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1. Introduction

In recent years, delayed neural networks proposed by Marcus and Westervelt [1] in 1989 have been investigated by
many researchers [2-8] and successfully applied in signal processing, pattern recognition, moving objects speed detection,
quadratic optimization, robotics and control.

On the other hand, the most neural networks widely studied and used can be classified as either continuous or
discrete. However, there are also many neural networks, which is neither purely continuous-time nor purely discrete-time
ones; these are called impulsive neural networks. This third category of neural networks display a combination of both
characteristics of continuous-time and discrete-time systems, which is an appropriate description of the phenomena of
abrupt qualitative dynamical changes of essentially continuous-time systems. In 2008, Luo and Cui in [9] studied the global
asymptotic stability of delay bi-directional associative memory neural networks with impulses by Lyapunov functional
and matrix theory. Wen and Sun in [10] investigated the existence and uniqueness of an equilibrium point for delayed
Cohen-Grossberg bidirectional associative memory neural networks with impulses based on the nonsmooth analysis
method. Recently, the stability analysis for delayed neural networks with impulses has attracted considerable attention
and some progresses have been made, see [11-14] and the references cited therein. In [15,16], the stability of cellular neural
networks and dynamical neural networks is discussed by using matrix measure. Matrix measure can have positive as well
as negative values, whereas a norm can assume only nonnegative values. Thus the results obtained using matrix measure
are more precise than the ones using norms. Motivated by the above mentioned works, a natural and interesting idea is to
study the stability of neural networks with impulses by using the matrix measure method. To the best of our knowledge,
the exponential stability of delayed neural networks with impulses by the matrix measure approach is seldom discussed.

The purpose of this paper is to investigate the global exponential stability of delayed neural networks with impulses by
constructing a new Lyapunov function and applying the matrix measures approach and delay differential inequality.

This paper is organized as follows. In Section 2, we introduce the delayed neural networks with impulses model and some
preliminaries. The global exponential stability of the zero solution of delayed neural networks with impulses are analyzed
in Section 3. In Section 4, three examples are given to illustrate our results. A conclusion is drawn in Section 5.
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2. Preliminaries

Consider the following impulsive neural networks systems with time delays

x(t) = Ax(t) + Bf (x(t)) + Cg(x(t — =(t))), t#t, t =0,
Ax(t,) = Dix(ty), keN, (2.1)
x(t) = ¢(t), —T<t=<0,
where t, denotes the moment when impulsive control occurs, ty < tpyq, lim;_, oty = 00; x € R" is the state vectors of
system (2.1); f,g : R* — R" are two nonlinear functions; x(t — 7(t)) = (X1(t — T(t)), ..., x.(t — ()T, T(t) is the

transmission delay such that 0 < 7(t) < rand 7(t) < w < 1,t > 0, where 7, w are constants; At time instants t,
jumps in the state variable x are denoted by Ax(ty) = x(t,j') — x(ty), where x(t,j') = lim + x(t). A, B, C,Dg € R™", and

¢ € C([—7, 0], R").
For x € R", the vector norm || - ||, (p = 1, 2, 00) is defined as

n
lIxlly =D lxil. lixlla =
i=1

Let x(t, ¢) denote the solution of system (2.1) through (0, ¢). We have the following definition:

t—>t

n
Y2 Xl = max |xi|.
= 1<i<n

Definition 2.1. The zero solution of system (2.1) is said to be globally exponentially stable if for any solution x(t, ¢) with
the initial condition ¢ € C([—7, 0], R"), there exist constants « > 0 and M > 1 such that

Ix(t, $)llp < Mgl e, t=0,

where [|@]l, = max_; ;<o [[9(S) lp-
In this paper, we always assume that

(H1)f, g : R" — R" are Lipschitz continuous functions: there exist positive constants I, I, such that

IF &) —fWlp < hllx = yllp, lg®) —gWllp < LIIx—yllp,, Vx,y€R".
Now, we introduce the concept of matrix measure.

Definition 2.2 ([17]). The matrix measure of a real square matrix A = (a;)nxn is as follows:
. I+ eA|l, — 1
p(a) = tim 1LEEA =T
e—0t &

where || - ||, is an induced matrix norm on R™*", I is the identity matrix,and p = 1, 2, co.
When the matrix norm

o0 n
Al =max 3 lagl, 1Al = VA ATA) [Xloe = max 3 lagl,
i=1 j=1

we can obtain the matrix measure
1
1£1(A) = max [aj,» + > layl ] ) = DA+ AT, oo = max iaﬁ + ) layl } :
! =1, i ’ =1 A
where A (A + AT) denotes the maximum eigenvalue of matrix A + AT, AT is the transpose matrix of A.

The following lemmas will be used later.

Lemma 2.1 ([17]). The matrix measure i, (-) defined in Definition 2.2 has the following properties:
@) — 1Al < pnp(A) < IAll,, VA € RV,
(il) up(@A) = app(A), Va > 0, VA € R™T;
(iii) stp(A+B) < 11p(A) + pp(B), A.B € R,

Lemma 2.2 ([18]). Suppose p > q > 0 and u(t) satisfies the scalar impulsive differential inequality
{D*u(t) < —pu() +q( sup u(s), t# b, t=to,
t t

—T=S=

u(ty) < ogeu(ty) u(t) = ¢(t), t € [to — 7, tol

where u(t) is continuous at t # ty, t > to, ¢ € PC([to — T, to], R). Then
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uv) < [ eke*”“*fw( sup ¢(s)),

to<tg<t fo—T=s=tp
where 6, = max{1, |a|} and > 0is a solution of the inequality & — p + qe"* < 0.
3. Main results

In this paper, we always assume that 8 := sup, [[I + Di||,.
Now we are in the position to establish our main results.

Theorem 3.1. Assume that (H1) holds and p = supyen{tk — ti—1} < 0. If B + I%HIIICHp < land

L In (,3+ %rncnp)
ICll, — , (3.1
— p

lh
= hliBll, = 5= lICllp < 1p(A) < =hlIBll, — 5

then the zero solution of system (2.1) is globally exponentially stable.

Proof. Let the Lyapunov function be in the form of
I t
V() = llxOll, + 7“(;”17/ lIx($) llpds.
1-w t—1(t)

Then the upper right-hand derivative of V (x(t)) with respect to time along the solution of Eq. (2.1) is as follows:

_— t+h — t 1 .
Do) = Tim PEERL ROy 2o, o, - (1 - e e~ el
X+ Dl — IxOll,
< lim . 2+ S ICl IOl — BICH, X — T,
— KO + Rk + o), — KO, |
= m ol 2+ [l Ol — BICT (¢ = 7)1,
e KO+ UAY©) + BFG(0) + G (e = )]+ o), = IX(O),
T h—ot h
I
+ T2 ClIX© Il = LICT I = 7@l
— |Ix(t) + hAx(©) |, — |Ix(t
< tim KOO RO 4 g0, + g~ ol
I
+ 2 ClIXO I = LICT IX(E = 7@,
— |1+ hA], =1
< im0 Do)y 1Bl )1 + 1T g — )
I
+ 2 ClIXO I — LICT (€ = 7@l (32)

By Assumption (H1), we have
IfF NN, < Lllx@)lp, lgx(t — Ny < LllxE — @), (3.3)

Substituting inequalities (3.3) into the right-hand side of inequality (3.2) yields

DTVx(®) = pmp@IxOlp + LIBI IX(O) 1l + LICH Ix(E — ()l + €1l

T CH X = BICH It — T@)

1—w
= AMx(@Ollp, < AV(®), te€ (-1, tl, k=1,2,...,

I
= <Mp(A) + LB, + 72”C||p> Ix(E) [l

where A = u,(A) + LB, + &”C‘”p > 0(by (3.1)), to = 0. Then we have

V(x(t)) < V(x(0))e™, tel0,t], (3.4)
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and

V() < Ve Ner% 1 te (g, til, k=2,3,.... (35)
From (3.1), we have

O<Ap<—1n<,3+ll_2wrllC||p>. (3.6)
Let g be defined by

I
g@) =@ +1p+In <ﬁ + jwrncnpe") :

where z € [0, +00). By (3.6), we have g(0) < 0. Since g(z) — +o0 asz — +00, and

L2 |IC e
(1— w)B + Lr[Clye”

there exists unique positive constant « > 0 such that g(«) = 0, i.e,,

g@=p+ >0, zel0,+00),

(A +a)p=—1In (ﬂ b rllCllpe”") . (3.7)
1—w

By (3.4), for t € [0, t1], we get that

l 0
V() < (nxw)np + 1—2||C||p / ||x(s)||pds> et
—w —7(0)

< b

1
+1

(14525
(

b
1+ 7TIICIIp> Ipllpe*.
1-w

f(O)IICIIp> llpllpe*

IA

Thus

lh

Ix(E) I

IA

V() < (1 +1 fIICIIp) pll,e*

—w

I, _
(1 + r||C||p> ePtOr g ,e

1-w
) a —a
< (1+ . _wrncnp> et g e
= M|¢ll,e™", tel0,t], (3.8)

where o > 0asin(3.7),and M = (1 + ]%erCH,,)e(““)” > 1. 0On the other hand, by (3.8) we have

sup  [X($)llp, < Mllglle 7T < Mljg ]l e e (3.9)

t1—T(t1)<s<ty
Form the second equation of system (2.1), we have

XD, = 1T+ DX lp < I + Dellplix(tll, < Blxllp, k=1,2,.... (3.10)
Hence, by (3.7)-(3.10), we obtain

1—w

l i
V@) = Ix) Il + — ”C”p/ [1x(s)1lpds
t

1—7(t1)
L f
= Blix(t)ll, + 7|IC||p/ lIx(s) llpds
I-ow t1—t(ty)
— 12 — o
< BMIIgllpe " + T IICllpT ()M pllpe e
l

< BM|i¢lle™ " + IClTM @l e

1—w
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= (ﬁ +17 l_zwrllCllpe“’) M|¢[le~"
= e MO Mg e (3.11)
Now, we shall show that
VD) < e *TOPM|plle M, k=1,2,.... (3.12)

Obviously, (3.12) holds for k = 1 by (3.11). If we assume that it holds for k = i, i.e.
V() < e MO Mg em e,
then we have, for t € (t;, ti11]
Ix@®) [, < V() < VEEH)e ™ < et OrM|p| e ie*”
= e "M|ple~*"
e TIM g llpe "
Mllgpll,e™*". (3.13)

A

IA

On the other hand, by (3.13), we have

sup  [x()]l, < M(|glle 17T < M| e i1l (3.14)

tip1—T=<S=<ti}1

From (3.13),(3.14), (3.10) and (3.7), we get

. N L lit+1
Vx(t ) = lIx(E DIl + ?”C”p/ lIx(s)pds
w tip1—7(tigr1)
I fit1
< Blx(tirD Il + 17||C”p/ lIx(s) | ,ds
—w tip1—7(tir1)
b L ot
< BM|pll,e "+ + 1_wr(fm)IICIIpIVIII¢||p€ lit1 g*
—at; 12 —at; o
= BMIi@llpe 1 + ———l|CllpM I plpe ™"+ e
= (B+ 2 ciche ) Mg e
1—w

= e T Mg [le

which implies that (3.12) holds for k = i + 1, and hence (3.12) holds for each k = 1, 2, .. .. Thus, for t € (&, ty+1], we have
by (3.12) that

IX(®)ll, < Vx(©) < VxEH))e ™ < vx(th))e
e—(A+a)PM”¢”pe—a[kekp

e M| pll,e %

efa(tft")MHq’)Hpe*M"

Ml ¢llpe",

IN I IAIA

where k = 1,2, ..., which together with (3.8) yields that the zero solution of system (2.1) is globally exponentially
stable. O

If z(t) = tr in(2.1), then Theorem 3.1 reduces to the following corollary.

Corollary 3.2. Assume that (H1) holds and p = supyen{tc — tk—1} < 00.If B + LT||C||, < 1and

In(8 4 L|[Cl|p)

= hiBllp = LICll, < np(A) < =hLlBll, = LICll, — (3.15)

then the zero solution of system (2.1) with t(t) = 7 is globally exponentially stable.
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Theorem 3.3. Assume that (H1) holds and 6 = infyen {tx — ti—1} > 0. Suppose that j1,(A) < —I1||Bll, — LIIC|lp. If there exists
a positive constant

In(max{1, 8})
V>

, 3.16
; (3.16)
and satisfies
Y + 1p(A) + LBl + LIIC],e"" <0, (3.17)
then the zero solution of system (2.1) is globally exponentially stable.
Proof. Let the Lyapunov function be in the form of
Vx(6) = lIx(®)lp.
Then the upper right-hand derivative of V (x(t)) with respect to time along the solution of Eq. (2.1) is as follows:
— |lx(t) + hx(t) + o(h)||, — ||x(t
D*V(x(t) = Tim Ix(t) + hx(¢) + oM ||, — Xl
h—0t h
_ Im lIx(t) + h[Ax(t) + Bf (x(t)) + Cg(x(t — )] + o(M)|l, — IX(E)lp
h—0t h
= [1x(&) + hAx () |l, — lIx(@®) |
< [lim - ® o+ IIBf ()l + ICg (x(t = D))y
— [+ hAl, — 1
< hh%l+ fnx(t)”p + IBf x(O) Iy + 1Cg (x(t — 7)) lIp- (3.18)
Substituting inequalities (3.3) into the right-hand side of inequality (3.18) yields
DV x(®) < wpy@IX©lp + LBl X)), + LICH,IxE =,
< up@Ix©llp + LBl X1l + lZHC”p[ sup_ Ix($) I
—7<s<
= (up(A) + LIBlp)V (x(t)) +12||C||pt sup tV(X(S))
—7<s<
= —aV(x(t))+b sup V(x(s)), t#t, t>0, (3.19)
t—T<s<t
where a = —(up(A) + L|1Bllp), b = L||C||p. On the other hand, we have from (2.1) that
V() = IxED 1, = 1A + Dx)llp < I+ Dillp Xt |, < BV (1)
Noting that a = —(u,(A) + l1||Bll,) > LIICll, = b > 0, it follows from Lemma 2.2 that
Vi) < [ max{1, Bl sup V() = [] max{1, Ble " |gll,, t>0, (3:20)
O<ty<t —7<s<0 O<ti<t
where y > 01is a solution of the inequality
y —a+be’" =y + pup(A) + LBl + LICll,e” < 0.
Thus, by (3.20), we have
t _ _ (., In(max{1,8})
IX(0)llp = V(x(t)) < max{1, B}@+Ve " ||p|, = max{1, B}~ 7l (3.21)

By condition (3.16) and Definition 2.1, it can be concluded that the zero solution of system (2.1) is globally exponentially
stable. O

4. Illustrative examples
The following three illustrative examples will demonstrate the effectiveness of our results.

Example 4.1. Consider the simple one-neuron delayed neural network with impulse [19] as follows:

x(t) = —3x(t) + 1.5sin(x(t)) + sinx(t — t(t)), tFtt, t >0,
x(65) = yix(te), kel2,..., (4.1)
x(t) = cos(t), -7 <t =<0,
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wherety — 1 =1, =1, 9 = (—l)k(%)%, k € Z,.Itis easy to check that condition (iii) of Theorem 1 in [18] is
not satisfied. Hence, the Theorem 1 in [18] is invalid here. Now we show that the zero solution of system (4.1) is globally
exponentially stable with 7 = 1.

Obviously, Iy = L, = 1(f(x) = g(x) = sinx). Matrix A = (—3),B = (1.5), C = (1) and Dy = (yx — 1). It can be easily
verified that u(A) = —3,||B|l, = 1.5, ||C|l> = 1.S0, A = u2(A) + L1||Bll2 + L|IC]l, = —0.5 < 0. Moreover, we have

022

B = supy B = supy Il + Delly = (£5+4)2 = 1.0248. Let
6 = inf{ty — tp_1} = 1,
keN

then y = 0.2345 satisfy (3.16) and (3.17), that s,
In(max{1, 8})  In(1.0248)
Ve 9 B

= 0.0245

and

¥ + 12(A) + L|Bllz + L|ICll2e™ = 0.2345 — 3 4+ 1.5 + e%2*% = —0.0012 < 0.
Hence, it follows from Theorem 3.3 that the zero solution of (4.1) is globally exponentially stable with approximate
exponential convergence rate y — W = 0.2345 — 0.0245 = 0.21 (by (3.21)).

Remark 4.1. In[19], the zero solution of (4.1) is globally exponentially stable with T = 0.5 and the approximate exponential
convergence rate is 0.05 (<0.21). However, the criterion is invalid for t > 1. Hence, our results are more feasible than those
given in [19].

Example 4.2. Consider the follow neural networks system with impulse and delayed
x(t) = Ax(t) + Bf (x(t)) + Cg(x(t — 0.1)), t#t, t>0
Ax(ty) = Dx(ty), keN (4.2)
x(t) = (1), -01<t=<0

where f(t) = (fi(0), L))", g() = (&1 (1), &2(t)", fi(t) = g(t) = tanh(t), i =1,2,and

~1 0 20 —0.1 ~15 —0.1
A:[o —1]’ B:[—5.o 4.5]’ C:[—o.z —4.0]'

b = ($1.#2) € C(-0.1,01, B%), ¢1(t) = 0.3, 9o(0) = 0.4, and Dy = [ 50°  §, ] foreachk=1,2,....
Obviously, Iy = I, = 1,7 = 0.1. It can be easily verified that u,(A) = —1, ||B||» 6.9099 and ||C||, 4.0094.

So, A = wa(A) + LI|Bll2 + L|ICll, = 9.9193 > 0. Moreover, we have 8 = sup, Bk = supi ||l + Dkl = 0.5 and
B+ Lt]||Cl, =0.9009 < 1.
Choose the impulsive interval p = supyen{ty — tk—1} = 0.01, then
In(B + Lr||Cll2) 1n(0.9009)

A4+ ————=99193+ ———— =9.9193 — 10.4361 = —0.5168 < O,
0 0.01

which implies that the condition (3.1) holds. So, it follows from Corollary 3.2 that the zero solution of (4.2) is globally
exponentially stable.

Example 4.3. Consider the follow neural networks system with impulse and delayed
x(t) = Ax(t) + Bf (x(t)) + Cg(x(t = 1)), t#t, t>0
Ax(ti) = Dix(ti), keN (4.3)
x(t) = ¢(t), -1<t<0

where

1
fO = (O.LO), 20 =@E0.20), [=g0= 5(|f +1/—[t—1), i=1,2, and

3 0 11 09 -08
A:[o —3]’ B:[—l 1]’ C:[—o.os 0.15]

b = (b1, dy) € C([=1, 0], R2), ¢1(t) = 0.2, ¢y(t) = 0.3, and Dy = [0-0?})5 090-?5] foreachk = 1,2, ....
Obviously, i = I, = 1,t = 1. It can be easily verified that ©,(A) = —3, ||B|l, = 1.4142, ||C|l, = 1.212, and

B = supi{1, |I + Dg|l2} = 1.015. Let
6 = inf{ty — t,_1} = 0.1,
keN
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then y = 0.161 satisfy (3.16) and (3.17), that is,
In(max{1, 8}) In(1.015)
vy > =
0 0.1

= 0.1489

and
y — u2(A) + L||Bll2 + L|IC||l¢"" = y — 1.5858 + 1.212¢¥ = —0.0011 < 0.

Hence, it follows from Theorem 3.3 that the zero solution of (4.3) is globally exponentially stable.

5. Conclusion

In this paper, we have obtained the global exponential stability of delayed neural networks with impulses by constructing
anew Lyapunov function and applying the matrix measures approach and delay differential inequality. As we know, recently
a few authors have studied the stability of delayed neural networks with impulses by using the matrix measure method.
Some previous known results have been extended and improved. Finally, three examples have been presented to illustrate
that our results are more feasible.
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