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Abstract The authors consider the semilinear Schrédinger equation
—Aau+ Va(z)u=Q(x)|u"*u in RY,
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Nehari manifold and fibrering maps, the existence of nontrivial solutions for the problem
is discussed.
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1 Introduction

In this article, we study the existence of nontrivial solutions of the semilinear Schrédinger

equation

~Aau+Va(z)u = Q(z)|ul""*u, =RV, (1.1)

where —Ay = (—iV+ A)*, u:RY - C, N > 3,1 <~ < 2" and v # 2. The coefficient Vy is
the scalar (or electric) potential and A = (Aq,---, Ay) : RV — RY the vector (or magnetic)
potential. We assume in this paper that A € L2 _(RY), Vi (z) and Q(z) are continuous functions
changing signs on RY. Vy(z) = V*(x) — AV~ (), where V*(z) = max(V(z),0), V~(z) =
max(—V(z),0) and V= (z) € L= (RN). It is assumed that lim Q(z) = Q(c0) < 0. Further

|z|—o0

assumptions on Vy(z) and Q(x) will be formulated later.
In the case A = 0, the problem was extensively studied. In particular, in a bounded

domain 2, it was established in [4] the existence and multiplicity of non-negative solutions of
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(1.1) for v > 2. Later, the case 1 < v < 2 was considered in [2]. In the whole space RY if
V € L (RY), the cigenvalue problem

—Au=\V(z)u inRY

has a sequence of eigenvalues, 0 < A;(V) < A(V) < --- < A, (V) < -+, of finite multiplicity
and going to infinity. Under this condition, it was proved in [8], that, for V) = —AV,

(i) problem (1.1) has a positive solution for every 0 < A < A1 (V),

(ii) if fRN Q¢ dx < 0, where ¢; is the eigenfunction corresponding to A\1(V), then there
exists a constant ¢ > 0 such that problem (1.1) admits at least two positive solutions for every
M (V) <X < A (V) + 6. These solutions were obtained by the mountain-pass lemma and local
minimization. Similar results were obtained for the p—Laplacian in RY in [6] and [10].

Recently, much interest in the case A # 0 has arisen and various existence results were
obtained, see for instance, [1], [5], [7], [11] and references therein. Inspired by [2] and [4], we
consider the existence of nontrivial solutions for (1.1) with A # 0. We classify the Nehari
manifold, and find solutions of (1.1) as minimizers of the associated functional on two distinct
components of the Nehari manifold.

It is known from [7] that the eigenvalue problem
—Aqu+VH(z)u=pV (z)u  inRY (1.2)

has a sequence of eigenvalues 0 < p1 < po < pug < ... < pp, —o0if V- #A0and V™~ € LY (RM).
Let us denote the corresponding orthonormal system of eigenfunctions by ¢4 (), ¢2(z),---. The
sequence is complete in the Hilbert space H} , (R"), where H) |, (RY) is the closure of
Cs°(RY) with respect to the norm

1

full = ([, (9l + V¥ @) de)

and Vau = (V + iA)u, V*(z) = max(V(z),0). The first eigenvalue p is defined by the
Rayleigh quotient

= inf Jex (Vaul? + V7 (2)[uf?)dz (1.3)
welll @) fpy VT (@)[uf?de

Our main result is as follows.

Theorem 1.1 If 2 < v < 2%, then

(i) problem (1.1) has a solution for 0 < A < pq,

(i) if [on Q(x)|@1]"dz < 0 and X = p1, then problem (1.1) has a solution.

(iii) if [zn Q(x)]p1|7dx < 0, then there exists a constant § > 0 such that problem (1.1)
admits at least two solutions for pu; < A < pp + 9.

For the case of 1 < v < 2, we have

Theorem 1.2 (i) Problem (1.1) has a solution for 0 < A < 1,

(ii) If [on Q(z)|@1]7dz < 0, then there exists a constant § > 0 such that problem (1.1)
admits at least two solutions for pu; < A < pp + 9.

We point out that ¢1 may not belong to L?(RY). The condition [;y Q(z)|¢1[7dz < 0 is
an extra assumption on @ .

In Section 2 we discuss the relation between the Nehari manifold and the fibrering maps.

Theorems 1.1 and 1.2 are proved in Section 3 and Section 4.
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2 Preliminaries

Suppose u € HA v+ (RY), by the diamagnetic inequality ([12], Theorem 7.21), |u| €
DY2(RYN), where DV 2(RN ) is the usual Sobolev space of real valued functionals defined by

D'2(RN) = {u we L (RY), Vu e L*RY) }

N-2
LY(RY) with 1 <y < 2 or 2 <y < 2*. So we look for solutions of problem (1.1) in the space

E=H} v (RM) N LY (RYN) equipped with norm

Therefore, u € L? (RY), where 2* = 2Y_. Functions in Hix,v+ (RM) may not belong to

1
2

Julle = ( / (T4 + V(@) luf?)dz + / Julda)?)

Alternatively, E can be defined as the completion of C§°(RY) with respect to the above norm.
It is apparent that the functional

1

nw =5 [ (VP + @) do =2 [ Qs

is a C'-functional in E. Critical points of Jy in E are solutions of problem (1.1), which belong

to the so-called Nehari manifold

s={uch: /RN(WAUF +Va(@)|uf?)de = /RN Q@)fuldz}

On S, we have that

hw=(5-7) [ (Val +n@ie = (5-2) [ Q@rds (2)

The Nehari manifold S is closely linked to the behavior of functions ®,, : ¢ — Jy(tu) (¢t > 0).
Such maps are known as fibrering maps introduced in [9], and were also discussed in [2], [4],
[6]. If w € E, we have

2
B0 =5 [ (Vauk+ B@hPe = [ Q@lulds (2.2)
w0 =t [ (Vaul+Vi@P)e =0~ [ Qs (2.3)
W)= [ (Vaul + @i - G-007 [ Quihian (24

Obviously, u € S if and only if ®/,(1) = 0. More generally, ®/, (t) = 0 if and only if tu € S, i.e.,
elements in S correspond to stationary points of fibrering maps. It follows from (??) and (?7?)
that if @ (t) = 0, then ®/(t) = (2 — y)t"? [px Q(x)|u|"dz. So we may divide S into three
subsets ST, S~ and S° as follows:

St = {u €S:(2—7) /]RN Qz)|u|"dz > 0},

5 = {u €S:(2—7) /RN Q(x)|u["dz < o},
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s ={ues: @) /RN Q@)luPdz = 0}.

St,S~ and S° correspond to local minima, local maxima and inflection points of the fibrering
maps D, (t), respectively. Consequently,

Lemma 2.1 Let u € S. Then

() @,01)=0;

(i) we ST, 87, S%if ®/(1) >0, ®//(1) <0, /(1) = 0, respectively.

On the other hand, for u € F,

(1) if [on (IVau?+Va(z)|u?)dz and [,y Q(z)|u|’dz have the same sign, ®,, has a unique

turning point at

(e (T au + V@)l 7
( )_< Jon Q@) updz ) ,

If 2 < v < 2%, t(u) is a local minimum (maximum) of ®,(¢) and #(u)u € ST (S7) if and only if
Jon Q()|u[7dz < 0(> 0). The case 1 <~ < 2 can be discussed analogously.

(ii) if fon ([Vaul? + Va(2)|ul*)dz and [,y Q(z)|u|7dz have different signs, then ®, has
no turning points and so no multiples of u lying in S.

We define

L= {ueB: ful =1, / (17 4uf? + Va () uP)dar > 0},
RN
L= ()\), L°()\) are defined by replacing > in Lt by < and = respectively. We also define
Bt = {u CE:|ul =1, / Q)|u["de > 0},
RN

and B~, BY are defined by replacing > in Bt by < and =, respectively.

Thus, if 2 < v < 2* (1 < v < 2) and u € LT(\) N BT, we have ®,(t) > 0(< 0) for
t > 0 small and ®,(t) —» —oo(+00) as t — oo, ®,(t) has a unique maximum (minimum)
point at t(u) with ¢(u)u € S (ST). Similarly, if u € L=(X\) N B~, ®,(t) < 0(> 0) for ¢ small,
D, (t) — +o0(—00) as t — oo and ®,,(t) has a unique minimum (maximum) point at ¢(u) with
t(u)u € ST(S7). Finally, ifu € LT (A\)NB~ (L~ (\)NB™T), @, is strictly increasing (decreasing)
for all t > 0. Consequently, if u € E\{0} and 2 < v < 2* (1 <~ < 2), we have

(i) t— ®,(t) has a local minimum (local maximum) at ¢ = ¢(u) and t(u)u € ST(S™) if
and only if - € L™(A) N B~;

(i) ¢ — ®,(t) has a local maximum (local minimum) at ¢ = ¢(u) and ¢(u)u € S~ (ST) if
and only if i € LT(A) ) BT

(iif) if g € LZ(A) N BT or L¥(A)(N B~, no multiple of u lies in S.

We shall prove the existence of solutions of (1.1) by looking for minimizers of Jy on S.
Although S is a subset of E, minimizers of Jy on S are actually critical points of Jy on E.
Indeed, as proved in [4], Theorem 2.3, we have

Lemma 2.2 Suppose that v is a local minimum for Jy on S. If u ¢ S°, then u is a

critical point of Jy.
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3 Superlinear Case

Suppose in this section that 2 < v < 2*. Since the range of the parameter \ affects the

existence of solutions of problem (1.1), we distinguish the following cases to be discussed:

(1) 0< A< pg;
(i)  A> pa;
(iil) A= p.

In the case (i) 0 < A < pq, by (1.3), we see that there exists a §(\) > 0 such that
/ (IVaul* + Va(z)|ul*)dz > 5()\)/ (IVau]® + V*(z)[u*)dz > 0, (3.1)
RN RN

for every u € Hix,v+ (RM)\{0}. Thus, L=()), L°(\) and ST are empty, and S° = {0}.
Lemma 31 Let {u,} C S~ be a minimizing sequence of A = insf Jx(u). Suppose {u,}
ueES T
is bounded in E, then {u,} has a subsequence strongly convergent in E.

Proof We may assume that u, — u in F as n — oo. We first show that u,, — u in
LY(RY). By Brézis-Lieb Lemma,

Q(x)|un|"dx
RN

— [ Q@uPds+ [ Q)lun— ulde + o)
RN RN

= x)|u|"dx z)|u, —ul"dz z)|u, —ul"dz + o1
[ e@hrass [ Q@ —updas [ Q@ —updz o)

{lz|=R}

= Q(z)|u|"dx + / Q(x)|uy, — u["dx + o(1), (3.2)

RN {lz|=R}

where Q(z) < 0 if |z| > R. Suppose u,, 4 u in LY(RY), by the assumption 0 < A < u; and
(3.2), we would have

0< / (|V au)? 4+ Va(x)|u|?)dz
{lz|>R}

n—oo

Sliminf/ (IVaun|® + Va(z)|un*)dz
RN

< ~/{|m|2R}Q(x)|u|7dx+/ Q($)|un _U|’de+o(1)

{lz|=R}
< / Q(z)|u]"dx. (3.3)
RN
So there is an s(0 < s < 1) such that
/ (IVa(sw)|? + Va(a)|su|?)da :/ Q(x)|su|"dx.
RN RN

It implies from (?7?) that su € S~. On the other hand,

/ (|Vaul? + Vy(2)|u*)dz < liminf/ (|V aun* + V() |u,|?)de =
RN n—oo RN

N=
2=

< /}R]\[(|V,4(rsu)|2 + Va(z)|sul?)de,
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this yields s > 1 which is a contradiction. Hence u,, — u in LY(RY) as n — oo.
Next, we show that u, — w in Hj . (RM) up to a subsequence. On the contrary, we

would have

/N(|VAU|2 + V)\(I)|u|2 — Q(x)|u")dz < 1hrninf/N(|VAun|2 + VA(a:)|un|2 - Q(x)|unp|")dx
R n—oo Jr
= O,

which yields
®,(1) = [ (Vaul + B@lal® - Qa)lul")dz <.
RN

So there exists 0 < o < 1 such that @/ («) = 0, that is, cu € S~. Since each ®,(t) attains its

maximum at t =11 0<¢<1and u € S™, we see that

In(ou) < lim Jy(ou,) < lim Jy(u,) = A,

n—oo n—oo

which is impossible. Therefore, u, — u in H} 4 (RY) and hence u, — u in E as n — oc.
Proposition 3.1 We have
(1) inf Jx(w) > 0;
ueS—
(ii) there exists u € S~ such that Jy(u) = insf Ir(v).
vEST
Proof (i) Obviously, Jx(u) > 0 if u € S~. We claim that inSf Jx(u) > 0. Indeed, for
uesS™
ue S, v=r% € LT(A\)NB*" and u = t(v)v with

[u]

) = (Tl lootyiry 7

fRN Q(z)|v|7dz
u satisfies
1w = 5@ = (5= D20 [ (940 + el
(et iy
2 (fan Q(@)|v[rdz) =2
> (1 - l) e
2 7 (f]RN Q($)|U|de)ﬁ

by (3.1). To estimate the integral appeared in the denominator, we choose R > 0 such that
Q(x) <0 for |x] > R. Applying the Holder and Sobolev inequalities, we have

s
£3

z)|v|"dz z)|lv|"dz < ¢ o v dx)’
/. e@i S/{mst( ol de < c(B)Q (/[IIISR}| > dr)
< e(R)[Qll o] = e(R) Q.

where ¢(R) > 0 is a constant depending on R. It yields

y

. L1y e
2002 3 o=
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(ii) Let {un,} C S~ be a minimizing sequence for A = inSf Jx(u). Since 0 < A < py,
uesS—

{un} is bounded in H}“H (RY) and { [z~ Q(z)|un|"dz} is also bounded. We now show that
{u,} is bounded in LY(RY). We choose R > 0 such that Q(z) < @ for |x| > R, then
[ e@hnrds= [  Q@luldet [ Q@)unfds
RY {lz|<R}

{lz|=R}

g/ Q(x)|un|7d:v+M/ | da.
{|z|<R} 2 JaizR
So
—M/ |un|Yda < —/ Q(x)|un|vdx+/ Q(z)|uy|"dz. (3.4)
2 Ja1zRy RN {|z|<R}
It yields

/ |un|"dz < ¢(R). (3.5)
{lz|=R}

Therefore, {u,} is bounded in L?(RY) and then in E. By Lemma 3.1, we may assume that

up — uin E as n — oo. If u(z) = 0 on RY, since

A
lim (IV aun|?* + Vi () |u,|?)dz = lim Q(z)|un|"dr = +— >0, (3.6)
N 11

n—oo JpN n—oo Jp 5 5

and Q(x) < 0 provided that |z| > R, we obtain from (3.2) that

0 < lim Q(x)|up|"dz < / Q(z)|u|"dx = 0,
N RN

n—oo

a contradiction. Hence, u # 0. Furthermore, Jy(u) = lim Jy(u,) = insf Jx(v), that is, u is a
n—oo veES—

minimizer on S~. This completes the proof.
In the case (ii) A > p1, we see that ;1 satisfies

/ IV a1]? + Va(@)lgr P)da = / (11— NV (@)1 dz < 0.
RN RN

This yields o1 € L™ (A). If [on Q(x)]e1]"dz <0, then 1 € L~(X\) N B~ and ST is non-empty.
In this case, S may consist of two distinct components, so it is possible to obtain two solutions
by showing that J) has an appropriate minimizer on each component.

Lemma 3.2 Suppose [,y Q(z)|@1]7dz < 0, then there exists § > 0 such that L-(\)n
B+ = () whenever p; < X < g + 6.

Proof Suppose that the result is false. Then there would exist sequences {A,} and {u,}
such that A\, — uf, ||un| =1 and

/ (IV atn|?® + Vi, (2)|un|?)dz <0, / Q(z)|uy|"dz > 0.
RN RN

Since {u,} is bounded in H} ., (RY) and V~ € L= (RY), we may assume that u, — u
in Hj ,(RY) and [pn V7 (2)|un)?dz — [pn V7 (2)|ul*dz as n — oco. We have u,, — u in

Hl

AV+ (RM) as n — co. Otherwise, we would have

/ (IVaul* + V,, (z)|u*)dz < liminf/ (IV atn|?® + Vi, (2)|un|?)dz <0, (3.7)
RN n—oo JpN
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a contradiction. As a result
(9 auP 4 V@I = V™ @)l = 0.
It implies that there exists a constant k such that u = ky;. Since
@ @luLdr < [ Q@ e,
RN RN

and suppQ™ is bounded, similar to the proof of Proposition 3.1 (ii), we may show that {u,} is
bounded in LY(RY), by Brézis-Lieb Lemma,

/ Q(x)|un|"dz :/ Q(x)|k<p1|7dx—|—/ Q(x)|un, — kp1|"dz + o(1).
RN RN RN

This, together with [,y Q(2)[u,|"dz > 0, implies that

/ Q(z)|ke1|"dx > 0,
]RN

However, by the assumption that fRN Q(x)|p1]|7dz < 0, we would have k = 0. This is impossible
as [Jul] = ki ]| = 1. -

Proposition 3.2 Suppose that L=(\) N B+ = (. Then

(1) S%={0}

(i) 0¢ S~ and S~ is closed;

(iii) S— NS+t =0;

(iv) ST is bounded.

Proof (i) Suppose that thereis au € S°\{0}, then ToT € L°(NNB° ¢ L-(\)NBT =,
which is impossible.

(ii) Arguing by contradiction, we assume that there exists {u,} C S~ such that u, — 0

in £ as n — oo. Hence
0< / (|V atin)? 4+ Va()|up |?)dz = / Q(z)|un|"dz — 0
RN RN

asn — oo. Let v, = m2p. We may assume that v, — v in Hix,v+ (RN) and [on V™ ()|vn [Pd2 —
Jan V™ (@)|v[*dz as n — oo. Since the set {z : Q(z) > 0} is bounded, we see that

lim Q+(x)|vn|v|\un|\7_2d:17 =0
N

n—oo

as n — 00. S0
0< [ (Vv + Vi@lon e = [ Q@) a2
RN RN
< [ @ @l el d
RN
This yields

n—oo

lim )\/ V= (z) v, [Pde = )\/ V= (z)|v)Pde = 1,
RN RN
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and v # 0. We also have

/ (IVav]* + Va(z)|v[*)dz < liminf/ (IV avn|* 4+ Va(2)|vn|?)dz = 0,
RN n—oo JpN
which implies i € L=(X). On the other hand, we may deduce from [,y Q(z)|v,[dz > 0
and the Brézis-Lieb Lemma that [,y Q(z)[v[7dz > 0, so o € B*. Consequently, Tor €
L= ()\) N B*, contradicting to the assumption. Hence, 0 ¢ S—.

Next, we prove that S~ is closed. By (i), we know that S— ¢ S~ US% = S~ U {0}. Since
0 ¢ S—, it follows that S— = S—.

(iii) According to (i) and (ii) we have

S—NSTcCcS N(STuUSH =S5 n(STu{o})=(S"NSHuU(S™ n{0})=0.
(iv) Suppose by contradiction that ST is unbounded, then there would exist a sequence

{un} C ST such that ||u,||p — oco. Setting v, = Talr» we have

/ (IVaval® + Va(@) vn|*)da =/ Q(@)[vn|[[un| e
RN RN
giving

lim Q(z)|v,|Ydz = 0,
n—oo JpN
as n — oo. Suppose v, — v in E, we may deduce as before that [ Q(z)|v]"dz > 0.

We have v, — v in HY , (RY). Indeed, if it is not true, then

AV+
/ (|IVav|? + Va(z)|v*)de < lim / (IVavn]? + Va(2)|vn|?)dz < 0
RN n—oo RN

implies v # 0 and r € L~(\)N'BY, a contradiction. Thus, [yx (|Vav|? + Va(z)[v|?)dz < 0.
We distinguish two cases to be discussed, (a) v, — v in LY(RY); (b) v, 4 v in LY(RY).

If (a) occurs, then v, — v in E, ||v]|g = 1 and Ton € L=(\) N B+, which is impossible. If

(b) occurs, by Brézis-Lieb lemma, [,y Q(z)[v[7dz > 0, again we have r*r € L=(X\) N B*, a

[l

contradiction. Hence, ST is bounded.
Lemma 3.3 Suppose that L—(\) N BT = (. Then
(i) every minimizing sequence for Jy on S~ is bounded;
(ii)  inf Jy(u) > 0;
ucS—
(iii) there exists a minimizer of Jy(u) on S™.

Proof (i) Let {u,} C S~ be a minimizing sequence for Jy. Then

/ (IV aun|? + Va(2)|un|?)dz = / Q(x)|up|Ydz — ¢ > 0. (3.8)
RN RN

Suppose by contradiction that ||u,||g — oo as n — oo. Let v, = , we have

Un
lunlle

/ (IV Ava? + Va(@) o [2)dz = / Q@) va][[un 5 %dz — 0,
RN RN
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and
[ Q@le.fds o
RN

asn — oo. It implies [;y Q(z)|v]"dz > 0. Actually, we have v, — vin H} ;. (RY) as n — oc.
In fact, otherwise we would have

/ (IV a0]2 + Va(@)[o)dz < liminf/ (IV avnl? + Va () |on]2)dz = 0,
RN n—oo RN

and so v # 0 and mor € L7 L=(\) N B¥, a contradiction. Now, we may obtain a contradiction as
the proof of (iv) of Proposition 3.2, we omit the detail.

(ii) It is apparent that inf Jy(u) > 0. We claim that inSf Jia(w) > 0. In fact, if
ueS— uesS—

inf Jx(u) =0, let {u,} C S~ be a minimizing sequence, then
ueS™

lim (IV atn]?® 4+ Va(x)|un?)dz = lim Q( )|un|Ydz = 0.

By (i), {un} is bounded in E. Applying the arguments of the proof of (iv) of Proposition 3.2,

we may show that u, — u in H} v+ (RN) as n — oo and

/ (IVaul* + Va(2)[uf*)dz = 0.
RN

If up #» win LY(RY), we have [,y Q(z)|u["dz > 0, and then ol € L°(\)NB* c L-(\)NBT,
a contradiction. Therefore, u, — u in E as n — oo. By Proposition 3.1 (ii), we know that
0¢ S~ and S~ is closed, so u # 0. Tt yields % mal € L°(\) N B° ¢ L—(\) N B, a contradiction.

(iii) Let {u,} be a minimizing sequence for Jy on S~. By (i), {u,} is bounded in E.
Since

1 1
(— - —) lim [ Q@)lua"de = inf Ja(u) >0,
ueS
we have [,y Q(z)|u[7dz > 0. The assumption L~ (\) N BT = § implies B* C L*(X). Conse-
quently

/ (IV aul? + Vi (z)|u|?)dz > 0.
RN

So we rnay assume by Lemma 3.1 that u, — uw in E as n — oco. Hence, u € S. We know from
Jon Q(x)|u[7dz > 0 that u € S~. Tt follows
Ja(u) = lim Jy(u,) = inf Jy(u),
n—00 ueS—
i.e., u is a minimizer for Jy(u) on S—.
We now proceed to the investigation of Jy on S7.

Lemma 3.4 If L= ()\) # ) and L—(\) N B+ = (), then there exists u € ST such that
Ja(u) = inf Jy(v).
veS+t
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Proof By the assumptions, L=(\) € B™, so ST # . By Proposition 3.1 (iv), ST is
bounded. Using Holder inequality and Sobolev inequality, we find for « € ST that

Ta(u) = (% _ %) /RN(|VAu|2 + V(@) |uf?)de > —(% _ %) /RN AV (2) [ul2de
> =ClV7lly,

so the problem B := inSf+ Jx(u) is well defined, it is obvious that B < 0. Let {u,} C ST be a
ue

minimizing sequence for Jy. Then

Taun) = (5 - %) / (Y aunl? + Vi@ = (5 - %) / Q@) — B <0,

Since {u,} is bounded in E, assuming u,, — u in E, we obtain
/ (IVaul® + V(@) |u*)dz < lim / (IV aun|?* + Va(z)|u,|?)dz < 0.
RN n—oo JrRN

It yields qir € L™ C B~ and there is a t(u) such that t(u)u € ST with
t(u) = (f]RN (IV aul® + VA($)|U|2)dw> v
Jen Q@) |ul7d '

We now show that u, — u in F as n — oo. First we establish the convergence of {u,} in

H} \+ (RY). In the contrary case, there would hold

/N(|VAu|2+V>\(x)|u|2)d:1:< lim /N(|VAun|2+VA(:17)|un|2)dx
R n—oo R

= lim Q(x)|un|"dx

n—oo JpN
< / Q(@)lu"dw < 0,
RN
because iy € B™. From this we derive that t(u) > 1, it leads to a contradiction as
I(t(w)u) < Ja(u) < lim Jy(u,) = B.
Next, we show u,, — u in LY(RY) as n — oo. If it is not true, by Brézis-Lieb Lemma,
/ (|V au|* + Vy(2)|u|?)dz = lim / (|V atwn|? + Va()|un,|?)da
RN n—0o0 JrRN
= lim Q(z)|un|"dz
n—oo JpN
< / Q(z)|u|"dz,
RN

which implies t(u) > 1 and leads to a contradiction. Consequently, u,, — u in E as n — oo,
and then

[ (Vi + i@laPae = [ @@l <o,
RN RN
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ie,ue ST and

Ja(u) = lim Jy(up) = inf Jy(v).

n—oo veEST

Thus, v is a minimizer for Jy(u) on ST.

Suppose [,n Q(z)|@1]7dz < 0, then ¢ € L™(A) if A > py, L7(X) # 0. By Lemmas
3.2-3.4, there exists a § > 0 such that J has a minimizer on S~ and ST respectively whenever
#1 < A < p1 + 0. These minimizers are different from each other because L*—(/\) NB* =(. By
Lemma 2.2, we have

Proposition 3.3 If [, Q(z)[p:1]"dz < 0, then there exists a § > 0 such that problem
(1.1) has two distinct solutions for pu; < A < pg + 4.

In the case (ili) A = p1, we prove that there is a mountain-pass solution of (1.1). We
commence by establishing the (PS). condition.

Proposition 3.4 Suppose that [,y Q(z)|¢1|7dz < 0. Then the functional Jy satisfies
the (PS). condition for ¢ € R.

Proof Let {u,} be a (PS). sequence.We show that {u,} is bounded in E. If it is not
the case, suppose ||un||g — oo as n — oco. Let v, = ”Jfﬁ, we may assume that v, = vin E
and [on V7 (@)|vp]?de — [on V7 (2)|v?dz as n — oo. {v,} satisfies

/ (IVavnl* + Vi, (@) |vn]*)dz :/ Q(2)|vn]"[|un]"?dz + o(1),
RN RN

and

2 [ (a0l Vi@l = [ Qe "o + (1),
RN RN

This implies
[ (Va0 + Vs @z =0 and [ Q@)fenlde — o,
RN RN
as n — 0o. Therefore,
0< / (¥ 40]? + Vuy (@) v[?)dz < lim / (¥ 40n? + Vo ()]tn|?)dz = 0.
RN n—oo RN
Then we have v = kg, for some constant k. By Brézis-Lieb Lemma,
0= lim Q(x)|v,|"dx
n—oo JpN
= / Q(z)|kp1|"dz + lim / Q(x)|vy, — k1 |"dx
RN n—oo RN
< / Q(z)|kp1|"dx.
RN

However, [,n Q()|¢1]7dz < 0, it should have k = 0. So v,, — 0 in H}“H (RY). Choose R > 0
so that Q(z) < 0 if |z| > R, then

0= lim Q(z)|vy|"dz = lim Q(z)|vn|"dz < 0.
N
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It yields v, — 0in LY (RY). Consequently, v, — 0 in E. However, ||v,| g = 1, this contradiction
leads to that {u,} is bounded in E. Assuming u, — u in F, we deduce

/ (IVaul® + V,, (z)|u?)dz < liminf/ (IVaun* + Vi, (z)|un|?)da
RN n—oo JpN
= lim inf Q(x)|un|"dx
n—oo JpN
:/ Q(x)|u|7dx—|—liminf/ Q(x)|up — u|"dx
RN n—oo JpN
< [ Qulds
RN

< / (I a2 + Vi (2)|uf?)da.
]RN

The result follows.
Proposition 3.5 Suppose [,y Q(z)|¢1|7dz < 0 and XA = p1, then problem (1.1) has a

mountain-pass solution.
Proof Observing that £ C H ix v (R™), let V' denote the orthogonal complement of the

subspace span{p1} in H} . (RY) | that is

V= {v| ve H) y+ (RY) and / VavVapr + Vi (2)vprds = O} ,
: .

we decompose u € E as u = tp; + v, where v € V N LY(RY). Choosing R > 0 such that
—-Q(z) > —@ =m > 0 for |z| > R and f{\z\<R} Q(x)|ep1]7dz < 0, we have

1 1 m
Jyy (u) > —/ (IVaul® + Vi, (2)u*)dz — —/ Q(z)|u["dx + — lu|"dx
2 Jrn v J{jel<r) Y J{lz|>R}
1 1
>1 / (Y auf? + Vi (@) uf2)dz — ~ / Qa)(Jul” — lt1|")da
2 Jry Y J{lz|<R}
1
1 / Q@)[ter 1z + ™ lu[da
Y J{|z|<R} 7 J{l=|>R}

Let uy = u, ug = tw1, f(ur) = |u1]?, f(u2) = |tp1|?, then
1
Flur) = flus) = / (s + (1 — s)ua)], ds.

Since suy + (1 — s)ug = sv + te1, we have f(su; + (1 — s)ug) = |sv + tp1|7 and

2

[sv 4+ te1]” = [(sRev + Re(tgol))2 + (sImv + Im(tcpl))2|
It yields

(f (sur + (1 = s)ua))y = (|sv +tea ")}
= %[(sRev + Re(tp1))? + (sImv + Im(tg1))?]? ~![2(sRev
+Re(te1))Rev + 2(sImo + Im(tpy))Imo]
= g[(sRev + Re(tg1))? + (sImo + Im(tp1))?] 2 ~1[2s|Rev|?
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+2Re(te1)Rev + 2s[Imv|? + 2Im(tp; )Imo]

< g[2(sRev)2 + 2(Re(te1))? + 2(sImv)? + 2(Im(tp1))?] 2~ 2s|v)?
+2(Re(typ1)Rev + Im(tpr ) Imo)]

2[25%u[? + 2lt1[2)3 7 [25[0]? + 4ol ]

< e(jo] 72 + [tor P72 (0l + [olltenl)

= c(lv|" + [0 ter] + [0t 72 + Jolter 7).

<

By Young’s inequality,

(v=1-3%7)

)
i 1 _1_ _ _
[0t < eafol T 4 eo([o] Tt = ealol + calollton

5
—2 O ~N=2 —2 —1
02l |72 < e (o] 370) 23T 4 eo(|o] 571 tr [T 72)TE = e ol + ealolfton |7

It follows (f(su1 + (1 — s)uz))s < e(Jv|” + |v||te1[7~1). By Holder inequality,

[l e < oo,
{lz|<R}
Thus

[ a@ur e e [ pde+ et
{lz|<R}

{lz|<R}

On the other hand,
/R (Vau? + Vi @)uf?)da
=2 [ (Vs +Va@lerPido+ [ (Ta0f +Vu @)
_ / (Ve + Vi @)v?)de

> (1= [ (9ao + V@i = (1 L) o
M2/ JrN 2
we obtain

Tun(w) = (1= ) ol e~ c
H2

o]7dz — et |v]| + T/ lu|"da
{l=|<R}

{lz|=R}
for some constant ¢ > 0. Introducing the following equivalent norm on E:
1 1
lullz = (max(lt], [[v]))* + [ull3) * = (llullZ + llul3)?,

we obtain that

Ty, (1) > 07 + m/ |u|7dz,
T J{lz|= R}

for some constant ¢ > 0 and ||ul|« = ¢ sufficiently small. If ||u||g = p and |Jul/+ = J — 0, then

lully — p. Hence

lim inf / |u|7dx > c1p”,
llulle=p,6—0 J|z|>R



No.5 Peng & Yang: MULTIPLE SOLUTIONS FOR THE SCHRODINGER EQUATION 15

for some constant ¢; > 0. Therefore, J,, (u) > « for ||u||[g = p and «,p > 0. Finally, let
n € CRY) be with suppn C {r,Q(x) > 0}. Then for sufficiently large t > 0 we get
Jyu, (tn) < 0. The result follows by the mountain pass lemma.

Proof of Theorem 1.1 The consequence of Theorem 1.1 follows from Lemma 2.2,
Propositions 3.1, 3.3 and 3.5.

4 Sublinear case

In this section, we prove Theorem 1.2. We know from Section 3 that, [pn(|Vaul* +
Va(@)|ul?)dz > (p1 — A) fon V7 (2)|u?dz > 0 for all u € E\{0} provided that A < u1, so

Lt(N) ={ue E:|ul| =1} and L (A\) = L°(\) = 0. If A > p1, L~ (\) becomes non-empty and
gets larger as \ increases. So, to prove Theorem 1.2, we discuss the vital role played by the
condition L~ (A) C B~ in determining the nature of the Nehari manifold, and we get a result
similar to the Proposition 3.2. It is always true that L=(\) C B~ if A < p1, and this may or
may not be satisfied if A > p;.

Proposition 4.1 Suppose there exists A such that for all A < 5\, L= ()\) € B~. Then,
for A < 5\,

(i) L°(\) € B~ and so L'(A\) (" B° = 0;

(ii) ST is bounded;

(iii) 0 ¢ S— and S~ is closed;

(iv) StNS™ =0.

Proof (i) Suppose that the result is false. Then there would exist u € L°(\) and
wg B~ If A< pu <A then u € L™ (p) and L~ (u) ¢ B~, which is a contradiction.

(ii)  Suppose that S* is unbounded. Then there would exist {u,} C ST such that

HunHE — ocoasn — oo. Let vy = 24—, We may assume v, — v in £ and Jan V™ (@)|vg]*dz —
Jan V7 (@)|v[?dz as n — oo. Since u, € S,
vp | Ydx
/ (IV avn|? + Va(@)|vp|?) do = M (4.1)
RN [u n”
We deduce from
/ Q(z)|vn|"dz < sup Q(:C)/ lvp|7dx < o0,
RN zERN RN
and (4.1) that
/ |V avn|? + Va(2)|v,|?dz — 0
RN
as n — oo. By the fact u,, € ST and Brézis-Lieb Lemma, we deduce
/ Q(z)|v|"dz > 0. (4.2)
RN

We have v, — v in H} . (RY). Indeed, if not,

/ (|V av)? + Va(z)v]*)dz < liminf/ (|V avn]? + Va(2)|v,|*)dz = 0.
RN n—oo RN
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Thus v # 0 and by (i), o € L= (\) C B, a contradiction to (4.2). Hence,

/ (IV av]? + Va(2)|v)?)dz = liminf (IV avn|? + AV (2)|v,|?)dz = 0.
RN n—oo RN
We now distinguish two cases: (a) v, — v in LY(RY); (b) v, /4 v in LY(RY). If (a)
occurs, then v, — v in E and so ||v||g = 1, thus v # 0 and we have e € L%(\) € B~ which
contradicts to (4.2). If (b) occurs, then by Brézis-Lieb Lemma, [, Q(z)[v["dz > 0, again
v # 0 and we have IITUH € L=()\) C B™, which is impossible either. As a result, S* is bounded.
(iii) Suppose 0 € S—. Then there exists {u,} C S~ such that u, — 0 in E as n — ooc.
Let vy = . We may assume v, — v in E and [pn AV (@)|va[*d2 — [ AV (2)[v[*d
as n — o0o. Since u, € S7, by (4.1),

/ Q(z)|v,|"dz — 0. (4.3)
RN

We have v, — v in LY(R"). Indeed, otherwise, by Brézis-Lieb Lemma and (??), we obtain

/ Q(z)|v|"dz > 0.
RN

This implies v # 0 and 7 € B™. On the other hand,

ol

/ (Va0 + Va(@)]o])dz < liminf/ (IV avnl? + Va(@)|on]?)dz < 0,
RN n—oo RN

SO o € L%°(\) or L=()), but o € BT which contradicts to (i). Therefore, v, — v in LY(RY).
If v, — v in Hix,v+(RN)a we get v, — v in E. So ||v[|g = 1 and e € L°(\) N B° or

e €L-()N B, which is impossible. Hence v, # v in H} . (RY) and

/ (|Vav|? + Va(z)|v*)dz < liminf/ (IV avn* + V() |v,|?)dz <0,
RN n—oo RN

that is, v # 0 and mer € L~ (\) N B°, which again gives a contradiction. Thus 0 ¢ S—.

We now prove that S~ is closed. Suppose that {u,} C S~ and u,, — v in E as n — 0.
Then u € S~ and u # 0 by (iii). Moreover,

/ (IV auf? + Vi (@) [uf?)dz = / Q(@)[u[*dz < 0.
RN RN

If both integrals equal 0, then it € L°(\)N B°, which contradicts (i). Hence both integrals
must be negative and so v € S7. Thus S~ is closed.
(iv) If there is a u € ST()S~, then u # 0. Moreover,

/ (IV auf? + Va(@)lul)de = / Q()|u"dz = 0
RN RN

and so i € L°(\) N BY, a contradiction to (i).
Obviously, Jx(u) > 0 on S~. Moreover,
Proposition 4.2 Suppose there exists A such that for all A < A, L=(A) Cc B~ and S~ is

non-empty, then



No.5 Peng & Yang: MULTIPLE SOLUTIONS FOR THE SCHRODINGER EQUATION 17

(i) every minimizing sequence for Jy on S~ is bounded;
(i) inf Ji(u)>0.
uesS~
Proof (i) Let {u,} C S~ be a sequence such that lim Jy(u,) = 1nf Jx(u). Suppose

n—oo

by contradiction that {u,} is unbounded in E. We may assume that HUnHE — 00 as m — 00.
Since JA(un) is bounded and {u,} C S, it follows that both { [;x (|Vaunl* + Va(2)|us|?)da}
and { [~ Q(2)|un|"dz} are bounded. Let v, = o> we have

lim (IV avn|? 4+ Va(@)|vn]?)dz = lim / Q(x)|v,|"dz = 0.
n—oo JpN

n—oo [pN

Similar to the proof of Proposition 4.1 (iii), we may get a contradiction.

(ii) We know that u1€nf7 Jx(u) > 0. To show uignsf; Jx(u) > 0, we may assume, on the
contrary, that there exists a sequence {u,} C S~ such that nh—>Ir;o In(uy) = uler}S’f* Jx(u) =0. By
(i), {un} is bounded in E. Then we may obtain a contradiction by the same argument as the
proof of (i). The proof is completed.

Lemma 4.1 Suppose there exists a A such that L~ (\) € B~ for all A < A\. Then for all
A< A,

(i) there exists a minimizer for Jy on S7T;

(ii) there exists a minimizer for Jy on S~ provided that S~ is non-empty.

Proof The proof of (i) is similar to that of Lemma 3.4, we sketch it. For u € ST,
Ia(u) = (5 — = f]RN x)|u|"dz < 0, thus 1nf Ja(u) < 0. Let {u,} C ST be a minimizing
sequence, then

lim Q(x)|up|"dz > 0. (4.4)

n—oo R

By Proposition 4.1, ST is bounded, we may assume that u,, — u in E. It yields
/ Q(z)|u|"dz > 0. (4.5)
RN

So u # 0 and min € B*. By Proposition 4.1, To € L*(N). So there exists a t(u) such that
t(u)u € ST. Now, we may show u,, — u in E as in the proof of Lemma 3.4. The assertion then
follows readily.

The idea of the proof of (ii) is similar to that of Lemma 3.3, we sketch it.

Let {u,} be a minimizing sequence of inf Jy(u). By Proposition 4.2, {u,} is bounded in
ues

E. We assume u,, — u in E. By Proposition 4.2 (ii),
1
(— - —) lim [ Q@)lua"de = inf Ja(u) >0,
uesS—

it follows that lim [,x Q(2)|u,|"dz < 0.

To compleﬁég(ﬁle proof, it is sufficient to show u,, — uw in F as n — oo.

First, we have u,, — u in Hix,v+ (RY). Otherwise, we would have u # 0, T € L=-(MNB~
and there exists a t(u) < 1 such that ¢(u)u € S

However, the map Jy(tu) attains its maximum at ¢ = 1if 0 < ¢ < 1 and t(u)u € S~. Then,
we obtain

I(t(w)u) < lim Jy(t(w)uy) < Ia(uy) = inf Jx(u),

n— oo ueES—
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a contradiction.

Next, we show u,, — uin LY(RY). Otherwise, we may find a ¢(u) < 1 such that t(u)u € S—,
again we may obtain a contradiction. The result then follows.

Lemma 4.2 Suppose [py Q(z)|¢1]7dz < 0. Then there exists 1 > 0 such that u €
L=(\) = u € B~ whenever 1 < A < p1 + d1.

The result can be proved similar to the proof of Lemma 3.2.

Corollary 4.1 Suppose [,n Q(z)|¢1|7dz < 0 and gy < XA < p1 + 61, then there exist
minimizers uy and vy of Jy on ST and S™, respectively.

Proof We know that ¢1 € L™ (), so L™ () is non-empty if y11 < A. By Lemma 4.2, the
hypotheses of Lemma 4.1 are satisfied with A= 11 + 91, the result follows.

Proof of Theorem 1.2 Since L™ (A) is empty for A < pq, it follows from Lemma 4.1
that J has a minimizer on St if A\ < u1. Theorem 1.2 is a direct consequence of Lemmas 2.2
and 4.1, and Corollary 4.1.
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