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An acoustic Strouhal number is introduced to demonstrate that the viscosity of fluid can be ignored in the
process of sound propagation and acoustic streaming is independent on the frequency of the acoustic
wave. Furthermore, acoustic force based on the periodic velocity fluctuation caused by standing acoustic
wave is introduced into Navier-Stokes equation in order to describe the fluid flow in the acoustic bound-
ary layer. The numerical results show that the predicted results are consistent with the analytic solution.
And the effect of the nonlinear terms cannot be ignored so the analytic solution derived by boundary-
velocity condition is only an approximation for acoustic streaming.
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1. Introduction

It is well known that sound wave propagation through the fluid
can form steady vortex flow near the wall. Such a steady flow is
due to the interaction between the inertia and viscosity forces,
but the magnitude of the velocity is independent of the viscosity
[1,2]. Rayleigh [1] and Westervelt [3] gave the profile of streaming
velocity between two parallel planes. Further, Vainshtein [4,5] and
Lei et al. [6] studied the effect of standing waves on the heat trans-
fer. But it should be pointed out that the quadratic terms are ne-
glected and the thickness of the acoustic boundary layer is
assumed to be zero in their models. Because there is the velocity
fluctuation caused by the sound field, the turbulence theory can
be applied to calculate acoustic streaming. But the effects of the
unsteady term and the acoustic boundary layer are not considered
in the previous work [7,8]. Therefore, on the base of the turbulence
theory and the non-steady boundary-layer theory, we propose a
new mathematical model to predict acoustic streaming. And such
a model can describe the fluid flow in the acoustic boundary layer.

In the rest of this paper, we make some assumptions and ana-
lyze the rationality of these assumptions (Section 2.1-2.2). Based
on the ideas of the Reynolds averaged Navier-Stokes model, we
propose the acoustic force model and interpret the physical mean-
ing of the acoustic streaming number (Section 2.3-2.5). Finally, we
perform numerical computation and compare the predicted result
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with an analytic solution derived by the boundary-velocity condi-
tion (Section 3).

2. Acoustic force model
2.1. Assumptions

The current mathematical model are derived on the base of the
following assumptions:

(1) The sound propagates in the fluid as the form of plane
waves.

(2) The sound speed is far greater than the fluid velocity, so the
period for the compression and expansion of the fluid is
much smaller than that for the heat transfer. In other words,
it is an adiabatic process.

(3) During the process of sound propagation in the fluid, the vis-
cosity effect may be neglected.

(4) During the process of sound propagation in the fluid, the
pressure fluctuation is very small relative to the mean pres-
sure, so sound propagation may be studied by the linearized
equations.

(5) The fluid flow is independent of the frequency of the acous-
tic wave.

2.2. Acoustic Strouhal number

In order to characterize the fluid dynamic response to the sound
wave, we introduce the acoustic Strouhal number
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Fig. 1. Acoustic streaming in a rectangular pipe. (a) Front view. (b) Top view.
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Here T, and f are the period and the frequency of the acoustic

waves, respectively. And T is the characteristic time of momentum
diffusivity which can be defined as follows:

Ty =H?)v (2)

where v is the fluid kinematic viscosity.

If the plane acoustic wave propagates along the x direction in
the rectangular pipe [9] shown in Fig. 1, the height H and width
W of the pipe should satisfy

max{W,H} <§ 3)

where /1 is the wavelength.
Eliminating the height of the pipe in virtue of the plane acoustic
wave condition (3), we obtain

C2
=25 )

Here cy is the speed of the sound in the fluid. And the critical acous-
tic Strouhal number S; may be regarded as an approximation for Eq.
(1).

In most cases, the height of the pipe is about 4/10, and it is easy
to satisfy S;>> 1 for water and air according to Table 1 [10-12].
Thus, the characteristic time of momentum diffusivity is usually
much longer than the period of the acoustic wave, i.e. the slow flow
of the fluid cannot follow the variation of acoustic field (assump-
tion 5). In other words, the viscosity can be neglected during the
sound wave propagation through the fluid (assumption 3).

Se <S¢

2.3. Standing wave

Let us consider the acoustic streaming on the condition of
standing waves in an infinite pipe. The geometry and coordinate
systems are shown in Fig. 1. The vortical structures in pairs can

Table 1
Physical parameters and critical Strouhal number in the acoustic streaming.
co (mfs) v (m?[s) f(kHz) S} S (H=4/10)
Air (20 °C) 344 15.6 x 107° 2 9.5x10° 3.8 x10*
Water (20°C) 1483 1.0x107% 20 2.7 %107 1.1 x10°

be observed in the planes xoy and xoz if the standing wave is ap-
plied at the x direction.
In this case, the velocity fluctuation v’ may be written as

u' = —uq sinkx cos wt (5)
with
Dy
- 6
! PoCo ©)

where the density of the fluid po is a constant, o is the angular fre-
quency, k = 2 is the wave number, and p; is the amplitude of the
acoustic pressure fluctuation p’. Here, the subscript “1” in Eq. (5)
indicates the amplitude of the quantity fluctuation.

According to the analytic solution for the boundary layer near
an oscillating flat plate [2], the velocity fluctuation in the pipe
can be written in a general way as:

U = —u sinkx [cos wt — i, — 1/32] (7)

where the quantities , and y, are the functions of y and z.

_ (o n>1 .
Yy = e3cos (ot —Zn) n<1 ®)
~ o (=1 o
V2= ¥ cos (wt—20) (<1 ®
with
_Yy
n=3 (10)
z
(=5 (11)
T 2y
=T\ (12)

2.4. Acoustic force

In most cases, the fluid velocity consists of the time-averaged
velocity and the fluctuating velocity. The frequency of the fluctuat-
ing velocity is too high to be of much interest, so we shall confine
ourselves to the time-averaged flow. One of the most famous
examples is the Reynolds Averaged Navier-Stokes (RANS) equa-
tions, which are widely applied to describe the incompressible tur-
bulent flow [13].

oV

oV; o 6p 0 oV; B
VJ a_XJ B OXi + 8xj <pv an + Tu) (14)

where 7;; = —pV}V; (i,j = 1,2, 3) is Reynolds stress tensor. The force
per unit volume, F;, which is caused by the spatial variation of the
Reynolds stress, can be expressed as

a(pvVv;
f——<Tj’) (15)

Provided that the velocity fluctuation V' is caused by the sound field
and the velocity fluctuation occurs in the direction of sound propa-
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gation, we may obtain a similar force term according to the acoustic
velocity v’ profile.

F,-={ —po B~ B = — L [ (po e+ p )t (i=1)
0

(i=2,3)
(16)
where p’ is the density fluctuation.
, tou . .
p'=-p | X ——dt = —p, cos kx sin wt (17)

Here p, = —% is the amplitude of density fluctuation.
Taking the effect of the boundary layer into account, Eq. (17)
becomes

p' = —p, coskx[sinwt — ¢, — ¢, (18)
where ¢, and ¢, are the functions of y and z.

- ]o0 n=1 19
W= em sin(wt —2n) n<1 (19)
_ o (=1 -
2= e ¥sin (ot -20) (<1 0

Substituting the velocity fluctuation equation (7) and the den-
sity fluctuation equation (18) into Eq. (16), the non-zero compo-
nent of acoustic force representing the effects of acoustic waves
on the fluid flow becomes

2
Fy = 7% sin 2kx 21)
with
Cas =1 =20, — 20, + 20, + 20, + @} + 7 (22)

v = 0 . n=1 (23)
4 e2lcosin n<1
0 (=1

e ¥ cosZl (<1 (24)

e2sinfn <1

¢y={°n =l (25)

o (=1 2

¢ = e¥sinZ{ (<1 (26)
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2.5. Acoustic streaming

We introduce non-dimensional variables with the help of the
following scales: H for length, H?/v for time, v/H for velocity, and
define the acoustic streaming number.

nuzH?

As = —
Av2

(29)

The non-dimensional governing equations can be rewritten as
follows:

V.Vi=0 (30)

aa‘t/* (V' V) V' = —Vp* + V2 V' +AsCys sin <4nx* g) & (31

where the asterisk physical variables are the dimensionless
variables.

The acoustic streaming number, which has an explicit physical
meaning, may be expressed as follows.

As;ls(&)z(m)z(ﬁ)s (32)
2 \py/ \2mv A

It is composed of four parts. The first part 73/2 is the constant term.
The second part p1/po denotes the amplitude of the density fluctu-
ation or the amplitude of the acoustic pressure. The third part
st — ooy represents the ratio of the elastic force to the viscous force
[9], where Kj is the bulk modulus in units of pressure. And the third
part can be rewritten as follows:

CoA T

Sy = 2 (33)
Table 1 shows that S; is in the order 10*-10° so the third part is

far greater than unity. The last part is related to the plane acoustic

wave condition equation (3), which is less than unity.
2.6. Boundary conditions and solution method
The boundary conditions are expressed as follows:

(1) At the wall, the velocity is equal to zero and the normal gra-
dient of the pressure is prescribed as zero.

(2) At the inlet and outlet, the periodic condition is applied for
all the variables.

The governing equations for acoustic force model consists of
Eqgs. (22) and (32). An in-house code is developed to solve the par-
tial differential equations on a staggered-point grid. The calcula-
tional domain is discretized by using a nonuniform grid with a
densely packed grid in the acoustic boundary layer. The pressure
and the acoustic force are evaluated at the grid node while the
velocity components were defined at the interface between the
grid nodes. The central-difference scheme and upwind scheme
are applied to treat the diffusion term and the convection term,
respectively. The pressure-velocity coupling is handled by using
the SIMPLE (Semi-Implicit Method for Pressure-Linked Equations)
algorithm [14]. And the discretized equations are solved by using
the tri-diagonal matrix algorithm coupled with the Gauss-Seidel
routine.

The convergence criteria is expressed as follows:

YK+ _ )

VK+1)

<107° (34)

where K is the iteration number.

3. Results and discussion
3.1. Model experiment

The experimental condition of Arroyo and Greated [11] was em-
ployed to verify the present mathematic model. The experimental
conditions for the calculation are summarized as: the sizes of the
calculation domain are L =4 and L:H = 4.056:1, respectively. The
ratio of the thickness of the boundary layer to the height is
0:H=1:277.18, and the acoustic streaming number is As = 1.815
x 108,
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Table 2
Tests of numerical accuracy with different meshes.
41 x 201 51 x241 61 x281 71x301 81x321
Nodes in the 58 64 77 90 96
boundary
layer
Upnax 3.111260 3.107508 3.116109 3.102976 3.105022
Unmax 0.455731 0.454902 0.456254 0.453942 0.455320
Unax (Y = g) 1.482344 1.479444 1.486439 1.478086 1.480441

3.2. Analytic solution

According to the boundary-layer theory [1], there is a steady
velocity outside the acoustic boundary. Its magnitude is

2
Up = % sin 2kx (35)
The acoustic layer is so thin that it can be assumed to be zero, so the
steady velocity can be served as a boundary condition to determine
the acoustic streaming. Such a boundary condition is called as the
boundary-velocity condition [6].

Since u4 is assumed to be infinitesimal, the quadratic terms in
Navier-Stokes equation may be neglected. Moreover, the deriva-
tives with respect to y are much larger than that with respect to
x on the base of H <« 1. Neglecting the latter and using the
boundary-velocity condition, the velocity distribution can be de-
scribe as [4]

_ 3udsin2kx | 3(y-—H/2)*

V= 16¢o {1 (H/2)? 38
_ 3kujcos2kx |/ H\ (y—H/2)

s (SR o

Consequently, according to the above experimental conditions, the
non-dimensional horizontal velocity at the central line is u* = 1.795
sin(4nx*H| ).

3.3. Computational grid and numerical results

Special attention is paid to the construction of the computa-
tional grid. The boundary layer is so thin that there is the greater
gradient of the fluid velocity there, so many grid nodes should be
applied in the thin acoustic boundary layer. In this paper, we use
more than 50 uniform grids inside the acoustic boundary layer,
and nonuniform grids outside the acoustic boundary layer.

To ensure that the solutions are not spurious artifacts of poorly
resolved grids, grid sensitivity experiments have been carried out
in different meshes. Table 2 gives the maxima of the velocity ob-
tained on the grid nodes for five different meshes. When the grid
is refined from 41 x 201 to 81 x 321, the maxima of the velocity
components agree within 0.51%. Between the meshes from
71 x 301 to 81 x 321, the variation of u,,, is on the third digit,
the difference on v, is 0.001378, i.e. approximately 0.3%. Consid-
ering the fact that the maximum value is not always on the points
of the mesh, gy and vp4 cannot be absolutely the same by using
different meshes. In present paper, the 81 x 321 mesh is suffi-
ciently fine to resolve the acoustic streaming.

Fig. 2 shows the numerical solution by acoustic force model is
similar to the analytic solution. Standing waves applied in the fluid
at rest can form the time-averaged fluid flow, which has arrays of
large-scale, spanwise, counter-rotating vortical structures. The
velocity increases rapidly from zero at the wall to the maximum
at the thickness of the acoustic layer and decreases slowly with
the further increase of the distance from the wall. Some stagnation
points are located at equally spaced intervals. A more distinct pic-
ture about the stagnation points may be found in Fig. 1a. One of
these points is “CV”, the center of the vortex. The points(“BC”
and “BS”) on the wall are generated by the combination and sepa-

(b)

Fig. 2. Predicted flow field under standing waves. (a) Acoustic streaming. (b) Enlarged picture.
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Acoustic force model

-1.OF ~—  Analytic solution

-1.5F

_2'0 1 1 1 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0

L/H

Fig. 3. Fluid velocity at central line.

ration of the stream in the boundary layer. The others (“CC” and
“CS”) are generated by the combination and separation of the re-
turn flow at the central line.

3.4. Model validity

The maxima of the horizontal velocity at the central line is
about 47.7% of that in the calculation domain, as shown in Table 2.
It is close to 50% predicted by analytic solution. But Fig. 3 shows
the relative difference for u,q(y = H/2) between the acoustic force
model and analytic solution is 17.5%. Such a difference comes from
two assumptions in analytic solution. (1) The wavelength should
be far greater than the characteristic length of the pipe, 2> H.
But in the current case, H/A=1:8.112. (2) The quadratic terms
could be neglected since the velocity of the steady flow is a small
quantity with respect to the sound speed. But such an assumption
is not valid near the wall. In order to estimate the effect of qua-
dratic terms, it is necessary to calculate the Reynolds numbers,
Rex and Rey.

Rex = —pu%ervg—; (38)
T 2 Pu
'u8x2 + lu(?yz
pusE+pvyy
Rey =\, 70 (39)
n ox2 + luayz

Fig. 4a and b gives the relative magnitude of the quadratic terms.
For u, the effects of the nonlinear terms cannot be ignored near
the wall and near the “CS” point because of Rex > 0.2 in these re-
gions. For #, the quadratic terms play a greater role. The region
for Rey > 0.2 is larger than that for Rex > 0.2. It is especially to be re-
marked that Rey is greater than 1.0 in the regions among the points
“CC”, “CS” and “CV” and the regions near the midpoint between
“BC” and “BS”. In that way, the nonlinear terms are more important
than the linear terms. The facts that Rex > 0.2 and Rey > 0.2 occur in
some regions indicate that the analytic solution cannot exactly de-
scribe the acoustic streaming in the pipe.

3.5. Fluid viscosity

Acoustic streaming is induced by attentuation of acoustic waves.
The fluid viscosity is one of attentuation mechanisms. Acoustic
streaming involves in the oscillation flow and the steady flow.

(1) The oscillation flow has direct relation to the sound propaga-
tion. The fluid viscosity should be considered in the case of
the sound propagation in the boundary layer [2], but it can
be ignored in the case of the sound propagation outside
the boundary layer.

(2) The steady flow in the boundary layer is the result of inter-
action between the acoustic force and the viscous force. Fur-
ther, the steady vortices structure outside the boundary
layer also comes from the fluid viscosity [4]. Fig. 4 shows
the effect of the fluid viscosity is larger than(is not much lar-
ger than) that of the inertia near the wall, so it is better to
consider the effect of nonlinear terms.

3.6. Acoustic streaming number

The Acoustic streaming number is a dimensionless number that
gives a measure of the ratio of acoustic force to viscous force, and
has a similar form of Reynolds number.

2
As = ? (@) (40)

Acoustic streaming occurs at higher acoustic streaming number and
is dominated by the acoustic force. If the acoustic streaming num-
ber is very low, no acoustic streaming occurs.

Rex

0.2
0.1
0.05
0.01

Rey

0.2

0.1

0.01

(b)

Fig. 4. Reynolds number predicted by the acoustic force model. (a) Rex. (b) Rey.
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4. Conclusion

(1) In virtue of the idea of the Reynolds averaged Navier-
Stokes equations, a mathematic model is developed to
describe the fluid flow in the acoustic boundary layer
and outside the boundary layer. And the predicted fluid
flow outside the boundary layer is similar to the analytic
solution.

(2) Acoustic Strouhal number is introduced to demonstrate the
fluid can be treated as the inviscid fluid during the sound
propagation and the fluid flow is independent of the fre-
quency of the acoustic wave.

(3) Numerical result of Reynolds number shows that the viscos-
ity play an important role in the acoustic streaming, and the
nonlinear terms in the Navier-Stokes equations cannot be
ignored in order to calculate acoustic streaming exactly.
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