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Abstract

In this paper, by using the new parametric resolvent operator technique associated with (A, n)-accretive mappings, we analyze
and establish an existence theorem for new nonlinear parametric multi-valued variational inclusion systems involving (A, n)-
accretive mappings in Banach spaces. Our results generalize sensitivity analysis results of other recent works on strongly
monotone quasi-variational inclusions, nonlinear implicit quasi-variational inclusions and nonlinear mixed quasi-variational
inclusion systems.
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1. Introduction

It is well known that variational inequality type methods have been applied widely to problems arising from
model equilibria problems in economics, optimization and control theory, operations research, transportation network
modelling, and mathematical programming. Further, sensitivity analysis of solutions for variational inequalities with
single-valued mappings have been studied by many authors via quite different techniques. For example, by using the
project technique, Ding [3], Ding et al. [4], Moudafi [13] and Salahuddin [17] dealt with the sensitivity analysis of
solutions for variational inequalities and nonlinear project equations in Hilbert spaces. By using the implicit function
approach, Jittorntrum [8], Kyparisis [9], Robinson [16] studied the sensitivity analysis of solutions for variational
inequalities under suitable second-order and regularity assumptions.

On the other hand, Dong et al. [5] analyzed solution sensitivity analysis for variational inequalities and variational
inclusions by using the resolvent operator technique. Very recently, using the concept and technique of resolvent
operators, Agarwal et al. [1] and Jeong [7] introduced and studied a new system of parametric generalized nonlinear
mixed quasi-variational inclusions in a Hilbert space and in L, (p > 2) spaces, respectively. For some related work,
we refer the reader to [2,6,15] and the references therein.

* This work was supported by the Scientific Research Fund of Sichuan Provincial Education Department (2006A106) and the Applied Foundation
Research Project of Sichuan Province (07JY029-027).
E-mail address: hengyoulan@163.com.

0362-546X/$ - see front matter (©) 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2007.07.021


http://www.elsevier.com/locate/na
mailto:hengyoulan@163.com
http://dx.doi.org/10.1016/j.na.2007.07.021

1758 H.-y. Lan / Nonlinear Analysis 69 (2008) 1757-1767

Inspired and motivated by the above works, we intend in this paper to study the behavior and sensitivity analysis of
the solution set for a new nonlinear parametric multi-valued variational inclusion system involving (A, n)-accretive
mappings in Banach spaces. The results obtained generalize and improve the results on the sensitivity analysis
for generalized nonlinear mixed quasi-variational inclusions [1,7] and others. For more details, we recommend
[1-11,17-19].

2. Preliminaries

Let B be a real Banach space with dual space B*, (-, -) be the dual pair of 3 and B*, C B(B3) denote the family of
all nonempty closed bounded subsets of 3 and 25 denote the family of all the nonempty subsets of B. The generalized
duality mapping J, : B — 28" is defined by

Jg(x) = {f* € B*: {x, f*) = Ixl, [ ¥l = Ix[147"),  Vx €B,

where g > 1 is a constant. In what follows we shall denote the single-valued generalized duality mapping by j,.

Lemma 2.1 ([20]). Let B be a real uniformly smooth Banach space. Then B is q-uniformly smooth if and only if there
exists a constant ¢q > 0 such that for all x, y € B,

I+ Y19 < lIxl? + gy, jg () +cqllvl?.
In the sequel, let T be a nonempty open subset of B in which the parameter ¢ takes values.
Definition 2.1. Let B be a g-uniformly smooth Banach space and A : B — B be a single-valued mapping. Then a
mapping T : B x B x 1T — B is said to be
(i) m-relaxed accretive in the first argument if there exists a positive constant m such that
(T u, ) =T(y,u,6), jg(x —y)) = —mllx — y|I4,

forall (x,y,u,c) e BxBxBx T,
(i1) s-cocoercive in the first argument if there exists a constant s > 0 such that

(Tx,u, 6) =T, u, 6), jg(x =) = sIIT(x,u, ) = T(y, u, O,

forall (x,y,u,¢c) e BxBxBxT;
(iii) y-relaxed cocoercive with respect to A in the first argument if there exists a positive constant y such that

(T, u,6) =Ty, u, 6), jg(AX) = A)) = =y IT(x,u, ¢) = T(y,u, o),

forall (x,y,u,¢c) e BxBxBxT;
(iv) (e, @)-relaxed cocoercive with respect to A in the first argument if there exist positive constants € and « such that

(T u, ) =Ty, u,6), jg(Ax) — A)) = —allT(x,u, ¢) = T(y,u, I +€llx — ylI9,

forall (x,y,u,¢c) e BxBxBx T,
(v) p-Lipschitz continuous in the first argument if there exists a constant u > 0 such that

ITG,u, 6) =Ty, u, Ol < pllx —yll, Vx,yu,e) e BxBxBxT.

In a similar way, we can define (relaxed) cocoercivity and Lipschitz continuity of the mapping 7'(-, -, -) in the second
and third arguments.

Definition 2.2. Let 5 be a g-uniformly smooth Banach space, n : B x B — Band A, H : B — B be single-valued
mappings. Then multi-valued mapping M : B — 25 is said to be
(1) accretive if
(u—v, jqx—=y)=0, Vx,yeBueMx),veM(Q));
(ii) n-accretive if
(u—v, jgmx,y)) =0, Vx,yeBueMx),veM(y);
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(iii) strictly n-accretive if M is n-accretive and equality holds if and only if x = y;
(iv) r-strongly n-accretive if there exists a constant » > 0 such that
(u—v, jgx,yN) =rllx = yll¥, Vx,yeB,ueMx),veMQy):
(v) a-relaxed n-accretive if there exists a constant o > 0 such that
=0, jgn(x,y)) = —alx —yl?, Vx,y € B,ueMx),veMy);

(vi) m-accretive if M is accretive and (I + pM)(B) = B for all p > 0, where I denotes the identity operator on B;
(vii) generalized m-accretive if M is n-accretive and (I + pM)(B) = B for all p > 0;
(viii) H-accretive if M is accretive and (H + pM)(B) = B for all p > 0;

(ix) (H, n)-accretive if M is n-accretive and (H + pM)(B) = B for every p > 0.

In a similar way, we can define strict n-accretivity and strong n-accretivity of the single-valued mapping A.
Remark 2.1. When X = H, (i)—(ix) of Definition 2.3 reduce to the definitions of monotone operators, n-monotone
operators, strictly n-monotone operators, strongly n-monotone operators, relaxed n-monotone operators, maximal

monotone operators, maximal n-monotone operators, H-monotone operators and (H, n)-monotone operators,
respectively.

Definition 2.3. Let F : B x 1" — 28 be a multi-valued mapping. Then F is called t—ﬁ—Lipschitz continuous in the
first argument if there exists a constant T > 0 such that

H(F(x,6), F(y, o) <tllx—yll, Vx,yeB, ceT,
where H : 28 x 28 — (—00, +00) U {+00} is the Hausdorff metric, i.e.,

ﬁ(A, B) = max{sup inf ||x — y||, sup in£ lx —vyll}, VA,Be 2B,

xeAYEB xeBYE

In a similar way, we can define fI-Lipschitz continuity of the mapping F (-, -) in the second argument.

Lemma 2.2 ([12]). Let (X, d) be a complete metric space and Ty, Tp : X — C B(X) be two set-valued contractive
mappings with the same contractive constant t € (0, 1), i.e.,

H(T;(x), T;(y)) <td(x,y), V¥x,yeX,i=1,2.
Then

. 1 .
H(F(T), F(T)) < T SugH(T1 (x), T2 (x)),
xe

where F(Ty) and F (T) are fixed point sets of Ti and T», respectively.

Definition 2.4. Let A : B — B, n : B x B — B be two single-valued operators. Then a multi-valued mapping
M : B — 2B is called (A, n)-accretive if

(i) M is m-relaxed n-accretive, >ii) (A + pM)(B) = B for every p > 0.

Remark 2.2. For appropriate and suitable choices of m, A, n and B, it is easy to see that Definition 2.4 includes a
number of definitions of monotone operators and accretive mappings (see [11]).

Proposition 2.1 ([11]). Let A : B — B be an r-strongly n-accretive mapping, M : B — 28 be an (A, n)-accretive
mapping. Then the operator (A + pM) ™" is single-valued for every p > 0.

Definition 2.5. Let A : B — B be a strictly n-accretive mapping and M : B — 28 be an (A, n)-accretive mapping.
For any given constant p > 0, the resolvent operator J;;), ’13 : B — Bis defined by

Il = A+ pM)~ ), Vu € B
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Proposition 2.2 ([11]). Let B be a q-uniformly smooth Banach space and 1 : B x B — B be t-Lipschitz continuous,
A : B — B be ar-strongly n-accretive mapping and M : B — 2B bean (A, n)-accretive mapping. Then the resolvent

A . -1 . . . .
operator J;’ W B — Bis fjpm -Lipschitz continuous, i.e.,
p,A p,A -1 B
Iy () — T D < lx—yll, Vx,yeb,
nM nm\Y r— pm y y

where p € (0, --) is a constant.

Let B; and B, be two real Banach spaces, let {2 and A be two nonempty open subsets of B; and B; in
which the parameter @ and A take values, respectively, E : By x By x 2 — By, F : By x Bo x 4 — By,
S:Bi x 2 — 2B and T : By x A — 252 are multi-valued mappings, f : B; x 2 — By, g: Bo x A — By,
N By x By x 2 — Byand g : By x By x A — B, single-valued mappings. Suppose that A; : By — Bj,
Ar: By —> By, M : By x By x 2 — 281 and N : By x By xA— 252 are any nonlinear mappings such that for all
(z,2) € Bi x 2, M(-,z,w) : Bl — 2Bl isan (A;, n1)-accretive mapping with f (B, w) Ndom(M (-, z, w)) # @ and
forall (£, 1) € By x A, N(-, 1, 1) : By — 2B2is an (A, n2)-accretive mapping with g(B2, 1) Ndom(N (-, t, 1)) # @,
respectively. Throughout this paper, unless otherwise stated, we shall consider the following generalized parametric
(A, n)-accretive variational inclusion systems.

For each fixed (w, ) € {2 x A, find (x(w), y(A)) € By x By such that u(w) € S(x(w), w), v(L) € T(y(A), L) and

{0 € E(x(w),v(A),w) + M(f (x(w), w), x(w), w), @)

0 e Flu(w), y(A), 1) + N(g(yQ), 1), y(2), 1).

Example 2.1. Let S : By x 2 — Byand T : By x A — B, be single-valued mappings. Then for each fixed
(w, A) € 2 x A, the problem (2.1) reduces to finding (x(w), y(A)) € By x B; such that

{0 € E(x(w), T(y(2), 1), w) + M(f (x(@), w), x(w), ®),

0 € F(S(r(@). ), y(L). &) + N(g(y(). 1), y(A), ). 2.2)

Example 2.2. Suppose that By = B, = B, f = g =1, M(x,y,w) = M(x,w) for all (x,y,w) € Bx B x 2
and N(x,y,A) = N(x,A) for all (x,y,A) € B x B x A. Then there exist two constants p,u > 0 and
nonlinear mappings G;,V; (i = 1,2) such that E(x, T(y, 1), w) = %(x - y) 4+ (G1(y,w) + Vi(y,w)) and
F(S(x,w),y,\) = ﬁ(y —x) 4+ (Ga(x, X)) + Va(x, 1)) forall (x, y,w,A) € B x B x {2 x A; then the problem (2.2)
is equivalent to the following system of parametric general nonlinear mixed quasi-variational inclusions in Banach
spaces: find (x(w), y(1)) € B x B such that

{0 € x(@w) —y) + p(G1(y(V), @) + Vi(y(V), ) + pM (x (), @),

0 € () — x(@) + 1(Ga(x(@), 1) + Va(x (@), 1)) + LN (Y (), ), 2.3)

which was studied by Jeong [7] for when M, N are m-accretive mappings in (2.3). Further, the problem (2.3) was
introduced and studied by Agarwal et al. [1] for when B = 'H is a Hilbert space, M, N are two maximal monotone
mappings, x(w) = x forall w € 2 and y(1) = y forall A € A in (2.3).

Remark 2.3. For appropriate and suitable choices of E, F, M, N, S, T, f, g, Aj, n; and B; fori = 1, 2, it is easy to
see that the problem (2.1) includes a number (systems) of (parametric) quasi-variational inclusions, (parametric)
generalized quasi-variational inclusions, (parametric) quasi-variational inequalities, (parametric) implicit quasi-
variational inequalities studied by many authors as special cases; see, for example, [1-13,15-19] and the references
therein.

Now, for each fixed (w, 1) € {2 x A, the solution set Q(w, A) of the problem (2.1) is denoted as
Q(w, 1) = {(x(@), y(A)) € By x By : Ju(w) € S(x(w), w), andv(r) € T(y(1), 1),
such that 0 € E(x(w), v(X), ) + M(f (x (), w), x(w), ®)
and 0 € F(u(w), y(A), A) + N(g(y(A), 1), y(A), M }.
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In this paper, our main aim is to study the behavior of the solution set Q(w,A), and the conditions on
these mappings E, F, S, T, N, M, f, g, n1, n2, A1, Az under which the function Q(w, A) is continuous or Lipschitz
continuous with respect to the parameter (w, A) € 2 x A.

3. Sensitivity analysis results

In the sequel, let 3] and B, be two real Banach spaces, {2 and A be two nonempty open subsets of 3] and 5, in
which the parameters w and A take values, respectively. We shall first transform the problem (2.1) into a problem of
finding the parametric fixed point of the associated (A, n)-resolvent operator.

Lemma 3.1. For each fixed (w, A) € 2 x A, an element (x(w), y(A)) € Q(w, A) is a solution to (2.1) if and only if
there are (x(w), y(1)) € By X By, u(w) € S(x(w), w) and v(r) € T(y(L), L) such that

fa@), @) = IO (A (f(x(0), 0) — pEX (), v(3), 0)),

: (3.1
gy, 1) = )PP (Aa (e (v(), 1) — 0 F (@), y(4), 1),
where J)T O = (A + pM (-, x(@), 0) 7 and Ty 7 = (Ay 4+ 0N, y(1), )7 are the corresponding

resolvent operators in the first argument of an (A1, n1)-accretive mapping M(-, -, -) and an (A, n2)-accretive
mapping N (-, -, -), respectively, A; is an r;-strongly monotone mapping fori = 1,2 and p, o > 0 are two constants.

Proof. The fact directly follows from Definition 2.5 and some simple arguments. [J

Theorem 3.1. Let By be a qi-uniformly smooth Banach space and By be a q2-uniformly smooth Banach space,
A; : B — B; be ri-strongly monotone and s;-Lipschitz continuous foralli = 1,2, S : By x 2 — CB(B)) be /q-I:I-
Lipschitz continuous in the first variable, T : By x A — CB(B;) be Kz-ﬁ-Lipschitz continuous in the first variable,
f By x 2 = By be §-strongly monotone and o1-Lipschitz continuous in the first variable, g : By x A — By be
82-strongly monotone and o-Lipschitz continuous in the first variable, M : By x By x 2 — 281 pe (A1, n1)-accretive
with constant my in the first variable and N : By x By x A — 282 pe (A3, m)-accretive with constant my in the
first variable. Let 0y : By x By — By be t|-Lipschitz continuous, 0y : By x By — By be 15-Lipschitz continuous,
E : By x By x £2 — Bj be (y1, ay)-relaxed cocoercive with respect to f| and w-Lipschitz continuous in the first
variable, F : By x By x A — By be (2, ay)-relaxed cocoercive with respect to gy and w,-Lipschitz continuous in the
second variable, and let E be B»-Lipschitz continuous in the second variable, and F be B1-Lipschitz continuous in the
first variable, where f| : B x {2 — By is defined by f1(x) = A1 o f(x,w) = A1(f(x, w)) forall (x,w) € By x {2,
g2 By x A — By isdefined by gr(x) = Ay o g(x, L) = Ax(g(x, A)) forall (x,\) € By x A If

I @) = IO @ < villx =yl V. y.zo0) € B x By x By x £, (32)
. N -y,
105 @ = TP @1 < wallx =yl V(x,y,2,4) € By x By x By x A (3.3)

and there exist constants p € (0, r;—‘l), o € (0, r;—zz) such that

ki =vi + ‘1\1/1 — q161 —}—quO'f“ <1, ky =vy + 61\2/1 —q282+cq202"2 <1,
B Qﬁ1K1t§2_1>

1_
”\'/slq] ol' —qipy1 + cq ot 1" + qrpoapnd < 7,71 (ry — pmy) (1 — ki

rp —omyp (3~4)
-1
- phakat]!
Lol — oy + cnonf + qromnf <7 P2 — omo) (1 —h - ).

where cq,, g, are the constants as in Lemma 2.1, then for each (w, L) € 2 x A, the following results hold:

(1) the solution set Q(w, A) of the problem (2.1) is nonempty;
(2) O(w, A) is a closed subset of By x B;.

Proof. In the sequel, from (3.1), we first define mappings @, : By x By x 2 — Byand ¥, : By x By x A — B as
follows:
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Bp(x, v, @) = x = f(x,0) + L1 (A(f (x, @) = pECx, v, 0)), s
Vo, y. 2) =y — gy, 1) + Iy M (Aa(g(y. 1)) — 0F (u, y, 1)) '

forall (x,y,w,A) € By x By x 2 x A.
Now define || - ||; on By x B; by

G, W= llxll+liyll,  V(x,y) € Bi x Bs.

It is easy to see that (B x Bo, || - ||1) is a Banach space (see [6]). By (3.5), for any given p > 0 and ¢ > 0, define
G: B szxQx/l—>281 x282by

Gpolx,y, 0, 1) = {(Pp(x,v,w), To(u,y,1)) : Vu € S(x,w),v € T(y,A), and

(x,y,w,X) € B x By x 2 x A}.
For any (x, y, w, A) € By x By x {2 x A, since S(x,w) € CB(By), T(y, 1) € CB(By), f, g, A1, A2, n1, m, E, F,
JHGx0) JM( *%) are continuous, we have G o(x,y, @, 1) € CB(Bi x B,). Now for each fixed (w, 1) € 2 x A,

p,AL
we prove that G 0,0(x, ¥, w, A) is a multi-valued contractive mapping.

In fact, for any (x,y, , 1), (X, 9, w, 1) € By x By x 2 x A and any (ai, a2) € G, o(x,y, w, ), there exist
u e Sx,w),veT(y,L) such that

ar=x— f(x, o)+ I)T5 DAL (f(x, 0) — pE(x, v, 0)),
a=y—g(,»+ JN‘ PP (Ax(g(y, M) — oF (u, y, 1)).

Note that S(x, w) € CB(By), T(y, A) € CB(B); it follows from Nadler’s result [14] that there exist u € S(x, w) and
v € T(y, A) such that

le —al < HESx, 0), SE ). llv—">3ll <HT(y,1). T, 1) (3.6)
Setting

bi=35— fG,0) + )5 A @) - pEG, D, ),

by =5 =80 + )00 (Aa(e (3, 1) — 0F (@, §, ),
we have (b1, by) € G, (X, §, w, 1). It follows from (3.2) and Proposition 2.2 that

lay — b1l < llx — % = [f(x, @) — F R, )]
IS AN (L 0) = pEG, v, @) — IMCS (AN (f( 0) = pEx, v, 0)|

p,A]
I AN (L @) — pE(x, v, @) — IY T (ALN(f(E 0) — pEG. D, 0)]
< lx =% = [f(x. @) — FG )]l +villx — 2| + #ﬂuw, v, ) — E@, D, )|
! B
+ rll—mlllAl(f(x, w)) — A1 (f(X, w)) — pE(x, v, ) — E(X, v, 0)]]|. (3.7)
By the assumptions on f, E, A1, T and (3.6), we have

lx — & = [f(x.0) = fE )T < (1= g1 +cgofD)lx — £]9, (3.8)
IEG, v, 0) — EG, D, 0)l| < allv — 0]l < AT (v, 1), TG 1) < Barally = . (3.9)

1AL(f (x, @) = AL(f (&, @) = plE(x, v, @) = E(&, v, 0)][|"
< 1AI(f(x, @) = AL (f &, )T + cq p I E(x, v, 0) = E(R, v, )|
— qip(E(x,v,0) — E®, v, 0), A1 (f (x, @) = A (f (£, )))
< (1" —qipy1 +cq p" 1" + qrpon D lx — E7, (3.10)
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where c,, is a constant as in Lemma 2.1. Combining (3.8)—(3.10) with (3.7), we infer

lar — b1l < O1llx — X[+ lly — 31, (3.11)
where
q1—1

0 =v + ’1\1/1 — 4161 -}-quo'lq1 + m II\/S?O'{I] — 411 +Cq1;0ql,u£1h +C]1POZIM(1]17

q1—1

K2T
9 = pBakaT) .
ry — pmj

On the other hand, by the assumptions of g, S, A, F and (3.6), we can obtain

ly =3 —[g(y. ) — g, WP < (1 — g282 + c,05) |y — P,
| F(u,y,A) = F@,y, M < Bieillx — x|,
[A2(g(y, 1)) — A2(g(3, 1) — o(F (i1, y, A) — F(i, y, M)||”?
< (557057 — qov2 + cg,0" 18 + qrocaud) |y — 317,
and

llaz = ball < lly =y — [g(y, &) — g3, M

N(,y.4) N(.3.h)

HI0 M (Aa(g(r. 1) — F (., y, 1) — I 07 (Aa(g(y. 1) — o F (u. y, M)l
NCG.HA NG5 N ~ A
HIINET P (A8 (y. 1)) — 0F (u, y. 1)) — o 07 (Ax((3. 0) — 0 F (@, 5. M)
< Ollx — £l + D2y = 31 (3.12)

where c,, is a constant as in Lemma 2.1 and

q—1
_ obikigy

) ;
rp —omjp
.L.tIz—l
D=2t Y1 = @8 + g0 + —2— om "\Z/sg?zagz — q2072 + ¢g,01 115 + qa002 145’
2 — om2
It follows from (3.11) and (3.12) that
llar — bl + llaz — ball < v(llx = X[l + ly — 31D, (3.13)

where
v = max{f; + 6>, ¥ + U7}.
It follows from condition (3.4) that v < 1. Hence, from (3.13), we get

d((ar,a2), Gp (%, 3, w, 1)) = inf (a1 = b1l + llaz — b2|))
(b1,02)€Gp o (X,y,w,A)

ul(x, y) = (& = D

IA

Since (a1, a2) € Gy o(x, y, w, A) is arbitrary, we obtain

Sup d((a17a2)7 Gp,Q()ea 5)7 CL),)\-)) E U”(x’ Y) - (-5e _5))”1

(a1,a42)€Gp o (x,y,w,1)

By using the same argument, we can prove

sup d(Gp,o(x,y, @, 1), (b1, b2)) = vll(x,y) = & =Dl
(b1.52)€Gp o (3.9.0,2)

It follows from the definition of the Hausdorff metric H on CB(B; x B,) that
H(G)o(x,y,0.1), GpoR. 3.0, 1) < vll(x,y) — & P
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forall (x, X, w) € By xB1 x 2, (y,¥,1) € By x By x A,ie., Gpo(x, y, w, A) is a multi-valued contractive mapping,
which is uniform with respect to (w, ) € {2 x A. By a fixed point theorem of Nadler [14], for each (w, 1) € 2 x A,
Gpo(x,y,w, 1) has a fixed point (x(w), y(1)) € By x By, ie., (x(®),y(X) € Gy o(x(w), y(A), w,1). By the
definition of G, we know that there exist u(w) € S(x(w), w) and v(A) € T(y(A), A) such that (3.1) holds. Thus, it
follows from Lemma 3.1 that (x(w), y(1)) € Q(w, A) is a solution of the problem (2.1) and so Q(w, 1) # @ for all
(w,X) € 2 x A.

Next, we prove the conclusion (2). For each (w, A) € 2 x A, let {(x,, y»)} C Q(w, A) and x, — X0, ¥, — Yo as
n — oo. Then we have (x, yn) € Gp o(xp, yn, @, A) foralln =1, 2, .... By the proof of conclusion (1), we have

H(G o (Xn, Y, @, 1), G (X0, Y0, @, 1)) < Ul (X0, yn) — (X0, YO ll1,  V(w, 1) € 2 x A.
It follows that

d((x0, y0), Gp,o(x0, yo, @, 1)) < [[(x0, Y0) — (Xn» y)l1 +d((xXn, Yu)s Gp o (Xn, Yn, @, A))
+H(G o (Xns Y, @, 1), G o (x0, Y0, @, 1))
< (1 +V)IGxn, yu) — xo, Yo)ll1.

Hence, we have (xo, yo) € G, o(x0, yo, @, A) and (xo, yo) € Q(w, A). Therefore, Q(w, A) is a nonempty closed
subset of By x B,. O

Theorem 3.2. Under the hypotheses of Theorem 3.1, we suppose additionally

@) for any x € B, w — Sx,w)is ls—ﬁ—Lipschitz continuous (or continuous) and for any y € By, . — T(y, L) is
l7-H-Lipschitz continuous (or continuous);
JM( ,X,)

(i) for any x,z € By and y,t € By, o« > E(x,y,w), o —> f(x,w), © — o Al (2), A = F(x,y,A),
A — g(y,A) and A — JN( ¥-4) (t) are Lipschitz continuous (or continuous) with Lipschitz constants lg, Iy,
Ly, lp, lg and 1y, respectlvely
Then, the solution map Q of the problem (2.1) is Lipschitz continuous (or continuous) from 2 x A to By x B;.

Proof. From the hypotheses of the theorem and Theorem 3.1, for any (w, A), (®, X) € 2 x A, we know that 0w, A)
and Q(®, 1) are both nonempty closed subsets. By the proof of Theorem 3.1, G 00X, y,0,0) and G, ,(x, y, @, 1)
are both multi-valued contractive mappings with the same contraction constant v € (0, 1) and have fixed points
(x(w, 1), y(w, A)) and (x(@, 1), y(@, 1)), respectively. From Lemmas 3.1 and 2.2, we get

X(@, 1) = x(@,2) = f(x(@,2), 0) + IO (f(x(@,0), ) = pEx(@. 1), v(@, 1), 0)),
Y@, 2) = y(@, ) — g(y(w, 1), 1) + JN( o) M (Ax(g(y(@, 1), 1)) — oF (@, 1), y, 1),

X(@,2) = x(&, %) — f(x(@, 1), &) + JM( HORD (4 (f(x(@, 1), @) — pE(x(@, 1), v(@, ), @), ey
Y@, 1) = y(@, %) — g(y(@. 1), 1) + o'y 6 P (Aa(g(y(@, ), 1) — 0F (@, 1), y(@, 7), 1))
and
H(Q(w, 1), 0(@. 1))
< ! sup  H(G,o(x(@, 1), y(@, 1), 0, 1), G o (x(&, 1), y(@, &), @, 1)). (3.13)

I-v (x,y)eB1 xB>

Setting any (a1, a2) € Gy o(x(w, A), y(w, A), w, 1), there exist u(w, A) € S(x(w, 1), w), v(iw,A) € T(y(w,A),A)
such that

ar = x(w. 1) — fx(@, 1), 0) + IO A (@, ), ) — pE(x (@, 1), v(@, 1), ),

(3.16)
a = y(@.2) = g((@. 1), 1) + I VPP (A (g(y(w. 1), W) — @ F (u(®, 1), y. 1))
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Since S(x(w, A), w), S(x(®, L), ®) € CB(Bl) T(y(w,2), ), T(y(o, A) A) € CB(B,), it follows from Nadler’s
result [14] that there exist u(w, ) € Sx(w, 2), @) and v(®, A) € T (y(w, %), X) such that
lutw, 2) — u@, V| < HS(x (@, 1), »), S(x(@, 1), d)),
lv(@, 2) = v(@, D < H(T (y(@. 1), 1), T(y(@, 1), 1)).

Let
b= x(@.7) = f(x(@.7), @) + JMCECDD (41 (£(x(@,7), @) — pE(x(@, 1), v(@, 7). @), X
o _ o (3.17)
by =y(@. %) — g(y(@.3). %) + I e P (A (gY@, 7). 3)) — 0 F (@, 3). y(@. 1), 1))
Then we have (b1, b2) € G o(x(@, ), y(o, ), @, A). It follows from the assumptions on f, J ) ,E, A, T,

(3.16) and (3.17) that
lay = bill < llx(@. ) = fx(@. 1), @) + 1 55O A (F @ (@, 1), @) — pE(x(@, 1), v(@. 1), ©)
— (x(@, 1) — f(x(@, 1), w) + JM‘ @O (A (f(x(@, 2), @) — pE(@, 3), v(@, 1), o)}

1 f(x(@, 1), 0) — f(x(@, m,w)n
MDD (4 (f (2@, 7). @) — pE(x(@, 1), v(@, 1), @)

—J,?ﬁ;"““’“‘?’) (A1(f (@, ), ) = pEx(@, 1), v(@, 1), )|

F MA@ A (f (2@, 3), @) — pE(@, 1), v(@, 1), )

- J,i‘ﬁﬁ;"(“”W(Auf(x(@, 2), @) = pE(x(@, 1), v(@, 2), &)

< O1llx(@, A) — x(@, V|| + 1]y (@, 1) — y(@, V)| + ki]lw — &, (3.18)
where 6; and ¢ are the same as in (3.11), and

(ol +silpr™!

klzlf"r‘ljl 1 — pmy

Similarly, by the assumptions on g, J'"*), F, A3, S, (3.16) and (3.17), we have

llaz — ba|l < Oallx(@, 1) — x(@, M) || + P2lly(@, 1) — y(@, V|| + ka2 [|A — All, (3.19)
where 6, and ©, are the same as in (3.12), and
(olF +521g)'5§2

ry —omp

It follows from (3.16)—(3.19) and (3.14) that

lar — bill + llaz — ball < 1 + ) lIx(@, X) — x(@, V|| + (1 + D) [y (@, 1) — y(@, )|
+killo — ol + k2llA — Al
v(llar = bill + llaz — ball) + ki o — & + ka || — A, (3.20)

where v is the same as in (3.13). (3.20) implies that

k2=lg +llz+

IA

lar — bill + llaz — ball < O(llw — @[l + |2 — A, (3.21)
where
1
6O = —— max{ky, k»}.
1—v

Hence, from (3.21), we obtain

sup d((a1,a2), Gpo(x,y, @, 1)) < Oll(w, A) — (&, M.
(a1,a2)€Gp o (x,y,0,1)
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By using a similar argument to the above, we get

sup Cd(Gpo(x,y, @, 1), (b1,2)) < Oll(@, 1) — (&, V1.
(b1.62)€G p o (x.y.&.7)

It follows that
I:I(G,D,Q(-xv yv w, )\')v G,O,Q(-xv }’» (I)a X')) S 9”((1), )") - ((;)7 )_")”17
for all (x, y, w, w, A, %) € By x By x 2x 02 x Ax A Thus, (3.15) implies

. - e .
H(Q(w, 1), Q(@, 1)) < mll(w,k) — (@, Ml

This proves that Q(w, A) is Lipschitz continuous with respect to (w, A) € {2 x A. If each mapping in conditions (i)
and (ii) is assumed to be continuous with respect to (w, A) € {2 x A, then by a similar argument to the above, we can
show that Q(w, X) is continuous with respectto (w,A) € 2 x A. O

Remark 3.1. If By and B, are both 2-uniformly smooth Banach space, and ¢ = p > 0 is a constant such that

ki=vi+1-281+c0? <1, hk=v+,1-28+c0;<]l,

(r1 — pm1)? pBik1Ta \?
stor = 20(n —aipu}) + cp’ i < ———— (1 -k — ——— ) ,
T ry — pm;
2
(r2 — pm2)? PBaK2T
5305 —2p(2 —aap3) + c2p°ps < ———— (1—kp — —— ) .
75 ry — pmj

then (3.4) holds. We note that Hilbert space and L (or [,) (2 < p < 00) spaces are 2-uniformly smooth Banach
spaces.

Remark 3.2. In Theorems 3.1 and 3.2, if E, F are strongly accretive in the first and second variables, i.e., when
y; = 0 (i = 1,2) in Theorems 3.1 and 3.2, respectively, then we can obtain the corresponding results. Our results
improve and generalize the known results from [1,3-5,7,9,10,17-19].
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