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Abstract

Block Toeplitz and Hankel matrices arise in many aspects of appli-
cations. In this paper, we will research the distributions of eigenvalues
for some models and get the semicircle law. Firstly we will give trace
formulae of block Toeplitz and Hankel matrix. Then we will prove
that the almost sure limit *y&m) (*yém)) of eigenvalue distributions of
random block Toeplitz (Hankel) matrices exist and give the moments
of the limit distributions where m is the order of the blocks. Then we
will prove the existence of almost sure limit of eigenvalue distributions
of random block Toeplitz and Hankel band matrices and give the mo-
ments of the limit distributions. Finally we will prove that 'y;m) ( I(le))
converges weakly to the semicircle law as m — oo.
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1 Introduction

In random matrix theory, a very important object is the eigenvalue distri-
bution of a random matrix. If A = (a;; (w))f\fj:l is a real symmetric random
matrix where the (a;;(w))’s are random variables on a probability space €
with a probability measure P, then the eigenvalue distribution of A is

N
1
Py = N/Q;f&j(w)dp(w)
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where \j(w)’s are the N real eigenvalues of A.

The asymptotic behavior of the eigenvalue distribution is of much im-
portance. In [23,24], Wigner got the semicircle law for a wide class of real
symmetric random matrices and this great result caused much development
of random matrix theory. Recently in a review paper (see [1]), Bai pro-
posed the study of random matrix models with certain additional linear
structure. The properties of the distributions of eigenvalues for random
Hankel and Toeplitz matrices with independent entries are listed among the
unsolved random matrix problems posed in [1]. In [5], Bryc, Dembo and
Jiang proved the existence of limit distribution v, and «,, of real symmetric
Toeplitz and Hankel matrices. The moments of v, and v, are the sum of
volumes of solids. Hammond and Miller in [9] also proved the existence of
v, and 7, independently. In [15], Liu and Wang proved the existence of
limit distribution +, and <, for real symmetric, complex Hermitian band
Toeplitz and real symmetric band Hankel matrices. We notice that Basak
and Bose (see [2]) and Kargin (see [13]) also did the same work indepen-
dently. Especially, the limit distribution of random Toeplitz band matrices
with bandwidth by = o(IV) is Gaussian.

Block Toeplitz and Hankel matrices arise in many aspects of mathemat-
ics, physics and technology (see [8,10,14,19]). A block Toeplitz matrix is a
block matrix which can be written as

Ay A, A,

A_(n-1)

Ay Ao A o A (no9

T = (AZ_J)%:I = A2 Al AO T A—(N—3)
An_1 An_2 An_3 - A

where As = (a;;(s)){%=; is an m x m matrix, Vs € {-N +1,..,N — 1}.
In [7], Gazzah, Regalia and Delmas researched the asymptotic behavior of
the eigenvalue distribution for block Toeplitz matrices. In [18], Rashidi Far,
Oraby, Bryc and Speicher have proved the existence of the limit distribu-
tion of eigenvalues for a random block Toeplitz matrix whose blocks are
selfadjoint m x m matrices as m — oo, which implies that the double limit

lim lim gives the semicircle law. In this paper, we will study the limit
N—o00 m—o0

distributions of real symmetric random block Toeplitz and Hankel matrices

as lim and lim lim .

N—oo m—00 N—00

In a block Toeplitz matrix with the form mentioned above, we suppose
the a;;(s)’s are real random variables. For symmetry, we need A; = (A_;)T.

For independence of the elements, we suppose:



(1) a;,j,(s1) and aj,j,(s2) are independent if |s1| # |sa,

(2) If s # 0 and (41, j1) # (i2,J2) then a;,;, (s) and a4, (s) are independent,
(3) If (i1,51) # (i2,52) and (i1, 1) # (j2,é2) then a;;, (0) and a;yj,(0) are
independent.

In addition, we need the following uniform boundedness conditoin:

(4)
E(aij(s)) =0, E(laij(s)?) =1,—~(N =1) <s <N -1,1<i,5<m (1.1)

and
sup {\aij(s)]k‘l <i,j <m} = Chypm < +0 (1.2)
—(N—IJ)VSESNSN—I
and
sup Cim = C < +00. (1.3)
meN

A block Hankel matrix is a block matrix which can be written as

AN—2 AN_3 AN—4 e A—l
H = (AN+1—i—j)%-:1 = An_3 An_4 An_5 --- A,
Ag Ay Ay o A(noy

where A; = (a;;(s)){=; is an m x m matrix, Vs € {-N +1,..,N — 1}.
Similar to random block Toeplitz matrices, we suppose the a;;(s)’s are real
random variables, A, = (A,)T. In addition, we assume:

(1) a;,j,(s1) and aj,j,(s2) are independent if s1 # so,

(2) If (i1, 51) # (i2,52) and (i1, 1) # (j2,12) then a; 5, (s) and aj,j,(s) are
independent,

(3)
E(a;j(s)) =0, E(Jai;(s)]*) =1,—(N -1)<s<N-1,1<i,j<m

and
sup {laij(s)|F|1 < i,j <m} = Chym < +00
—(N — 11)V§EsN§ N-1
and

sup Cm = Cf, < +o00.
meN



We will firstly give trace formulae of block Toeplitz and Hankel matrices
in Section 2. Using those trace formulae, we will prove that the almost sure
limit distributions of block Toeplitz and Hankel matrices exist in Section 3.
In that section we will also give the moments of the limit distributions. In
Section 4, we will prove the existence of almost sure limit distributions of
block Toeplitz and Hankel band matrices and give the moments of the limit
distributions. In Section 5 we will prove that for block Toeplitz and Hankel

matrices, the double limit lim lim gives the semicircle law.
m—00 N—o0

2 'Trace Formulae of Block Toeplitz and Hankel
Matrices

Definition 2.1. Let T be an mN x mN matrix and consist of N2 blocks.
If T has the form

Ap A Ao o A_(noy

Ay Ao A o A (N9

T = (4j)—1 = Ay Ay Ao o ANy
An-1 An—2 An-3 -+ Ag

where {A_(n_1),.., Ao, .-, AN—1} is a set of m x m matrices and A;; =
Ai—j = (apg(i — j))ply=1 » then we call T" a block Toeplitz matrix.

Let H be an mN x mN matrix and can be written as H = ®T where T'
is a block Toeplitz matrix and

0 -~ 0 I,
0 I, O
o = .
I, 0 0

where I,,, is the m x m unit matrix. Then we call H a block Hankel matrix.
For convenience, let by = N — 1.

Lemma 2.2. Let T = (Ai—j)z]'szl be a block Toeplitz matriz and As =
(apq(s))prg=1 where —by < s < by; 1 < p,qg < m. Then we have a trace



formula

N by k !
tr(T%) = Z k)HI[LN}(i + qu)5 ko
1=1 j1,....jk==bN =1 q=1 0 qzzzl 4
N by m k I
=2 > > a0 [[ w3 500w
=1 j17~~~7jk:_bN tl,...,tkzl =1 q:l 07q§1‘]q
Lemma 2.3. Let H = ®T be a block Hankel matriz and T' = (A;— ])” 1 As =
(apq(s))gfq:l where —by < s < bn; 1 < p,q <m. Then we have the trace
formula
tr(H*) =
N bn k l
> > (A - Ay H Iy (i — Z( 1)%5¢)6 , k even
=1 jlv---vjk::_bN =1 g=1 0, Zl(_l)q.]q
o=
N by k
> 2 Ay Ay TTHpw(i - Z( 1)954)0 k ~ kodd
i=1 j17...7jk:—b1\] =1 =1 2i— 1_N7 Zl(_l)q]q
o=
where
m
tr(A;, -+ Aj,) = Z ity (J1) -~ Atyty (Jie)-
t1,e ot =1
To prove the above lemmas, we consider Kronecker product of two ma-
trices (see [12]). Let A = (a;j) be an m x n matrix and B be a p x ¢ matrix.
The Kronecker product of A and B is an mp X ng matrix:
allB s alnB
A®B = : :
amlB e amnB
Proof of Lemma 2.2. Let B and F be two N x N matrices and
010 --- 00 000 -+~ 00
001 -+ 00 1 00 0 0
N 000 --- 00 N 010 0 0
B = (5i+1,j)i,j:1 = e - B = (6i7j+1)i,j:1 = : .
0 00 0 1 0 00 0 0
0 0O 0 0 0 0O 10



bn bn .

Then T =Y B'®@A_;+ Y F/® A;. Let €} be the ith unit vector in RY
=0 j=1

and e} be the jth unit vector in R™, then we have

B'® A6} © ) = (Ble}) ® (Aie)) = I (i — Dei™ @ (A_ieh)

and
F'o Ael @eb) = (Fleb) @ (Aie]) = In w(i + Del™ @ (Ared)
thus
T(ei®e) = ZI (i = Dei™ @ (Aueh) + Y I v+ et © (Ared)
=1
= ZI 16+ Del @ (Aged),
I=—bn
SO
r z+il

by k
Tk(ell ®6%) = Z HIU Z—I—Zl =t Alk Alleé).

I, le=—byn r=1

As {eli ® e% ‘ 1<i<N;1<5< m} is a standard basis of R™Y we have
the trace formula

tr(TF)
N m
= ZZ €1®62) Tk(el®€2)
i=1 j=1
N by r m o T i+ zi:llq ]
= > > HI[1N]Z+ZZ D oeh) @ () ) (e T @ (Ay, - Ayed))
i=11y,.. ,lk_—bNr 1 = j=1
N by m
= Z Z HI[lN]Z—’_Zl Z 62 Alk Alle2)
=1 ll, ,lk——bNT’ 1 ’q:l j:1
N
= Z Z HI[l N] Z—|—Zl tr Alk Al1)5 k
i=11y,....ly=—by =1 0,3 Iq



For tr(A4;, -+ A;) = tr(A;, --- Ay, ), we get

™) =>" > wy, A [T IamG+D )8 & -
=1 j1,....jk==bN =1 g=1 quglﬁq
Note that
tr(All T Alk) = Z Qtyty (ll) T Aty (lk)v
t1,..tp=1

and we directly get

N by m k l
= Z Z Z atyty (J1) * gty (Jk) HI (i+2jq)5 k
=1 j1,...,Jk=—bN t1,...,tx=1 =1 q=1 07(1;1

O

Proof of Lemma 2.3. ® = P ® I, where I,;, is the m x m unit matrix and
P is an N x N matrix and

0 01
0 10
P = : :
1 -« 0 0

So if A is an N x N matrix and B is an m X m matrix, then we have
P(A®B) = (P®I,)(A® B) = (PA) ® B. Note that Pe} = el 7%,
As in the proof of Lemma 2.2, we have

by ' ‘
T (e} @el) = (PR1,,) Z Inn(itDeoAle)) = S Inw(ithey 7T ale),
l__bN l=—bN
and then '
H* (el @ e)) =
k
by k r = X (=1)%q ,
> [T I (i = 22 (=1)%g)e; @ (Ay, - Ajy )€l k even,
Ty Jk=—bn r=1 q=1
k
by k r N+1=(i= 32 (=1)%a) .
2 [T I (i = 22 (=1)%g)e - ® (A, - Ay )el, Kk odd.
j17~~~7jk:_bN r=1 q:l




Thus we get

tr(H")
N m . 7 . )
= > Y (dhoa) Hed)
i=1 j=1
N by k l
> 2wy A T Ipm (= 22 (=1)%g)d & k even
i=17j1,....Jk=—bN =1 7 q=1 qugl(_l)qjq
= N by k l
Z Z tI‘(Ajl R Ajk) I[l N}(Z — (_1)(1 q 1) k k odd
i=1j1,....ja=—bn =1 q=1 2i—1-N, Zl(—l)qjq
=
where m
(A Ag) = D ann(in) - ae (n)-
t1,...,tp=1
O

3 Limit Distributions of Random Block Toeplitz
and Hankel Matrices

Let §V denote the number of elements in an arbitrary finite set V. We now

review the concept of partition (see [15]). Let [n] = {1,2,...,n}.

(1) We call m = {V1, V4, ..., V;.} a partition of [n] if |J V; = [n]and V;V; =
j=1

0ifi+# 7.

(2) For ¥p € [n], we define w(p) = i if p € V;. We write p ~r ¢ if m(p) = 7(q).

(3) Let P(n) denote the set of all the partition of [n]. We define Pa(n)

{mr={V,Va,...,V;} € P(n)|8V; = 2,Vi} and Py (n) = {7 = {V1, V3,...V; } €

Pa(n) ‘ V; has exactly one even element and one odd element, Vi }.

Definition 3.1. Let k € N, 7 = {V3, Vo, ..., Vi, } € P2(2k), V. = {a,, b, } (1 <
r < k), then 7 determines a system of linear equations with unknown vari-
ables t1,ta, ..., tor (set topyr1 = t1):

o=ty 1<i<k
{C” bkl 2=t (3.1)

ty, =tgu1 1<i<k

The number of linearly independent equations of this system is denoted by
f(m). Clearly we have 0 < f(m) < 2k.



Theorem 3.2. Let Ty = (Ai_j)ﬁ\fj:l be an mN xmN random block Toeplitz
matriz where As = (aij(s))%=1, A—s = (As)T, and a;;(s)’s are random vari-
ables satisfying the four conditions mentioned in introduction. Let Xy =

\/%, then eigenvalue distribution [ix, Cconverges almost surely to a sym-

metric probability distribution ’y;m) which is determined by its even moments

k
mgk Z mk 1= f(ﬂ / ] H[Ol JZQ—FZEW (q))del
=0

rePaon) olx[-11
where

1 if q is the smaller element of V,

ex(q) = o @ (32)

=1 if q is the larger element of Vi,

Proof of Theorem 3.2. The kth moment of xy 18 given by
k 1 k 1 _k K
mgN = [ dpy, = mE(trXN) = m(mN) 2 E(trTy).
Using Lemma 2.2, we get
k l

me,N = mN o2 Z Z Z (atyto (1) * - atty (jk))HI[1,N](i+qu)5 ko

=1 j1,....Jk=—bN t1,...,tx=1 =1 q=1 quZ::qu

We will calculate the limit lim my, n.
N—o0
Observe that

‘E(atltz (jl) e atktl (,]k))‘ S Dk (vjla "'7jk7t17 ’”7tk)7

where Dy, = (max{C1, ..., C’k})k If 7p| # |jql, then age,,, (Jp) and azye,,, (Jg)
are independent. Let p € {1,2,...,k}. By the independence conditions and
E(aij(s)) = 0, we observe that if E(a¢ ¢, (j1) - at, (Jr)) # 0, then for any
pe{l,....k}, 3ge{1,....k}, g #p, s.t. |jg| = |jp|- So there are at most [%]

different elements in V' = {|j1, ..., |jk|}. Further, we have
by (5]
‘ > E(atltz(jl)'"atktl(jk))‘ = ‘Z > Blan1,(51) -+ agen, (i)
J15eJlk=—bnN s=14V=s
(5]
by + 1!
s D
= ;"’“ (by +1—5)]



where 75, = ﬁ{w — (U1, .., U} € P(k) ‘ HU; > 2,\72'}.
by .
So| % Blanu() - an (i) = O(N1E) and then my, v = O(N
Ji,-jk=—bN
Thus for odd k, my v = o(1). Now we only have to consider magy n.
7 is a partition of [2k] = {1,2,...,2k} and p ~r ¢ <= |jp| = |j¢l, then
we have

M

}_

(MBS

).

Mok, N

b m .
Z Z ZN: Z E(atltz(,ZTlr)LN kfi:iktl (j2x)) Hle z+qu

=1 7eP(2k) J1-i2k="b0N  T1,...,02k=1
p~mq <= |ipl=liql

+ o(1).

Again by the assumptions in the introduction, the contribution of the par-
titions which are not pair partition to maog n is o(1). So we only have to
consider the pair partitions. Suppose m € P2(2k). If p ~, ¢, then j, = j, or

2k
Jp = —Jjq- Under the condition ) j, = 0 according to (3.3), considering the
q=1
main contribution to the trace, we should take j, = —j,. Otherwise there
exists po, qo € [2k] such that

] - Jqo = ]po + ]qo Z]q

We can choose other k — 1 distinct numbers, which determine j,, = j,, and
then there is a loss of at least one degree of freedom and the contribution of
such terms is O(N~1). Therefore we have

mag,N
2k l

_ S " Ban () - g (k) NN
- Z Z Z Z (mN)k+1 H[[LN}(H‘ZM)

i=1 1€Po(2k) J1-d2k=—bN  t1,...,tap=1 =1 q=1
pP~wq = Jp=—Jq

+ o

—~

1)

2k
> Jq

(3.3)

N b s E(at tz(jl) Aoty j2k
- Z , 2 Z_ 1 (me+21k HI”V HZ‘]"

10



Now we have to calculate

m

> Blann,(h) - i (Gor)

t1,..,top=1

with the assumption that j; # 0, Vi. For convenience we let top11 = t;.
Suppose

E(at,1,(j1) - - - atypt, (Jor)) # 0,

then for any p ~r ¢ we have ay,¢,,, (jp) = at,t,.,(jq). Suppose p < g.

E(at,t,(51) - - atypty (J2r))
= E(a’tptp+1 (jp)atqtq+1 (]q)) ’ E(ahtz (]1) T byt (]p) C o Qgtg (jq) Cr ot Qpgpty (jgk))
= 1 E(atth (1) - tptps1 (]p) C Otgtga (]q) © Qg (J2k))

where ~ marks omitted index. Note that j, = —jg, A;, = (qu)T and A;, #
Aj, because j, = —jq # 0. at,¢,,,(jp) lies in the t,-th row and the t,,1-th
column of A;, and ay,,. ,(jg) lies in the t,-th row and the ¢441-th column of
Aj.. Soty =tep1, tg =tpp1. Asm={V1, Vo, ..., Vo.} where V; = {a;,b;} (1 <
i < r), we have a system of equations:

p
tal == tbl—i—l
tay+1 = to,

tak = tbk—l-l

 fap+1 = o,

By Definition 3.1, there are f(m) linearly independent equations in this
system. So there are 2k — f(7) variables taking values freely in {1,2,...,m}
and the number of solutions of this system of equations is m2*=f(™)_ In other
words, there are m?*~f(™) different (¢, ...,%s;)’s such that

E(at1t2 (jl) T atzkt1(j2k)) 75 0

and this implies
E(at,(71) -+ - atopty (Jor)) = 1.

So -
Yo Elane (i) iy (o) = m* 0,

t1,..5t2p=1

11



Thus we have

Mok, N
by 2k i
= 2%k—f(m , '
= N k+1z Z m Z HI[I,N](Z‘i‘ZJq)
i=1 wePy(2k) G1serdor = —bpn =1 =1
Jt # 0,Vt
P~m g <= Jp = —Jq
+ o(1)
= 2%k—f
- me—I—lZ Z m () Z HI[lN]Z—l—qu
i=1 wePy(2k) Jlseiog=—bN
pNﬂ'Q@]p—qu
+ o(1).
o
Now for any r € {1,....k}, let z, = j,,, then j, = Ly 1 ¢=ar
—Tp if q = br
lf Eﬂ-(q) — 1

Remember Eq.(3.2), and then we have j, = {xﬂ(q) , SO

—Zr(q) if ex(q) = —1
jq = EW(Q)xﬂ(q) and

Mo N = (mN) ™~ 12 > Z m?=/m) Hf[lN] H‘Z&r Tr(q))Fo(1),

i=1 reP2(2k) x1,...,r,=—bN

thus

2k J k
]\}I—I}loo Mok N = Z mk 1—f(m) / | H 1[071} ($0+Z GN(Q) Z'ﬂ(q)) H dz;.
=1 =1 1=0

e Pa(2k) (0,1]x[—1,1]% 5

k
Let moy, = Z mk—1- f(ﬂ/ HIOI l‘o—l—ZEW (q))HdiEl
TEP2(2k) [0,1]x[—1,1]* =0

and mog_1 = 0(k € N), then for any k € N we have A}gnoo me N = my. It

is easy to see that mop, < > mF17F(™ < (2k — 1)!l - mF~! and then

TEP2(2k)
using Carleman’s theorem (see [6]) we know that the limit distribution 7§m)
is uniquely determined by its moments {my}7° .
Now we prove the almost sure convergence. It is sufficient to prove

3 % ( (trxk — E(trX]’i,))A‘) < . (3.4)
N=1

12



m by k 1
_k . .
=mN)7EY D> X () e G [JIim G+ 508«
=1 t1,estu=1 ji1,. jo=—bn =1 =1 02

For convenience we let

j = (jl? "'7jk)7 t = (t].? "'7tk)7

k l
Ali, £,] = a1, (1) - "atktl(Jk)HI[LN} (1 + Z]q)5 ko
=1 q=1 0, Z_: Ja
q=1
N m by
and we use »_ to denote . > >> , then we have
it,j =1t1,..tk=171,..,jk,=—bn

%E((trX]]% - E(trX]]%))4>

= BN 8 Y Al 65— B(0mN) Y Afb))

(AN it,j
1 . C L a4
= N2k+4m2kE(Z(A[Z,t,J] — EA[i,t,j]))
itvj

= N2k+4m2k <Z Z H LN EA[iv’tU’jv]))

v=14v t? j" v=1

N m by
where > = ) >
Y §Y =1 ti’,...,tz:ljf,...,jg:—bN
For givenjl = (]117 "'7j]1)7j2 = ]%7 7]]3)7j3 = (]%7 "7j]§)7j4 = (,7 ) 7]k)

let
T = (1, fibs oot r i) € {=bn, s b }E.

Set ST = {[4t], oo [31] cos |51 s [} We use p(J) to denote the number
of different elements of SY.

We construct a set of numbers with multiplicities Sy = {1, ...,j,i, ceer §15 ...,jf;}.
Please note that if |ji!| = [ji2| = a, then a appears twice in Sy. Let
S1, .+, Sp(3) be subsets of Sy such that:
(a) for all w, the elements of S, have the same absolute value;
(b) if wy # wa, then the absolute value of the elements in S, is different
from the absolute value of the elements in Sy,,;

13



P

() U Sy = S3. Tt is easy to see that S1,..., S,y) are uniquely determined
r=1

by J. Then we have

where

. 1 .4 1
For given ji, ..., Ji, t1, ...

{—bN, ey bN}4k =W uUWo U Wy

Wi = {J € {~bn, ... b }*¥|p(J) < 2k — 2},
Wo = {J € {~bn, ... bn }*¥|p(J) = 2k — 1},
W3 ={J € {~bn, ....bx }*¥|p(J) = 2k}.

Therefore we have

N

%E((trX]lﬁ, - E(trX]]‘i,))‘l)

4

S Y DY § (IERTR RV RN D)

il,i2,43,44 JeWy v=1

£1,¢2, 43, ¢4

1

et QDY
2k+4,,,2k
N m 32,43 4
th 62,43, ¢4
1
vl 2
2k+4,,,2k
N m il,i2,i3,i4
t1, 42,63, ¢4
D1 + &y + P3.

k

Jth,it, ..., i%, suppose E(

e

v=1

(A[*, ", "] -E A", £7,§°]) #

0. Then } j? =0(1 <wv <4) and from independence conditions we know

that:

and that

=1

Vi, I(ur,v1) # (u,v) s.t. |gy]| = |k

Yui, Jug # v1 and wuy,ug s.t. |t = 5,215

14

(3.5)

(3.6)



otherwise,

4
B([Al, .5 - BAG,7,5)))
v=1
— E((A[ivl,tvl,jvl] _ EA[ivl,tvl,jvl])) . E( H (A[iv,tv,jv] _ EA[iU,tv,jv]))

1< 4
v

SIA

£
= 0.
We now evaluate ®, &5 and Pj.
Evaluation of ;. Suppose p € N and p < 2k — 2. There are

at most Ry, - (by + 1)P - 2% different J’s that satisfy p(J) = p, where
Rip = #{m = {U1,...Up}|m € P(4k)}. So we have

2k—2
1 4 4k ik
DY NoEraE NV mT e R (by +1)P -2 M
p=1
-2
< C-by
where
4
= VLV U] ULV v
M_sxfp{ lgrrl_lva;(N ‘E[H(A[z 69,3 — EA[Y Y, ])]‘}
Je{-by,...,by}*F v=1

t¥ e {1,...,m}*

and C' is independent of N. From (1.1), (1.2) and (1.3), we know that such
M exists.

Evaluation of &,. Suppose J € Wy. For any v € {1,2,3,4}, if
Ju € {1,2,...,k} such that Yu; # u, || # |ji,|, then j; and its absolute

k
value are determined by j7, ..., _1,jui1, -, jp for > j¥ = 0. Thus
i=1

k
${0 = Gl ) € Wal 90, 3t = 0 and 33t st Vaa # L] # 1jia
=1

< Q- (by +1)%72 20 (3.7)

where Q) = ﬁ{ﬂ = {Vl,...,ng_l}‘ﬂ € 77(4k)}. When J € Wy, there are
two situations. One is that 3i1,42 such that §5;, = £S;, = 3 and for any
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i ¢ {i1,i2}, §S; = 2. The other situation is that 3i; such that #S;, = 4 and
for any i # i1, £S; = 2. In the first situation, suppose S;, = {j‘;,jg,jﬁ},
Si, = {jg),jﬁ,j{f}. Ifa=b=cand d = e = f, then we can find ¢g €
{1,2,3,4}\{a,d}. Then for any r, there is one unique element which has
the same absolute value as j7 in Sy. Then from (3.6) we know that in
{47, ..., ji} there is at least one element which has a different absolute value
from the others and then (3.7) is obtained. If a # b and a # ¢, then j¢ has a
different absolute value from the other elements in {j{, ..., ji } and then (3.7)
is also obtained. In the second situation, suppose S;, = {j2, jz, g, 3dr. If
{a,b,c,d} # {1,2,3,4} then similarly to the first situation we can get (3.7).
If {a,b,c,d} = {1,2,3,4}, then j¢ has different absolute value from the other

elements in {j{, ..., /¢ } thus we also get (3.7). From the above discussion we
4

know that for any J € Wy such that E( [] (A[:Y,t",j°] — EA[Y,t",j"])) # 0,
v=1
(3.7) is satisfied. Then we get
o3}
4

= PO Y Y BOTAR 85 - BAR 6 5)

it 2,48, JEW, v=1

t1:t2,t3,t4
1
S N2k+4m2k N4m4ka(bN + 1)2k—224kM
—2
< D-by

where D is independent of N.

Evaluation of &;. When J € W3, we have #5; = 2 for all
i € {1,...,2k}. Like the situations mentioned above, we have: Ju; €

{1,2,...,k} such that Yus # ui, |ji | # |js,|, then ji and its absolute

value are determined by jll,...,jil_l,jilﬂ,...,j,i for i]} = 0. Suppose

lje,| =I5, | and f € {1,2,3,4}\{1,e}, then Juy € 5,12,...,1@'} such that

Vus # ug, |jls| # |ji,], then ji, and its absolute value are determined by

j{, ...,j£4_1,j£4+1, ...,j,]: for iljzf = 0. For j}“ and j{j4 are determined, we
i=

16



have

4
${0 = Gl by i) € Wl BT (AR, £°,3°] = BAR",£°,5°]) # 0}

v=1

< (by 4+ 1)P72. 2% Py (4k)

and thus
O3

4
WE< > Y B[R .57 - BAl.t.5))

it 2,43, JEWs v=1

tl, 62,63, ¢4
1 _
< 7N2k+4m2kN4m4k(bN +1)P72. 2% 4P, (4k) M
< F by

where F' is independent of N. Finally,
1 _
mE((trX]]‘i, — E(trXp)Y) = @1 + ®2 + &3 < (C+ D+ F) - b
For by = N — 1, (3.4) is proved and we have proved the theorem. O

Remark 3.3 (Hankel block matrices and complex Toeplitz case). If

Hy = (AN41-i—j;) is a block Hankel matrix which is defined as in the in-

troduction, then the eigenvalue distribution of Hy/v/mN converges almost
(m)

surely to a distribution 4, which is determined by its even moments

J k

m r(m,m
ma(v) = Y fnkﬂ/ Hf[ou 20— 3 (=) wnq) [ [ dm
; [0,1]x[~1,1]% ;.- -1 =0
rEPL(2Kk) q
(3.8)

where r(m,w) = ﬁ{(tlv '-7t2k) | E(atltg(j1)7 ceny Aty ty (JQk)) 7& 0}
Suppose © = {{a1,b1}, ..., {ak, bk }}, then

r(m,m)
ta, = tp, ty, = 1,
et ﬁ{(tl, ,tQk) ‘1 S ta'mtbi é m’ a; bz or a; b7,+1 (1 S Z é kf)}
a1 = this tai . = Uy,
= #{(t1, -, tar) | 1 < tayite, < M ta, = tpt1) bagar) = by, (L <0 < k)}
+ O(mk)
= m*I 4 O(mb) (39
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If the blocks of Hy are Hermitian matrices, the results would be similar. If
the blocks in a block Toeplitz matrix T = (Ai_j)f-yj:l are complex matrices
and A_, = (A,)7, then the results would also be similar.

Remark 3.4 (relation with dynamical system). f(m) has a relation with
dynamical system. Let 7 = {Vi,Va,....Vi}, Vi = {a,,0.} (1 < r < k),
then f(m) is the number of linearly independent equations of (3.1). Now we
consider a discrete dynamical system. Give [2k] = {1,...,2k} the discrete
topology. Let ¢ be a self-homeomorphism on [2k] and ¢(a;) = b;+1, ¢(b;) =
a; +1(1 < i < k). Consider a continuous map 1 : Z x [2k] — [2k] such
that ¥(s,t) = ¢°(t) (s € Z, t € [2k]) then 1) becomes a dynamical system.
Obviously we see that the number of orbits of this dynamical system equals
the number of independent variables in (3.1) and then equals 2k — f (7).

4 Block Toeplitz and Hankel Band Matrices

Definition 4.1. Let Ty = (Ai_j)f-yj:l be an mN x mN block Toeplitz
matrix. We call T' a block Toeplitz band matrix if by < N s.t. Ag =0
when |s| > by. We call by the bandwidth of the matrix.

Theorem 4.2 (proportional growth). Let T be a block Toeplitz band matriz
with the bandwidth by ~ bN, b € (0,1]. Take the normalization

Xy = Ti//m(2 — b)bN.

With the notation and assumptions of Theorem 3.2, Iix, converges almost

surely to a symmetric probability distribution ’yfpm)(b) which is determined
by its even moments

2k

m 1 —1—f(w d : :
mak (1™ (b)) = o 0F > om A )/ 1T Zou@ot2 > en(i) 2rgiy) [ [ d
i=1 1=0

wE€P2(2k) [0,1]x[—1,1]% i
where €;(i) = 1 if i is the smaller number of VW(,-) and (i) = —1 otherwise.

Theorem 4.3 (slow growth). Let Ty be a block Toeplitz band matrices with
the bandwidth by = o(N) but by — oo. Take the normalization

XN = TN/(\/ 2mbN).

18



With the notation and assumptions of Theorem 3.2, x, converges weakly

to a distribution v™ which is determined by its even moments

I S )
TEP2(2k)

In addition, if there exist positive constants ey and C such that
bN 2 C . N%-i-éo’
then x, converges almost surely to ~™).

Proof of Theorem 4.2. 1t is easy to see that Lemma 2.2 is also right for block
Toeplitz band matrices but now by is no longer N — 1. Let

1 1 _k
mEN = / oy = mE(trX]kV) = —(m(2 = b)bN) s B(trTE).

Using Lemma 2.2, we get

Mg, N
1 1 iv: o f: E(a,t,(j1) - at t (Jx)) H Z
- 1t2 kt1 T i+
E 1, N] Jq)d
(2—b)z MV 1 yefr=—by b1y te=1 (mbN
BN by m . k
1 1.2 E(a,1,(j1) - at t (Jx)) , .
= ﬁ(g) > > = N == [ (”qu)‘s
( - )2 =1 j1,.c0,Je=—bN t1,.-,tx=1 (m ) =1 q=1

Similarly as in the proof of Theorem 3.2, we know that when k is odd,

k l
Eatt,(j atktl (k) i )0 .  =o(1),
Z Z Z (mN) EI ( +Z_:]q) 0% (1)

i= 1.]17 Jk__bNtl?"'?tk 1 q—l ’q:l

and then my y = o(1).
For moy N,

al o N E(ay (1) - Gty (o)

102 1
Z Z Z (mN) k+21k HIUN] Z"’qu 5 3
i=1j

15052k =—bN t1,...,t2k=1 ]q

N

b 2k l
_ N—k—lz Z ZN: mk—1=f() H Z )Zr(g)) + 0(1).
=1 q=1

i=1 rePy(2k) x1,...,xp=—bN
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So

bn

1 1.k N 2k l
A D DED DI DR ) | RV B CF
=1 q=1

i=1 7eP2(2k) 21,....xx,=—bN

thus

2k J k
]\}i_rfloo Mo = Z mk—1-1(m) / . H Ijo ) (x0+bz €x(qQ) Tr(q)) Hd:ﬂl.
i—1 g=1 1=0

7T€P2 (2k) [0 2]x[=1.1)% 52

Let moy = lim mak, N and ma,_1 = 0(k € N), then for any k£ € N we have

lim my N = mk It is easy to see that
N—oo

mop < > mFTI T <2k — it
TEP2(2k)

and then using Carleman’s theorem (see [6]) we know that the limit distri-
bution 7;(pm)(b) is determined by its even moments {mso}. Similar to the
proof of Theorem 3.2 we can easily prove that u x, Converges almost surely

to 7;(pm)(b)- Then Theorem 4.2 is proved. O
Proof of Theorem 4.3. Let

mg,N

1 1
= /xkd,uXN = —NE(trX]]%) = m@mb]v)_%E(trT]]@)

= ( Z Z Z at1t2 atktl (Jr)) Hl[l N] 1+ z:qu k h
q= q

mN 2mbN N)

1=1 j1,...,j=—bN t1,...,tx=1 =

Similarly as in the proof of Theorem 3.2, we know that when k is odd,
my. N = o(1). For maoy N,

N by m

Z Z Z E(atth({,’l,rz,N Z}lektl ‘72k HI[I N] i +qu 5 Qk .

1=1 j1,....jo=—bn t1,....,t2x=1 ]q

bn

N 2k l
_ N_k_1z Z Z mk—1—f(m) lljl Z_: V() + 0(1).

i=1 rePy(2k) x1,...,xp=—bN
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So

mE N

2k l
- mN N (2mby )k Z > Z m IO [T+ Y en(@)ang) +o(1)
q=1

i= 17r€732(2k)m1, LTE=—bN =1
2k l

- 2k bk Z Z Z mi1 = HI[LN} (i + Z Eﬁ(q)xﬂ(q)) + o(1).

1= 17‘(6'P2(2k) T1,...,Lp=—bN =1 q=1

Thus

Jmmy = 3wt [ Tl

WG%(% [0,1]% [~ 1,1]% g

= Z mk=1=1 (),

TEP2(2k)

Let mop = A}im mog N and ma,_1 = 0(k € N), then for any k£ € N we have
—00

lim my y = my. It is easy to see that
N—o0 ’
mog < Z mFI=F ) < 2k — )11 Pt
mEP2(2k)

and then using Carleman’s theorem (see [6]) we know that p, = converges

weakly to a distribution 7™ which is determined by its even moments
{maor}. Similarly as in the the proof of Theorem 3.2 we know that

%E((trXﬁ, - B(trX}))") < B by

where B is a constant and is independent of N. For by > C - N %“0, we
have

%E((trX}i, - E(trX]kV))A‘) <B.C2.N-1-20,
Therefore
x4 )
> B0 Xk - Brxk)') < o
N=1
and then g x, converges almost surely to the limit distribution 7(7”), 0
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Remark 4.4. In [15], the authors proved that the limit of eigenvalue distri-
bution for band Toeplitz random matrix with bandwidth by = o(N) is the
standard normal distribution N(0,1). But in this paper, the matrix is block
Toeplitz and the conclusion will be different. The expectation of v(™) is 0

and the variance of (™ is 3> m /(") = 1. The forth moment of (™) is
TEP2(2)

S omfm =94 # which is not the forth moment of N(0,1) if m # 1.
TEP2(4)

So (™) is not N(0,1) when m # 1.

5 Convergence to Semicircle Law

Suppose ™ = {{a1,b1}, ..., {ag, br}} € P2(2k), the system of linear equations
determined by 7 is (see Definition 3.1)

to, =tp1 1<i<k
ty, =ta,41 1<i<k

where to;11 = t1. This system can be rewritten as

lsi1) = ts1(2) = " = lsy () = Usy(1)

tsp(1) = tsp(2) = 0 = Lay(rp) = Lsp(1)

such that {si(1),...,s1(r1)} U--- U {sp(1), ..., sp(rp)} = {1,2,...,2k} and
{8(1), ey 8i(ra)} N {s5(1), s 85(r5)} = 0 if i # j. We call t,, (1) = t5,0) =
oo =tg,r) = ls,(1) @ circle of m. We use g(7) to denote the number of the
circles of 7. For example, if 7 = {{1,2},{3,4},{5,6},{7,8}} € P»(8), then
the system of linear equations determined by 7 is

7

t = t3
to = 1o
i3 =15
la =14
ls =17
le = 16
lr =1
lg =13
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This system can be rewritten as

(t, =ty =t5 =t =1;
lo = t2
ty =14
le = 16
lg =13

So this 7 has ﬁve circles: t1 =t3 =t5 =ty = t1, to = to, t4 = t4, tg = tg and
tg = tg, thus g(m) = 5. These circles can be denoted by

‘@

For f(m) denotes the number of independent equations of the system, it
is easy to see that g(7) = 2k — f(m) for any w € Po(2k).

Lemma 5.1. For any m € Pa2(2k), g(m) < k + 1.

The proof of Lemma 5.1 can be found in [22].

We now review the concept of noncrossing partition (see [21]). A parti-
tion m € P(n) is called noncrossing if whenever four elements 1 < a < b <
c < d<n aresuch that a ~; cand b ~, d, then a ~; b ~, ¢ ~ d.

Lemma 5.2. For any m € P2(2k), g(w) = k + 1 if and only if ™ is non-
CT0SSINg.

The proof of Lemma 5.2 can be found in [20].

Theorem 5.3. Suppose 7§m) is defined as in Theorem 8.2. As m — o0,
7;’”) converges weakly to the semicircle law w(x), i.e.,

1 _ 2 <
wiz) = 4 77 4—22 |z| <2,
0 |z| > 2.

Proof of Theorem 5.3. From Theorem 3.2 we know that the odd moments
of 7;’”) are all zero and its even moments are

k
mop(yM) = > mFTT f(ﬂ/ H[01 $0+Zé7r o) [
1=0

<ePo2k) 01)x[-11¥ 5
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where

ex(q) =

1 if ¢ is the smaller element of V(,),
—1 if ¢ is the larger element of V(.

From Lemma 5.1 and Lemma 5.2 we know that if 7 € Py(2k), then
f(m) =k —1if 7 is noncrossing, otherwise f(m) >k — 1. So we have

k
Jim ma (1) = /m[ - Hfm $0+Z€w o) L4

TEPy (Zk)
7 is noncrossing

From [4] we know that when 7 is noncrossing,

/[0,1]>< [—1,1]* HIOl x0+Ze7r

k
dxl =1.
l:O

So

lim mgk(y(m)) = Z 1.

m—0o0
TEPo(2k)
7 is noncrossing

From [11] we know that
H{me 732(2k:)|7r is noncrossing} = C
where C}, is Catalan number. So

lim mgk(’y(m)) = (.

m—o0

For Cj is the 2k-th moment of w(z) whose odd moments are all zero, we
know that ’y:(rm) converges weakly to w(x) thus the theorem is proved. O

Remark 5.4. If the assumptions in Theorem 4.3 are all satisfied, then it is
easy to see that as m — oo, 7™ converges weakly to the semicircle law
w(x).

Remark 5.5. For a block Hankel matrix as we discussed in Remark 3.3 we

also have that as m — oo, ’yl({m) converges weakly to the semicircle law w(zx)
because (see (3.9))

r(m,m) = ${(tn, o ton) | 1< tagsto, <5 ta, = 1) Lagrr) =ty (1 <0 < k)}
+ O(m")
— m2k—f(7r) + O(mk)
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and {m € P5(2k)|r is noncrossing} C P3(2k) and the fact that the integral
in (3.8) is 1 when 7 is noncrossing (see [4]). If the blocks of Hy are Hermitian
matrices, the results would be similar. If the blocks in a block Toeplitz
matrix T = (Ai—j)z]'?[jzl are complex matrices and A_, = (4,)7, then the
results would also be similar.

Remark 5.6. If the blocks in a block Toeplitz matrix T' = (Ai_j)fyj:l are
symmetric matrices and A_g = Ay, just like those discussed in [18], then the
eigenvalue distribution of T'/v/mN converges almost surely to a distribution
o (™) which is determined by its even moments

k
——(m r(m, )
mor( ™) = ) o /[01] 11]kl_[I[ou wo+§ en(q) Ta() [ [ d
1=0

weP2(2k)

where r(m, ) is the same as (3.9). So we also have that as m — oo, &;(m)
converges weakly to the semicircle law w(z).
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