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Abstract

In this Letter, Boussinesq—Burgers equation and (3 4 1)-dimensional Kadomtsev—Petviashvili equation are studied by using a generalized
algebraic method. A variety of explicit exact travelling wave solutions, including solitary wave, Jacobi and Weierstrass elliptic function periodic,
triangular periodic and rational solutions, are obtained. Many new results are presented. The proposed method can be also extended to construct
more new exact travelling wave solutions of some nonlinear evolution equations with variable coefficients in mathematical physics.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In the past several decades, a great number of efforts have been made to study various nonlinear wave equations. The traditional
methods of solving nonlinear wave equations include inverse scattering theory [1,2], Béacklund transformation [3-5], Darboux
transformation [6], Hirota bilinear method [7] and Painlevé expansion method [8], etc.

With the rapid development of nonlinear science, some new powerful solving methods have been developed, such as homoge-
neous balance method [9], tanh method [10], Jacobi elliptic function method [11], method of bifurcation [12], F-expansion method
[13,14], ADM method [15] and method of auxiliary equation [16], etc. Fan [17] found a series of travelling wave solutions for
nonlinear evolution equations by applying a direct approach with computerized symbolic computations. The Fan’s method, in com-
parison with most existing symbolic computation methods, not only gives new and more general exact travelling wave solutions,
but also provides a guideline to classify various types of the solution according to some parameters. Yan et al. [18-21] improved
this algebraic method such that it can be used to seek more types of solutions.

In this Letter, we attempt to develop the Fan’s method on the basis of [17-21] and to study further Boussinesq—Burgers equa-
tion [22]

Uy = —2uuy + = vy, Vr = ZUxxx — 2(uv)y, (1
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and (3 + 1)-dimensional Kadomtsev—Petviashvili equation [23-25]

2
Uyr — OUy + OUU Yy — Uyyxy — Uyy —Uzz = 0. 2

Li et al. [22] gave some soliton solutions of Eq. (1) by means of a new Darboux transformation with multi-parameters based on
the resulting lax pairs. Eq. (2) is known as (3 4 1)-dimensional KP equation. Chen et al. [23] obtained more new exact solutions
for Eq. (2) by using a new generalized transformation in homogeneous balance method. El-Sayed et al. [24] studied Eq. (2) by
considering the decomposition scheme. Hu [25] obtained some travelling wave solutions by applying Fan’s algebraic method.

2. The generalized algebraic method based on the symbolic computation

For a given nonlinear PDEs with some physical fields u; (x;,¢) (i =1,2,...; j=1,2,...) in independent variables x; and ¢,
Ni(Ui, Wip, Wixy, Wiixg, Wioxys Witrs Wioxqts Wixots Wioxsts Wioxyxgs Wioxoxgs Wixzxss -+ ) =0, 3)
(3) can be turned to an ODE by the travelling wave transformation u; (x;,1) =u;(¢), { = k(x1 +[1x2 + -+ + A1),
M;(ui, u},ul,...)=0, 4)

where k is the wave number and A is the wave speed.
We assume that Eq. (3) has solutions in the forms

ri ri
wi@) =Y aij¢’ +> ¢~ [bij +1¢/|(cijo* " +dij)]. )
j=0 j=l1
where 7; is a positive integer, a;;, b;j, ¢;j and d;; (i =1,2,...; j=0,1,2,...,r;) are constants to be determined later, and ¢ = ¢ (¢)

satisfies the following elliptic equation

d¢

li

_ — 6
¢ dc (6)
where ¢ = £1, s is a positive integer and X; (i =0, 1,2, ...,s) are constants to be determined later. r and s can be determined

by balancing the nonlinear term and the highest order derivative term in Eq. (4) (if r is not a positive integer, we firstly make the
transformation u = v"). Substitute (5) into (4) along with (6), and then set all coefficients of

s w2
Z/\iqb") (wy=0,£1,42,...;wy =0, 1)
i=0

to be zero to get an over-determined system of nonlinear algebraic equations with respect to k, A, a;j, b;j, cij, d;j and A;
(i=0,1,2,...;j=0,1,2,...,r;). Solving the system of nonlinear equations by using the Wu elimination method with the aid
of symbolic computation packages like Maple or Mathematica, we can derive a series of fundamental solutions. Eq. (6) has many
different solutions which are listed in Table 1 (here we take s = 4).

Remark 1. ¢ is a modulus of the Jacobi elliptic functions, f» = —4A1/A3 and f3 = —4Xo/A3 are called invariants of Weierstrass
elliptic function. The more detailed notations for the Jacobi and Weierstrass elliptic functions can be found in [26-28].

In Sections 3 and 4, we will discuss Egs. (1) and (2) using the proposed method, respectively.
3. The exact travelling wave solutions of Eq. (1)

We firstly make the following travelling wave transformation
ulx,t) =u(t), v(x, 1) =v(), {=x+At, @)
where A is a constant to be determined. Substituting (7) into (1) and integrating it once read
v=20u+u*—g1), (8a)

1
AV = 5u”—2uv+g2, (8b)
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Table 1
Different solutions of Eq. (6)
Ao A Ao A3 Ay ¢
0 0 >0 0 <0 e/=Aa /g sech(VA2¢)
0 0 >0 £0 0 (—xa/23) sech? (22¢ /2)
23/(4s) 0 <0 0 >0 ev/—ha/(2Ag) tanh(v/—12/2¢)
0 0 0 Ao sech?(0.5(/72¢)
2e+/Aahg tanh(0.5/A20) — A3
23e?/[ra(e® +1)?] 0 <0 0 >0 ev/—rae2/[hq(e? + DIsn[v/=az/(e2 + 1)¢]
23e2(@® — 1)/[aa2e? — 1)?] 0 >0 0 <0 ev/ 22/ (1 = 2e2)]en[y/ap/(2e2 — 1)¢]
21— e?)/[r2—eH?] 0 >0 0 <0 ev/a2/[ha(e2 = 2)1dn[VA2/(2 — e)¢]
0 >0 0 9(V738/2. f2. f3)
0 0 <0 0 >0 e/=Aa g sec(v/=xat)
A%/(4A4) 0 >0 0 >0 e/Ay/2hg) tan(v/22/2¢)
0 0 <0 £0 0 (—ha/h3) sec? (=228 /2)
0 0 -0 —asec(0.5/=72¢)
2e/—Aahgtan(0.5/=220) + A3
23/(4h) >0 0 0 VR 31 /(20)
0 £0 <0 0 0 M [esin(v/=22¢) — 1]/(212)
0 £0 >0 0 0 A[esinh(2y/A20) — 1]/(202)
0 0 0 0 >0 —&/(v/748)
0 0 0 £0 0 1/(A322)
>0 0 0 0 0 e/Rol
£0 0 0 0 2274 — /0

where g1 and g; are integration constants. Substituting (8a) into (8b) yields

2

We suppose that (9) has the following formal solution:

u(Z) = ago +ao1¢p +bo1¢p " +corlg’| +dorp ' 1¢'],

1
—u" =2 + hu — g1)(A +2u) + g2 = 0.

)

(10)

and ¢ = ¢ (¢) satisfies Eq. (6), where ago, ag1, bo1, co1 and dp; are constants to be determined later.
With the aid of Maple, substituting (10) into (9) along with (6) and setting the coefficients of

.

s w2
Zx,-w) (w; =0,41,4+2,...;w=0,1)
=0

to zero yield a system of nonlinear algebraic equations with respect to ago, ao1, bo1, co1, do1, *, Ao, A1, A2, A3, A4, g1 and g3.
By use of Maple, we obtain five classes of solutions of the nonlinear algebraic system, namely,

Case 1.

A2 = 24ago(r + ago) — 8g1 + 422,

1
&= —Zam?q + 2a00 (A% + 2agy — 281 + 3haoo) — 2.1,

Case 2.

= 4b(2)1, A1 = 8bo1 2ago + 1),

1
&= —Zb01)»3 + 2a00(3% + 2a§0 —2g1 + 3Aap) — 22¢1,

A3 = 8ap1(2apy + 1),

bo1 = co1 =dp1 =0.

Ao = 24ago(X + apo) — 8g1 + 4)»2,

ap1 = co1 =do1 =0.
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Case 3.
Ao =4b3;, A1 =8bo1(2apo + 1), A2 =24(haoo + aotbor +ady) — 8g1 + 417, A3 =8ao1(2ago + 1),
Ay = 4a(2)1, g2 = 8aop1bo1 (2agy + A) + 2a00()»2 + 2(1(%0 —2g1 + 3Aago) — 2081, co1 =do1 =0.

Case 4.

1 1 1
aoo=—§)», do1 = 3 g1=Z(K2—k2), A=Az =ap1 =bo1 =co1 = g2 =0.

Case 5.

1 1 1 1
aoo:—i)\, do1 =:|:Z, )»0:161)(2)1, k4=l6a§1, g1 Z—Z)»2+E)»2+6a01b01,

1
&= E(am?»l +bo1r3), co1=0.

Using solutions in Table 1, a series of explicit exact solutions can be constructed, which are shown as follows. To avoid lengthiness,
we only list the expressions of # and omit the ones of v in this Letter.

Family 1. According to Case 1, we get the following exact solutions of Eq. (1):

A
Uil :_5 +§\/ 2+4g1 tanh(w/)»2+4g1{), )\0:)\%/(4)%), M=A3=0, A2 <0, A4>0, go0=0.
A
Mlz:_i +§‘/—)\2—4g1tan(,/—)»2—4g1§>, )»():)\%/(4)%), M=A3=0, 22>0, A4>0, go0=0.

o1 (Ghago — 281 + 12 + 6a3y) sech? (\/6raon — 2g1 + 12 + 63 )
u13 =ap + , =A1=0, A, >0.
2[8\/ 6ra0 — 281 + A2 + 6a2, tanh<\/ 6ragy — 281 + A2 + 6a§0§) — ag1 ago + A)]

™

ao1(2g1 — 6ragy — g 6a(2)0) sec? (\/Zgl — 6ragy — A2 — 66130{)
U4 =ap + » A=2A1=0, &2 <0.

2[8\/2g1 — 6Aago — A2 — 6aj, tan<\/2g1 — 6lagy — A2 — 6a§0§) + ao1 2ago + k)]

A (A2 +4g1)e? 2(0\2 +4g1) 29 2 2
u15_—§+s\/ 2@+ 1) sn A ¢l ro=2r3¢"/[Ma(e”+ D], M =43=0, A2 <0, 24> 0, g2=0.
A /
u16=—5+§‘/2)nz+8glsec< 2k2+8g1§), M=A1=x3=0, A <0, 24 >0, go=0.
Family 2. Case 2 leads to

o1

a1 =—§+58,/A2+4g1tanh_l(,/kz+4g1§), Mo =22/@hg), A =A3=0, Ay <0, As>0, g =0.
o1

un=—7+ ey —22 4 tan—l(,/—)\z—4g1;), Mo=22/(40g), A =23=0, Ay >0, Ag >0, go =0.

A A2 +4 202 +4
u23=——+e\/ it s[\/( . gl)c], =236/ + 1], M =23=0, A2 <0, ks >0, g2 =0.

2 22+ 10" 21
A (A2 +4g1)(e2 — 1) 2(A2 +4g1) Ae?(e* — 1)
== . A= L A =A3=0, 2>0, Aa <0, g2 =0.
“u="5 +8/ 20— 1) |V T 1-22 0= a2 MTM 270 M=l 8
A (A2 +4g)(1 —e?) 2(A2 +4g1) A1 —e?)
=-Z d . A= A =A=0,12>0, As <0, g2=0.
uss 2+8\/ 22— &) n 22 ¢ 0 (@ — )2 1 3 2> 4 <0, &

26 = aoo + bo19 ' [V/A38 /2, =32bo1 (A + 2a00)2; ', — 166325 ]. A2 =24=0, A3 >0, g1 = [A* + 6ago(r + ago)]/2-

-1

26,/6rapy—2g1+32+6a2, bo1 (A + 2ano) 2

uy; =ago + boi | e 00> , Ap=AT/(4A2), A2 >0, A3=Xxg4=0.
T [ 6a0o (A + ago) — 281 + A2 0=h/h) ’
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Family 3. Case 3 gives the following explicit solutions:

—A €
Uzl = > + 5\/)\2 +4g1 — 12a91bo1 tanh(\/ﬂ +4g) — 126101[?()1{)
. 2bo1€lapt |
VA2 +4g) — 12a9,bo; tanh(v/A2 + 4g| — 12a01b01¢)

—A
Uz = —- + ;/120011701 — 12 —4g tan(\/lzaOIbOI — 22— 481§> +

Mo =23/(4)a), i =23=0, A2 <0, ks >0, g2 =0.

2boielaoi | tan~! (/12a01boy — A2 —4g1¢)
\/12a01b01 —A2—4g1 ’

Mo =25/(4ha), M =23=0, 2 >0, A4 >0, g2=0.

(6Aapo —2g1 + A2+ 661(%0) sech? (\/6)\.6100 —2g1 + A2+ 6a(2)0§)

u33 = apo + , A=Xx1=0, 22>0.

2. [6ha00 — 281 + 32 + 60 tanh((/6ag0 — 21 + 32 + 63t ) —2(ag0 + )

(2g1 — 6Aapy — 22— 66%0) sec? (\/Zgl — 6ragy — A2 — 6a%O{>

uz4 = apo + ., A=X21=0, A2 <0.

28\/2g1 — 6lagy — A2 — 6030 tan<\/2g1 — 6ragy — A2 — 661(2)0§) +22ago + )

202+ 1 nwz(ﬂ Yt g — 126101b01)§]

A
= —= 4 ao1lbot e
Uss 5 otlbot \/A2+4gl — 12a01bo; e?+1

\/)\2 +4g1 — 12ap1bo1 [\/2()\.2 +4g1 — 12a91bo1) i|
+e& ns ,

2(e2 4+ 1) ez 41
2o =232/ [rae® +1)?], i =x3=0, 22 <0, 24 >0, g2 =0.
—bo1 (A +2 _ 24642
g = 01 (A + 2ao0) _’_628‘/6)“100 21437 +6a5¢ ho = A%/(4A2), 2> 0. da =g =0.

6Aag0 — 281 + A2 + 6af,

—A
us = —- + s\/Zgl — 6Aagy — A2 — 6a?, seC(Z\/Zgl — 6ragy — A% — 6“(%0()7 M=r1=r3=0,22<0, 24>0, g2=0.
Family 4. According to Case 4, we obtain the following solutions:
U4y = %k + %\/Ehanh(\/gg“)
ugp = %A + %\/——)Q|tan(\/——k2§)

- 1
ugy=—- %7 —2xpsech?(y/=A2/2¢) tanh ™! (/=22/2¢), Ao =A3/(4)s), a1 =A3=0, A2 <0, g > 0.

, A=A1=A3=0, A2>0, A4 <O.

s )\,0:)\,1:)\,320,)\,2<0,)\.4>0.

Uas = %A + % 200[1+tan? (vA2/2¢) | tan ™" (V/A2/2¢), o =A3/(4ha), A1 =23 =0, A2 >0, As > 0.

Uss = _TA + %x”z}ztanh(o.s\/&) + sech?(0.5y/32¢) tanh=2(0.5v/32¢)|, Ao =*A1 =43 =0, A2 > 0.

Uqe = —7)» + %\/ —A2|tan(0.5\/—)»2§)||2 — [1 —i—tanz(O.S\/—)\g;)]tanz(O.S\/—)Q{)
—x 1

wi=— %3 sn/[,/—kg/(ez n 1)¢] ‘ ns[,/—,\z/(eZ n l)g], 2o =232/ [a(@ + 1)*], A =A3=0, 23 <0, 1y >0.
A 1y,

sy = — % 5|on [,/xz/(ze2 — l);]‘nc[,/kz/(Zez — 1);],

ro=23e%(* — 1)/[ra(2e* — 1D*], A =43 =0, 2 >0, A4 <O.

—A

o= | e ey ] 0= 20,

, AM=A1=A3=0, Ar <O.

—

AM=x3=0, A >0, Ay <O.
Family 5. From Case 5, we obtain the following solutions of Eq. (1):

us) = %A + ;1\/5|tanh(0.5\/)»_2§’)

, AM=A1=X2=0, Ap>0, A3#£0.
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, A=A1=A1=0, X2 <0, A3#0.

-2 1
-2 1 1
usy = —- + Z\/—,\z/ztanh(\/—xz/zg) £ tanh ™' (v/=12/2¢) [4b01,/ —2a3, /Ay £ gv—Zkz sech? (y/ —A2/2§)],

A=23/(4hg), A1 =23=0, 22 <0, A4 > 0.
— 1 1
uss = —= & 1A /2tan(y22/2¢) :I:tan_l(\/)nz/zg){4b01,/2a31/kz + V21 +tan2(w/)\2/2§)]},

2o =2r3/(4rg), A =23=0, 23>0, A4 > 0.

—A apiA2 sech2(0.5«/)\2{) VA2
—+ +
2 8eap1/ A2 tanh(0.54/A28) — A3 4
M=A1 =0, A >0.
—X N api Ao sec?(0.5/=22¢) N 1
2 " Beagi/—ratan(0.5v—2a0) + Az 4Y 7
AM=Xi1 =0, Ay <O.

sy = _TA j:aol\/—kzez/[k4(e2 +1)] sn[\/—kg/(eZ n 1)4] :tns[,/—kz/(ez + 1);]
X {bm\/—M(ez—i— 1)/hpe? + %‘sn/[,/—kz/(ez—i- 1);] }

ro=23¢2/[Mae® + D], A =243 =0, 22 <0, A4 > 0.
—A 1
uss=—-+9" (V33(/2, fo, f3)[b01 2 l9'(Vise/2. 1. 1)

Uss =

)

4 h%(0.5 /A
tanh(0.5y/7p¢) & 20 seeh”03vA20)
8eapi A/ Az tanh(0.54/A28) — A3

use =

4elag |[1 + tan(0.54/—220)] '
— tan(0.5/=722)|.
8¢lagt |v/— A2 tan(0.5¢/—=12¢) + A3 tan(0.5y/=222)

i|, AM=xi4=0, A3>0.

—A A A\ 1
us9g = — +ap| eamg _ A + ea‘/);{ _ A bo1 £ —w/kzesm; , Ap= )\.%/(4)\.2), Ay >0, A3 =44 =0.
2 2A2 2A2 4
-1 1 . —1
usio = Ti Z\/—AQ‘COS(\/—)Q;)H:E)Sln(\/—)\z;) — 1] , A=A3=Ag4=0, A1 #0, A2 <O.

us) = _7’\ + %\/Tz|cosh(2\/72;)|[s sinh(2y/220) = 1], Ag=A3 =44 =0, 2 £0, 2 > 0.

Usip = _7)\ + im[sec(/——hi) + |tan(y/~22¢)

], AM=A1=23=0, A2<0, 4 >0, g2=0,

where ¢ = x + At.

Remark 2. For rational solutions are usually meaningless in physics and mechanics, we omit them in this Letter. Compared
with [22], the solutions obtained here are more abundant. Many new solutions of Eq. (1) have been found. The graphics of some
solutions are shown in Figs. 1-4 to explain the properties of these solutions.

Remark 3. When e — 1, the Jacobi elliptic function periodic solutions will be degenerative to the corresponding solitary wave
solutions, which are shown in Table 2.

Table 2

Jacobi periodic solutions Us Uy, Uys Uy, Uyg Us,

e—>1

A4 v A4 \4 \4 \4

solitary wave solutions U, Uy, Uy, Uy Uy, U,
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-266
U -4E6]

-5E6

40

20

-20

-40
6020

(a3) (ad)

Fig. l.@Dupi(A=g1=Le=1;@)uph=g =1Le=1);@3)up=g =1,¢=0.0004,¢=1); (a4) up7(apo =bo1 =r=g1=1Le=1).

(b1) (b2)

Fig. 2. (b1) uzi(apr =bo1 =r=g1 =1,6=1); (b2) uzs(ap1 =bo1 =0.1,A=g; =1,e=04,¢=1).

4. The exact travelling wave solutions of Eq. (2)

Let us now consider Eq. (2). According to the steps in Section 2, we firstly make the following formal travelling wave transfor-
mation:

ulx,y,z,t)=u(g), ¢=ax+By-+gz—At, (11)
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(cl) (c2)

(d1) (d2)

Fig. 4. dD) usjg=21 =1, 00 =—1,e =1); (@) us; (A=A =22 = 1,8 = 1).

where «, 8, g and A are undetermined constants. Substituting (11) into (2) gives rise to

otu® + 6[(0{1/)2 — otzuu”] + (/32 +g%+ ar)u” =0. (12)

We assume that (12) has the solution in the form

u(Q) =ao+arp +arg* +b1¢~ +bop™ + 14/l (c1 + 20 + dip™" + dogp7?), (13)

and ¢ = ¢ (¢) satisfies Eq. (6), where ag, a1, a», b1, b2, c1, ¢2, d1 and d» are constants to be determined later.

Substituting (13) into (12) along with (6), we can get a set of over-determined algebraic equations. Solving the obtained system
leads to the following cases (to avoid more complicated discussions, we only restrict ourselves to several interesting cases). From
the above discussion, we can see that sec, tan and sec? type solutions appear in pairs with sech, tanh and sech® type solutions
respectively. For the limit of length, we omit some solutions and only list some interesting ones here.

Case I.
M=MA=x4=0, Air<0,
ap = (20[%)»2 + 2k2g2 + 2)»2/32 + 8&4)»% + 30{26'])\,1\/ —)\.21')/(12052)»2), a; = £2/—XAjcii,
ap = —301%%)»2/(0& + g2 + ,32 — 6ot2a0 + 40:4)»2), by =—dy, b =—dp, cp =13,/ —)ch%oczi.
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In such case, Eq. (2) has the following solution

u = (i + 2h28% + 20087 + 8a*A3 £ 3a%c1Ary/—ai) £ 1 [esin(y/—12¢) — 1]
O=AD
X{ 1 Narw 3a2cih[esin(v/—=r2¢) — 1] } 22 {dl 2drho }
=S i —
A2 dro(ah + g2 + B2 — 6a2ag + 4atry) [esin(/—Az8) — 1] | M1 A%[s sin(y/—A2¢) — 1]
V=2|A 3c2a?22i[e sin(v/—A20) — 1 di/— X 2dr(—h0)?/3
+|cos(ﬁ{)|{cl |1| craAyile sin( 2¢) ]jE 4 2 n .2( 2) }
42y esin(v/—ha¢) — 1~ Aq[esin(v/—Ar2¢) — 112
Case I1.

AM=ri=rs=0, Ar>0,

ap = (2aira + 20087 + 22287 + 8a*A3 £ 30’ ci Vi) /(120%02), a1 = £2/hacy,

ar = —3a clkz/(ak—i—g —G—,B — 6a a0+4(x4)»2), by =—dy, bh=—dy, ¢ =:|:3\/Ec%oe2
The solution of Eq. (2) is

uy = ———(2uia + 25287 + 242B% + 8a*2ad £ 301 11y/A2) £ c1 Ay [esinh(2y/A0¢) — 1]
(0 %)

y {AW B 3a?ciii[e sinh(2y/A2¢) — 1] } B 2hs { B 2drhs }

2 40 (ah + g2 + B2 — 6a2ag + 4ot ry) A1lesinh(24/A20) — 1] A1lesinh(24/A020) — 1]
cirp 3c2a?A2[esinh(24/72¢) — 1 2d\ 4dr3"
+|Cosh(2\/_§)|{ th 3 il (2v/A20) ]+ ' VA2 N }
2Xo gsinh(24/A20) — 1 Aqlesinh(24/A2¢) — 112
Case II1.

M=MmM=MM=ay=c=0, l<0, a= (g2 + 50(4)»2 + oA — ,32)/(60(2), a; = ++/—Acqi,
by =—-dy, by=-dy, c1==24 —Xzazkzi/(:%)q).
Eq. (2) has the following solution

24 50%0 +an — ﬂ2 . Mdalesin(y/—A20) — 1] } 2d1 2
= V=) = 11}V =hacii — -
= 602 [8 sin(v/—22) ]{ 26! 212 e sin(v/—3al) — 1]

202 )»21 diN/—X2 2dy(=12)*
£ Jeos(v=A §)|{ 3 a0 1 mlesin(/Ta0) — 1P }

Case IV.

M=M=M=ar=c=0, ;y>0, ao:(g2+5054)\2+0l)\.—ﬂ2)/(60(2), a; = £/ Aocy,
bi=—d, by=—d, c1=+4/Ma’hr/Bh).

We can write the solution of Eq. (2) in the form

. g2 +5a* 1 +ar — B2 N VAzerhilesinhy/Az0) — 1] 2% { B 2dr)y }
4= 6a? 2 A [ sinh(2/Aa¢) — 1] A [ sinh(2/AaC) — 1]
202 %) d]JE 2dy )»2/3
+2|cosh(2 .
[cosh( f{)}{ * gsinh(2/A2¢) — 1 + A1[e sinh(2y/228) — 1]2}
Case V.

M=i=0, A1=a}/Qcicr), rx=al/(4cD),
ag = (Z,BZC%CQ + 2a12a4cz + 2g26‘%C2 + 3a1(x2cf + Zakc%cz)/(IZazc%cz),
ay =cza1/(2c1), bi=-—dy, by=—d.
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With this choice, Eq. (2) has the following solution
1

Us = Tzfﬂclcz + 2a1a o+ 2g clcz + 3a1a cl + 2akc1cz + 2—k1[8 smh(2\/7§) — l]
{ Mle Sinh(zJBC) —1] (Cza1 )} 2d1 My
X yai+ —dr )t — -
22X 2¢q Ailesinh(24/A20) — 1]
A A2[esinh(2v/A2¢) — 1 2di /% 433"
+|COSh(2\/7§)|{C1 1, @ {[e sinh(24/220) ]+ . VA2 N b }
A 24/ A2 gsinh(2¢/A2¢) —1  Aq[esinh(24/A2¢) — 112

Case VI.

M=M=cx=a =0, Az =a%/c%,

ap = (/3 clal +a1a + g c]al + 3k1a c +akcla1)/(6a2c%a1), by =—d|, by=—d>.
From this case, we can obtain the following solution:

B*ca) + adat + g2clar + 3na’ct + arcla N Ailesinh(2y/A2¢) — 1] { dyri[e sinh(2/22¢) — 1] }
U = a) —
20,

6a2cta; 2X2
2d1\p C])\l 2d1+/ M 4d, )»2/3
- h(2+/A
Mlesinh(24/A2¢) — 1] + ’COS ( {)’{ VA2 £sinh(2«/)»2§) —1 + Alesinh(24/A2¢) — 112 }’

where ¢ = ax + By + gz — At.

Remark 4. Due to our more generalized method, we can not only recover the solutions in [23,25] easily but also obtain more
abundant solutions.

5. Conclusions

In summary, a generalized algebraic method for seeking more types of exact travelling wave solutions of Boussinesq—Burgers
equation and (3 4 1)-dimensional Kadomtsev—Petviashvili equation is implemented. By using this scheme, rich new families of
exact solutions are obtained. The method proposed in Section 2 can be also extended to solve some nonlinear evolution equations
with variable coefficients, such as (3 + 1)-dimensional Kadomtsev—Petviashvili equation with variable coefficients [29]. For the
limit of length, we do not list them here.

Moreover, the ansatz (5) in Section 2 can be extended to a more general transformation to find more types of solutions for
nonlinear evolution equations with variable coefficients. For example, we can assume that the solution is in the form

ui (g)—Za,,<x)¢f+Z¢ (b3 0+ 101 001+ g 0T} + 318177 e 0 +971 [y (9% + o)
j=1
xE(xOEt,xl,xz,... n),

where a;;(x), bjj(x), ¢;ij(x), d;ij(x), e;j(x), hjj(x) and [;;(x) are all constants to be determined later, and ¢ = ¢(¢) satisfies the
elliptic equation in [30]. We will study these cases in another paper.
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