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A minimax optimal control strategy for uncertain quasi-integrable Hamiltonian systems with time-
delayed bounded feedback control is proposed. First, a quasi-integrable Hamiltonian system with
time-delayed bounded control forces and uncertain excitation and system parameters is converted
into a set of Itd stochastic differential equations without time delay. Then, the partially averaged It6
stochastic differential equations for the energy processes are derived by using the stochastic averaging

method for quasi-integrable Hamiltonian systems. For these equations together with an appropriate
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performance index, a worst-case optimal control strategy is derived via solving a stochastic differential
game problem. The worst-case disturbances and the optimal bounded controls are obtained by solving
a Hamilton-Jacobi-Isaacs (HJI) equation. Finally, two examples are worked out in detail to illustrate the
application and effectiveness of the proposed method.
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1. Introduction

Stochastic optimal control is a significant subject in the field of
structural engineering since engineering systems are subjected to
severe random vibration due to wind, wave, earthquake, etc. The
basic mathematical theory of stochastic optimal control has been
well developed [ 1-4]. However, a lot of problems have to be solved
before the theory can be applied to engineering systems, such as
the boundness and time delay of control forces, and the uncertainty
of system parameters and excitations, etc.

In engineering applications, the capacity of control actuators is
always bounded. In view of the stochastic nature of the excitations,
it is conceivable that the required control force may well exceed
the capacity which will result in actuator saturation. The actuator
saturation may cause deterioration of the control performance.
Consequently, special attention should be paid to the actuator
saturation problem. Zhu and Ying have proposed a modified
control strategy for quasi-Hamiltonian systems with actuator
saturation [5-7]. Huan extended this control strategy to a partially
observable and hysteretic quasi-Hamiltonian system with actuator
saturation [8,9]. It has been proved that this control strategy has
high control effectiveness and control efficiency and chattering
is reduced significantly compared with the bang-bang control
strategy.
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In the implementation of feedback control, time delay is
usually unavoidable due to the time spent in measuring and
estimating the system state, calculating and executing the control
forces. Time delay may deteriorate the control performance and
even render dynamical systems unstable. The effects of time
delay on the controlled linear systems under Gaussian random
excitation have been studied by Di Paola and Pirrotta [ 10] using an
approach based on the Taylor expansion of the control force. The
response, stability and bifurcation of quasi-integrable Hamiltonian
systems with time-delayed feedback control under Gaussian white
noise excitation has been studied by Liu and Zhu [11-13] using
the stochastic averaging method. Two time delay compensation
methods are also proposed in Ref. [14].

For practical engineering systems, parametric and external
disturbances are usually uncertain, which may also degenerate
the performance of the controller. In the past several decades, the
robust control of the deterministic linear and nonlinear systems
with uncertain disturbances has been studied extensively [15].
The robust control of linear and nonlinear stochastic systems with
uncertain parameters and external disturbances has also been
investigated [16,17].

In the present paper, a minimax optimal bounded control
strategy for uncertain quasi-integrable Hamiltonian systems with
time-delayed feedback control is proposed based on stochastic
averaging method [18-20] and stochastic differential game, and
the boundness and time delay of control forces, and the uncertainty
of system parameters and excitation are all considered. The
application and effectiveness of the proposed control strategy are
illustrated by using two examples.
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2. Formulation of the problem

Consider an n-degree-of-freedom (nDOF) uncertain quasi-
Hamiltonian system with time-delayed bounded feedback control.
The differential equations of motion of the system is

. 0H'(Q.P)

&= aP;

. 0H'(Q, P) dH'(Q, P)

P = —T—[U(Q P) + G (O] ———— oP, (1
+ui(Qz, Py) + fi(Q, P)&i(t) — 51(£)gi(Q) + wi(t)

il <U?, i,j=1,2,...,mk=1,2,....m;l=1,2,...,p

where Q; and P; are generalized displacements and momenta, re-
spectively, Q = [Q1,Q2,...,Q,]",P = [P, P, ..., P,]"; H(Q,
P, s) is the Hamiltonian generally representing total system en-
ergy; ¢; are the nominal values of damping coefficients; fj are the
amplitudes of excitations; & (t) are Gaussian white noises with
zero mean and correlation function 2Dy8(s); u;(Q;, P;) with Q; =
Q(t — t) and P, = P(t — 1) represent time-delayed feedback
control, which is usually bounded due to actuator saturation; 5;(t),
G;j(t) and w;(t) represent the uncertain disturbances, respectively.
It is assumed that E,](t) §,(t) and w;(t) are all bounded, i.e. C;(t) €
[— cy, u] $i(t) € [—s?, sP]and w;(t) € [—w?, w?]. In practice, the
bounds of all dlsturbances can be determined by the confidence in-
terval with higher degree of confidence, for example, 3o criteria for
a Gaussian distribution.

The objective of control is to minimize the response of system
(1) which can be expressed in terms of minimizing a performance
index depending on control time interval. For finite time-interval
control, the performance index is of the form

i
J1Gsi, G, wi, uy) = E [/ [1@®), P(t), u(Q, Py))dt
0

+ 8(Q(), P(tf))] (2)

and for infinite time-interval ergodic control, the index is of the
form

N 1t
R i) = tim & [ Q. POLUQ PO (3)
—00 0

where E[-] denotes an expectation operation; t; is the terminal
time of control; f1, f, are called cost functions and g is final cost.
Egs. (1) and (2) or (3) constitute the mathematical formulation
of the optimal control problem for an nDOF uncertain quasi-
Hamiltonian system with time-delayed bounded feedback control.

3. Converted partially averaged system without time delay

Assume that the Hamiltonian system associated with system (1)
is integrable and nonresonant. That is, the Hamiltonian system has
n independent first integrals Hy, Hy, . .., Hy. In this case, Liu and
Zhu [11] has proved that for small delay time t, the time-delayed
feedback control forces can be expressed approximately in terms
of system state variables without time delay by using the following
approximate expressions [11]

P;
Qi = Qi(t — 7)) & Q;cos wiTi — — sinw;T;

wi (4)
Pri = Pi(t — 7;) & P;cos w;T; + Qiw; sin w;T;

where w; denote the averaging frequencies of system (1). In
this case, the time-delayed feedback control forces u;(Q., P;)

can be replaced by the control forces without time delay, i.e.,
l_ll'(Q,', P;, ‘L’i) = l_ll(Q, Cos a),"[,'—% sin w;Ti, P; cos w;Ti+Q;w;i sin wi‘ri).
Then, by adding Wong-Zakai correction terms the Ito differential
equations of system (1) without time delay can be obtained:

dQ; = 781{(8%_’ P) dt

dH(Q, P p
dp, — |:((l)_l’_( mi(Q, P) + Gj(t)) ———" (Q )
0Q; By

- u4(Q, P, ) +5(H)gu(Q) — ﬁ)i(t)i| dt
+ o (Q, P)dBi(t)

- 0
|Ll,‘| = U,‘

where H and mj; represent the new Hamiltonian and damping
coefficients possibly modified by the Wong-Zakai correction
terms, respectively; oy, are the elements of matrix o with oo’ =
2fDfT; By(t) are the standard Wiener processes; il; are bounded
feedback control without time delay.

The stochastic averaging method for quasi-Hamiltonian sys-
tems has been well developed [18-20]. The dimension and form of
the averaged It6 equations depend upon the integrability and res-
onance of the associated Hamiltonian system. For integrable and
nonresonant case, the partially averaged It6 differential equations
of system (5) can be obtained by using the stochastic averaging
method for quasi-integrable Hamiltonian systems [19] as follows

_ oH, _ .
dH, = [mr(H) + < — Si1(t) g

Cu(t) + wl(t))>] dt + o (H)dB (t)

|| §Ui, r= 1,2,...,
where H, are the independent first integrals; m, (H) and o, (H) are

the drift and diffusion coefficients determined by

klflkﬂ 3Pz ) /

oH BHr

1
mrH) = mf [("” Fre

ijapj opi
= (dH,
1_[ dqqdq; - - - dq,
Opu

u=1

_ _ 1 0H, 0H;
on(H)ogy,(H) = ﬁ% |:( kakﬁ ap.) /
g)

I <22’:)}dqldqz---d%
T(H) = [/ ( )}dq]dqz g,
nmf[/ﬂ( )}d‘“d"z - dan

Note that the second terms on the right-hand side of Eq. (6) has not
been averaged since ii;, S, C;j and w; are unknown at this stage. It is
seen from Eq. (6) that the dimension of system (5) is reduced from
2n to n after using the stochastic averaging method.

To be consistent with partially averaged Eq. (6), performance
index (2) and (3) are also partially averaged, i.e., Egs. (2) and (3)
are replaced with

i
J3(81, G, wi, u) =E |:/ f3(H(s), (u(Q, P, 7)))ds +g1(H(ff)):|
0
(8)
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and

1 T
S B, ) = lim / f1(H(s), (@(Q. P, 0))ds )
— 00 0

respectively. f3, f, are partially averaged cost functions and gy is
averaged final cost.

4. Minimax optimal bounded control

Egs. (6) and (8) or (9) constitute the mathematical formulation
of the optimal bounded control problem for an uncertain partially
averaged quasi-integrable Hamiltonian system without time delay.
The proposed control strategy is based on searching for a worst-
case optimal control law by solving the following stochastic differ-
ential game problem

inf sup J(§, G, wi, ;) (10)

;€U0 51, Gij,
L.e., selecting 5, ¢, w; and u]" so that

JGi, &, i, W) <SG, €, W, W) <SG E W ), (11)

By applying the principle of optimality to system (6) with
performance index (8), the following Hamilton-Jacobi-Isaacs (HJI)
equation is established

Vv, _ )
—— = inf sup {fg(H, () + [mr(H)
a iteyo 51, CU Wi
9H, 5 — 508 )_~__t8H - v,
+ ap; (ul si(t)gu(Q Clj( )87Pj+wl( )) 9H,
+ Lopmsm 20 } (12)
2 O oK) S o, [

For system (6) with performance index (9),
equation is

the associated HJI

y = inf sup {f4(H, (u)) + [ﬁlr(H)

ueU SI CU wl

M (o om@ — o™+ oo ]2
+ ap. (ul si(H)gi(Q) — ¢ )—apj+w, )) oH,
R } (13)
R AP TI )

where V; = V(H,t) and V, = V,(H, t) are the value functions,
y is a constant and U° denotes the following domain of bounded
control force u

Uyl <U?, U?>0,i=1,2,...,n (14)
Let function f, (or f3) be of the form
fa(H, (@) = f.(H) + (i Rir) (15)

where R is a positive-definite diagonal matrix, R = diag(R;) and
fe(H) > 0 is a convex function. Then, the worst-case distur-
bances can be determined by maximizing the right-hand side of
Eq. (12) (or Eq. (13)) with respect to ¢;(t), 5;(t) and w;(t). Due to
the boundness of disturbances, the worst-case disturbances are de-
termined by the following expressions

- i oH, oV
57 (t) = —sPsgn r-22
L 8pi aHr
. OH 0H, 3V
&i(t) = —cjjsgn [ ! 2:| (16)
dp; opi OH;
[OH, V.
W (1) = wlsgn | — —
L 8pi 8Hr

where sgn[-] is the sign function. Minimizing the right-hand side of
Eq. (13) (or Eq. (12)) with respect to i;, the optimal control forces
can be obtained. Due to the control constraints in Eq. (14), the op-
timal control forces for system (5) are of the form

1 9H, 3V, 1 9H, 3V, 0
i | 2R 0P 0H, 2R OP; 3H,| '
P UOsan (22 OH: 1 0H, 3V, 0
P8\ oH, o )" |2R; 0P aH, | =
1= RN |8
i=1,2, (17)

Substituting the worst-case disturbances s, c;‘, w? in Eq. (16) and
the optimal bounded control forces &} in Eq. (17) mto HJI Eq. (12)
or (13) and completing the averaging yield the final HJI equations.
dV,/0H, inEqs.(16)and (17) can be obtained from solving these fi-
nal HjI equations. Then, the worst-case disturbances §j', ¢;;, w; and
the optimal controls uf for system (5) are determined by substltut—
ing 0V, /0H, into Eqs. (16) and (17).

By using Eq. (4), the system states without time delay in optimal
control forces uif can be expressed approximately in terms of

system state variables with time delay as following

Pri .
Qi(t) ~ Qi coswiTi + — sin ;T

wi (18)
Pi(t) &~ —Qqjw; sin w;T; + P COS w;T;.

By substituting Eq. (18) into Eq. (17), the following optimal time-
delayed controls u; for system (1) can be obtained.

. —Fi(Q:, Py), IFi(Qz, P)| < U

i r, Pr) = ! [
UI (Q ) {_Uiosgn(Fi(Qtv P‘[))? |Fi(Q‘[7 P‘[)l > Ulo
FQ,.Py) = 1 9Vy, OH,,

BT QR 0Hy, 0Py (19)

1 oV, 0H;
2R; \ 0H, OP;
dV,/0H, in Eq. (17) are functions of Hamiltonian H. For quasi-
integrable Hamiltonian system, H generally represents slowly
varying quantitative. For small delay time, 0V,,/0H;, can be

approximately replaced by dV,/dH,. Then, the second equation of
Eq. (19) can be rewritten as

y o 1 3Va (oH;
2R 9H, \ 9P,
For comparison, the optimal control strategy without consider-

ing time delay is also considered. The control forces of this control
strategy are of the form

P,
Q;j=Q;j cos wjTi+ lsmwlrl

Pj=—Qqjw; sin wjTj+Pj cos w;T;

Fi(Q‘r, P'r (20)

p.:

—0.; 7 T cing s
Qj=Qqj cos wjTj+ w; SNt
Pi=—Qqjw; sinw;tj+Pj COs w;Tj

10V, 1 |,
I & om, | <Y
* i r i r
uwodi(QnPr) = V. 1 V. (21)
0 2 2 0
—U;sgn | P, R —P; > U;.
OH, 2R; " 0H,

Substituting the worst-case disturbances §;, E; w; and the
optimal control forces u in Egs. (19) and (20) (or uy 4 in
Eq.(21)) into the partially averaged It6 differential equation (6)
and completing the averaging, the fully averaged It6 equations can
be obtained. By solving the associated Fokker-Planck-Kolmogorov
equation (FPK), the stationary probability density of controlled and
uncontrolled (p.(H), p,(H)) can be predicted. Then, the mean-
square values of the controlled and uncontrolled displacements
can be calculated as follows

E[Q3] = / (Q3)pc(H)dH,  E[Q}] = / (Q2) pu(H)dH. (22)
0 0
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To measure the performance of the proposed control strategy,
the control effectiveness k; and control efficiency yu; are evaluated.
They are defined as follows

2 2
ki = w 0= k’z Ci=1.2.....n (23
E[Q;] Euf~]
where E[u *2] is mean-square optimal controls for the worst
case. k; represents the percentage reduction in the mean-square
displacement of the controlled systems while u; denotes the
relative reduction per unit of the mean-square control. E [Quz,-],
E[Q2] and E[u}?] can be calculated by using Eq. (22). Obviously,
higher k and p indicate a better control strategy.

5. Examples

To illustrate the application and efficacy of the proposed opti-
mal control strategy, consider the following two stochastically ex-
cited nonlinear systems with parametric and external disturbances
and time-delayed bounded feedback control forces.

5.1. Example 1

Consider the following single degree-of-freedom nonlinear
system

Q=r,
P = —[a+at)]Q +[c+E(t)IP —
+u(Qq, Pr) + €& () + w(t)

lu| < U°

907 2
[d+d()]Q°P (24)

where a, ¢ and d are the nominal values of linear stiffness, linear
and nonlinear damping coefficients; e is excitation amplitude;
&(t) is Gaussian white noise with intensity 2D; u(Q., P;) is time-
delayed feedback control, which is bounded due to actuator
saturation. a(t), ¢(t) and d (t) are parameter disturbances and w (t)
is external disturbance. They are bounded, i.e., a(t) € [—a°, a°],
E(t) € [—c° ¢, d(t) € [—d°, d°] and W (t) € [—w®, w°].

Following Eq. (4), the time-delayed feedback control force in
system (24) can be expressed in terms of system state variables
without time delay as follows

P
u(Q;,P;) =u <Q coswt — — sinwt, P cos wt + Qa)sina)f)
w

= u(Q,P, 7). (25)

Substituting Eq. (25) into system (24), the optimal control
problem of system (24) with time-delayed bounded feedback
control is converted into the one without time delay, in the form of
Eq. (5). Then, by using the stochastic averaging method for quasi-
integrable Hamiltonian systems, the following partially averaged
It6 stochastic differential equation can be obtained

dH = |:n‘1(H) + <2—1;(a(q, P, 1) — aQ 4 &P — dQ?P + w)>:|

« dt + & (H)dB(t) (26)
|| < U°
where
m(H) = e*D 4 ¢H — %HZ, 5%(H) = 2¢°DH. (27)

For the semi-infinite time-interval ergodic control, let the perfor-
mance index be (9) with

fa(H, w) = fo(H) + (Ri?),

2 3 (28)
fe(H) = so + s1H + s;H” + s3H”.

Following Eq. (16), the worst-case disturbances can be obtained

dv
¢* = c%gn | —P?|,
dH
dav
w* = wisgn | —P
dH

and the expression of the optimal control forces without time delay
are of the form

a* = —a’gn cI—VQP

= g dH )
v (29)
I = —d° & o2p2 |,
e

1 av ‘ 1 av
_ 2R 9H P, 2R8H
u* = v (30)
Osen(p ——P 0,
gn(P), TITHE

Substituting the worst-case disturbances a*(t), &*(t), d*(t), w*(t)
and the optimal controls u* into HJI equation (13) and completing
the averaging yield the following final HJI equation

1 oy &V oy L o, 2w’
o(H>dH2+[ f H+d _+ m]
dv
X 3q +moy(H) + fe(H) = A (31)
where
myy (H) = RUOZT](H) _ oxcr(H)dl
v T(H) T(H) dH

H—-GH avy*
—*[ 1( )]<dH)
q
Ty(H) =2 - TH) =
=2 1w
2 Xer

— — aa2
Gi(H) = T /_xa v/ 2H — ag?dq

V2H —

2
N (32)

(2RU%/(3V /3H))?
\/E 9

dV/0H can be obtained from solving this equation. Then the
worst-case disturbances @*(t), €*(t), d*(t), @*(t) and the optimal
controls uf without time delay are determined by substituting
dV /dH into Eqgs. (29) and (30).

By using the transformation in Eq. (18), the optimal time-
delayed controls uj for system (24) are determined as follows:

Xy = = e?DdV /dH |y—o + So

e |F| < U°
~ |-U%en(F), |F| =U° (33)
19V
2R BH( Q;wsinwt + P; cos wt).

By using the proposed procedure, some numerical results of
control effectiveness and control efficiency for system (24) are ob-
tained for parameter values: a = 1.0,¢c = 0.2, d = 05e =
1.0,D = 0.2,a° = 0.04, d° = 0.005, c® = 0.01, w® = 0.01,R =
0.25,51 = s3 = 0.0,s; = 1.5,dV(0)/dH = 4.0,U° = 1.0, 7 =
0.1, except otherwise specified in the figures. The control effec-
tiveness and control efficiency of the proposed control strategy for
various control bounds, delay time and intensities of excitation are
shown in Figs. 1-4. It can be seen from these figures that the pro-
posed control strategy performs very well in the entire range of
parameter values used. Figs. 2 and 3 indicate that the proposed
control strategy has slightly less control effectiveness and higher
control efficiency than that of the control without considering time
delay. Fig. 2 also shows that delay time t has a significant negative
effect on the control effectiveness of the proposed control strategy.
The effects of the bounds of uncertain disturbances ¢(t) and w(t)
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1 T T T T T

K, 11 (*0.3)

0.2 L L L L L
0.5 0.6 0.7 0.8 0.9 1 11

Fig. 1. Control effectiveness K and control efficiency u for displacement of system
(24) as functions of control bounds U°. — Analytical result. ¢ o Numerical simula-
tion.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
T

Fig. 2. Control effectiveness for displacement of system (24) as functions of delay
time 7. K for the proposed optimal control and K,,q for the control without
considering time delay. — Analytical result. ¢ oA Numerical simulation.

on the control effectiveness and efficiency are also shown in Figs. 5
and 6, respectively. From these figures we can see that the pro-
posed control strategy is robust with respect to the bound of ¢ (t)
but sensitive to the bound of w(t). Samples of the displacement,
velocity and acceleration of uncontrolled and optimal controlled
systems are shown in Fig. 7, from which the effects of optimal time-
delayed control on the displacement, velocity and acceleration can
be visualized intuitively.

5.2. Example 2

As the second example, consider the controlled system of two
nonlinearly coupled oscillators

Q =P,

P = —[a;+ a)Q — [cj + &P, — [d; + d]QQP: (34)
+ui(Qq, Pr) + ei&i(t) + wi(t)

|ui| Sbiv la.’: 152

where a;, ¢j, and d; are the nominal values of linear stiffness,
linear and nonlinear damping coefficients; e; are amplitude of ex-
citations; &; are independent Gaussian white noises with intensi-
ties 2D;; u;(Q;, P;) are time-delayed bounded feedback controls
due to actuator saturation. d;, Cj;, a,» and w;(t) are parameter and
external disturbances, which are bounded, i.e., a(t) € [—a?, a'],

&i(0) € [—c0. ¢, di(t) € [—d?, d?) and w;(¢) € [~wf, w?].

1.145 T T T T T T

1.14 1

1.135

1.13

1.125

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

T

Fig. 3. Control efficiency for displacement of system (24) as functions of delay time
7. u for the proposed optimal control and .., for the control without considering
time delay. — Analytical result. ¢ oA Numerical simulation.

1 T T T T T

0.9

0.8

0.7

0.6 9

k, 1 (*0.3)

0.2

L L L
0.1 0.15 0.2 0.25 0.3 0.35 0.4

Fig. 4. Control effectiveness K and control efficiency u for displacement of system
(24) as functions of intensities of excitation D. — Analytical result. ¢ A Numerical
simulation.

Following Eq. (4), the time-delayed feedback control forces in
system (34) can be expressed in terms of system state variables
without time delay as follows

P .
— sin w;t;, P; COS w;T;
Wi

ui(Q‘ra PT) ~ ﬂz(Q: COS w;T; —

+ Qiw; sin wm-) = l_li(Q, P, T). (35)

Substituting Eq. (35) into system (34), the optimal control prob-
lem of system (34) with time-delayed bounded feedback control
is converted into the one without time delay, as expressed in
Eq. (5). Then, by using the stochastic averaging method for quasi-
integrable Hamiltonian systems, the partially averaged It6 stochas-
tic differential equations can be obtained as the form of Eq. (6) with

— dl 2 d]
mi(H) = —cy1Hy — —H; — —HiH; + Dy
2a, ax
) &, d
my(H) = —cpH, — —H; — —H{H, + D,
2(12 a (36)
6'12 = 2D]H1; 6’22 = 2D2H2

2
H:ZHr,Hr:(pf‘f‘arqz)/z; r=1,2.

r=1
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1 T T T T T T T T T

09 9

07 F 1

06 1

k. 1 (*0.3)

04 F u 4

03 1

0.2 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

c0/c

Fig. 5. Control effectiveness K and control efficiency u for displacement of system
(24) as functions of the ratio of parameter disturbance c° to c.

0.9 T T T T T

K, 1t (*0.3)

04 9

L
0 0.1 0.2 0.3 0.4 0.5 0.6

wo/e

Fig. 6. Control effectiveness K and control efficiency u for displacement of system
(24) as functions of the ratio of parameter disturbance w° to e.

For the proposed control strategy, the partially averaged cost

fe(H) = so + s11Hi + S12Ha + $31H? + spoHiHy

+523H3 + s31H; + spHiH, + s33HyHy + s34H; . (37)

Following Eqgs. (16) and (17), the worst-case disturbances for
system (34) can be obtained
0 dv
_CU sgn dil-IlPlP] s

dv
W} = wdsgn [EP,-]
1

a
Il

* — _ g0 p; cr =
; a;sgn |:dH,Q' } Ci
(38)

dF = —d° —Q2P?|,
i zSgn|:dHin i

and the optimal control forces without time delay are of the form

1 9V 1 9V
T 2R 9H; ﬁﬁp" <bi
—x i 0H; i 0H;
i = ) @ 1 oV ~b (39)
isgn(h 2R; 8H; ' !

where b; are the control bounds due to the saturation. Substituting
the worst-case disturbances a aj, Cu s d* w; and the optimal controls

* into HJI equation (13) and completmg the averaging yield the
final HJI equation

1 v 1 d*v dv
ZU“(H)dHZ + Uzz(H)de +m1(H) —|—m2(H)
+m'(H) = % — fe(H) (40)
where
= 2a H] 0
my(H) = my(H) + +c 1H1+ —2VHH,
m/ar

my(H) =

function f; is of the form of Eq. (15) with # = [y, ux]", R = o [ H3 Hle sz
diag(R;, Ry) and +d — V2
2
g

Acceleration

20 ! ! ! !

500 505 510 515 520
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t

Fig. 7. Time histories of the displacement, velocity and acceleration response of system (24). - - - Optimally controlled; — Uncontrolled.



R.H. Huan et al. / Probabilistic Engineering Mechanics 25 (2010) 271-278 277

09 r 4

K4, (0.002)

I I I I I
0.04 0.05 0.06 0.07 0.08 0.09 0.1

Fig. 8. Control effectiveness K; and control efficiency . for displacement of the
first DOF of system (34) as functions of control bounds (b; = b, = by). — Analytical
result. ¢ ¥ Numerical simulation.
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Fig. 9. Control effectiveness for displacement of the first DOF of system (34)
as functions of delay time t. K; for the proposed optimal control and Kj,,q for
the control without considering time delay. — Analytical result. ¢ ¥ Numerical
simulation.
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q
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(v Hz+#/ pda,  (41)
4R, \ 9H, 2RT, gy
V/2H; — (2Ribi/(8V /3H;))? 2
Rd; = . h=—,
N Jai
2
T,=—

dV/0H; can be obtained from solving this equation. Then the
worst-case disturbances a;, EJ fi;“, w; and the optimal controls u;
without time delay are determined by substituting dV /dH; into
Egs. (38) and (39).

By using the transformation expressed in Eq. (18), the optimal
time-delayed controls uj for system (34) can be obtained similarly
o :—Fi(Qm Pir), IFi(Qir. Pir)| < by

P _bngn(Fi(Qir’ Pir))v |Fi(Qifa Pir)| = bi

(42)
Fi(Qir, Pir) = ZT.‘,iaT_Ii(—Qirwi sin w;t; + Pi; COS w;T;).
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Fig. 10. Control efficiency for displacement of the first DOF of system (34) as
functions of delay time 7. u; for the proposed optimal control and ftqy04 for
the control without considering time delay. — Analytical result. e ¥ Numerical
simulation.
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Fig. 11. Control effectiveness K; and control efficiency u, for displacement of the
first DOF of system (34) as functions of intensities of excitation (D; = D, = Dy). —
Analytical result. e v Numerical simulation.
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Fig. 12. Control effectiveness K; and control efficiency 1 for displacement of first
DOF of system (34) as functions of the ratio of parameter disturbance c?, to ¢;;.

Numerical results are shown in Figs. 8-13 for system (34) with
the following parameter values: a; = 1.0, a, = 2.0, ¢;; = 0.02,
Cip = 0.02, 1 = 0.02, Cp = 0.02, d] = 0.05, dz = 0.02, Dl =
1.0, D2 = 1.0, e = e = 0.1,R] = R2 = 0.01,531 = S34 = 2.0,
bi = 0.08,a] = 0.01,a) = 0.02, ¢f = 0.001,d) = 0.001, w? =
0.001, 7; = 0.1, except otherwise specified in the figures. It is seen
from these figures that the proposed control strategy has high con-
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Fig. 13. Control effectiveness K; and control efficiency 1, for displacement of first
DOF of system (34) as functions of the ratio of parameter disturbance w? to e;.

trol effectiveness and control efficiency even for long delay time or
strong intensities of excitations. The effects of the bounds of uncer-
tain disturbances ¢;1(t) and w(t) on the control effectiveness and
efficiency are shown in Figs. 12 and 13, respectively. From these
figures we can see that the proposed control strategy is robust with
respect to the bound of ¢;1(t) but sensitive to the bound of w(t).

6. Concluding remarks

To apply the theory of stochastic optimal control to real engi-
neering structures, many practical ingredients such as boundness
and time delay of control forces, the uncertainty of system param-
eters and excitation, should be considered. In this paper, a mini-
max optimal control strategy for quasi-integrable Hamiltonian sys-
tems with all these ingredients has been proposed based on the
stochastic averaging method for quasi-integrable Hamiltonian sys-
tems and the stochastic differential game. First, the optimal control
problem with time-delayed feedback control was converted into
the one without time delay. Then, the optimal time-delayed con-
trols were obtained by using the method proposed by the present
corresponding author [20]. Two examples are worked out in detail.
Numerical results showed that delay time t causes deterioration
of the control performance; and the control effectiveness and con-
trol efficiency reduce as the bounds of disturbance increase. How-
ever, the proposed control strategy generally performs very well in
the entire range of parameter values used. So, the proposed control
strategy is very promising.
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