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A NOTE ON RELATIVE FLATNESS AND COHERENCE
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Let R be a ring and M a fixed right R-module. A new characterization of M-flatness
is given by certain linear equations. For a left R-module F such that the canonical map
M ®r F — Homg(M*, F) is injective, where M* = Homg (M, R), the M-flatness of F
is characterized via certain matrix subgroups. An example is given to show that R need
not be M-coherent even if every left R-module is M-flat. Moreover, some properties
of M-coherent rings are discussed.
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Recently, Dauns introduced the notion of coherence of a ring R relative to a
right R-module M (Dauns, 2006). Let R be a ring, M a fixed right R-module and
a[M] the full subcategory of the category of right R-modules subgenerated by M
(see Wisbauer, 1991, p. 118). Recall from Dauns (2006) that a left R-module F' is
a[M]-flat if for any exact sequence 0 — X — Y in o[M], the sequence 0 - X ®p
F — Y ®; F is exact. Following Wisbauer (1991, 12.13), F is called M-flar if the
sequence 0 - K, ® F — M, ® F is exact for every submodule 0 < K < M. It is a
trivial consequence of Wisbauer (1991, 12.15) that zF is M-flat if and only if it is
o[ M]-flat (see also Dauns, 2006, Proposition 1.6).

Following Dauns (2006), a right R-module N is M-coherent if for any
0<A <B < N such that B/A <— mR for some m € M, if B/A is finitely generated,
then B/A is finitely presented. R is defined to be M-coherent if the right R-module
Ry is M-coherent.

The purpose of this note is to investigate M-flat modules and M-coherent rings
from some new aspects.

Throughout R is an associative ring with identity and all modules are unitary.
For a positive integer n, R" (resp. R,) denotes the direct sum of n copies of R
(resp. Ry) whose elements are written as “row (resp. column) vectors.” Similarly, M"
stands for the direct sum of n copies of M. For each m = (m,, m,, ..., m,) € M",
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the right annihilator of m in R, is symbolized by r; (m), that is,

n
rp (m) = {(rl, Faoos )T €R, [ (my,my,y oo m) (T ooy r)T =Y myrs = O}.
i=1

Note that rg(m) is nothing more than m* in Dauns (2006) for every m € M.
Let us start with the following result.

Theorem 1. Let M be a fixed right R-module. The following are equivalent for a left
R-module F.

(1) F is M-flat.

(2) Forany ay,...,a, € R, and x{, ..., x, € F such that }__, a;x; € rg(m)F for some
m € M, there exist yy,...,y, € F and n x k matrix B = (b;;) ., over R such that
x; = ZI;:I by, for each 1 < i <nand my_;_, a;b; =0 for each 1 < j < k.

Proof. (1) = (2) For any a;,...,a,€R, and x,,...,x,€F, if Y}  ax €
rp(m)F, we have

rpg(m) SL=a;R+---+a,R+rz(m) <Ry

with L/rp(m) finitely generated and

(iam) +1x(m)F =0+1g(m)F € LF/rp(m)F.

i=1

It follows by Dauns (2006, Theorem 1.8(d)) that

3 (s 4+ 1o (m)) ® x, = 0 € (Lfrg(m)) ® F.

i=1

Let a = (a; +rx(m), ..., a, +1rr(m)) and let {e, ..., ¢,} be the canonical basis of
the free right R-module R,. There is an exact sequence

0 —> 1y (@) —> R, —> L/rg(m) —> 0

where o is the inclusion map and # is given by #(e;) = a; +rx(m) (i=1,...,n).
Tensoring by F yields the following exact sequence

a®id n®id
rp (@) ®F =3 R, @ F 5 [L/rg(m)] @ F —> 0

where id, : F — F is the identity map. Since

e id»(iei ® x,-) = 3+ () @ ;= 0 € (L/rg(m)) @ F,

i=1 i=1
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by by
Yrie®x; € Ker(y®idy) = Im(a ® idy). Sowe have b, = [ : :|,...,bk = |: : :| €

by b
rg (a) and y;, ..., y, € F such that Z_’;:l b;®y,=>"_,¢®x €R,®F.But

k k n k n
Y .b;®y = Z[(Zeisz) ®yj} ZZ( e,-bij®yj>
=1 i1

j=1 i=1 j=1

k

($eemn) =5 (Saons) -5[oe (S0)]

J i=1 i=1 i=1 j=1

Hence x; = 21;:1 b;;y; for each i. Finally, it is easy to see that m} " a;b; = 0 for
each 1 < j <k

(2) = (1) Suppose that L/rp(m) is finitely generated with m € M and
rp(m) SL=aR+---+a,R+rz(m) <R.

Then each element in (L/rz(m)) ® F is of the form

> (a; +1p(m)) ® x;

i=1
with x; e Fi=1,...,n). If 3 (a; + 1x(m)) @ x; is contained in the kernel of the
natural map

w: (Lfrg(m)) ® F — LE/rg(m)F,

Le, Y ax; €rg(m)F, we have y,, ..., y, € F and n x k matrix B = (b;;),,; over R
such that x; = Zle b;y;foreach 1 <i<nand m3 ;. ab;=0foreach1 <<k
by (2). Consequently,

Xn:(ai +rR(m) ® x; = i(ai +1R(m)) ® (Zbijyj>

i=1

-y (f(aib,, LR Z [(Zb +rym) @ y_,}

k
=2_(0+1r(m) @y; =0 € (L/rg(m) ® F.

This shows p is monic and hence F is M-flat by Dauns (2006, Theorem 1.8 (d)). O

Note that a left R-module F is M-flat if and only if 0 > K ®x F > M ®, F
is exact for every finitely generated submodule K of M (see Wisbauer, 1991,
12.15(1)). Let K =3}, m;R and f: R, — M be the composition of the canonical
epimorphism 7 : R, — K and the inclusion map o : K — M. Applying Homg(—, R)
to f, we obtain f*: M* — R" with image

Imf* = {(g(m,), g(my), ..., g(m,)) | g € M* = Homg(M, R)},



Downloaded by [University of South Florida] at 09:48 25 April 2013

3324 ZHANG AND CHEN

which is a matrix subgroup of R" in the sense of Zimmermann (1997). We refer the
reader to Zimmermann (1997) for the general case. Following Zimmermann (1997),
we write m = (m,, ..., m,) € M" and

Hy . (R) = {(g(m)), g(my), ..., g(m,)) | g € M*}.

Then we have the following commutative diagram with exact bottom row

o®idp

(XLimR)®xF ——— M®yF

L ¥

0 —— Homg(H,,,,(R), F) —— Homg(M*, F)
where Y : M ® F — Homg(M*, F) is given by

Yy(m®y): g glm)y

forallme M,y e Fand ge M*, and ¢ : (X!_, m;R) ®; F — Homg(H,,,(R), F) is
defined such that

@(imi ®y,-) : (g(my), g(my), ..., g(m,)) ig(m,»)yi,
i=1 i=1

for all y, e F (i=1,...,n) and ge M*. If ¢ is injective then so is o ® id,.
And conversely if i and « ® id; are both injective, so is ¢. Therefore we have the
following proposition.

Proposition 2. Let M be a right R-module and F a left R-module such that
the canonical map  : M @, F — Homy(M*, F) is injective, then the following are
equivalent for a left R-module F.

(1) F is M-flat.
(2) The canonical map @ : (Y!_; m;R) @, F — Homg(H,,,,(R), F) is injective for all
positive integers n and all m = (m,, ..., m,) € M".

Remark 3. (1) It should be pointed out that the canonical map ¥ : M ®, F —
Hom,(M*, F) plays a prominent role in the theory of comodules. In particular,
modules M such that y is injective for all (cyclic) F have drawn the attention of
many authors. We refer the readers to Brzeziiiski and Wisbauer (2003, pp. 438-440)
for details.

(2) The hypothesis “M ®, F — Homg(M*, F) is injective” is essential for
(1) = (2) in Proposition 2. To see this we need only take a finitely generated
right R-module M =} m;R which is not torsionless. Then F = R is M-flat
but it does not satisfy (2) in case m = (m,,...,m,) € M". In fact, there exist
0#m= )" mr;€ M and for all g € M*, g(m) =0 since M is not torsionless.
It follows that (>, m;@r)=0but ", m;@r,=3CL mrn)®@l=m®1#0
in M ®R.
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Observing the following commutative diagram with exact rows

rp (m) ®g F —— R, & F —— (YL mR)®F —— 0
l F J
0 —— Homg(R"/Hy;,,(R), F) ——— Homg(R", F) —— Homg(H,, ,(R), F)

where ¢ is the canonical map such that o(a®y): b+ Hy,(R) — bay, for all
aerg (m),y € F,and b € R", we have the following proposition.

Proposition 4. Let M be a right R-module and F a left R-module. Then the following
are equivalent for every m = (m, my, ..., m,) € M":

(1) The canonical map ¢ : (X!, m;R) ® F — Homg(H,, ,(R), F) is injective;

(2) The canonical map o : xg (m) ®g F — Homg(R"/Hy, ,,(R), F) is surjective;

(3) Every f e Homg(R"/Hy,(R),F) factors through a finitely generated free
R-module, i.e., there exists xR* (1 <k eN), g€ Homg(R"/H,.,(R), R") and
h € Homg(RX, F) such that f = hg; a

(4) R"/H,; ,,(R) is projective with respect to every short exact sequence of the form

0— gL — P — xF —0, (%)
ie., () is R"/Hy ,(R)-pure in sense of Rothmaler (1994).
Proof. (1) < (2) follows from the commutative diagram mentioned above.
(2) = (3) For each f e Homg(R"/H,\ ,(R),F), by (2), there exist b; =

by
|: : :| €rg (m)(1<j<k) and y,, ...,y €F such that 0(2_17;1 bj®yj) =f.

by
Now, define ¢ € Homg(R"/H,,,(R), R*) via g(a+ H,,,,(R)) = aB for all a € R",

where B = (b, ..., b;), and define h € Homg(R", F) via h(e;) =y, forall 1 < j <k,
where {e,, ..., ¢} is the canonical basis of R*. It is easy to verify that 4 and g are
as desired.

(3) = (2) Suppose (3), then for each f € Homg(R"/H, ,(R),F), we have
f =hg for some he Homg(R* F) and ge Homg(R"/H, ,(R),R"). Let B=
8(e1+Hy pu(R))
|: :| where {g;,..., ¢,} is the canonical basis of R", and let y; = h(e)),
8(eatHyg  (R)
where {e, ..., .} is the canonical basis of R*. It follows that a(zlj‘.:l b;®y,) =f,
where b; is the jth column of B (1 < j < k). Therefore o is surjective.

(3) = (4) follows by the following commutative diagram
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(4) = (3) Applying (4) to the exact sequence 0 — L — RR" — F — 0,
where [ is a suitable index set, we have the following commutative diagram
R"[Hppm(R)

£

0—>RL—>RR([) RF 0.

Since R"/H,;,(R) is finitely generated, the image of f is contained in a finitely
generated free submodule R* of ,R”. Then (3) follows easily. O

Corollary 5. Let M be a right R-module and F a left R module such that the canonical
map Yy : M @ F — Homy(M*, F) is injective, then the following are equivalent:

(1) F is M-flat;

(2) The canonical map o : xg (m) g F — Homg(R"/H,,,,(R), F) is surjective for all
positive integers n and all m = (m,, ..., m,) € M";

(3) For all positive integers n and all m = (my, ..., m,) € M", every R-homomorphism
from R"/Hy, , (R) to F factors through a finitely generated free R-module;

(4) Every exact sequence of the form 0 — jL — P — pF — 0 is R"/H), ,(R)-pure
for all positive integers n and all m = (my, ..., m,) € M". :

Next, we consider M-flatness for factor modules of M-flat modules.

Proposition 6. Suppose that M is a fixed right R-module and L is a submodule of
an M-flat left R-module F. If the canonical map (M/K) @ L — (M/K) ® F is injective
for each (finitely generated) K, < My, then F/L is M-flat. The converse holds if the
canonical map M @ L — M ® F is injective.

Proof. Let us denote M/K and F/L by M and F, respectively. Consider the
following exact commutative diagram for each (finitely generated) K, < M,

d — d.
Torf(M, F) —— Tor¥(M,F) —— MQ®L ——> MQ®F

L+ g l l

J— d R — J— d, J—
Tor®(M,F) —— Tor®(M,F) —— MQ®L ——> MQF

| l

KQF ——> KQF

I+ l+
MQF ——> MQF

where d, is injective since F is M-flat by hypotheses and hence d, is surjective. If
d, is injective then d; is surjective and so is ds. It follows that d is injective. This
shows that F is M-flat. Conversely, if d; and dg are injective then ds and d, are
surjective. Consequently, d; is surjective and hence d, is injective. a
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Remark 7. Note that the canonical map M®L - M ®F in the above
proposition need not be injective in general even if every left R-module is M-flat.
Recall that a ring R is right FS (see Liu, 1995) if the socle of Ry is flat as a
right R-module. Now, let us take a ring R which is not right FS (e.g., the ring
R in Example 10 below) and M = Soc(Ry), the socle of R,. Obviously, every left
R-module is M-flat since M is semisimple. But M is not flat hence M @ L > M Q F
need not be injective in general.

Corollary 8. Ler L be a pure submodule of an M-flat left R-module F. Then both L
and F/L are M-flat.

Proof. Let L be a pure submodule of an M-flat left R-module F. Then for every
submodule K of M, we have the following commutative diagram

K®L — > K®F

| £
ML ——> MQF

where f and g are monic and hence so is 4. Therefore L is M-flat. Finally, F/L is
M-flat by Proposition 6. O

Given a ring R and a fixed right R-module M. Let M-F (respectively, F) be
the class of all M-flat (respectively, flat) left R-modules. Then we have the following
proposition.

Proposition 9.

(1) R is von Neumann regular if and only if M-F = F for every right R-module M.
(2) R is right noetherian if and only if R is M-coherent for every (cyclic) right
R-module M.

Proof. (1) is obvious.

(2) If R is right noetherian, then R is right coherent and ry(m) is finitely
generated for all m € M. Hence R is M-coherent by Dauns (2006, Observations
2.5(1)). Conversely, for each right ideal I of R, R is R/I-coherent and hence
I =ry(1+1) is finitely generated. Therefore R is right noetherian. O

It is well known that R is right coherent if and only if every direct product
of flat left R-modules is flat. The following example shows that the analogous
statement for M-flatness and M-coherence fails. It also shows that the hypothesis
“rp(m) is finitely generated for all m € M” is essential for Dauns (2006, Theorem 2.6)
and answers the question in Dauns (2006, p. 308).

Example 10. There is a ring R with a module M, such that every left R-module is
M-flat but R is not M-coherent.
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Proof. Note that every left R-module is M-flat if and only if every submodule of M
is pure in M, i.e., M is regular in Mod-R in sense of Wisbauer (1991). Let Z, = Z/2Z
and A = ;| Z, be the direct sum of countably infinite copies of Z,. Then,

a o
R:szzu }
0 a

the trivial extension of Z, by A is a commutative ring with Soc(R) = 0 o« A. Now, let
M =Soc(R) =0 x A. Tt follows that every left R-module is M-flat since M is
semisimple and hence regular in Mod-R. But the right annihilator of

o @.00...)
"=1lo 0

is not finitely generated. Therefore R is not M-coherent by Dauns (20006,
Consequences 2.3(1)). O

anz,oceA},

Note that M = Soc(R) is the unique maximal (right) ideal of the ring R in
Example 10. Moreover, the left annihilator of M in R is M itself. By Liu (1995,
Theorem 2.4), R is not (right) FS as we claimed in Remark 7.

Let L be a left R-module and ¢ a class of left R-modules. Recall from
Enochs and Jenda (2000) that an R-homomorphism ¢ : L — C with C € € is called
a G-preenvelope of L if every y € Homg(L, C') with C’ € € factors through ¢.
The class € is said to be preenveloping if every left R-module has a €-preenvelope.

Theorem 11. Let M be a right R-module. Then

(1) M- is closed under direct products if and only if M-F is preenveloping.

(2) RY is M-flat for any set U if and only if every projective right R-module P has an
M-flat dual module P* if and only if every direct product of flat left R-modules is
M-flat.

Proof. (1) By Corollary 8, M-F is closed under pure submodules. Thus (1)
follows by a slight modification of the proof of Enochs and Jenda (2000, Proposition
6.5.1).

(2) For every projective right R-module P, we have P ® Q = R for some
Qy and indexed set I. It follows that P* @ Q* = (R")* = R’. If R" is M-flat then
so is P*. Conversely, suppose every projective right R-module P has an M-flat dual
module P*. Then for every index set I, the free right R-module R has an M-flat
dual (RV)* = R’

To complete the proof, it remains only to show that every direct product of

flat left R-modules is M-flat provided R' is M-flat for any set I'.
For any set {F, [y € T} of flat left R-modules, we have pure exact sequences

0>K,—>R"”>F >0 (yel)
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and

0— HK}—> HR(I:-)_> ]_[F—>0

yel’ yel’ yel

where [[,.rRY) is a pure submodule of [[.R". But [[. R" is M-flat by
hypothesis. Therefore [T, R") is M-flat by Corollary 8. Since 0 — [, K, —
[T,er R% is pure, [ F, is M-flat by Corollary 8 again. O

Remark 12. So far it is unknown to us whether M- is closed under products
whenever R" is M-flat for any set I. To find a ring R with a right R-module M such
that R' is M-flat for any set I but M-F is not closed under products, we have to
consider those rings which are neither right noetherian nor von Neumann regular.
Moreover the module M should not be regular in Mod-R.

But by Dauns (2006, Theorem 2.6), we have the following corollary.

Corollary 13. The following are equivalent for a fixed right R-module M such that
r(m) is finitely generated for all m € M:

(1) R is M-coherent,
(2) M-F is preenveloping;
(3) P* € M-F for every projective right R-module P.

Recall from Wisbauer (1991) that a right R module U is M-injective if every
diagram of right R-modules with exact row

can be extended commutatively by a morphism M — U. It is proved by Dauns
(2006, Theorem 1.7) that a left R-module F is M-flat if and only if the character
module F* = Hom,(F, Q/Z) is M-injective. Note that this is in fact a special case of
Wisbauer (1991, 17.14). The following result is motivated by Cheatham and Strone
(1981, Theorem 1).

Proposition 14. Consider the following conditions for a fixed right R-module M :

(1) A right R-module N is M-injective if and only if N is M-flat;

(2) A right R-module N is M-injective if and only if N™* is M-injective;
(3) A left R-module F is M-flat if and only if F** is M-flat,

(4) M-F is closed under direct products.

We have (1) & (2) = (3) = (4).

Proof. (1) & (2) = (3) follows from Dauns (2006, Theorem 1.7).
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(3) = (4) We adopt the method in Cheatham and Strone (1981, Theorem 1).
For any index set / and F, € M-F (i € I), we have

f

0 —> [liaFi —— 11 F

iel *i

=S ng

(@,‘51 Fi)++ — (Hie/ FijL)Jr —é> (@iel Fi+)+ —0

where @, F; is an M-flat left R-module. Then (P, F,)** is M-flat by (3).
Since P, F;" is a pure submodule of [],, F;” by Cheatham and Strone (1981,
Lemma 1(1)), it follows that g is split epic. Consequently, (@ie, Ff)+ is M-flat and
$0 18 [[;c; F;". By Cheatham and Strone (1981, Lemma 1(2)), f is pure monic. This
guarantees that [],, F; is an M-flat left R-module. O

Remark 15. Note that (3) of Proposition 14 does not imply (1) even if R
is M-coherent. For instance, the endomorphism ring R of a countably infinite
dimensional vector space V over a field is von Neumann regular. Let M = Ry then
(3) of Proposition 14 holds since every left R-module F is (M-)flat. By Cheatham
and Strone (1981, Theorem 2), (1) of Proposition 14 does not hold since R is not
right noetherian.
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