
Wireless Pers Commun (2012) 67:599–612
DOI 10.1007/s11277-011-0399-z

A Novel Haar Wavelet-Based BPSK OFDM System
Robust to Spectral Null Channels and with Reduced
PAPR

Xin-Lin Huang · Gang Wang · Jian Chen ·
Qing-Quan Sun

Published online: 6 September 2011
© Springer Science+Business Media, LLC. 2011

Abstract Orthogonal frequency-division multiplexing (OFDM) has lately gained a great
deal of attention and is considered as a strong candidate for many next-generation wireless
communication systems. However, OFDM is very sensitive to nonlinear effects due to the
high peak-to-average power ratio (PAPR) owned by the transmitted signals and does not show
robustness to spectral null channels. This paper proposes a novel BPSK OFDM system based
on Haar wavelet transformation. The Haar wavelet transformation operates decomposition
over the data symbol sequence after binary-to-complex mapping shows that half of the data
symbols are zeros and the rest are either

√
2 or −√

2. Then, we have the PAPR reduced by
10 log10 2 ≈ 3 dB at most, compared with the conventional OFDM system. We also propose
a novel decoding algorithm for the proposed OFDM system to show robustness to spectral
null channels, and derive the bit error rate (BER) performance in theory from unbalanced
QPSK modulation. Finally, we compare BER performance of our proposed OFDM with
the conventional OFDM over different channels to show the excellent performance of our
proposed OFDM system.
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1 Introduction

Wireless digital communication is rapidly expanding, resulting in a demand for wireless
systems that are reliable and have a high spectral efficiency. Orthogonal frequency division
multiplexing (OFDM) has been considered as a promising candidate to achieve high rate
data transmission in a mobile environment. Recently, OFDM has become the technique of
choice for several popular broadband applications, such as asymmetric digital subscriber line
(ADSL) modems, digital audio broadcasting (DAB) [1], digital video broadcasting (DVB)
[2,3] and wireless local area networks (WLAN) systems (IEEE 802.11a [4], IEEE 802.11g
[5]).

However, due to the large number of subcarriers used, OFDM systems have a large dynamic
signal range with a very high peak-to-average power ratio (PAPR). As a result, the OFDM
signal will be clipped when passed through a nonlinear power amplifier at the transmitter end.
Clipping degrades the bit-error-rate (BER) performance and causes spectral spreading. One
way to solve this problem is to force the amplifier to work in its linear region [6]. In high speed
digital wireless applications, however, the inter-symbol interference (ISI) channel may have
spectral nulls, which may degrade the performance of the existing OFDM systems because
the Fourier transformation of the ISI channels needs to be inverted for each subcarrier at the
OFDM receiver [7,8]. Hence, PAPR and spectral null channels need to be properly handled
in implementation of OFDM systems [6,9,8–12], which are crucial for the performance of a
real system.

The Wavelet-OFDM system was widely studied in [13–20]. However, Wavelet-OFDM
just substitutes the DFT and IDFT with DWT and IDWT, respectively. The Wavelet-OFDM
was studied to show robustness to Doppler [13]. In this paper, we propose a novel Haar
wavelet-based BPSK OFDM system. Since the data symbol produced by BPSK modulator is
either 1 or −1, the Haar wavelet transformation operates decomposition over the data symbol
sequence after binary-to-complex mapping shows that half of the information symbols are
zeros and the rest are either

√
2 or −√

2. Then, the proposed BPSK-OFDM has the PAPR
reduced by 10 log10 2 ≈ 3 dB at most, compared with the conventional OFDM system. We
also propose a novel decoding algorithm for our proposed OFDM system to show robustness
to spectral null channels. Simulations and theory analysis are conducted to illustrate our
analysis correctness.

In this paper, we assume no frequency offset and channel impulse response (CIR) is given
in our OFDM system like our previous work [21–23]. The impact of ICI on OFDM system
performance is widely discussed in [24,25]. Since the ICI exists in the real application sys-
tem, we will jointly consider different digital modulations and wavelets to analysis the ICI
impact and theoretical BER performance in our next research work. The CIR is usually esti-
mated using feedback information, and different estimators (i.e., ML, MMSE) are proposed
for CIR estimation.

The rest of the paper is organized as follows. In Sect. 2, we present the Haar wavelet-based
BPSK OFDM system. In Sect. 3, we study the PAPR performance of the proposed OFDM
system. In Sect. 4, we present a novel decoding algorithm and derive the BER performance of
our proposed OFDM system. In Sect. 5, the theoretical and simulation results are presented
to illustrate our theory analysis correctness.
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2 Haar Wavelet-Based BPSK OFDM System

In this section, we propose a novel Haar-wavelet based BPSK OFDM system. It is formulated
as follows, which is the goal of this section.

2.1 Haar Wavelet Transformation

The oldest and most basic wavelet system is named Haar wavelet that is a group of square
waves with magnitude of ±1 in the interval[0,1) [26,27]. In other words, the Haar functions
are defined on the interval [0, 1) as

ϕ0(t) =
{

1, for 0 ≤ t < 1
0, otherwise

(2.1)

ϕ1 (t) =
⎧⎨
⎩

1, for 0 ≤ t < 1
2−1, for 1

2 ≤ t < 1
0, otherwise

(2.2)

All the other subsequent functions are generated from ϕ1(t), which means

ϕi (t) = ϕ1(2
j t − k) (2.3)

where i = 2 j + k, j ≥ 0 and 0 ≤ k < 2 j . We have noticed that all the Haar wavelets are
orthogonal to each other. From the Haar functions, we obtain the scale equation and wavelet
equation as follows

ϕ(t) = √
2

(
1√
2
ϕ(2t)+ 1√

2
ϕ(2t − 1)

)
(2.4)

ψ(t) = √
2

(
− 1√

2
ϕ(2t)+ 1√

2
ϕ(2t − 1)

)
(2.5)

From Eqs. (2.4) and (2.5), we get h0 = h1 = 1/
√

2 and g0 = −1/
√

2, g1 = 1/
√

2, where
{h0, h1} constructs the low pass filter (LPF) and {g0, g1} constructs the high pass filter (HPF).
So the Haar wavelet decomposition over one-dimension digital signals can be expressed as(

C( j)
D( j)

)
= T · C( j + 1), and (2.6)

T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
2

1√
2

0 0 0 · · · 0 0

0 0 1√
2

1√
2

0 · · · 0 0
...

0 0 0 0 0 · · · 1√
2

1√
2

− 1√
2

1√
2

0 0 0 · · · 0 0

0 0 − 1√
2

1√
2

0 · · · 0 0
...

0 0 0 0 0 0 − 1√
2

1√
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N×N

(2.7)

From Eq. (2.6), we can compute the approximation coefficients vector C( j) and detail coeffi-
cients vector D( j), through operating Haar wavelet decomposition over the vector C( j +1).
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Fig. 1 The proposed Haar wavelet-based BPSK OFDM system

2.2 Proposed OFDM System

The proposed Haar wavelet-based BPSK OFDM system structure is shown in Fig. 1. We can
see from Fig. 1 that the proposed system only increases Haar wavelet transformation at the
transmitter compared with the conventional OFDM system.

To the best of our knowledge, there isn’t any literature adds Haar wavelet transformation
into conventional OFDM system directly, although some literatures use wavelet transforma-
tion to substitute the Fourier transformation unit [13–20], which is different from our paper.
Our proposed Haar wavelet-based BPSK OFDM system has many advantages over the con-
ventional OFDM system. The advantages of our proposed OFDM system are obtained from
the Haar wavelet transformation.

2.3 The Principle of the Proposed OFDM System

The Haar wavelet transformation unit in Fig. 1 operates decomposition over the input
data symbol sequence after binary-to-complex mapping. We denote the input data sym-
bol as x̃(n) = [x(0), x(1), . . . , x(N − 1)]T , and the decomposition result is x̃ ′(n) =[
x ′(0), x ′(1), . . . , x ′(N − 1)

]T . Since the input N by 1 vector sequence x̃(n) is produced by
BPSK baseband modulator, each component of x̃(n) is either 1 or −1. The detail process of
Haar wavelet decomposition over x̃(n) = [x(0), x(1), . . . , x(N − 1)]T is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x ′ (0)
x ′ (1)
.
.
.

x ′ ( N
2 − 1

)
x ′ ( N

2

)
x ′ ( N

2 + 1
)

.

.

.

x ′ (N − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
2

1√
2

0 0 0 · · · 0 0

0 0 1√
2

1√
2

0 · · · 0 0

.

.

.

0 0 0 0 0 · · · 1√
2

1√
2

− 1√
2

1√
2

0 0 0 · · · 0 0

0 0 − 1√
2

1√
2

0 · · · 0 0

.

.

.

0 0 0 0 0 0 − 1√
2

1√
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

N×N

⎡
⎢⎢⎢⎣

x (0)
x (1)
.
.
.

x (N − 1)

⎤
⎥⎥⎥⎦ (2.8)
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From Eq. (2.8), we can conclude that: If x ′(i) �= 0, i = 0, 1, . . . , N/2 − 1, then

x ′(i) = √
2 or − √

2

x ′
(

i + N

2

)
= 0 (2.9)

If x ′(i) = 0, i = 0, 1, . . . , N/2 − 1, then

x ′
(

i + N

2

)
= √

2 or − √
2 (2.10)

After Haar wavelet transformation, half of the coefficients x̃ ′(n) = [x ′(0), x ′(1), . . . ,
x ′(N − 1)]T are zeros, and the remaining coefficients are either

√
2 or −√

2.
Since the Haar wavelet transformation is added in conventional OFDM system, the com-

putational complexity will increase. However, the Haar wavelet transformation is simply to
operate at the transmitter as follows

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x ′ (0)
x ′ (1)
...

x ′ ( N
2 − 1

)
x ′ ( N

2

)
x ′ ( N

2 + 1
)

...

x ′ (N − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
2

[x (0)+ x (1)]
1√
2

[x (2)+ x (3)]
...

1√
2

[x (N − 2)+ x (N − 1)]
1√
2

[−x (0)+ x (1)]
1√
2

[−x (2)+ x (3)]
...

1√
2

[−x (N − 2)+ x (N − 1)]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.11)

From (2.11), we can see that the proposed OFDM system don’t increase too much computa-
tional complexity, compared with the conventional OFDM system.

3 PAPR Performance

In this section, we study the PAPR benefits of the proposed OFDM system. In OFDM system,
PAPR is the peak power per OFDM symbol versus the average power in the same symbol
[28,29], i.e., mathematically

PAPR = max |x(t)|2
E
{|x(t)|2} (3.1)

Suppose that the average power of the conventional OFDM system is P̄OFDM with the
signal peak value AOFDM and the average power of the Haar wavelet-based BPSK OFDM
system is P̄DWT/OFDM with the signal peak value ADWT/OFDM. The average power of the
conventional OFDM and the proposed OFDM system is equal for every frame, which can
be derived from Parseval theorem, which means

P̄DWT/OFDM = P̄OFDM (3.2)

Since the Haar wavelet transformation used in our proposed OFDM system, half of the
information symbols are zeros and the rest are either

√
2 or −√

2 in each OFDM symbol.
Hence, non-zero symbols in Haar wavelet-based BPSK OFDM system only occupies half of
the subcarriers and the magnitude of each symbol is

√
2 times compared with conventional
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Fig. 2 Cumulative distribution functions for PAPR for the proposed OFDM versus conventional OFDM under
different input symbol’s probability

OFDM system (see Sect. 2.3). Considering the worst situation (all subcarriers appear the
maximal value at the same time), we get

ADWT/OFDM

AOFDM
=

√
2 × N

2

N
=

√
2

2(
ADWT/OFDM

AOFDM

)2

= 1

2
(3.3)

where N is the number of subcarriers in OFDM system. Equation (3.3) means the peak power
of the Haar wavelet-based BPSK OFDM system is reduced by half, compared with the con-
ventional OFDM system. So Haar wavelet-based BPSK OFDM system’s peak-average power
ratio (PAPR) is reduced by 10 log10 2 = 3 dB at most, compared with the conventional OFDM
system. Hence, the proposed Haar wavelet-based BPSK OFDM system is able to overcome
the drawback of conventional OFDM system, with lower peak-average power ratio.

Next, we present our empirical study characterizing the PAPR benefits via cumulative
distribution functions [30,31], assuming N =1,024 subcarriers.

Figure 2 shows the cumulative distribution functions of the PAPR, determined empiri-
cally over one million OFDM symbols. As seen in Fig. 2, the proposed OFDM improves
the PAPR statistics of OFDM. When the probability of input symbol ‘1’ or ‘0’ is 0.5, the
proposed OFDM approximately has the same cumulative distribution functions as the con-
ventional OFDM. When the probability of input symbol ‘1’ or ‘0’ larger than 0.6, Fig. 2
shows the proposed OFDM almost has the PAPR reduced by 3 dB approximately, which is
agree with our theory analysis.

Specifically, when the probability of input symbol “1” (after BPSK modulation, it is
“−1”) or “0” (after BPSK modulation, it is “1”) is 0.5, a high peak value of OFDM symbols
appears with a low probability due to the peak values from different subcarriers can cancel
each other. When the probability of “0” or “1” becomes larger or smaller, a lot of symbols
with the same phase will add together and produce a larger peak value (thus higher PAPR).
Moreover, the PAPR value of OFDM system is also proportional to the number of subcarri-
ers. Our theoretical analysis in Eq. (3.3) shows that the PAPR value of our proposed OFDM
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system can be reduced by 10 log10 2 = 3 dB at most, compared with the conventional OFDM
system.

4 Decoding Algorithm and Performance Analysis

Let N be the number of subcarriers in the OFDM system. The ISI channels have the following
transfer function:

H(z) =
D∑

n=0

h(n)z−n (4.1)

where h(n) is the impulse responses of the ISI channel, which can be obtained from the
reverse link channel estimation in time division duplexing (TDD) systems [32]. D + 1 is the
CIR length in OFDM system.

4.1 Decoding Algorithm

As we know, the output data sequence yl has the following relationship with the input data
sequence x ′

l at the lth subcarrier

yl = Hl x
′
l + nl (4.2)

where Hl = H(z)
∣∣z=exp( j2πl/N ) and nl is Additional Gaussian White Noise (AWGN). At

the decoder, we decode the output sequence yl and yl+ N
2

simultaneously, that is

[
yl

yl+ N
2

]
=
[

Hl 0
0 Hl+ N

2

][
x ′

l
x ′

l+ N
2

]
+
[

nl

nl+ N
2

]
(4.3)

where l = 0, 1, . . . , N/2, nl and nl+ N
2

are independently, identically distributed Gaussian

random variables. Since the input data sequence

[
x ′

l , x ′
l+ N

2

]T

only be one of the following

four possible symbols, which is

[
x ′

l
x ′

l+ N
2

]
=
[√

2
0

]
,

[−√
2

0

]
,

[
0√

2

]
, or

[
0
−√

2

]

Corresponding to

[
sl

sl+ N
2

]
=
[

0
0

]
,

[
1
1

]
,

[
1
0

]
, or

[
0
1

]
(4.4)

where
[
sl , sl+ N

2

]T
represents the decoding results over lth and l + N

2 th subcarriers. At the

receiver, we use maximum-likelihood (ML) estimation. The ML estimation is used to find

out which
[
sl , sl+ N

2

]T
is sent from the transmitter, which means
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[
sl , s

l+ N
2

]T
= arg

([
yl , y

l+ N
2

]T
)

= arg

⎛
⎜⎝arg

⎛
⎜⎝min

⎧⎪⎨
⎪⎩
⎡
⎣
⎡
⎣ yl

y
l+ N

2

⎤
⎦−

⎡
⎣ Hl 0

0 H
l+ N

2

⎤
⎦
⎡
⎣ x ′

l
x ′

l+ N
2

⎤
⎦
⎤
⎦

H

·
⎡
⎣
⎡
⎣ yl

y
l+ N

2

⎤
⎦−

⎡
⎣ Hl 0

0 H
l+ N

2

⎤
⎦
⎡
⎣ x ′

l
x ′

l+ N
2

⎤
⎦
⎤
⎦
⎫⎪⎬
⎪⎭

⎞
⎟⎠
⎞
⎟⎠

(4.5)

The decoding algorithm considers the correlation of the transmitted symbols sufficiently.
The performance analysis will present later to illustrate the improvement of our proposed
OFDM system.

4.2 Performance Analysis

Since the Haar wavelet transformation used in our proposed OFDM system, half of the
information symbols are zeros and the rest are either

√
2 or −√

2 in each OFDM sym-
bol. Considering the best condition, when the receiver detects the zero-loaded subcarriers
correctly, we can remove half of the noise power. Then, the proposed OFDM system will
improve the BER performance 3 dB. Hence, the Haar wavelet-based BPSK OFDM system’s
BER performance is better than the conventional OFDM system, reducing the BER 3 dB at
most.

We now derive the BER performance for the proposed OFDM system in theory. From
Eq. (4.3), we can see that, the decoding algorithm is the same as unbalanced QPSK (UQPSK)
demodulation method. The BER performance of UQPSK has been studied in [33], using Cos-
tas loop demodulation at the receiver. Hence, the BER performance of our proposed OFDM
system can be derived from UQPSK system. We assume the CIR energy has been normalized,
that is

|h(0)|2 + |h(1)|2 + · · · + |h(D)|2 = 1, and

|H0|2 + |H1|2 + · · · + |HN−1|2 = N (4.6)

Hence, the total energy E of the proposed OFDM symbol is

E = (|H0|2 + |H1|2 + · · · + |HN−1|2
) = N (4.7)

We assume the power and power spectrum density (PSD) of AWGN is Pε and N0, respec-
tively. We also assume the sample period of OFDM system is 1, and then the signal-to-noise
ratio [34] (SNR) of the proposed OFDM system can be expressed as

SNR = E/N

Pε
= 1/Pε = 1/N0 (4.8)

From [33], we can derive the BER performance for the proposed OFDM system

pb(Proposed OFDM) = 1

2N

N−1∑
i=0

er f c(Ai ) (4.9)

where Ai =
√

2 |H(i)|2 /N0 =
√

2 |H(i)|2 · SNR, and

er f c(x) = 2√
π

+∞∫
x

exp
(−y2)dy (4.10)
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While the BER performance in theory for conventional BPSK OFDM system is

pb(Conventional OFDM) = 1

N

N−1∑
i=0

Q (Ai ) (4.11)

where Q(x) = ∫ +∞
x e− y2

2 dy. From Eqs. (4.9) and (4.11), we have

er f c(x) ≤ 2√
π

Q(x), and

pb(Proposed OFDM) ≤ 1√
π

· pb(Conventional OFDM) (4.12)

From unequal Eq. (4.12), we can see that our proposed performs better than conventional
OFDM system.

5 Simulation Results

In this section, we provide the theoretical and simulation results of the BER versus SNR for
(1) the conventional OFDM system and (2) the proposed Haar wavelet-based BPSK OFDM
system.

We consider 1,024 subcarriers, i.e.,N =1,024, and assume that BPSK modulation is used
in the conventional OFDM and proposed OFDM system. We consider the following two
fixed ISI channels, which are selected from the examples presented in [35].

Channel A: h = [0.407, 0.815, 0.407], which is a spectral-null channel.
Channel B: h = [0.8, 0.6], although it does not have spectral-nulls, its Fourier transform

values at some frequencies are small.
The channels’ characteristics (channel gains) are plotted in Fig. 3. In addition, in Figs. 4

and 5, we have shown the comparison of the BER performance between the conventional
OFDM system and the proposed OFDM system.
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For simplicity, we assume that the maximum-likelihood (ML) estimation method is used
at the receiver, although the BER performance in theory is based on Costas loop demodula-
tion. From Figs. 4 and 5, one can clearly see the improvement of the proposed OFDM system
performance. Since the nonspectral-null property of Channel B is better than that of Channel
A, one can see that the BER performances of all the OFDM systems in Fig. 5 for Channel B
are better than the ones in Fig. 4 for Channel A.

In Figs. 4 and 5, the spectral-null property of Channel A and Channel B makes the con-
ventional OFDM system performs poorly. One can also see that the proposed OFDM system
can improve the BER performance 3 dB at most. Hence, our proposed OFDM system shows
robustness to spectral-null channel compared with the conventional OFDM system, which
is very preferable in practical applications.
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The theoretical analysis curves are also presented in Figs. 4 and 5. One can see that the
theoretical curves for our proposed OFDM match well with the simulation results after SNR
lager than 5 dB, which illustrates the correctness of our performance analysis.

6 Conclusion

In this paper, we proposed a novel Haar wavelet-based BPSK OFDM system. Since the
Haar wavelet transformation is used in our proposed OFDM system, half of the information
symbols are zeros and the rest are either

√
2 or −√

2 in each OFDM symbol. The simulation
results and theory analysis illustrate the proposed system has two advantages compared with
conventional OFDM system: (1) reduces the PAPR by 3 dB at most (2) shows robustness to
spectral null channels, improving BER performance 3dB at most. Analysis also show that
our proposed OFDM system dose not increase too much computational complexity at the
transmitter.

Since our proposed OFDM system is only suitable for BPSK modulation, our next research
work will focus on wavelet transformation over different baseband modulation scheme, i.e.
MQAM and MPSK.
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