p; is greater than some of the m; and smaller than some
of the M;, but, in general, the inequalities m; < 1 < M; for all ¢ € {1,...,n} may not hold.

Next, we generalize the results on the fixed-point indices obtained in [40] to the case when
n > 1. Like in [24], we do not use the uniqueness of the positive eigenvalues and the permanence
property of the fixed-point index. It is worth pointing out that we shall see that, when n > 1,
the limits in (1.2) and the first inequality of (1.3) can be replaced by the more general limits
lim, o4 fi(2z)/|z| or lim|, . fi(z)/|z|, while, in general, there is difficulty in replacing the
second inequality of (1.3) by the weaker inequality lim, o fi(2)/|z] < p1, where z € R’}.
However, in some superlinear cases, some suitable conditions related to the weaker inequality
apply; we refer to [36, 42, 46| for the study when n = 2. We shall provide stronger conditions
involving 1 to replace such inequalities as the second inequality of (1.3) and show in our
applications that these stronger conditions are easily verified. Some similar conditions that are
stronger than ours in some cases were used in [5, 6], where only results on the existence of one
solution were obtained.

Finally, by combining our results on the fixed-point index of A with the theory of the fixed-
point index, we give results on the existence of one or multiple positive solutions of (1.1). These
results are generalizations of some earlier results obtained in [9, 20, 40] from n =1 to n > 1.

As applications of our results on (1.1), we consider the existence of positive solutions of
systems of fractional differential equations

— Do‘zl(t) = gz(t)fz(ta Z(t))7

z(0) =0, ~vz(1)+6z{(1) =0, (1.5)

where i € {1,...,n},1<a<2,0>0andy > (2—a)d.
When n = 1, equation (1.5) with § = 0 or v = 0 was studied in [4, 14] by using both Leggett—
William fixed-point theorems [27] and the fixed-point index. We refer to [7, 8, 13, 17, 18, 20,
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29, 35, 40, 41, 44, 45] and the references therein for other boundary conditions and other
order a.

We shall derive the Green’s functions k and prove that they satisfy the required upper and
lower bounds that will be found. These facts show that results on (1.1) can be applied to treat
(1.5). As illustrations, we shall consider the existence of positive solutions of (1.5) when g; = 1
and

fi(s,z) = Zaij(s)z;”j or  fi(s,z) = ANz + 2P hi(£).
j=1

When n = 1 and a = 2, such types of equations were studied in [12, 22, 31, 32].

2. Characteristic values of linear operators

In this section, we shall study the characteristic values of the linear Hammerstein integral
operator

1 1
Lu(t) = (J k(t,s)g1(s)ui(s)ds,... ,J k(t, 8)gn(s)un(s) ds) on [0,1], (2.1)
0 0
where u(t) = (u1(t),...,u,(t)). When n = 1, the characteristic values of L were studied in [24,
40].

Let I, = {1,...,n}. We list the following conditions.
(C1) The function k : [0,1] x (0,1) — R, satisfies the following conditions:
(i) for each t € [0, 1], we have that k(t,-) : (0,1) — R is measurable;
(ii) there exist a measurable function @ : (0,1) — R, and a continuous function C :
[0,1] — [0, 1] such that ||C|| € (0,1] and
Ct)P(s) < k(t,s) < P(s) fort €]0,1] and s € (0,1).
(C3) For each i € I, we have that g; : [0,1] — R is measurable and fé k(t, $)gi(s)ds < oo
for t € [0, 1].
C3) For each i € I,, and 7 € [0, 1], we have that lim;_, . Yk t,s) — k(7,s)|gi(s)ds = 0.
0
(P) There exist a,b € [0, 1] with a < b such that
¢:=c(a,b) = min{C(t) : t € [a,b]} > 0.

(P*) For any {am}, {bm} C (0,1) with lim,, o0 @y = 0 and lim,, o0 by, = 1, there exists
mo € N such that

Cm = C(am, b)) = min{C(t) : t € [am,bn]} >0 for m = my.
When n = 1, the above conditions were used, for example, in [19, 23, 24, 40].
We always use the norm |x| = max{|z;|:7 € I,} in R”. We denote by C([0,1];R™) the
Banach space of continuous functions from [0,1] into R™ with the norm ||z| = max{]||z;] :
i € I,}, where

[Jil| = max{|zi()] : t € [0, 1]}

To study the characteristic values of L defined in (2.1), we need to consider a more general
operator L, g : C([0,1];R™) — C([0,1];R™) defined by

Lo sult) = (f Kt ) () 5) s |

[e% [e%

B

E(t, $)gn(s)un(s) ds) , (2.2)

where a, § € [0,1] with o < §3.
Recall that a real number A is called an eigenvalue of the linear operator L : C([0, 1]; R™) —
C([0,1];R™) if there exists a nonzero function ¢ € C([0,1];R™) such that A¢ = Ly. The
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reciprocals of eigenvalues are called characteristic values of L. The radius of the spectrum
of L, denoted by r(L), is given by the well-known spectral radius formula

r(L) = tim /0

where || L] is the norm of L. The well-known Krein-Rutman theorem (see [3, Theorem 3.1] or
[16, 34]) shows that, if K is a total cone in a real Banach space X, that is, X = K — K, and
L: X — X is a compact linear operator such that L(K) C K and (L) > 0, then there exists
an eigenvector ¢ € K \ {0} such that r(L)¢ = L.

Let P = C([0,1];R"). Then P is a reproducing cone in C([0, 1]; R"™). We introduce a smaller
cone K than P defined by

K ={x€ P:uzit) > C(t)|a;] for t € [0,1] and i € I,,}. (2.3)

This type of cone with n =1 were used in [1, 21, 23, 24] to study semi-positone problems.
We note that, when n = 1, under the assumption (P), the cone K defined in (2.3) is smaller
than those used, for example, in [11, 15, 19, 25, 40]. Solutions in smaller cones have better
properties.

When n = 1, it is shown in [24] that, if |C|| < 1, then K is reproducing. The same technique
can be used to show that the conclusion holds for n > 1. In Section 4, we shall provide a cone
K with ||C|| < 1, and so it is reproducing. There is an example given in [24] that shows that,
if n =1 and ||C|| = 1, then K need not be total.

Using Lemma 2.1 in [19] and the Krein—Rutman theorem mentioned above, we can show
the following result. Its proof is similar to that of Theorem 2.1 in [24] and is omitted.

THEOREM 2.1. Under the hypotheses (C1)(i), (C2) and (C3), the operator L, g defined in
(2.2) maps C([0,1];R™) into C([0,1];R™) and is compact. In addition, if (C1)(ii) holds, then
La,g maps P into K and is compact. If we assume further that

B
~v:=v(e, ) = min {J D(s)gi(s)C(s)ds =i € In} > 0, (2.4)

(o3

then r(Ly,g) = 7||C|| and there exists ¢ € K \ {0} such that Ly gp = 1(La,g)e-

Theorem 2.1 generalizes Theorem 2.1 in [24] from n =1 to n > 1 and improves Lemma
1.2 in [5] with Q = [«, 3], where n =2 and each k; is continuous. When n = 1, we refer to
[40, Lemma 2.5 and Theorem 2.6] for similar results, where the linear operator and the cone
involved are different.

Let m € N with m > 2 and a,,, b, € (0,1) with a,, < b, satisty a,,, — 0 and b,, — 1. We
write

o =1/r(L) and pp, =1/r(Ly) for m > 2, (2.5)

where L is defined in (2.1) and L,, = Lq,, ., -

It was proved by Nussbaum (see [33, Lemma 2]) that the radius of the spectrum is continuous,
that is, if L,L,, : X — X are compact linear operators and lim,, oo || Ly — L|| =0, then
limyy, — 00 (L) = 7(L). We use this result to prove the following result that will be used in
Section 3.

THEOREM 2.2. Assume that (C1)—(C3) hold and v(0,1) > 0. Then there exists mo > 1 such
that, for each m > my, the value p,, defined in (2.5) is a characteristic value of L,,. Moreover,
[, — 41 A4S M — OO.



MULTIPLE POSITIVE SOLUTIONS Page 5 of 21

Proof.  Since y(am,bm) — 7(0,1) as m — oo and v(0,1) > 0, there exists mo € N such that
Y(@m, bm) > 0 for m = myg. It follows from Theorem 2.1 that 1, i, € (0,00) and there exists
om € K\ {0} with ||¢n || = 1 such that ¢, = i Ly om for each m = my. It is easy to see that
(L, — L)ul| < ||ul|&, for u € C([0,1];R™), where &, = max{(§,); : ¢ € I,,} and

A, 1
(ém)i = max L k(t, s)gi(s)ds + tax J'bm k(t, s)g:(s)ds.
Since &, — 0, we have lim,, . || L, — L|| = 0. It follows from the continuity of the radius of
the spectrum mentioned above that p,, — p1 as m — oco. 0

Theorem 2.2 generalizes Theorem 2.2 in [24] from n =1 to n > 1. When n = 1, we refer to
[37, Remark 1.4; 40, Theorem 3.7] for similar results.

Let a,b € [0, 1] with a < b. For i € I,,, let
-1

mi = (max Jl k(t, s)gi(s) ds>

te[0,1] Jo tefa,b] J,

b —1
and  M;(a,b) = (min J k(t, s)gi(s) d5> .

The following result gives upper and lower bounds for f;.

THEOREM 2.3. Assume that (Cy)—(Cs5) and (P) hold and IZ D(s)gi(s)ds >0 for i € I,,.
Then the following assertions hold.

(i) We have that v(0,1) > 0, p; € (0,00) and there exists ¢ = (¢1,...,¢n) € K \ {0} such
that ¢ = py L.

(ii) Let I* ={i € I, : ¢p; # 0}. Then

m < H1 < M(aa b)) (26)
where m = max{m; : i € I*} and M(a,b) = min{M;(a,b) : i € I*}.

Proof. (i) Let ¢ € I,,. By (C1)(ii) and (P), we have, for t € [a, ], that
b b
®(s)gi(s) ds = c(a, b)J D(s)g;(s)ds > 0.

a

j%w$M@m>0@J

a a

It follows that M;(a,b) and m; are well defined. Moreover, it is easy to show that v(0,1) > 0.
The result (i) follows from Theorem 2.1.

(ii) Let ¢ € I*. Then |lp;]| > 0 and
o; = min{p;(s) : s € [a,b]} = ¢(a,b)|¢i] > 0.

Since ¢ = 1 Ly, we have, for ¢ € [0,1], that
1

wi(t) = JO k(t,s)gi(s)pi(s) ds < pallill /i

It follows that m; < py for ¢ € I* and m < py. Let ¢ € [a,b]. Then

b
w@>umdkw@mgm>ummm@w

a

and o; = p10;/M;(a,b). Hence, u; < M;(a,b) for i € I* and p1 < M(a,b). O

Theorem 2.3(ii) generalizes Theorem 2.8 in [40] from n = 1 to n > 1. It is possible that some
of the @; are zero although ¢ # 0 and, in general, I* # I,,. Hence, in Theorem 2.3(ii), one
cannot replace I* by I,.



Page 6 of 21 K. Q. LAN AND W. LIN

3. Hammerstein integral equations

In this section, we study the existence of positive solutions of systems of Hammerstein integral
equations of the form

z(t) = (A12(t),. .., Anz(t)) == Az(t) fort € [0,1], (3.1)

where z(t) = (21(t), ..., 2,(t)) and

1
Aiz(t) = J' E(t,s)gi(s)fi(s,z(s))ds fort e [0,1] and i € I,. (3.2)
0
Equation (3.1) was studied in [2], where k = k; and the f; or —f; are positive, and in [10],
where systems of perturbed Hammerstein integral equations are involved and k = k; and f;
are allowed to take negative values. None of these papers use the first eigenvalues of the
corresponding linear Hammerstein integral operators obtained in Section 2. Here, we shall
assume that k and f; are positive and employ the first eigenvalues.
We always assume that (Cy)—(Cs) and the following condition holds.

(Cy) For each i € I,,, we have that f; : [0,1] x R} — R, satisfies Carathéodory conditions
on [0,1] x R, that is, f;(-,z) is measurable for each fixed z € R’} and f;(t,-) is continuous on
R” for almost every (a.e.) t € [0, 1], and for each r > 0 there exists (g,.); € L>°(0, 1) such that

fi(s,2) < (gr)i(s) fora.e. sc[0,1] and all z € R} with |z] < 7.

The following result shows that A is compact from K to K, that is, A is continuous and
A(D) is compact for each bounded subset D C K. Its proof follows from Theorem 2.1 and is
omitted.

LEMMA 3.1. Under the hypotheses (C1)—(Cy), the map A defined in (3.1) maps K into K
and is compact.

We need some results from the theory of the fixed-point index for compact maps [3, 11]. Let
D be a bounded open set in a Banach space X and let K be a cone in X. We denote by Dg
and 0Dy the closure and the boundary, respectively, of D = D N K relative to K. We shall
use the following known results (see, for example, [23, Lemma 1] or [20, Lemma 2.4]).

LEMMA 3.2. Assume that Dy # () and A : Di — K is a compact map. Then the following

results hold.
(i) If x # pAx for v € 0Dk and o € (0,1], then ix (A, Dg) = 1.

(ii) If there exists e € K\ {0} such that x # Az +ve for x € 0Dk and v >0, then
ik (A, Dg) = 0. -

(iii) Let D! be an open subset in X such that D}, C Dk. Ifix(A,Dk) =1 andix (A, D)) =
0, then A has a fixed point in Dy \ D},. The same result holds if ix(A, D) =0 and
ix(A,DL) =1,

NoOTATION 3.3. For each i € I,,, we make the following definitions:

te(0,1] Jo tela,b] Jq

m = (max J K(t, $)g:()(s) ds) Coa- ( min Jb K(t, 8)g:(5)(5) ds> B
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Let E be a fixed subset of [0,1] of measure zero. Let

filz) = sup fi(s,z), [fi(z2)= _inf fi(s, 2),

s€[0,1\E s€[a,b]\E
= 1|11T1 sup fi(z)/|2|,  f7* = li‘nll sup fi(z)/|zl,
z|—0+ z|—o0
(fi)o =limint fi(z)/|2], (fi)oe =limint fi(z)/|2].

Let p>0 and let K,={z € K :||z| <p}, 0K, ={z € K : |z|]=p} and K, ={z € K :
]l < p}-

The following result provides conditions that ensure that ix (A, K,) =1 and generalizes
Lemma 2.6 in [19] and Lemma 2.8 in [20] from n =1 to n > 1.

THEOREM 3.4. Assume that there exists p > 0 such that z # Az for z € 0K, and the
following condition holds.

(H%)g, For each i€ I, there exists a measurable function ¢! :[0,1] — R, such that
Jo ®(5)gi(5)4}(s) ds > 0 and

fi(s,z) < gb;(s)m(b:jp for a.e. s € [0,1] and all z € R"} with |z| € [0, p].

Then ix (A, K,) = 1.

Proof. By (Hi)%, we have, for each ¢ € I, and z € 0K, that

1
Avalt) < mgyp | Kt 5)ou(5)0}(5) ds < p = la].

This implies that ||A;z|| < ||z|| for i € I,, and ||Az|| < ||z|| for z € 0K,. By Lemma 3.2(¢), we
have ix (A, K,) = 1. O

The following condition implies that (H i)% holds and that z # Az for z € 0K ,.

(HL)g, For each i€ I,, there exist a measurable function ¢ :[0,1] — Ry and 7; €
(0,mg: ) such that J'é ®(s)gi(s)¢}(s)ds > 0 and

fi(s,z) < ¢l (s)Tip for a.e. s € [0,1] and all z € R" with |z| € [0, p].

COROLLARY 3.5. Assume that Ll) D(s)gi(s)ds > 0 for i € I, and the following condition
holds:

0< f2<m; foricl,. (3.3)

Then there exists py > 0 such that ix (A, K,) =1 for p € (0, po).

Proof. By (3.3), there exist € > 0 and py > 0 such that f) < m; — ¢ for i € I, and
fi(s,z) < (m; —¢)|z| for a.e. s €[0,1] and z € R"} with |z| < po.

The result follows from Theorem 3.4 with (;52 = 1. ]
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COROLLARY 3.6. Assume that the following condition holds.
(H i);‘z There exists r > 0 such that, for each i € I,,, there exist a measurable function

@t :[0,1] — Ry with fé ®(s)gi(s)pi(s)ds > 0 and 7; € (0,my: ) such that
fi(s,2) < ¢L(s)Tilz| for a.e. s € [0,1] and all z € R™ with |z| > 7.

Then there exists py > r such that ix (A, K,) =1 for p > po.

Proof. Let i € I,,. By (C4), there exists (g,); € L°°(0,1) such that
fi(s,2) < (gr)i(s) for a.e. s €[0,1] and all z € R} with |z| € [0,r].
This, together with (H1)g°, implies that
fi(s,2) < @L(s)Tilz| + (g-)i(s) for a.e. s € [0,1] and all z € RT. (3.4)
Let po = max{r, max{mg; /(mgi (mg: — 7)) i € I}}, p> po and

¢i;(5) = ¢(s)7i + (gr)pl(s) for s € [0, 1].

Then

1
. i 1
k t, i 7 d < t < 1
tgl[gf]Jo (6 8)g:(5)8(s) ds Me; +m¢i/’

and mé)p > 1. Let &' € (1,mf$ﬂ). By (3.4), we have
fi(s,z) < gzﬁﬁ)(s)p < qbz(s)fip for a.e. s € [0,1] and all z € R} with |z| € [0, p]
and (H i)% holds. The result follows from Theorem 3.4. Ul

By using Corollary 3.6 with ¢¢ = 1, we obtain the following result.

COROLLARY 3.7. Assume that fé ®(s)gi(s)ds > 0 fori € I, and
0< f°<my foriel,.

Then there exists py > 0 such that ix (A, K,) =1 for p > po.

By Theorem 2.3(ii), we see that p; is greater than or equal to some of the m;. In particular,
when n = 1, we have that p; is greater than or equal to m;. Therefore, replacing m; by
produces a weaker condition; see [40, Theorems 3.2 and 3.3]. However, when n > 1, it seems
difficult to prove that the fixed-point index of A is 1 under one of the following hypotheses:

0<f?<,u1 or 0< f < foriel,.

Hence, we give stronger conditions in the following two theorems that generalize Theorems 3.2
and 3.3 in [40] from n=1ton > 1.

THEOREM 3.8. Assume that y(0,1) > 0 and the following condition holds.
(f2), There exist € > 0 and py > 0 such that, for i € I,,, we have

fi(s,2) < (1 —€)z; for a.e. s € [0,1] and all z € R"} with |z| € [0, po].

Then iy (A, K,) =1 for each p € (0, po).
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Proof. Let p € (0, pg]. We prove that
z # pAz for z € 0K, and ¢ € [0,1]. (3.5)

In fact, if (3.5) does not hold, then there exist z € 0K, and ¢ € [0, 1] such that z = pAz. Hence,
we have, for i € I, and t € [0, 1], that

2i(t) < j Kt $)g:(5) fi(s,2(5)) ds < (s — ) j K(t, $)g:(s)(s) ds.

This implies that z(t) < (11 — €)Lz(t), Lz(t) < (p1 — €)L%z(t) and
z(t) < (1 — ) La(t) < (pu1 — €)*L%z(t) for t € [0,1].

1

Repeating the process gives
z(t) < (u1 —e)™L™z(t) fort e [0,1] and m € N
and 1 < (p1 —&)™||L™]| for m € N. Hence, we have
1
1< (- 9) Jim L7 = G = 2) - <1,
m—0o0 1

which is a contradiction. It follows from (3.5) and Lemma 3.2(7) that ix (A4, K,) = 1. O

THEOREM 3.9. Assume that «v(0,1) > 0 and the following condition holds.
(f°) s There exist € > 0 and py > 0 such that, for each i € I,,, we have

fi(s,2) < (1 —€)z; fora.e. s €[0,1] and all z € R"} with |z| > po.
Then ix (A, K,) =1 for p > po.

Proof. Since v(0,1) > 0, it follows from Theorem 2.1 that (L) >0 and p; € (0,00). By
(Cy), for each i € I,,, there exists (g,,): € L>°(0,1) such that

Ji(5,2) < (gp,)i(s) fora.e. s €[0,1] and all z € R} with |z| < po.
This, together with the hypothesis (f),,, implies that

fi(s,2) < (9py)i(s) + (1 —€)z; for ae. s € [0,1] and all z € R”}. (3.6)

Since r((u1 —€)L) = (p1 —&)r(L) = (u1 —€)/p1 < 1, we have that (I — (u3 —e)L)~! exists,
is bounded and satisfies (I — (u1 —€)L) 'K C K. We define

pi(t) = (p1,...,p1) € R" foreacht € [0,1],

where p; = max{fé D(5)gi(5)(gpy)i(s)ds :i € I,}. Then pj € K\ {0}. Let p* =||(L — (11 —
e)L)~1pt]|. Then p* > 0. Let p > p*. We prove that

z # pAz forz € 0K, and ¢ € [0,1]. (3.7)

If not, then there exist z € 0K, and g € [0,1] such that z = pAz. By (3.6) and (C1)(ii), we
have, for i € I,, and ¢ € [0, 1], that

1 1

k(t,5)gi(5)(gpo)i(5) ds + J k(t,8)gi(s) (1 — €)zi(s) ds

0
1

<ot =e) | kit (o)zi(0) ds

and z(t) < p7 + (u1 — €)Lz(t). This implies that (I — (u1 —e)L)z(t) < pi for t € [0,1] and
2 < (1= (m —)L)" i,
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Hence, we have p = ||z]| < p* < p, which is a contradiction. The result follows from (3.7) and
Lemma 3.2(1). O

In order to prove that the fixed-point index of A is zero, we need to generalize a relatively
open subset §,, introduced in [20], from n =1 to n > 1. Assume that (P) holds. We define a
continuous function ¢ : C([0,1];R;) — R4 by
q(z) = min{x(t) : ¢t € [a,b]}

and a continuous function ¢, : P — R4 by
an(z) = max{q(z;) : 1 € I, }.

Let p > 0. With ¢ given in (P), we define a relatively open set by
Q, ={z€ K :¢,(z) <cp}.

A similar relatively open subset was introduced in [10], where a larger cone is used.
The following result gives properties of 2, and generalizes Lemma 2.3 in [23] or Lemma 3.3
in [24] from n =1 ton > 1.

LeEMMA 3.10. The set €2, defined above has the following properties:
(i) Q, is open relative to K;
(i) Kep C Q) C Ky;
(i) z € 09, if and only if z € K and ¢,(z) = cp, where 09, denotes the boundary of Q,
relative to K;
(iv) if z € 0Q,, then there exists i € I,, such that q(z;) = ¢,(2) = ¢p and

cep < zi(t) <p forté€ [a,b].

Proof. It is obvious that (a), (c) and the first inclusion of (b) hold. Let z € Q,. Then
qn(z) < cp and z € K. By (2.3), we have c||z;|| < ¢(z;) < ¢cp for all i € I,, and ||z|| < p. This
implies that the second inclusion of (b) holds. Let z € 09,. Then, by (c), gn(z) = cp and there
exists ¢ € I,, such that cp = q(z;) < z(t) < p for t € [a,b]. Hence, (d) holds. O

For convenience, we write
zZ = (Zl,...,Zn) = (Zl',fi), (38)

where Z; = (21, ..., Zi—1, Zit1y - -+ Zn)-
The following result gives conditions that ensure that ix (A, Q,) = 0 and generalizes Lemma
2.5 in [19] and Lemma 2.6 in [20] from n =1 to n > 1.

THEOREM 3.11. Assume that (P) holds and there exists p > 0 such that z # Az for z € 09,
and the following condition holds.
(Hg)d)p For each i € I, there exists a measurable function ¢,i) : [a,b] — R4 such that

IZ ®(s)gi(s)i(s)ds > 0 and
fi(s,2) 2 ¢ (s)Myicp for ae. s € [a,b] and all 2= (2,%) € [cp, p] x [0, p]" .
Then ig(A,Q,) = 0.

Proof. Let e(t) = (1,...,1) € R™ for ¢ € [0,1]. We prove that
z# Az + pe for x € 99, and p > 0. (3.9)
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In fact, if not, then there exist z = (21,...,2,) € 09, and pu > 0 such that z = Az + ve. By
Lemma 3.10(iv), there exists i € I,, such that ¢(z;) = ¢,(z) = cpand ¢p < z;(t) < pfort € [a,b].
By (Hg)wp, we have, for ¢ € [a, b], that

b

1
2i(t) = j k(t,5)gi(s) fi(s. 2(s)) ds + v > j K(t, $)9:(s) fi(s, () ds + v
b

2 cpMy; J' k(t, s)gi(s)z/JZ(s) ds+v=ep+u.

a

This implies that g(z;) > ¢p + v > cp, which contradicts q(z;) = cp. It follows from (3.9) and
Lemma 3.2(4%) that ix(A,9Q,) =0. O

Similar to Theorems 3.8 and 3.9, the characteristic value p; can be employed to show that
the fixed-point index of A is zero.

THEOREM 3.12. Assume that v(0,1) > 0 and the following condition holds.
((fi)o)u, There exist € > 0 and py > 0 such that, for each i € I,,, we have

fi(s,2) = (1 +¢)z; for a.e. s € [0,1] and all z € R} with |z| € [0, po]. (3.10)
Then, for each p € (0, po), if z # Az for z € 0K, then ix(A,K,) =0.

Proof. Let p € (0, po]. We prove that
z # Az+ vy, forallz e 0K, and v > 0, (3.11)

where ¢ € K\ {0} with ||p1]| =1 and 1 = p11 L. In fact, if not, then there exist z € 0K,
and v > 0 such that z = Az + v¢;. This implies that z > ve;. Let 71 = sup{w > 0: 2z > we, }.
Then 0 < v < 71 < 0o and

Z > Tip1. (3.12)
By (3.10) and (3.12), we have, for ¢ € I,, and ¢ € [0, 1], that

2i(t) = j K(t,$)g:(5) fi (5. 2(5)) ds + v(p)i(t) > J K(t,5)g:(5) fi(5. 2(s)) ds

0 0

1 1

> J k(t,s)gi(s) (1 +€)zi(s) ds = (u + 6)71J k(t,5)gi(s)(¢1)i(s) ds

0 0
= ((p1 + &)1 /p)(p1)i(t)

and z > ((pu1 + €)1 /p1) 1. By (3.12), we have 7 > (u1 + €)71/p1 > 71, which is a contradic-

tion. The result follows from (3.11) and Lemma 3.2(i3). O

As a special case of Theorem 3.12, we obtain the following result that generalizes Theorem
3.4 in [40] from n =1 ton > 1.

COROLLARY 3.13. Assume that v(0,1) > 0 and the following condition holds:

< (fi)o < oo foreachi€ I,. (3.13)

Then there exists pg > 0 such that, for each p € (0,po], if z# Az for z € 0K,, then ik
(A, K,)=0.
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Proof. Since p1 < (fi)o < oo for each i € I,,, there exist ¢ > 0 and pg > 0 such that, for
each i € I, and a.e. s € [0,1], we have

fi(s,2z) = (1 +€)|z| = (u1 +€)|zi| = (u1 +€)z  for all z € R} with |z| € [0, po].
Hence, ((fi)o)u, holds. The result follows from Theorem 3.12. O
We shall see that Theorem 4.6 of Section 4 shows that ((f;)o),, holds, but (3.13) may not

hold.
To prove the following result, we need to use (P*) and Theorem 2.2.

THEOREM 3.14. Assume that v(0,1) > 0, (P*) and the following condition holds.
((fi)oo)u, There exist e > 0 and py > 0 such that, for each i € I,,, we have

fi(s,2) = (u1 +€)z for a.e. s € [0,1] and all z € R} with |z[ > po. (3.14)
Then there exists p1 > po such that, for each p > p1, if z # Az for z € 0K, thenix (A, K,) = 0.

Proof. By Theorem 2.2, p; € (0,00) and there exist m* > 2 and ¢,, € K with || =1
such that p,, € (0,00) for m = m™*, iy Lin@m = ©m and g, — p1. Moreover, there exist g > 0
and mgo > m™ such that, for each i € I,,, we have

fi(s,2) = (tm, +€0)2z;  for ae. s € [0,1] and all z € R with |z] > po. (3.15)
By (P*), we have ¢y = ¢(amyg; bmg) > 0. Let p = po/cm,. We prove that
z# Az +vyy, forze dK,and v > 0. (3.16)
In fact, if not, then there exist z € 0K, and v > 0 such that
z(t) = Az(t) + vom, (t) for t € [0, 1]. (3.17)
Then z > vy,,. Let 7 =sup{w > 0:2 > wy,,, }. Then 7 > v > 0 and
Z 2 TPmyg- (3.18)
Since z € 0K, we have, for each i € I,, and s € [, b, ], that
2(5) = Cs) il > emllzil
Hence, we obtain
1Z($)] = Cmy||Z]] = cmop = po for s € [amg, bmy]-
This, together with (3.15), implies that
Ji(5,2(8)) = (o +€0)zi(s) for a.e. s € [amg, by - (3.19)
By (3.17)—(3.19), we have, for i € I,, and t € [0, 1], that

bing

bong
2i(t) > J K(t,3)g:(5) fi (5. 2(5)) ds > J (L, $)95(5) (o + 20)21(5) ds

> (g + £0)7/ ) (9 )i ()

and z = ((fmg +€0)7/tmg ) Pm- By (3.18), we have 7 = (tmo + €0)7/tim, > 7, which is a
contradiction. The result follows from (3.16) and Lemma 3.2(7). O

Amyg

As a special case of Theorem 3.14, the following result generalizes Theorem 3.8 in [40], which
uses the uniqueness of positive eigenvalues and the permanence property.
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COROLLARY 3.15. Assume that v(0,1) > 0 and (P*) hold and
< (ﬁ)oo < oo foriel,.
Then there exists p1 > 0 such that, for each p > p1, if z # Az for z € 0K, thenix (A, K,) = 0.

Now, we are in a position to consider the existence of positive solutions of (3.1). Using
Lemma 3.2(i%i), combining the results on the fixed-point index obtained above implies results
on the existence of one or several positive solutions of (3.1). Here we only state a few of these
results and omit the proofs. We refer to [19, 23, 24, 38-40] for some related results.

THEOREM 3.16. (i) Assume that (P) and one of the following conditions holds:
(H1) there exist py, py > 0 with py < cpy such that (H)s, and (HY)y, hold,
(Hy) there exist py, py >0 with py < py such that (HY)y, and (HL)g, hold.

Then (3.1) has a solution x € K with p1 < ||z|| < pa.

(ii) Assume that v(0,1) > 0 and one of the following conditions holds:
(Hs) for i € I,,, we have that ((fi)o)u, and ((f;)*°),, hold;

(Hy) fori € I,,, we have that ((fi))u,, ((fi)oo)u, and (P*) hold.
Then (3.1) has a nonzero positive solution in K.

When n = 2, Theorem 3.16(Hj3) or (H,) improves Remarks 1.6 or 1.7 in [5], where k; is
symmetric and the superlinear or sublinear conditions are stronger than those of (H3) or (Hy),
respectively.

THEOREM 3.17. (i) Assume that (P) and one of the following conditions holds:
(81) there exist py, p2, ps € (0,00) with py < cpa and py < p3 such that (HL)g, , (HS)y,
x # Ax for x € 9Q,, and (HL)4, hold;
(S2) there exist p1, pa, p3 € (0,00) with p1 < pa < cps such that (Hg)d,m, (Hi)qu2 ,x # Az
for x € 9K, and (HY )y, hold.
Then (3.1) has two nonzero solutions in K. Moreover, in (S1), if (HL )y, is replaced by (HL)g,
then (3.1) has the third solution zy € K,,, .
(ii) Assume that v(0,1) > 0 and one of the following conditions holds:
(Ss) assume that ((f;)°)u,, ((fi)°°),, and (P) hold and there exists p € (0,00) such that
(HY)y, holds and x # Az for x € 9Q);
(S4) assume that ((fi)o)u,> ((fi)oo)u, and (P*) hold and there exists p € (0,00) such that
(H%)g, holds and x # Ax for x € 0K ,;
(S5) assume that ((fi)o),, and (P) hold and there exist ps, ps € (0, 00) with ps < cps such
that (Hi)%z, x # Az for x € 0K ,, and (Hg)d,p3 hold.
Then (3.1) has two nonzero solutions in K.

4. Fractional differential equations

In this section, we apply the results obtained in Section 3 to study the existence of positive
solutions of systems of fractional differential equations of the form

— D% (t) = ¢;(t) fi(t,z(t)) for a.e. t €0,1] (4.1)
subject to the following two-point boundary condition:

24(0) =0, y24(1) +32(1) = 0, (4.2)
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where i € I, z(t) = (21(t),...,2,(t)), 7,0 20 with v+ >0, 1 <a <2 and D® is the
Riemann-Liouville differential operator of order a, namely,

o 1 d [* w(s)
Dw(t) = T2 —a) a2 Jo {—s)od ds. (4.3)
When n = 1, the existence of one or three positive solutions of (4.1) and (4.2) with § =0 or
~v = 0 was studied by Bai and Lii [4] and Kaufmann and Mboumi [14], respectively. We refer
to [7, 8, 17, 18, 29, 35, 41, 44, 45] and the references therein for other boundary conditions
and other order a.

The boundary condition (4.2) is a special case of the well-known general separated boundary
conditions that have been widely studied, for example, in [19, 20, 40]. Because there is difficulty
in deriving the Green’s function subject to the general separated boundary conditions, we work
only on (4.2).

The following new result provides the Green’s function subject to (4.2) that generalizes
Lemma 2.3 in [4], where § = 0, and Lemma 2.3 in [14], where v = 0.

LEMMA 4.1. Letl<a <2, 7,620 withy+06>0and 8= (a—1)§/[y+ (o — 1)]. Let
y:(0,1) = R be measurable such that jé 5711 — 5)*72(1 + Bs — s)y(s) ds < oo. Then the
boundary value problem

has a unique solution

where k : [0,1] x [0,1) — R is defined by

L [ ) — (= s
k(t,s) = m { to=1(1 — 5)22(1 + Bs — ) ift <s. (44)
Proof. Tt is well known that, if —D%w(t) = y(t), then we have, for ¢ € (0, 1], that
1t
w(t) = — J (t—s)* ly(s)ds — C1t*™ 1 — Cyt®2  for C1,Cy € R; (4.5)
L(a) Jo

see, for example, [4, Lemma 2.2]. Since w(0) =0, &« — 1 > 0 and o« — 2 < 0, it follows from (4.5)
that Cy = 0 and

t
w(t) = —LJ (t —5)* ty(s)ds — C1t* 1 for t €[0,1] and C; € R. (4.6)
I'(a) Jo
Hence, we have
I 1
w(l) = —@L (1—8)*"y(s)ds — C1,

(t —5)* 2y(s)ds — (a — 1)O1t* 2

and
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Let ¢ =~ + (o — 1)d. Since yw(1) + 6w’ (1) = 0, we obtain

1 [ ! a—1 ' a—2
Cy = ~ T _’y J'o (1-95)*""y(s)ds+ (o — 1)(5'[0 (1—295)"""y(s)ds
1 rt a—1 a—2
= T (YL =)+ (a—=1)6(1 = 5)* "Jy(s) ds
1 ! a—2
1 ! a—2 _
= (o) J'o (1 —=38)"2(1+ Bs — s)y(s) ds.
This, together with (4.6), implies that, for t € [0, 1], we have
wlt) = g { [ 0= 9 s =9 - -9 ey s
—I—L 711 = 8)* 72 (1 + Bs — s)y(s) ds} .
The result follows. O

It is obvious that k:[0,1] x [0,1) — Ry is continuous. To prove that k satisfies (C7)(ii)
under suitable conditions, we first give the following result.

LEMMA 4.2. Let 6 >0,v> (2—«)d and so =1 —[(2 — «)d/v]. Then

(=g oyt (a—=1)0 [(2— @)
9ls) = 1+8s—s 9(s0) = v+ (2a — 3)0 [ v

2—a
] <1 forsel0,1].

Proof. 1Tt is easy to verify that, for s € [0,1), we have
oy (=B a—1)(1—s)'" o (1=Ba-1)A—s)'"
g'(s)=— 2 (s —s7) =~ 2
(1+8s—29) (1+8s—9)
where s* = (a — —1)/(1 — B)(a — 1) = sp. Since @ > 1 and v > (2 — @), it follows that s* >
0 and

(s — so0),

2-a
1—3*:(1?&)(6;)?1)>0, m<l and [(27(1)6] <1
Hence, g(s) < g(s*) = g(so) <1 for s € (0,1). O

Let
B(s) = ﬁsa—lu (14 Bs—s) forse0,1) (4.7)
and
C(t) =t*"1 —g(so)] forte0,1], (4.8)

where g(sp) is the same as in Lemma 4.2.
The following new result shows that k, ® and C defined in (4.4), (4.7) and (4.8) satisfy

(C1) ().

LEMMA 4.3. The kernel k defined in (4.4) has the following properties:
(i) k(t,s) < ®(s) fort € [0,1] and s € [0,1);
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(ii) If 6 > 0 and v > (2 — «)d, then
k(t,s) = C(t)®(s) forte[0,1] and s € [0,1). (4.9)

Proof. (i) It is obvious that k(t,s) < k(s,s) = ®(s) for t < s. Let s € [0,1) and
h(t) =t*H(1 —s)* 2(1+Bs—s) — (t —s5)* ' fort e (s1).
We rewrite h as follows:
h(t) =t 11 = B)(1 —s)* L+ 81 —5)2 2] = (t—5)* L forte(s,1).
Then we have, for ¢t € (s, 1), that
H(t) = (0 — D21 = B)(1 — )™ L+ B(1L — )22 — (@ — 1)(t — 5)°~2

2—«
S {(1 )1 -5 (1 — s/t 4 B [t(ﬁ‘_)} - 1}

\m[(1—m+ﬁ—1]=o.

Hence, h is decreasing on (s,1) and h(t) < h(s) =T(a)®(s) for t € (s,1). It follows that
k(t,s) = (1/T(«))h(t) < ®(s) for s < t.

(ii) If t < s, then, since s~ < 1 for s € [0, 1], we have by (4.4) that

k(t, ) = ﬁt“’l(l — 9214 Bs —5) > 971 B(s) > C(£)D(s).

If s < t, then, by Lemma 4.2, we obtain
1
E(t,s) = —[t" 1 (1 —8)*2(14+Bs —s) — (t —5)*7]

F(la)
> Faglt =9 B ) e
- ﬁt“lu — $)72(1 4 fs — )[1 — g(s)]
> 711 = g(s0)]®(s) = C(t)D(s).
It follows that k(t,s) > C(t)®(s) for ¢ € [0,1] and s € [0,1). O

Even when 6 = 0 or v = 0, it seems difficult to find a suitable function C(¢) such that (4.9)
holds.

In order to apply results in the above section, one needs to compute some of the following
three values:

m%, Mw;) and M-

When « = 2 and all of these functions ¢ﬁ), 1/); and g; are 1, these constants have been widely
studied, for example, in [26, 40] and the references therein. If 1 < a < 2, then, even when these
functions are 1, it may not be easy to determine the second or third value or find formulas for
these values. However, when (;52 = g; = 1, we can provide a formula for the first value and give
an upper bound for the second value under suitable assumptions. If v(0,1) > 0, then it follows
from Theorem 2.1 that p exists. We do not know the exact value of p;, even when 6 =0 or
v = 0. When a = 2, we refer to [40] for the exact value of y1 and its estimates.
Let
—1

-1
1 b
m* = (max J k(t, s) ds) and M*(a,b) = (min J k(t,s) ds) . (4.10)
0<t<1 |, a<t<b ),
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LEMMA 4.4. (i) We have

o 00D [t

(ii) Let a € (0,1) and w(a) = fi(l —5)*"2(1 + Bs — s)ds. Then
I'(a)

M(a,1) < i {aalw(a)7w(a) - (1_@&}

«

Proof. (i) Let h(t) = T'(«) fé k(t,s)ds for t € [0,1]. By (4.4), we have, for ¢t € [0,1], that

t

1
h(t) = Jo t*7 11— 5)*"2(1 + fBs — s)ds — Jo(t — ) lds

1

= to‘flJ' [(1=p8)(1 =51 +8(1—-s52ds —J (t—s)*"1ds
0 0

:to‘_l(l_ﬁ+ ’ >_ta atf-lion 1

o a—1 -

a  ala—1) o

Let to = (e + 8 — 1)/a. Then ¢y € [0, 1] and h'(tg) = 0. Hence,

te (a—1)o7t { v+ ad

h(t) < h(to) = ala—1) T gqatl Y+ (a—1)0

] for ¢ € [0,1].

It follows that

! 1 (a—1)2"1 y+as 1
g, [ W= i o [ )

and the result holds.
ii Let g(t) =T'(«) f}l k(t,s)ds for t € [a,1]. Then we have, for ¢ € [a, 1], that

o0) = )~ [ (- s = o) - 2

a

(%

and
g"(t) = —(a—1)(2 - a)t*Pw(a) — (a —1)(t —a)* 2 <0.
Hence, ¢ is concave down on [a, 1] and

(1—-a)*

g(t) = min{g(a),g(1)} = min {a”‘_lw(a),w(a) - } for ¢ € [a, 1].
The result follows.
U

In the following, we always assume that § > 0 and v > (2 — «@)d. By Lemma 4.3, (C}) in
Section 2 holds. By Lemma 4.2, g(sg) € (0,1). By (4.8), we have C(0) = 0, C(¢) > 0 for ¢ € (0,1]
and ||C|| € (0,1). Hence, for a,b € (0,1] with a < b, (P) holds and thus (P*) holds.

We assume that {g;} and {f;} in (4.1) satisfy (C2) and (Cs) with k defined in (4.4) and
(Cy), respectively.

With C given by (4.8), the cone K defined in (2.3) is reproducing since ||C|| < 1. In this
section, we always use the cone K defined in (2.3) with C given in (4.8).

By Lemma 4.1, equations (4.1) and (4.2) can be written as in (3.1) with & defined in (4.4).
Hence, Theorems 3.16 and 3.17 hold for (4.1) and (4.2).



Page 18 of 21 K. Q. LAN AND W. LIN

As applications of our results, we consider a system of fractional differential equations of the
form

)+ ZGU (sgnzj)|z|#7 =0 forae. te€[0,1] and i€ I, (4.11)

subject to (4.2), where 1 < v < 2,6 >0 and v > (2 — «)0.

When « =2, the above system with Dirichlet boundary conditions (that is, 6 = 0) was
studied in [12], where a;; € C([0, 1], Ry). Moreover, some results on the conjugacy of a second-
order ordinary differential equation were employed to obtain a differential inequality that
implies that a suitable fixed-point index is 0. In the following, we use Theorem 3.16(H;),
which is different from that used in [12] and allows a;; € L'(0,1).

THEOREM 4.5. Let i,j € I,,. Assume that the following conditions hold:
(i) pig > 1;
(ii) a;; : (0,1) — Ry is measurable and a;;® € L'(0,1);
(iii) there exist a,b € (0, 1] with a < b such that J'Z D(s)asi(s)ds > 0.
Then (4.11) and (4.2) have a solution z € K with ||z|| > 0.

Proof. For each i € I, let g; = 1 and define a function f; : [0,1] x R} — R by

u“
Z

Let pu = min{p; 4,5 € I}, M =max{>7_, fo D(s)a;j(s)ds: i€ I,} and

A
0 < p; <min 1,<M) .
1

Then p}" =" < pt~" for i, j € I,,. For each i € I,,, we define ¢b, :[0,1] = Ry by

i
Z

Then, by Lemma 4.3, we have, for ¢ € [0, 1], that

Jl k(t,s)o! o (5) ds < E D(s) :)1 -1 iJ s)a;;(s)ds

0 j=1
PIM < 1

and mg; > 1. Hence, for a.e. s € [0,1] and z € R? with |z] < p;, we have
Za” )Py = ol (8)p1 < ¢, (s)mg; p1

and (HL)g, holds.

Let p, = min{p;; :i € I}, M, = min{fz D(s)ai(s)ds: i€ I,} and ¢ := c(a,b) > 0. Let
1
c”*M*)“*_l}.

1
p2 > max{g, (
For each i € I,,, we define 7, : [0,1] — Ry by

£, (s) = ai(s)(cpa) 1.
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Then, for ¢ € [a,b], we have

b b
J k(t, s)¥p, (s) ds > C(sz)“irl‘[ D(s)asi(s) ds > c(epa) "My > 1

a a

and My; > 1. Hence, for a.e. s € [0,1] and z = (z;, ;) € [cpa, p2] X [0, p2]* 1, we have
fi(s,2) > ai(s)2l" "'z = 00 (s)(cp2) > Uy, (5) My (cp2)

and (HY)y,, holds. The result follows from Theorem 3.16(H}). O

Now, we consider the existence of two positive solutions of systems of fractional differential
equations of the form
D%2(t) + A(22 (8) + 27 (1)) hi(%) = 0 for a.e. t € [0,1] and i € I, (4.12)

subject to (4.2), where 1 < a < 2,6 >0 and v > (2 — a)0.
When n =1 and a = 2, we refer to [22, 31, 32 for similar equations arising from the steady
flow of a power-law fluid over an impermeable, semi-infinite flat plane in boundary layer theory.

THEOREM 4.6. Assume that the following conditions hold.

(i) For each i € I,,, we have 1 < o; < oo and 0 < 3; < 1.

(ii) For each i € I,,, we have that h; : R} ™" — Ry is continuous and
¢ =min{h;(%): 4 €RY " andi € I,,} > 0.

Then there exists Ao > 0 such that, for each X € (0, ), (4.12) and (4.2) have two nonzero
solutions in K.

Proof. Let py > 0 and w; = max{h;(%;) : z € R} with |z| € [0, p2]}. Let m* be the same as
in Lemma 4.4 and

AO::)\O(pQ):min{ - mn ):ie]n}.

wilps ™+ 1/
Let A € (0, o), 7 € I,, and g; = 1. We define a function f; : [0,1] x R} — R, by
fi(s,2) = A(=07 + 2] ha(2).
Since g; = 1, we have (0,1) = fé ®(s)C(s)ds > 0. Then, for z € R? with |z| € [0, p2], we have
that
Fils,2) SAPS + p5)wi = A(p§ ™'+ 1/py P wipsy <mpy for s € [0,1]
and (HL)y, with ¢,, =1 holds.
Let n(z) =z ' +1/z'=% for >0 and let p' = (1 — G;)/(a; — 1))/ (=B for i € I,.
Then 7 is decreasing on (0,p') and increasing on (p’,00) and satisfies lim,_ o+ n(z) =

lim, o0 () = 00. Let p* = min{p’:i € I,} and & > 0. Since 7 is decreasing on (0, p*) and
lim,_,o+ n(x) = 0o, we can choose 0 < p; < min{ps, p*} such that

n(p) = pS "+ 1/py 7 = (1 +2)/(A).
Then, for i € I,, s € [0,1] and z € R’} with |z| € [0, p1], we have
fi(s,2) = An(zi)hi(Zi)zi = Mn(p1)€zi = (11 + €)zi.

Hence, ((fi)o),, holds. Since 7 is increasing on (p*,00) and lim,_ .. n(z) = 0o, we choose
p3 > p*/c satisfying An(cps)é > M*(a,b), where M*(a,b) is the same as in (4.10). Let
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¢ (s) = An(cp3)€. Then

P3

b
J k(t, s) ;3 (s)ds = Mn(cp3)é/M*(a,b) > 1 fort € [a,b]

a

and My; <1 fori € I,. Hence, for s € [a,b] and z = (2, %) € [cps, p3] X [0, p3]" !, we have

fi(s.2) = Mp(z0)hi(Z:)2i = An(eps)é(cps) = vy, (s)(cps) > ¥y, (s) My, (cps)
and (H g)¢p3 holds. The result follows from Theorem 3.17(S5). O

In Theorem 4.6, we proved that ((f;)o),, holds. It may not be easy to show that the stronger
condition (3.13) holds.
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